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Abstract. We prove the existence of Cantor families of small amplitude periodic solutions for wave and
Schrödinger equations on compact Lie groups and homogeneous spaces with merely differentiable nonlin-
earities. The NLS equation on homogeneous spaces arises as a mean field approximation of condensates
of many-body lattice problems. The highly degenerate eigenvalues of the Laplace Beltrami operator give
rise to huge clusters of “small divisors”. We apply a Lyapunov-Schmidt decomposition and an abstract
Nash-Moser implicit function theorem. We provide a new algebraic framework to prove the key tame esti-
mates for the inverse linearized operators along Banach scales of Sobolev functions. We exploit properties
of the eigenvalues and eigenfunctions of the Laplace Beltrami operator on Lie groups.

1 Introduction

We consider autonomous nonlinear wave equations

(NLW) utt −∆u+ µu = f(x, u) , x ∈M , (1.1)

and Schrödinger equations

(NLS) iut −∆u+ µu = f(x, |u|2)u , x ∈M , (1.2)

on a compact, connected, Riemannian manifoldM without boundary, whereM is a Lie group (Definition
2.1), or, more generally, a homogeneous space, namely a manifold on which a Lie group acts transitively
and smoothly (Definition 2.8). Homogeneous spaces are also called in the literature “coset manifolds”.

Classical compact connected Lie groups are the standard torus Tn, the special orthogonal group
SO(n) (with n > 1) of all the n× n real orthogonal matrices of determinant 1, the special unitary group
SU(n) of all n×n unitary complex matrices of determinant 1, etc, see [35]. Actually they are completely
classified as stated in Theorem 2.2. Examples of compact homogeneous spaces are the spheres Sn (which
are completely described by the orbits of SO(n + 1)), the real and complex Grassmanians (as well as
Grassmanians on other classical groups), the “moving frames” (the manifold of the k-ples of orthonormal
vectors in Rn with the natural action of the orthogonal group O(n)), the symmetric spaces. We refer to
[23], [11], [36] for many other examples.

The operator ∆ is the Laplace-Beltrami operator defined with respect to a Riemannian metric com-
patible with the group structure (see section 2.2), µ > 0 is a constant, the nonlinearity is finitely many
times differentiable and vanishes at u = 0 at least quadratically.

The importance of the Schrödinger equation on Lie groups has been highlighted since the works of
Weyl [40] (incidentally, this was a main motivation for studying representation theory of Lie groups). The
understanding of the rotational modes of atoms and molecules leads to linear Schrödinger equations on
compact groups, see e.g. [34]. Time independent linear Schrödinger equations on compact homogeneous
spaces appear in various contexts of high energy physics, for example in connection with the quantum
Hall effect and the Laundau equation, see [38], [30] or [26] and references therein.
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Non linear Schrödinger equations appear usually in many body quantum physics as “Hartree-Fock”
mean field approximations to describe condensated states, see for instance [19]. Several many body lattice
problems described by continuous Lie groups are studied in physics, such as the XY or Heisenberg model
(generalizations of the classical Ising model). Then these models lead in natural way to NLS on S1, or
spheres Sn, SO(3), SU(n), or, more generally, on homogeneous spaces.

Wave equations on compact Lie groups and symmetric spaces have also been investigated, see [23]-[25].

In this paper we prove, for any compact homogeneous space M, the existence of Cantor families
of small amplitude periodic solutions for the wave and Schrödinger equations (1.1)-(1.2) with merely
differentiable nonlinearities, see Theorems 1.1-1.2.

These solutions are the continuations of normal modes oscillations of the linearized equations iut −
∆u + µu = 0 and utt −∆u + µu = 0. The normal frequencies are, for NLS, the eigenvalues of −∆ + µ
on M, and, for NLW, their square roots. Theorem 1.1 can be considered as a PDE extension for NLW
of the classical Lyapunov resonant center theorem, and Theorem 1.2 of the Weinstein-Moser theorem for
the completely resonant NLS equation, see e.g. [2].

This type of problems has received much attention in the last twenty years. Actually, building on the
experience gained from the qualitative study of finite dimensional dynamical systems, the existence of
periodic and quasi-periodic solutions gives an important insight toward better understanding the complex
flow evolution of Hamiltonian PDEs. Interestingly, many tools used for proving our Theorems 1.1-1.2
below for NLS and NLW resembles those required for Birkhoff normal form stability results (e.g. [1] for
Zoll manifolds) and seem connected to the techniques used in well-posedness results of the initial value
problem on compact manifolds, see e.g. [12]-[13].

Up to now, the majority of the existence results of invariant tori for PDEs have been proved whenM
is a torus Tn (or a rectangle). In this case the eigenfunctions of the Laplacian are the exponentials.

The main difficulty for the existence proof of invariant tori comes from arbitrarily “small divisors”
in their perturbative expansion series. Such “small divisors” are due to complex resonance phenomena
between the frequencies of the quasi-periodic solutions and the normal mode frequencies. The properties
of the eigenfunctions are important, from a dynamical point of view, in order to control the exchange of
energy among the normal modes. The crucial properties of the exponential basis is the multiplication
property exp(ijx) exp(ikx) = exp(i(j + k)x).

The first pionering results of Kuksin [27] and Wayne [39] applied to 1-dimensional, analytic, PDEs on
an interval with Dirichlet boundary conditions. Their method was based on KAM theory (see also the
works by Kuksin and Pöschel [32]-[28]-[29]) and strongly exploited that the eigenvalues of the Laplacian
are simple. Already for periodic boundary conditions (i.e. M = T1) the eigenvalues are asymptotically
double and the KAM approach was adapted later in Chierchia-You [14] for the wave equation.

A direct bifurcation approach, which does not exclude multiplicity for the normal frequencies, had
been previously developed by Craig and Wayne [16] who introduced the Lyapunov-Schimdt decomposition
and solved the “small divisor” problem, for periodic solutions of 1-dimensional PDEs, with a Newton-type
iterative scheme. The key step of this approach is to prove the invertibility of the linearized equations
in a neighborhood of the equilibrium, togheter with estimates of the inverses in analytic norm. The
main difficulty comes from the fact that these linear PDEs have non-constant coefficients. The Craig-
Wayne approach [16], see also [15], is based on a Frölich-Spencer [22] coupling type technique. The key
ingredients are:
(i) the “singular sites” –namely the Fourier indexes of the small divisors– are more and more “separated
at infinity”
(ii) the eigenfunctions are “well-localized with respect to the exponentials”.

These two properties, together with the analyticity of the functions, imply a very weak “interaction
between the singular sites”, and allow to prove estimates for the inverse linearized operators in analytic
norms. Property (ii) implies, in particular, that the multiplication operator for an analytic function is
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represented in the eigenfunctions basis as a matrix with exponentially fast off-diagonal decay.
Property (ii) has been proved in [16] to hold for the eigenfunctions of 1-dimensional sturm Liouville

operators −∂xx + V (x) on T1. Concerning property (i), in [16] the clusters of the singular sites have a
uniform size. This holds for 1-dimensional wave and Schrödinger equations.

For higher dimensional PDEs, a major further difficulty is that the dimensions of the eigenspaces
of the Laplacian increase to infinity. Generalizing the Craig-Wayne approach, the first existence results
of periodic solutions for analytic wave and Schrödinger equations on Tn, n ≥ 2, have been proved by
Bourgain in [8] and [9] (actually [9] proves also the existence of quasi-periodic solutions when n = 2).
The key point is to relax the separation property (i), proving:
(i)′ a partition of the singular sites in huge clusters (with unbounded dimensions) separated at infinity.
This is achieved exploiting that the eigenvalues of the Laplacian on Tn are sum of integer squares and,
in the case of NLW, assuming also strong non-resonance assumptions on the frequency.

Recently this result has been generalized by Berti and Bolle [4] for merely differentiable nonlinearities
and assuming weaker non-resonance conditions. The proof is based on a Nash-Moser implicit function
iterative scheme, generalized into an abstract setting in [5]. A key role in the proof is played by a Frölich-
Spencer coupling technique in Sobolev spaces. Here, the multiplication operator for a Sobolev function
is represented in the exponential basis as a Töplitz matrix with polynomially fast off-diagonal decay.

Existence of periodic solutions for analytic PDEs on Tn (or rectangles) has been also proved by Gentile
and Procesi [20], solving the small divisor problems with Lindstedt series techniques.

Before concluding this brief survey of results, we mention that existence of also quasi-periodic solutions
for wave and Schrödinger equations with “Fourier multipliers” on Tn has been proved by Bourgain in
[10]. Moreover, also the KAM approach has been extended by Eliasson and Kuksin [18] to prove the
existence of elliptic tori for Schrödinger equations on Tn with a convolution potential. The simplification
introduced by these models is that the normal modes eigenfunctions are exactly the exponentials.

For any compact Riemannian manifold the spectrum of the Laplace-Beltrami operator ∆ is discrete,
its eigenvalues tend to infinity (with an asymptotics given by Weyl theorem) and the eigenfunctions form
an L2-orthonormal basis. For a manifold without boundary, the eigenfunctions are orthogonal also in
any Sobolev space Hs(M). Then it follows that the matrix coefficients representing the multiplication
operator for a smooth function decay as inverse powers of the differences between the eigenvalues of√
−∆. However, these eigenvalues are in general not sufficiently separated (as it happens in dimension

1) and these informations alone do not seem sufficient for proving the existence of periodic solutions of
the nonlinear equations (1.1)-(1.2). Some finer properties of the spectrum and of the eigenfunctions seem
required for controlling the small divisors effects.

When M = Sn, or, more generally, a Zoll manifold (i.e. the geodesic flow is periodic), the spectrum
of the Laplace-Beltrami operator is contained in disjoint intervals, growing linearly to infinity, as for 1-
dimensional PDEs. Moreover properties of “localizations of the eigenfunctions” of the type (ii), although
much weaker than in [16], hold (whenM = Sn they are the spherical harmonics). These properties have
been recently used by Bambusi, Delort, Grebert, Szeftel [1], [17] to prove Birkhoff normal form stability
results for wave equations. These could also be used to prove existence of small amplitude periodic
solutions (however this result has been recently achieved in [5] with simpler methods). Note that spheres
and Zoll manifolds are particular symmetric spaces of rank one.

It is a general fact that the presence of continuous symmetries expressed via a Lie group action on a
manifoldM places strong constraints on its geometry and “harmonic analysis”. In this paper we strongly
exploit this basic idea. If the action is transitive, then, up to isomorphism,

M = (G× Tn)/N

where G is a simply connected compact Lie group, Tn is a torus and N is a closed subgroup of G×Tn (see
(2.16)). The manifold M is called an homogeneous space. The functions on M can be seen as functions
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defined on the Lie group G× Tn and invariant under the action of N ,

L2(M) = L2(G× Tn/N) =
{
f ∈ L2(G× Tn) | f(xg) = f(x) , ∀x ∈ G× Tn, g ∈ N

}
. (1.3)

Also, if we endowM with an appropriate metric structure (Theorem 2.17), the Laplace-Beltrami operator
onM can be identified with the ∆ operator on the Lie group, acting on the functions invariant under N .

Then we “lift” the equations (1.1)-(1.2) on the Lie group G×Tn (of dimension greater thatM). This
allows to use the tools of harmonic analysis on Lie groups.

The analogue of the Fourier analysis on the non-commutative group G is provided by the Peter-Weyl
Theorem 2.5. It states that L2(G) is the Hilbert sum of the subspaces generated by all the irreducible
unitary representations of the group. Defining on G a “canonical” Riemaniann metric (given by minus
the Killing form, Theorem 2.8), each subspace is an eigenspace of the corresponding Laplace-Beltrami
operator, see Theorem 2.10. Precise informations on the eigenvalues and eigenfunctions of the Laplacian
on the simply connected group G are obtained decomposing G as a product of simply connected compact
Lie groups of simple type (Theorem 2.1). A key step is to use the “highest weight theory” of Lie groups
which fully describes the eigenvalues and eigenspaces of the Laplace operator, see [33]. A complete set
of eigenfunctions of ∆ on G× Tn are then obtained multiplying for the usual exponential basis.

In order to deal with these highly degenerate eigenvalues we find convenient to follow a Lyapunov-
Schmidt procedure and to use a Nash-Moser implicit function theorem. The main problem is to prove the
invertibility of the linearized equations togheter with “tame” estimates of the inverses in Sobolev norm.

In order to get the separation property (i)′ for the singular sites, we exploit that the eigenvalues of ∆
on M (see (1.4)) are essentially like the eigenvalues of the Laplacian restricted to a maximal connected
commutative subgroup of G×Tn, i.e. a torus (whose dimension is the rank of the group). Moreover they
are all in Z/D for some D ∈ N. This yields the required separation properties (i)′ reasoning, for NLW,
as in [8], [4], and, for NLS, as in [9].

The other property we need for the inversion of the linearized operators is:
(ii)′ The multiplication operator u 7→ bu for a Sobolev function b ∈ Hs(M) is represented in the

eigenfunctions basis as a block-matrix with the off-diagonal decay (4.13).
The block structure of the matrix takes into account the (large) multiplicity of the degenerate eigen-

values of ∆ onM. We remark that, however, several blocks could correspond to the same eigenvalue (this
block-decomposition follows by the highest weight theory). On each block we consider the operatorial
L2-matrix norm. Then the (polynomial) decay property (ii)′ -proved in Lemma 4.7- follows essentially
by the informations on multiplication of the eigenfunctions of ∆ on Lie groups (see Lemma 2.14).

Once property (ii)′ has been guessed the main new technique to get the tame estimates for the lin-
earized operators in the Sobolev scale, is to embed the matrix which represents the multiplication operator
into a suitable algebra of quasi-Töplitz block-matrices satisfying interpolation inequalities (sections 4.1
and 7.2). Then, product and inverse of quasi-Töplitz matrices will exhibit the same block off-diagonal
decay. This abstract procedure simplifies considerably also the construction in [4], which is valid for the
exponential basis, and provides an intrinsic procedure for the Craig-Wayne-Bourgain approach.

Before concluding this introduction we mention that Theorems 1.1-1.2 hold for fixed nonlinearities, not
only for parameter dependent PDEs. Then we need to solve the bifurcation equation (infinite dimensional
for the completely resonant NLS equation) and, in particular, we show that it possesses non-degenerate
solutions. These computations require many tools of Fourier analysis on Lie groups. As examples, we
deal in section 5.1 with NLW on SU(n) and, in section 8.1, with NLS on SO(3).

We now state precisely our main results.
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1.1 Main results

We first recall some basic results of harmonic analysis on the homogeneous spaceM = (G×Tn)/N . The
eigenvalues and the eigenfunctions of the Laplacian on a simply connected compact group G are

−|j1 + ρ|2 + |ρ|2 , ej1,σ(x1) , x1 ∈ G , j1 ∈ Λ+(G) , σ = 1, . . . , dj1 ,

where Λ+(G) is the cone generated by the natural combinations of the “fundamental weights” wi ∈ Rr,
i = 1, . . . , r (r is the rank of the group) and ρ :=

∑r
i=1 wi (see Theorems 2.9 and 2.10). The degeneracy

of the eigenvalues satisfies dj1 ≤ |j1 + ρ|dim(G)−r. Moreover there exists D := D(G) ∈ N such that
−|j1 + ρ|2 + |ρ|2 ∈ ZD−1 for all j1 ∈ Λ+(G), see Lemma 2.15.

By Fubini theorem L2(G×Tn) = L2(G)⊗L2(Tn) and a complete set of eigenfunctions of ∆ on G×Tn
are the products of the eigenfunctions of the Laplacian on G times the exponentials. By (1.3), we find a
basis of eigenfunctions of ∆ onM = (G×Tn)/N selecting the N -invariant eigenfunctions. In conclusion,
the eigenvalues and the eigenfunctions of −∆ + µ on M are

ω2
j := |j1 + ρ|2 − |ρ|2 + |j2|2 + µ , ej,σ(x) := ej1,σ(x1)eij2·x2 , x = (x1, x2) ∈ G× Tn , (1.4)

where the index j = (j1, j2) is restricted to a subset ΛM ⊂ Λ+(G)× Zn, see (2.18), and σ ⊂ [1,dj ] with
dj ≤ dj1 , see Theorem 2.19.

1.1.1 The NonLinear Wave Equation

The solutions of the linearized equation utt −∆u+ µu = 0 on M are the normal modes

v =
∑
l=±1

∑
j∈ΛM

dj∑
σ=1

vl,j,σe
ilωjtej,σ , vl,j,σ ∈ C .

Fixed j0 ∈ ΛM, we want to prove the existence of small amplitude periodic solutions of the nonlinear
equation (1.1) with frequencies close to ωj0 . Assuming that µ is an irrational number, the normal mode
frequencies ωj commensurable with ωj0 , satisfy ωj = ωj0 . Actually, if µ is diophantine, i.e. there are
constants γ0 > 0, τ0 > 1, such that

|µm+ n| ≥ γ0

〈m〉τ0
, 〈m〉 := max(1, |m|) , ∀(m,n) ∈ Z2 \ {(0, 0)} , (1.5)

then the following “first order Melnikov” non-resonance condition holds (proved at the end of section 2).
Lemma. Let µ be diophantine. There exist γ1, τ1 > 0 such that

|ω2
j0 l

2 − ω2
j | ≥

γ1

〈l〉τ1
, ∀ (l, j) ∈ Z× ΛM , (|l|, ωj) 6= (1, ωj0) . (1.6)

Concerning the nonlinearity, we assume that f ∈ Ck(M× R,R), k > 2, and, for some m ∈ [2, k],

f(x, 0) = . . . = (∂m−1
u f)(x, 0) = 0, (∂mu f)(x, 0) 6= 0 . (1.7)

Rescaling in (1.1) amplitude and time u(t, x) 7→ δu(ωt, x), δ > 0, we look for 2π-periodic solutions of

ω2utt −∆u+ µu = ε f(δ, u) , ε := δm−1 , (1.8)

where

f(δ, u) :=
f(x, δu)
δm

= a(x)um +O(δ) , a(x) :=
(∂mu f)(x, 0)

m!
,

in the real Sobolev space Hs
even := {u ∈ Hs(T×M,R) | u(−t, x) = u(t, x)} for some s ≤ k.
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We define the “resonant” indices Q ⊂ Z× ΛM as

Q :=
{

(l, j) ∈ Z× ΛM such that (|l|, ωj) = (1, ωj0)
}

and P := (Z× ΛM) \ Q . (1.9)

Then we perform a Lyapunov-Schmidt reduction according to the decomposition

Hs
even = (Q ∩Hs

even)⊕ (P ∩Hs
even)

where

Q :=
{
q =

∑
(l,j)∈Q

eilt

dj∑
σ=1

ql,j,σ ej,σ ∈ H0
even

}
and P := Q⊥ .

To highlight the relationship between the frequency and the amplitude we set

ω2 − ω2
j0 = εχ with χ ∈ {−1,+1}

chosen later in (1.13). We project equation (1.8) on Q and P . Writing u = q + p, q ∈ Q, p ∈ P , using
that qtt = −q, equation (1.8) is equivalent to{

q = −χΠQf(δ, q + p) bifurcation equation
ω2ptt −∆p+ µp = εΠP f(δ, q + p) range equation

(1.10)

where ΠQ, ΠP denote the orthogonal projectors onto Q, P .
For δ = 0 and p = 0 the bifurcation equation reduces to

q = −χΠQ(a(x)qm) (1.11)

and we suppose that
ΠQ(a(x)qm) 6≡ 0 . (1.12)

Taking

χ :=

{
−1 if ∃ q ∈ Q such that

∫
T×M a(x)qm+1 > 0

1 if ∃ q ∈ Q such that
∫

T×M a(x)qm+1 < 0
(1.13)

equation (1.11) possesses at least a “mountain pass” critical point q̄ ∈ Q \ {0} for the functional

Φ(q) :=
∫

T×M

q2

2
+ χa(x)

qm+1

m+ 1
dt dx .

We assume the following non degeneracy condition:

(ND) There is an invariant subspaceHs ⊂ Hs
even of the NLW equation (1.8) and a solution q̄ ∈ Q∩Hs\{0}

of (1.11) which is non degenerate, namely h = 0 is the unique solution of the linearized equation

h+ χΠQ(ma(x)q̄m−1h) = 0 , h ∈ Q ∩Hs . (1.14)

We give in section 2 an explicit example where (ND) is satisfied for M = SU(n).

Theorem 1.1. (Wave equation) Suppose µ > 0 is diophantine and fix j0 ∈ ΛM. There is s0 := s0(M),
k := k(M) ∈ N such that:
∀f ∈ Ck satisfying (1.7) for some m ∈ [2, k] and (ND), there exist δ0 > 0, a curve

u ∈ C1([0, δ0];Hs0) with ‖u(δ)− δq̄‖s0 = O(δ2) ,

and a positive measure Cantor set C ⊂ [0, δ0] such that, ∀δ ∈ C, u(δ)(ωt, x) is a solution of (1.1) with
ω2 = ω2

j0
+ χ δm−1 and χ is chosen in (1.13).

This result holds for SU(n), n 6= 2, 4, f = u3 + r(x, u) where r(x, u) satisfies (1.7) for some m > 3 and
r(x, u) = r(x−1, u).
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1.1.2 The NonLinear Schrödinger Equation

Under the transformation u 7→ eiµtu, equation (1.2) transforms into the completely resonant PDE

iut −∆u = f(x, |u|2)u (1.15)

where the normal mode frequencies |j1 + ρ|2 − |ρ|2 + |j2|2 ∈ Z/D, D ∈ N, are all commensurable.
Fixed j0 ∈ ΛM, we want to prove the existence of small amplitude periodic solutions of the nonlinear

Schrödinger equation (1.15), with frequencies close to ω2
j0

, of the form of “wave packets”. Note that
(1.15) always possesses standing wave solutions eiωtU(x) where U(x) satisfies the elliptic PDE

−∆U − ωU = f(x, |U |2)U .

On the contrary, the more complex “wave packet” periodic solutions of (1.15) proved in Theorem 1.2 are
not obtained by separation of variables, and correspond, in general, to quasi-periodic solutions of (1.2).
We assume that f(x, y) ∈ Ck(M× R,R) and, for some m ∈ [1, k],

f(x, 0) = . . . = (∂m−1
y f)(x, 0) = 0 , (∂my f)(x, 0) 6= 0 . (1.16)

Rescaling amplitude and time u(t, x) 7→ δu(ωt, x) we look for solutions in Hs := Hs(T×M,C) of

iωut −∆u = ε f(δ, |u|2)u , ε := δ2m , (1.17)

where f(δ, |u|2) := f(x, δ2|u|2)/ε = a(x)|u|2m +O(δ2) and a(x) := (∂my f)(x, 0)/m!
We define the infinite dimensional resonant subspace

Q :=
{
q =

∑
(l,j)∈Q

eilt

dj∑
σ=1

ql,j,σej,σ ∈ H0
}

where Q :=
{

(l, j) ∈ Z× ΛM | ω2
j0 l − ω

2
j = 0

}
and we perform a Lyapunov-Schmidt reduction along Q and P := Q⊥ as for the wave equation. We set
the “frequency-amplitude” relation ω = ω2

j0
+ χε for some χ ∈ {−1,+1}. The bifurcation equation at

δ = 0, p = 0, reduces, using iqt = ω−2
j0

∆q, to

iqt = χΠQ(a(x)|q|2mq) . (1.18)

We suppose that:

(ND) There exists an invariant subspace Hs ⊂ Hs and a solution q0 ∈ Q ∩ Hs \ {0} of (1.18) for some
χ ∈ {−1, 1} satisfying q0(t, x) 6= eiltU(x) for all l ∈ N. The solution q0 is non-degenerate in Q∩Hs,
namely the linear operator

J0[h] := −iht + χΠQa(x)
(

(m+ 1)|q0|2mh+m|q0|2(m−1)q2
0h̄
)
, h ∈ Q ∩Hs ,

is invertible and the “Töplitz” norm |J−1
0 |s ≤ C(s) for all s ≥ 0 (see Definition 4.2).

If q0 = eiltU(x) for some l ∈ N the periodic solution found in Theorem 1.2 would just reduce to a
standing wave solution. The last assumption on J−1

0 is required since Q is infinite dimensional.

Theorem 1.2. (Schrödinger equation) Fix j0 ∈ ΛM. There is s0 := s0(M), k := k(M) ∈ N, such
that:
∀f ∈ Ck satisfying (1.16) for some m ∈ [1, k] and (ND), there exist δ0 > 0, a curve

u ∈ C1([0, δ0];Hs0) with ‖u(δ)− δq0‖s0 = O(δ2) ,

and a positive measure Cantor set C ⊂ [0, δ0] such that, ∀δ ∈ C, u(δ)(ωt, x) is a solution of (1.15) with
ω = ω2

j0
+ χ δ2m. Then eiµtu(δ) is a (quasi-periodic) solution of (1.2).

This result holds for SO(3), f = |u|2 + r(|u|2) where r(y) satisfies (1.16) for some m > 1.
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The paper is organized as follows. In section 2 we introduce the basic notions of Fourier analysis on
groups, and we describe the main properties of the eigenfunctions and eigenvalues of the Laplace-Beltrami
operator on Lie groups and homogeneous spaces. Section 3 presents the abstract Nash-Moser Theorem
of [5]. In section 4 we prove the block off-diagonal decay property (4.13) for the multiplication operator
in the Sobolev scale Hs. Then we embed it into an algebra of quasi-Töplitz block matrices, satisfying
the interpolation inequalities. In section 5 we solve the bifurcation equation for NLW on SU(n). In
Sections 6-7 we prove the tame estimates for the inverse linearized operator in the Sobolev scale. Finally,
in section 8 we prove the existence of periodic solutions for NLS.

Acknowledgments: The authors warmly thank Claudio Procesi for many enlightening explanations
on Lie groups. We also thank Fulvio Ricci, Norman Wallach, Michele Vergne for their disponibility.
Finally we thank Philippe Bolle for useful comments on the paper.

2 Lie groups

In this section we summarize the main definitions and results on Lie groups that are required in the
paper. For proofs and details we refer to [21], [35] and [33].

Definition 2.1. A Lie group G is a group which is also a C∞ manifold and the group operations
(x, y) ∈ G×G→ xy ∈ G and x 7→ x−1 are C∞. The corresponding Lie algebra g is the linear space of
the left invariant vector fields X(x) on G.

The Lie algebra g is closed with respect to the Lie bracket1 operation [ , ] which assigns to any two
vector fields X, Y on G the vector field [X,Y ] := XY − Y X. The map Ψ : X(·) 7→ X(e), where e is the
identity element of G, is an isomorphism of g onto the tangent space TeG.

A Lie algebra g is said simple if g has no proper ideals and g is non abelian. A Lie group G is of
“simple type”, if its Lie algebra is simple.

Theorem 2.1. ([11]) The simply connected compact Lie groups of simple type are:
- the special unitary group SU(n), n ≥ 2,
- Spin(n), the double cover of the special orthogonal group SO(n),
- SP (n) := Sp(n; C) ∩ U(2n) where Sp(n; C) is the group of the 2n× 2n complex symplectic matrices,
- the five exceptional groups called G2, F4, E6, E7, E8.

Incidentally, Spin(3) = SU(2) = SP (1). Connected compact Lie groups are classified as follows.

Theorem 2.2. (Classification) Up to global isomorphisms, each connected compact Lie group G =
(G × Tn)/N where Tn is a torus, G is simply connected and N is a finite central2 subgroup of G × Tn.
Moreover G is a product of the Lie groups listed in Theorem 2.1.

2.1 Harmonic analysis on compact groups

Let L2(G) := L2(G,C) be the Lebesgue space defined with respect to the normalized Haar measure µ of
any compact topological group G, that is a left and right invariant Borel measure, i.e. µ(xE) = µ(E) =
µ(Ex) for any Borel set E ⊂ G, x ∈ G, normalized with µ(G) = 1. Such a measure exists and it is unique
on any compact topological group.

In order to extend the classical Fourier analysis for functions defined on the (non commutative) group
G, we introduce some basic definitions about the representations of G on a finite dimensional complex
vector space V with a given Hilbert space structure (we can limit to study finite dimensional unitary
representations because G is compact).

1A Lie bracket is a bilinear, antisymmetric map which satisfies the Jacobi identity.
2Namely ng = gn, ∀n ∈ N, g ∈ G× Tn.
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Definition 2.2. A unitary representation ρV of G on the representation space V is a continuous
homomorphism x 7→ ρV (x) which maps G into the group of unitary transformations U(V ) ⊂ End(V ).

More precisely, a representation should be denoted by the pair (ρV , V ). When no ambiguity exists it
is customary to refer to a representation simply as ρV or as V .

Definition 2.3. The representations ρV and ρW of G on V and W respectively, are equivalent if there
is an isomorphism of vector spaces ψ : V → W such that ρV (x) = ψ−1 ◦ ρW (x) ◦ ψ for each x ∈ G. In
such a case, the representation spaces V and W are equivalent.

Given one or two representations of a group it is possible to form many new representations using
standard constructions of linear algebra.

Definition 2.4. The direct sum representation ρV ⊕ ρW of G on V ⊕W is defined by

(ρV ⊕ ρW )(x)[v, w] := [ρV (x)[v], ρW (x)[w]] , ∀x ∈ G, v ∈ V, w ∈W .

The tensor product representation ρV ⊗ ρW of G on V ⊗W is defined by

(ρV ⊗ ρW )(x)(v ⊗ w) := (ρV )(x)[v]⊗ (ρV )(x)[w] , ∀x ∈ G, v ∈ V, w ∈W .

The dual representation ρV ∗ of G on the dual space V ∗ is defined by

ρV ∗(x)[f ] := f ◦ ρ−1
V (x) = f ◦ ρ†V (x) , ∀x ∈ G , f ∈ V ∗ .

Definition 2.5. An invariant of a representation ρV is a vector v ∈ V such that ρV (x)v = v, ∀x ∈ G. A
subspace W ⊂ V is invariant for a representation ρV of G if ρV (x)(W ) ⊂W , ∀x ∈ G. If a representation
space V has no non-trivial invariant subspaces, then V and ρV are irreducible. Finally, V and ρV are
completely reducible if they are equivalent to a direct sum of irreducible representations ρVj , namely

V = ⊕jV
⊕cj
j , cj ∈ N , V

⊕cj
j := Vj ⊕ . . .⊕ Vj︸ ︷︷ ︸

cj−times

, ρV = ⊕jρ
⊕cj
Vj

, ρ
⊕cj
Vj

:= ρVj ⊕ . . .⊕ ρVj︸ ︷︷ ︸
cj−times

.

In such a case we say that “V contains cj copies of Vj”.

If W ⊂ V is an invariant subspace for a unitary representation ρV , then the orthogonal W⊥ is also
invariant, and we deduce that every unitary representation ρV of a compact group is completely reducible.
Given an orthonormal basis {v1, . . . , vn} of V , a unitary representation ρV of G is equivalent to the
representation on Cn described by the unitary matrices

U(x) := {Ul,k(x)} = {(ρV (x)vl, vk)} , l, k = 1, . . . , n , n := dim(V ) . (2.1)

Note that, if a representation is given by unitary matrices U(x) on Cn, then its dual representation on
(Cn)∗ is given by the complex conjugated matrix Ū(x).

Let MV denote the vector space generated by the matrix-coefficients Ul,k(x), namely

MV :=
{
x 7→ tr(BU(x)) , B ∈ Mat(Cn)

}
=
{
x 7→ tr(AρV (x)) , A ∈ End(V )

}
. (2.2)

Note that any function in MV is continuous.

Theorem 2.3. (Schur orthogonality relations) Suppose that ρV , ρW are non equivalent irreducible
unitary representations of G. Then MV and MW are orthogonal subspaces of L2(G), and∫

G

tr(AρV (x)) tr(BρV (x))dµ(x) =
tr(AB†)
dim(V )

, ∀A,B ∈ End(V ) . (2.3)

In particular the functions
√

dim(V )(ρV (x)vl, vk), l, k = 1, . . . , n, are an orthonormal basis of MV .

9



By the previous Theorem, if ρV is irreducible, the map A 7→ tr (AρV (x)) is injective -and then an
isomorphism- between the vectors spaces End(V ) and MV . Then we have

Lemma 2.4. If ρV is irreducible, any function in MV can be uniquely represented as in (2.2).

In general, given two representations ρV , ρW , and A ∈ End(V ⊕W ), we have

tr(AρV⊕W (x)) = tr(AV ρV (x)) + tr(AW ρW (x)) , ∀x ∈ G , (2.4)

where AV := ΠVA|V ∈ End(V ) and AW := ΠWA|W ∈ End(W ). Moreover, ∀A ∈ End(V ), B ∈ End(W ),

tr(AρV (x)) tr(BρW (x)) = tr((A⊗B)(ρV ⊗ ρW )(x)) , ∀x ∈ G , (2.5)

where A⊗B ∈ End(V ⊗W ) is defined by (A⊗B)(v ⊗ w) := Av ⊗Bw, ∀v ∈ V , w ∈W .
As a consequence, the product of two functions of MV and MW is in MV⊗W .

Theorem 2.5. (Peter-Weyl) Let Ĝ be the set of equivalence classes of irreducible unitary representa-
tions of the compact group G and, for each j ∈ Ĝ, let Mj := MVj . We have the Hilbert decomposition

L2(G) = ⊕̂j∈ĜMj .

For f ∈ L2(G), we have the L2-convergent “Fourier series”

f(x) =
∑
j∈Ĝ

tr (fj ej(x)) , fj :=
∫
G

f(x)ēj(x)dµ , (2.6)

where ej(x) := (dimVj)
1
2Uj(x) and Uj(x) are defined in (2.1). The fj are called the “Fourier coefficients”.

By the Schur orthogonality relations, the matrix coefficients ej,σ(x), σ = 1, . . . ,dimV 2
j , are an L2-

orthonormal basis for Mj .
Note that the trivial representation of G on V0 := C, defined by ρC(x) = I, is irreducible. We denote

by M0 the corresponding space in the Peter-Weyl Theorem. The functions of M0 are the constants.
For a product group G = G1 ×G2 we apply the previous analysis to each L2(Gi), i = 1, 2 separately.

By Fubini theorem
L2(G1 ×G2) = L2(G1)⊗ L2(G2) (2.7)

and all the irreducible representation spaces are Vj1 ⊗ Vj2 with j1 ∈ Ĝ1 and j2 ∈ Ĝ2.

Definition 2.6. The character of a representation ρV of G is the function χV (x) := tr(ρV (x)).

By (2.4)-(2.5), the character of the direct sum and tensor product representations are respectively

χV1⊕V2(x) = χV1(x) + χV2(x) , χV1⊗V2(x) = χV1(x)χV2(x) .

Moreover, the character of the dual representation is

χV ∗(x) = χ̄V (x) . (2.8)

The character of a representation ρV is a central function, namely it satisfies f(gxg−1) = f(x), ∀x, g ∈ G.
Actually any central function in MV is a multiple of the character χV and, by the Peter-Weyl Theorem,
we have the following theorem.

Theorem 2.6. The characters χVj , j ∈ Ĝ, form an Hilbert basis for the central functions of L2(G).

By Schur’s lemma we directly deduce the following lemma.

Lemma 2.7. Given i, j ∈ Ĝ, the representation space Vi ⊗ V ∗j contains no invariants if i 6= j and one
independent invariant if i = j. Then, given a representation space V = ⊕j∈ĜV

⊕cj
j , the space V ⊗ V ∗j

contains cj-independent invariants.

All the previous results are valid for any compact topological group. We now specialize to Lie groups.
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2.2 Laplace operator on compact Lie groups and homogeneous spaces

By the classification Theorem 2.2 any connected compact Lie group G = (G × Tn)/N . Moreover the
simply connected Lie group G is product of groups of simple type listed in Theorem 2.1. Then, to
understand harmonic analysis for any G, we first define and study the Laplace-Beltrami operator on
simply connected groups of simple type. Then we deal with the product space G × Tn, using (2.7). At
the end of this section we discuss how the Laplacian passes to the quotient space.

Theorem 2.8. Let G be a simply connected compact Lie group of simple type. Up to a scalar factor
there exists a unique Riemannian metric on G which is invariant under left and right multiplication
(bi-invariant). A scalar product on the Lie algebra g is

(X,Y ) := −tr(Ad(X) ◦Ad(Y )), ∀X,Y ∈ g

where Ad(X)(·) := [X, · ] is a linear map in g.

The bilinear form −(X,Y ) is called the Killing form. The Laplace Beltrami operator ∆ on G is defined
with respect to the Riemannian metric of Theorem 2.8 (the operator ∆ is called the “Casimir” in most
books on representation theory). On a product of Lie groups, the Killing form, and hence the Laplace
operator, is defined component-wise. This defines ∆ on any simply-connected compact Lie group.

All the irreducible representations of a compact Lie group G are parametrized by a discrete cone.

Theorem 2.9. ([33] p. 349, Proposition 1) For a simply connected compact Lie group G of rank3

r, there is a one-to-one correspondence between the set of equivalence classes Ĝ of irreducible unitary
representations and a discrete cone

Λ+ := Λ+(G) :=
{
j =

r∑
i=1

niwi , ni ∈ N
}
⊂ Rr

generated by r independent vectors wi ∈ Rr. The {w1, . . . , wr} are called the fundamental weights of
the group and Λ+ the cone of dominant weights. The irreducible representation of G corresponding to
the dominant weight j = 0 is the trivial representation on V0 = C.

The matrix coefficients of an irreducible representation are eigenfunctions of the Laplacian.

Theorem 2.10. ([33] p. 367, Lemma 1) Each Mj is an eigenspace of the Laplace Beltrami operator ∆
with eigenvalue −|j + ρ|2 + |ρ|2, ρ :=

∑r
i=1 wi. We have dj := dim(Mj) ≤ |j + ρ|dim(G)−r.

Since the Laplacian is a real operator, for any eigenvector ej,σ(x) ∈Mj also ēj,σ(x) is an eigenvector
of ∆ with the same eigenvalue. Therefore ēj,σ(x) ∈M̃ for some ̃ ∈ Λ+. Moreover V̃ = V ∗j because the
matrix ēj(x) is the dual representation on V ∗j of the matrix ej(x) .

To describe in an effective way the eigenvalues and the eigenfunctions of the Laplace operator a major
role is played by the positive simple roots of the group. We refer to [33] for the definition and several
properties. The positive simple roots α1, . . . , αr ∈ Rr of G satisfy the relations

(wi, αj) =
1
2
δij |αj |2 , ∀i, j = 1, . . . , r , (2.9)

where δij is the Kronecker symbol. We define the cone

R+ :=
{
α =

r∑
i=1

niαi , ni ∈ N
}
⊂ Rr

generated by the natural combinations of the positive simple roots.
3The rank of G is the dimension of any maximal connected commutative subgroup of G (maximal torus).
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Lemma 2.11. The cones Λ+, R+ ⊂ Rr intersect the hyperplane 〈ρ〉⊥ ⊂ Rr, ρ :=
∑r
i=1 wi, only in 0

and the other elements are contained in the halfspace (ρ, y) > 0, y ∈ Rr.

Proof. By the theory of roots ρ :=
∑r
i=1 wi =

∑r
i=1Niαi where the Ni are given positive integers

(which depend on the group). Then the result follows from (2.9).

We define the lattice

Λ :=
{
j =

r∑
i=1

niwi , ni ∈ Z
}
⊂ Rr

generated by the fundamental weights w1, . . . , wr (see Theorem 2.9) and Λ++ := ρ+ Λ+.

Definition 2.7. (Dominance order) For i, j ∈ Λ, we say that i ≥ j if i = j + α for some α ∈ R+.

We shall need the following Lemma.

Lemma 2.12. There is c ∈ (0, 1) such that ∀i ≥ j, i ∈ Λ+, j ∈ Λ with (ρ, j) > 0, one has |i+ρ| ≥ c|j+ρ|.

Proof. We claim that there is a ∈ (0, 1) such that, ∀j ∈ Λ with (ρ, j) > 0 and ∀α ∈ R+, one has

(j + ρ, α) ≥ −a|j + ρ||α| . (2.10)

Calling x := (j+ρ)|j+ρ|−1 and y := α|α|−1 let −a := minX×Y (x, y) on the compact region X×Y where
X is the intersection of the unitary sphere with the half space (x, ρ) ≥ 0 and Y is the intersection of the
unitary sphere with the prisma spanned by the wi. By Lemma 2.11 the cone and the plane (x, ρ) = 0
do not have any common line and then a 6= 1. If i ≥ j, namely, by Definition 2.7, i = j + α for some
α ∈ R+, then |i+ ρ|2 ≥ (1− a2)|j + ρ|2, by (2.10) and minimizing on |α|.

The product of two eigenfunctions of the Laplace operator can be expressed as a finite sum of eigen-
functions. The next theorem provides a quantitative statement of this fact. It is a key ingredient for
proving the decay properties of the multiplication operator.

Theorem 2.13. (Cartan multiplication) ([33], p. 345) Given two irreducible representations Vi, Vj
one has Vi ⊗ Vj = Vi+j ⊕ V ′ where V ′ is sum of irreducibles with dominant weights j1 ∈ Λ+, j1 < i+ j.

Theorem 2.14. (Multiplication of eigenfunctions) Let a ∈Mi, b ∈Mj. Then a b ∈ ⊕j1≤i+jMj1 .

Proof. Since Vi⊗Vj is completely reducible we write Vi⊗Vj = ⊕j1∈Λ+V
c
j1
ij

j1
for some cj1ij . By Theorem

2.13 we have cj1ij = 0 if j1 > i+ j.

Many informations on the simple roots are encoded in the non-symmetric Cartan matrix

C := C(G) := (Ci,j)i,j=1,...,r where Ci,j := 2
(αi, αj)
|αj |2

. (2.11)

It is sufficient to describe the Cartan matrix of the Lie groups of simple type of Theorem 2.1, because
the Cartan matrix of the product of a Lie group G1 ×G2 is the direct sum C(G1)⊕ C(G2).

Lemma 2.15. For any simply connected Lie group G, there is D ∈ N such that (wi, wj) ∈ D−1Z. Hence

|j|2, |j + ρ|2, (ρ, j) ∈ D−1Z , ∀j ∈ Λ+ . (2.12)

Proof. By (2.9), (2.11) we get (wi, wj) = |αi|2(C−T )i,j/2. Then (2.12) follows because the matrix
elements of the Cartan matrix satisfy Ci,j ∈ Z (actually |Ci,j | ≤ 3) and |αj |2 ∈ N/2, see [33].

The eigenspaces of the Laplace operator on G × Tn are Mj1e
ij2x2 with x1 ∈ G, x2 ∈ Tn, (j1, j2) ∈

Λ+ × Zn, the eigenfunctions ej1,σ(x1)eij2x2 , 1 ≤ σ ≤ dj , and the eigenvalues −|j1 + ρ|2 + |ρ|2 − |j2|2.
We finally need to understand how to pass to the quotient space (see [23]-[24] or [33] pp. 81-85).
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Theorem 2.16. Let H be a closed subgroup of a Lie group G. Then there is a unique manifold structure
on the quotient space G/H so that the projection map π : G → G/H is a smooth submersion.

Theorem 2.17. Given a bi-invariant metric on G, the projection π induces on G/H a Riemannian
structure such that the Laplace-Beltrami operator on C∞(G/H,C) is identified with the Laplace-Beltrami
operator on

C∞inv(G,C) :=
{
f ∈ C∞(G,C) such that f(x) = f(xg) , ∀x ∈ G , g ∈ H

}
(2.13)

and the diagram commutes
C∞(G/H,C) π∗−−−−→ C∞inv(G,C)

∆G/H

y y∆G

C∞(G/H,C) π∗−−−−→ C∞inv(G,C)

(2.14)

See for instance [36] for a discussion.
Given an irreducible representation ρV of G we consider the subspace

W :=
{
w ∈ V | ρV (g)w = w , ∀g ∈ H

}
⊂ V

and the subspace of functions NV ⊂MV defined by

NV := Span
{

(ρV (x)wk, vl) , k = 1, . . . ,dim(W ), l = 1, . . . ,dim(V )
}

(2.15)

where (vl)l=1,...,dim(V ) is a basis of V and (wk)k=1,...,dim(W ) of W .

Lemma 2.18. The NV are the functions of MV satisfying (2.13). Moreover dim NV = dimV dimW .

Proof. For any w, v ∈ V , v 6= 0, the matrix coefficient (ρV (x)w, v) satisfies (2.13) if and only if

(ρV (xg)w, v) = (ρV (x)ρV (g)w, v) = (ρV (x)w, v) , ∀x ∈ G , g ∈ H ,

and therefore (ρV (x)(ρV (g)w−w), v) = 0, ∀x ∈ G, g ∈ H. This implies –by the irreducibility of ρV – that
ρV (g)w − w = 0, ∀g ∈ H, i.e. w ∈W .

Let (g, x) 7→ gx denote the action G ×X → X of a group G on a set X. We recall that the orbit of x
is O(x) := {gx ∈ X , g ∈ G}. The stabilizer of x is the subgroup Gx := {g ∈ G , gx = x}. The action of
a group G on X is called transitive if, ∀x ∈ X, the orbit O(x) = X.

Definition 2.8. A compact manifold M is said homogeneous if there is a compact Lie group G which
acts on M transitively and differentiably, i.e. for each g ∈ G, the map x 7→ gx is differentiable in M.

By Theorem 2.2 the group G = (G × Tn)/N1 where N1 is a finite central subgroup. The action of
G× Tn on any p ∈M induces a diffeomorphism

M φ↔ (G× Tn)/N where N := N1Gp (2.16)

and Gp is the stabilizer of p (note that Gp is closed and see Theorem 2.16). By Theorem 2.17 a bi-invariant
metric on G× Tn induces a metric on (G× Tn)/N and, then, on M, see [6].

Remark 2.1. If M is also a Riemannian manifold with a G-invariant metric, it is natural to ask if it
can be derived by submersion from a bi-invariant metric on G × Tn. In general, this is not the case.
However this is true for the sphere Sn with the canonical metric (see [24]) and in several applications
arising from physics, see e.g. [36] or [26] and [31] or [26] for an application to the Landau equation.
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For each index j = (j1, j2) ∈ Λ+ × Zn of the irreducible representations of G × Tn we consider the
subspace -defined in (2.15)- of N -invariant functions

Nj ⊂Mj := Mj1e
ij2·x2 . (2.17)

Each Nj is an eigenspace of the Laplacian with dimension dim Nj ≤ dim Mj .
It could happen that for some j ∈ Λ+ × Zn the subspace Nj = {0}. The set

ΛM :=
{
j ∈ Λ+ × Zn such that Nj 6= {0}

}
(2.18)

is closed under sum. By the Peter-Weyl Theorem 2.5 we deduce the spectral theory of the Laplace
Beltrami operator on a compact homogeneous space.

Theorem 2.19. L2(M) = ⊕̂j∈ΛMNj. A basis for Nj ⊂ Mj is, up to a reordering of the index σ,
ej,σ(x) = ej1,σ(x1) exp(ij2x2), σ = 1, . . . ,dj for some 1 ≤ dj ≤ dj.

To conclude, we prove the non-resonance property (1.6).

Proof of (1.6). Let j0 = (j01, j02) ∈ ΛM. ∀(l, j) ∈ Z × ΛM such that (|l|, ω2
j ) 6= (1, ω2

j0
), by (1.4),

(1.5) and (2.12),

|ω2
j0 l

2 − ω2
j | =

∣∣∣(|j01 + ρ|2l2 − |j1 + ρ|2 + |j02|2l2 − |j2|2 + |ρ|2(1− l2)
)

+ µ(1− l2)
∣∣∣ ≥ c′

|1− l2|α
≥ γ1

〈l〉2α

for some constant γ1 > 0.

3 Abstract Nash-Moser Theorem with parameters

We recall now the abstract Nash-Moser Theorem [5] (with a few notations adapted to the present setting).

Let (Xs, ‖ ‖s)s≥0 be a scale of Banach spaces such that

∀s ≤ s′, Xs′ ⊆ Xs , ‖u‖s ≤ ‖u‖s′ , ∀u ∈ Xs′ .

Let (H(N))N≥0 be an increasing family of closed subspaces of
⋂
s≥0Xs with projectors Π(N) : X0 → H(N)

satisfying the “smoothing” properties: ∀s ≥ 0, ∀d ≥ 0,

(S1) ‖Π(N)u‖s+d ≤ Nd‖u‖s , ∀u ∈ Xs (3.1)
(S2) ‖(I −Π(N))u‖s ≤ N−d‖u‖s , ∀u ∈ Xs+d . (3.2)

We consider a C2 map F : [0, δ0)×Xs0+ν → Xs0 where s0 ≥ 0 , ν > 0, δ0 > 0, satisfying

• (F1) F (0, 0) = 0,

and the “tame” properties: ∃S ∈ (s0,∞] such that ∀s ∈ [s0, S), ∀u ∈ Xs+ν with ‖u‖s0 ≤ 2, ∀δ ∈ [0, δ0),

• (F2) ‖∂δF (δ, u)‖s ≤ C(s)(1 + ‖u‖s+ν), ‖DuF (δ, 0)[h]‖s ≤ C(s)‖h‖s+ν

• (F3) ‖D2
uF (δ, u)[h, v]‖s ≤ C(s)(‖u‖s+ν‖h‖s0‖v‖s0 + ‖v‖s+ν‖h‖s0 + ‖h‖s+ν‖v‖s0)

• (F4) ‖∂δDuF (δ, u)[h]‖s ≤ C(s)(‖h‖s+ν + ‖u‖s+ν‖h‖s0).

14



The main assumption concerns the invertibility of the linear operators L(N)(δ, u) :=
Π(N)DuF (δ, u)|H(N) . We consider two parameters κ ≥ 0, σ ≥ 0, such that

σ > 4(κ+ ν) , s̄ := s0 + 4(κ+ ν + 1) + 2σ < S . (3.3)

For all γ > 0, we define appropriate subsets

J (N)
γ,κ ⊆

{
(δ, u) ∈ [0, δ0)×H(N) | L(N)(δ, u) is invertible and ∀s ∈ {s0, s̄},

‖L(N)(δ, u)−1[h]‖s ≤
Nκ

γ
(‖h‖s + ‖u‖s‖h‖s0) , ∀h ∈ H(N)

}
. (3.4)

Given k > 0, we define U (N)
k := {u ∈ C1([0, δ0), H(N)) | ‖u‖s0 ≤ 1, ‖∂δu‖s0 ≤ k} and, for u ∈ U (N)

k ,

G(N)
γ,κ (u) :=

{
δ ∈ [0, δ0) | (δ, u(δ)) ∈ J (N)

γ,κ

}
. (3.5)

• Assumption (L) There exist σ ≥ 0, κ ≥ 0 satisfying (3.3), γ̄ > 0, M ∈ N, C > 0, such that:

i)∀γ ∈ (0, γ̄], ∀δ ∈ (0, δ0], |(G(M)
γ,κ (0))c ∩ [0, δ)| ≤ Cγδ . (3.6)

ii) ∀γ ∈ (0, γ̄], k̄ > 0, ∃δ̃ := δ̃(γ, k̄) ∈ (0, δ0] such that, ∀δ ∈ (0, δ̃], N ′ ≥ N ≥ M , u1 ∈ U (N)
k̄

,

u2 ∈ U (N ′)
k̄

with ‖u2 − u1‖s0 ≤ N−σ,∣∣∣(G(N ′)
γ,κ (u2)

)c ∖(
G(N)
γ,κ (u1)

)c⋂
[0, δ)

∣∣∣ ≤ C γδ
N
. (3.7)

The following Nash-Moser type Theorem holds:

Theorem 3.1. [5] ∃C > 0 and, ∀γ ∈ (0, γ̄), there is δ0 > 0 and a C1 map u : [0, δ0) → Xs0+ν such
that u(0) = 0 and F (δ, u(δ)) = 0 except in a set Cγ of Lebesgue measure |Cγ | ≤ Cγδ0. Moreover, for all
δ ∈ (0, δ0), |Cγ ∩ [0, δ)| ≤ Cγδ.

4 The Sobolev scale Hs

Consider an homogeneous spaceM = (G×Tn)/N , where G is a simply connected Lie group of dimension
d and rank r.

The Peter-Weyl Theorem 2.5, combined with the standard Fourier theory in the time variable t ∈ T,
implies the orthogonal decomposition

L2 := L2(T×M,C) = ⊕k∈E+Nk where k := (l, j) , E+ := Z× ΛM , Nk := 〈eilt〉 ⊗Nj . (4.1)

The Fourier series of u ∈ L2 is defined by

u =
∑
k∈E+

uk where uk := ΠNku and ΠNk : L2 → Nk

are the spectral projectors. In components

u(t, x) =
∑

(l,j)∈E+

eilt

dj∑
σ=1

ul,j,σej,σ and ‖u‖2L2 = 2π
∑

(l,j)∈E+

dj∑
σ=1

|ul,j,σ|2 . (4.2)
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For s ≥ 0, we define the Sobolev scale of Hilbert spaces

Hs := Hs(T×M,C) :=
{
u =

∑
k∈E+

uk | ‖u‖2s :=
∑
k∈E+

|k + ~ρ|2s‖uk‖2L2 < +∞
}

where ~ρ = (0, ρ, 0) ∈ Z × Λ+ × Zn. We have H0 = L2. Since T ×M is a compact C∞-Riemannian
manifold without boundary, for any s ∈ N, Hs is equivalent to the usual Sobolev space Hs = {u ∈ L2 |
Dαu ∈ L2, ∀|α| ≤ s, ‖u‖2s =

∑
|α|≤s ‖Dαu‖2L2}.

Lemma 4.1. For s ≥ s0 > (dim(M) + 1)/2, ∀u, v ∈ Hs,

1. (Sobolev embedding) ‖u‖L∞ ≤ C(s)‖u‖s

2. (Algebra) ‖uv‖s ≤ C(s)‖u‖s‖v‖s

3. (Interpolation) ‖uv‖s ≤ C(s, s0)(‖u‖s‖v‖s0 + ‖u‖s0‖v‖s).

Proof. These inequalities are well known for C∞-functions with compact support in Rdim(M)+1, see
e.g. [37], and, therefore, by a partition of unity argument, they still hold true for any compact C∞-
Riemannian manifold without boundary.

We now introduce a preorder relation on E := Z× Λ× Zn.

Definition 4.1. (Dominance order) Given k = (l, j1, j2), k′ = (l′, j′1, j
′
2) ∈ E we say that k ≥ k′ if

|l| ≥ |l′|, j1 ≥ j′1 (see Definition 2.7) and |j2| ≥ |j′2|.

Lemma 4.2. (Multiplication of eigenfunctions) Given a ∈ Nk and b ∈ Nk′ then

ab ∈ ⊕k1∈D(k,k′)Nk1 where D(k, k′) :=
{
k′′ ∈ E+

∣∣ l′′ = l + l′ , j′′1 ≤ j1 + j′1 , j
′′
2 = j2 + j′2

}
where k = (l, j1, j2), k′ = (l′, j′1, j

′
2), k′′ = (l′′, j′′1 , j

′′
2 ).

Proof. The conditions l′′ = l + l′, j′′2 = j2 + j′2 are the multiplication rules for the exponentials
eilteil′t = ei(l+l′)t, eij2·x2eij′2·x2 = ei(j2+j′2)·x2 . The condition j′′1 ≤ j1 + j′1 comes from Theorem 2.14.

The next lemma is the key for proving the decay of the matrix representing the multiplication operator.

Lemma 4.3. Let s > (d + n + 1)/2. If u ∈ ⊕k≥k0,k∈E+Nk with k0 := (l0, j0) ∈ E, j0 = (j01, j02) ∈
Λ+(G)× Zn and (ρ, j01) ≥ 0, then

‖u‖L∞ ≤
C(s)‖u‖s

〈k0〉s−(d+n+1)/2
where 〈k〉 := max(1, |k|) . (4.3)

Proof. By (4.2), Definition 4.1, and Cauchy inequality, we have

|u(t, x)| ≤
∑

(l,j)∈E+
(l,j)≥(l0,j0)

∣∣∣ ∑
σ=1,...,dj

ul,j,σej,σ
∣∣∣ ≤ ∑

(l,j)∈E+
(l,j)≥(l0,j0)

‖ΠNl,ju‖0
( ∑
σ=1,...,dj

|ej,σ|2
)1/2

. (4.4)

Now ej,σ(x) = ej1,σ(x1)eij2·x2 and, since ej1(x1) is a unitary matrix, then∑
σ=1,...,dj

|ej,σ|2 ≤ tr (ej1e
†
j1

) = n2
j1 = dj1 (4.5)
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(where e†j1 denotes the adjoint matrix). Applying again Cauchy inequality in (4.4),

‖u‖2L∞ ≤
∑

(l,j)∈E+
(l,j)≥(l0,j0)

‖ΠNl,ju‖20
(
|l|2 + |j1 + ρ|2 + |j2|2

)s ∑
(l,j)∈E+

(l,j)≥(l0,j0)

dj1
(l2 + |j1 + ρ|2 + |j2|2)s

= ‖u‖2s
∑

(l,j)∈E+
(l,j)≥(l0,j0)

dj1
(l2 + |j1 + ρ|2 + |j2|2)s

≤ ‖u‖2s
∑

(l,j)∈E+
(l,j)≥(l0,j0)

|j1 + ρ|dim(G)−r

(l2 + |j1 + ρ|2 + |j2|2)s
(4.6)

by Theorem 2.10. By Lemma 2.12, j ≥ j0 implies |j1 + ρ| > c|j01 + ρ| with c ∈ (0, 1), and we estimate
the last term in (4.6) by

∑
k∈E+
k≥k0

1
|k + ~ρ|2s−d+r

≤
∫
|x|>c|k0+~ρ|

dr+n+1x

|x|2s−d+r
≤ C

∫
y>c|k0+~ρ|

dy

y2s−d−n ≤
C2(s)

1 + |k0|2s−(d+n+1)

deducing (4.3).

Note that the previous Theorem provides a proof of the embedding Hs ↪→ C(T × M) for s >
dim(T × G × Tn)/2 > dim(T ×M)/2. We did not attempt to recover the optimal bound on s given in
Lemma 4.1, being useless for the purposes of this paper.

4.1 Quasi-Töplitz block matrices

According to the splitting Hs = ⊕k∈E+Nk we shall identify a linear operator A acting on Hs with its
matrix representation A = (Ak

′

k )k,k′∈E+ with blocks Ak
′

k ∈ L(Nk′ ,Nk).

Definition 4.2. (Quasi-Töplitz) We define the quasi-Töplitz block matrices

As :=
{
A = (Ak

′

k )k,k′∈E+ : |A|2s := sup
k∈E+

∑
k′∈E+

〈k − k′〉2s‖Ak
′

k ‖20 <∞
}

where ‖Ak′k ‖0 := supu∈Nk′ ,‖u‖0=1 ‖Ak
′

k u‖0 is the L2-operator norm in L(Nk′ ,Nk).

If s′ > s then As′ ⊂ As because | · |s′ > | · |s. Let s0 > (r + n+ 1)/2.

Lemma 4.4. (Algebra) For s > s0, As is an algebra:

|AB|s ≤ C(s)|A|s|B|s , ∀A,B ∈ As . (4.7)

A similar matrix algebra has been used in [7]. Applying (4.7) iteratively, we get, ∀m ∈ N,

|Am|s ≤ C(s)m−1|A|ms . (4.8)

The algebra property of As is implied by the more general interpolation inequality (4.9).

Lemma 4.5. (Interpolation) ∀s ≥ s0, ∀A,B ∈ As,

|AB|s ≤ C(s)
(
|A|s|B|s0 + |A|s0 |B|s

)
(4.9)

and, ∀u ∈ Hs,
‖Au‖s ≤ C(s)

(
|A|s‖u‖s0 + |A|s0‖u‖s

)
. (4.10)
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Proof. By definition

|AB|2s = sup
k∈E+

∑
k′∈E+

〈k − k′〉2s‖(AB)k
′

k ‖20 ≤ sup
k∈E+

∑
k′∈E+

〈k − k′〉2s
( ∑
k1∈E+

‖Ak1k ‖0‖B
k′

k1‖0
)2

= S1 + S2

where

S1 := sup
k∈E+

∑
k′∈E+

( ∑
k1∈E+

‖Ak1k ‖0〈k1 − k〉s0‖Bk
′

k1‖0〈k
′ − k1〉s

〈k − k′〉s

〈k1 − k〉s0〈k′ − k1〉s
)2

if
〈k′ − k〉
〈k′ − k1〉

≤ 2

and

S2 := sup
k∈E+

∑
k′∈E+

( ∑
k1∈E+

‖Ak1k ‖0〈k1 − k〉s‖Bk
′

k1‖0〈k
′ − k1〉s0

〈k − k′〉s

〈k1 − k〉s〈k′ − k1〉s0

)2

if
〈k′ − k〉
〈k′ − k1〉

> 2

and note that in this second case 〈k−k
′〉

〈k−k1〉 ≤ 2. By Hölder inequality, and exchanging the order of sum,

S1 ≤ sup
k∈E+

∑
k′∈E+

( ∑
k1∈E+

‖Ak1k ‖
2
0〈k1 − k〉2s0‖Bk

′

k1‖
2
0〈k′ − k1〉2s

∑
k1∈E+

〈k′ − k〉2s

〈k1 − k〉2s0〈k′ − k1〉2s
)

≤ sup
k∈E+

∑
k1∈E+

‖Ak1k ‖
2
0〈k1 − k〉2s0

( ∑
k′∈E+

‖Bk
′

k1‖
2
0〈k′ − k1〉2s

) ∑
k1∈E+

C(s)
〈k1〉2s0

≤ |B|2s|A|2s0
K(s)

for s0 > (r + n+ 1)/2. Similarly S2 ≤ |B|2s0
|A|2sK(s), proving (4.9). The (4.10) follows similarly.

Applying (4.9) iteratively, we obtain, ∀m ∈ N,

|Am|s ≤ m(C(s)|A|s0)m−1|A|s . (4.11)

Lemma 4.6. Let A ∈ As, Ω1,Ω2 ⊂ E+, Ω1 ∩ Ω2 = ∅. Then ‖AΩ1
Ω2
‖0 ≤ C(s)|A|s/d(Ω1,Ω2)s−(r+n+1)/2.

Proof. For any u =
∑
k′∈Ω1

uk′ we have

‖AΩ1
Ω2
u‖20 =

∑
k∈Ω2

∥∥∥ ∑
k′∈Ω1

Ak
′

k uk′
∥∥∥2

0
≤
∑
k∈Ω2

( ∑
k′∈Ω1

‖Ak
′

k ‖〈k − k′〉s‖uk′‖0
1

〈k − k′〉s
)2

≤
∑
k′∈Ω1

‖uk′‖20
( ∑
k∈Ω2

‖Ak
′

k ‖2〈k − k′〉2s
)( ∑

k′∈Ω1

1
〈k − k′〉2s

)
≤ ‖u‖20C(s)2|A|2s/d(Ω1,Ω2)2s−(r+n+1)

where r + n+ 1 is the dimension of E+.

Since Hs is an algebra, any function b ∈ Hs defines the multiplication operator

u(t, x) 7→ b(t, x)u(t, x) , ∀u ∈ Hs , (4.12)

which is represented by (Bk
′

k )k,k′∈E+ with Bk
′

k := ΠNkb(t, x)| Nk′ ∈ L(Nk′ ,Nk).

Lemma 4.7. (multiplication operator) If b ∈ Hs is real, then the matrix (Bk
′

k )k,k′∈E+ is self-adjoint,
i.e. (Bk

′

k )† = Bkk′ , and, ∀s > (d+ n+ 1)/2,

‖Bk
′

k ‖0 ≤
C(s)‖b‖s

〈k − k′〉s−(d+n+1)/2
. (4.13)
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Proof. The self-adjointness is a consequence that b is real. In order to prove (4.13) we first suppose
that k = (l, j) and k′ = (l′, j′) satisfy (ρ, j1 − j′1) ≥ 0. We split

b = b≥k−k
′
+ b6≥k−k

′
where b≥k−k

′
:=

∑
k1≥k−k′,k1∈E+

ΠNk1 b , b
6≥k−k′ :=

∑
k1 6≥k−k′,k1∈E+

ΠNk1 b

(note that the relation ≥ is only a partial order, see Definition 4.1). By Lemma 4.2 and Definition 4.1

ΠNk(b 6≥k−k
′
uk′) = 0 , ∀uk′ ∈ Nk′ ,

and therefore

‖Bk
′

k ‖0 := sup
‖u
k′ ‖0=1

u
k′∈Nk′

‖ΠNk(buk′)‖0 = sup
‖u
k′ ‖0=1

u
k′∈Nk′

‖b≥k−k
′
uk′‖0 ≤ ‖b≥k−k

′
‖L∞

(4.3)

≤ C(s)‖b‖s
〈k − k′〉s−(d+n+1)/2

applying Lemma 4.3 because (ρ, j − j′) ≥ 0. If (ρ, j − j′) < 0 then (ρ, j′ − j) > 0 and

‖Bk
′

k ‖0 = ‖(Bkk′)†‖0 = ‖Bkk′‖0 ≤
C(s)‖b‖s

〈k′ − k〉s−(d+n+1)/2

by the previous estimate. Then (4.13) holds in any case.

By Lemma 4.7 we have the following corollary:

Lemma 4.8. For any real b ∈ Hs+a with a ≥ (d + r + 2n + 3)/2, the matrix B = (Bk
′

k )k,k′∈E+ which
represents the multiplication operator (4.12) is self-adjoint, it belongs to the algebra of quasi-Töplitz
matrices As and

|B|s ≤ K(s)‖b‖s+a . (4.14)

We shall need to consider restrictions of quasi-Töplitz matrices. Given a set of indexes I ⊂ E+, let

As(I) :=
{
A = (Ak

′

k )k,k′∈I : (Ak
′

k )† = Akk′ and |A|2s := sup
k∈I

∑
k′∈I

〈k − k′〉2s‖Ak
′

k ‖20 <∞
}
.

Lemma 4.9. For A := (Ak
′

k )k,k′∈E+ ∈ As its restriction AI := (Ak
′

k )k,k′∈I ∈ As(I) satisfies |AI |s ≤
|A|s. On the other hand, any A := (Ak

′

k )k,k′∈I ∈ As(I) can be extended to a matrix in As setting Ak
′

k = 0
for k, k′ /∈ I without changing the norm |A|s.

Therefore all the properties (algebra, interpolation ...) hold for As(I) with constants which do not
depend on I. Moreover, the matrices II which represent the projectors

ΠI : Hs → HI := ⊕k∈I∩E+Nk satisfy |II |s = 1 , ∀s ≥ 0 . (4.15)

4.2 Composition operators

We conclude this section stating a technical result for the composition operator

u(t, x) 7→ f(δ, u)(t, x) := δ−mf(x, δu(t, x))

acting between the Sobolev spaces Hs, see section 2 of [3].

Lemma 4.10. (Composition operator) Fix s0 > 1 + (d + n + 1)/2. Assume that f ∈ Ck satisfies
(1.7) for some 0 ≤ m ≤ k − 4. Then, ∀ s ∈ [s0, k − 2], the map

(δ, u) 7→ f(δ, u) is in C2([0, δ0]×Hs;Hs)

and satisfies the “tame” estimates

‖f(δ, u)‖s, ‖(∂uf)(δ, u)‖s, ‖(∂δf)(δ, u)‖s, ‖(∂2
δ,uf)(δ, u)‖s, ‖(∂uuf)(δ, u)‖s ≤ C(s, ‖u‖s0)(1 + ‖u‖s) . (4.16)

Notice that if f is real on real then (δ, u) 7→ f(δ, u) is in C2([0, δ0]×Hs
even;Hs

even).
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5 The bifurcation equation

By the hypothesis (ND) the subspace Hs ⊂ Hs
even is invariant for the NLW equation (1.8) and there

is a non-degenerate solution of the equation (1.14) in Q ∩ Hs. Then, by the standard implicit function
Theorem, we solve in Hs the bifurcation equation (1.10).

Lemma 5.1. There exist δ0, R0 > 0 and a C2 map (δ, p) 7→ q(δ, p) defined on

[0, δ0]× {p ∈ P ∩Hs : ‖p‖s < R0} → Q ∩Hs , ∀ s ∈ [s0, k − 2] ,

such that q(0, 0) = q̄ and q(δ, p) solves the bifurcation equation in (1.10). Moreover

∂pq(δ, p)[h] = −χJ−1ΠQ

(
(∂uf)(δ, q(δ, p) + p)h

)
, ∀h ∈ Q ∩Hs (5.1)

where J : Q→ Q is the linear operator

J [H] := J(δ, p)[H] := H + χΠQ

(
(∂uf)(δ, q(δ, p) + p)H

)
, ∀H ∈ Q , (5.2)

and
‖q(δ, p)‖s, ‖∂δq(δ, p)‖s, ‖∂pq(δ, p)‖s, ‖∂2

δ,pq(δ, p)‖s, ‖∂ppq(δ, p)‖s ≤ C(s)(1 + ‖p‖s) . (5.3)

Proof. Note that the operator J(δ, p) in (5.2) reduces, for δ = 0, p = 0, to h 7→ h+χΠQ(ma(x)q̄m−1h)
which is invertible in Q ∩Hs by (ND). Finally (5.3) holds simply because Q is finite dimensional.

5.1 The non-degeneracy condition

We now consider M = SU(n).

Lemma 5.2. Let n 6= 2, 4. If f(x, u) = u3 + r(x, u) where r(x, u) satisfies (1.7) for some m > 3 and
r(x, u) = r(x−1, u) then the non-degeneracy condition (ND) holds in the invariant subspace

Hs :=
{
u(t, x) ∈ Hs

even | u(t, x) = u(t, x−1)
}
. (5.4)

The remainder of this section is devoted to the proof of Lemma 5.2.

Remark 5.1. A real function u(x) satisfies u(x) = u(x−1) if and only if its Fourier coefficients uj :=∫
SU(n)

u(x)ēj(x) = u†j (defined in (2.6)) are self-adjoint. We use that x 7→ x−1 is measure preserving.

We choose j0 = w1 ∈ Λ+ to be the first fundamental weight of SU(n). It corresponds to the least non-zero
eigenvalue of the Laplacian and to the standard representation ρCn(x) = x of SU(n) on Cn. Its dual
representation on (Cn)∗ is the complex conjugated matrix x̄ and corresponds to the fundamental weight
wn−1. We shall denote by V the representation space Cn endowed with the standard basis {ei}ni=1.

The bifurcation equation (1.11) reduces to

q = ΠQq
3 , q ∈ Q ∩Hs , (5.5)

because a(x) = 1 and χ = −1 by (1.13).

Lemma 5.3. Q ∩Hs := {qA := (cos t)tr(A(x⊕ x̄)) where A := A1 ⊕ Ā1 , A1 ∈ Mat(Cn), A1 = A†1}.
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Proof. The dominant weights j ∈ Λ+(SU(n)) such that ωj = ωj0 are j = w1, wn−1. Then any complex
function with Fourier indices in Q defined in (1.9) is uniquely represented by

qA(t, x) = (cos t)(tr(A1x) + tr(A2x̄))
(2.4)
= (cos t) tr(A(x⊕ x̄)) , A := A1 ⊕A2 ,

where A1, A2 ∈ Mat(Cn), and, by Lemma 2.4, tr(A1x) ∈Mw1 and tr(A2x) ∈Mwn−1 . Then qA(t, x) =
q̄A(t, x) is real iff A1 = Ā2 and qA(t, x) = qA(t, x−1) if and only if A†1 = A1 (see remark 5.1).

In order to solve (5.5) we have to compute ΠQq
3
A. By (2.5) we have

q3
A =

(
tr(A(x⊕ x̄))

)3

(cos t)3 = tr(A⊗3(x⊕ x̄)⊗3)(cos t)3 = tr(A ρU (x))(cos t)3 (5.6)

where A := A⊗3 := A⊗A⊗A ∈ End(U), ρU (x) := (x⊕ x̄)⊗3 and

U := (V ⊕ V ∗)⊗3 = V ⊗3 ⊕ (V ⊗ V ⊗ V ∗)⊕ (V ⊗ V ∗ ⊗ V )⊕ (V ∗ ⊗ V ⊗ V )⊕ duals . (5.7)

We decompose in irreducible subspaces each representation space in the direct sum (5.7) (see Def. 2.4).

Lemma 5.4. Let n 6= 2, 4. In the direct sum decomposition of
(i) V ⊗3, (V ∗)⊗3 there are no copies neither of V nor of V ∗.
(ii) V ⊗ V ⊗ V ∗, V ⊗ V ∗ ⊗ V , V ∗ ⊗ V ⊗ V there are exactly 2 copies of V and none of V ∗. Hence their
duals have 2 copies of V ∗ and none of V .

Proof. The main ingredient is the ”First fundamental Theorem of invariant Theory”, see [33]. For
SU(n) it states that the only invariant polynomial functions F (v1, . . . , vk, φ1, . . . , φh), vi ∈ V , φj ∈ V ∗
are polynomials in the generators

F (φi, vj) = φi(vj) , F (vi1 , . . . , vin) = det(vi1 , . . . , vin), F (φi1 , . . . , φin) = det(φi1 , . . . , φin) .

Now, a representation space W contains k copies of V if and only if W ⊗ V ∗ contains k independent
invariants (see Lemma 2.7). Since there is a one to one correspondence between the invariant multilinear
functions and invariants, the only invariants in V ⊗ V ⊗ V ∗⊗ V ∗ are

∑
i,k ei⊗ ek ⊗ ei⊗ ek and

∑
i,k ei⊗

ek ⊗ ek ⊗ ei.

Remark 5.2. For SU(4) the only difference is that there is one copy of V in V ⊗3. For SU(2) there is
only one fundamental weight and V ⊗3 contains 2 copies of V . We deal this case for NLS in section 8.1.

By (5.7) and the previous lemma we get the decomposition

U = (V ⊕ V ∗)⊕6 ⊕j 6=w1,wn−1 V
⊕cj
j . (5.8)

An orthonormal basis for the six copies of V (resp. V ∗) in U is explicitly given below.

Lemma 5.5. Consider the 2 orthogonal subspaces Vj := Spank=1,...,nE
(j)
k ⊂ V ∗⊗V ⊗V , j = 1, 2, where

E
(1)
k :=

e
(1)
k√
n
, E

(2)
k :=

ne
(2)
k − e

(1)
k√

n3 − n
, e

(1)
k :=

∑
i

ei ⊗ ei ⊗ ek , e
(2)
k :=

∑
i

ei ⊗ ek ⊗ ei ,

and ei ∈ V , ei ∈ V ∗, i = 1, . . . , n, are the standard basis of V and V ∗.

Similarly, consider the 2 orthogonal subspaces Vj := Spank=1,...,nE
(j)
k ⊂ V ⊗ V ∗ ⊗ V , j = 3, 4, where

E
(3)
k :=

e
(3)
k√
n
, E

(4)
k :=

ne
(4)
k − e

(3)
k√

n3 − n
, e

(3)
k :=

∑
i

ei ⊗ ei ⊗ ek , e
(4)
k :=

∑
i

ek ⊗ ei ⊗ ei .
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Finally, consider the 2 orthogonal subspaces Vj := Spank=1,...,nE
(j)
k ⊂ V ⊗ V ⊗ V ∗, j = 5, 6,

E
(5)
k =

e
(5)
k√
n
, E

(6)
k =

ne
(6)
k − e

(5)
k√

n3 − n
, e

(5)
k :=

∑
i

ek ⊗ ei ⊗ ei , e
(6)
k :=

∑
i

ei ⊗ ek ⊗ ei .

The representation spaces Vj are equivalent to V , then the dual spaces V∗j are equivalent to V ∗. Finally

the {E(j)
k }k=1,...,n are an orthonormal basis in Vj.

For A ∈ End(U), we represent its restriction ΠVjA|Vj to Vj by the n × n matrix Aj with entries
(Aj)h,k = (E(j)

h ,AE(j)
k ). By (2.4) we have

ΠMw1
tr(AρU (x)) =

6∑
j=1

tr(Ajx) , ΠMwn−1
tr(AρU (x)) =

6∑
j=1

tr(Āj x̄) (5.9)

where Āj is the matrix which represents ΠV∗jA|V∗j .

Lemma 5.6. The function (
√

2/3) (cos t)χV⊕V ∗(x) is a real non-degenerate solution of (5.5).

Proof. The caracter χV⊕V ∗(x) = tr (x⊕ x̄) = tr (x) + tr (x̄). The function αqI = α(cos t)χV⊕V ∗ with
α :=

√
2/3 is a solution of (5.5) in Q ∩Hs. Indeed, by (5.6) and (5.9) with Aj = I, we get

ΠQ(αqI)3 = α3 Π〈cos t〉(cos t)3 ΠMw1⊕Mwn−1
(tr (x) + tr (x̄))3 = α3 3

4
(cos t)6(tr (x) + tr (x̄)) = αqI .

We have to prove that the linearized equation hA − 3α2ΠQq
2
IhA = 0, hA ∈ Q∩Hs, has the only solution

hA = 0. This amounts to show that

2(tr (A1x) + tr (Ā1x̄))−ΠMw1⊕Mwn−1

(
(tr (x) + tr (x̄))2 tr ((A1 ⊕ Ā1)(x⊕ x̄))

)
= 0 (5.10)

has the only solution A = A1 ⊕ Ā1 = 0. By (2.4)-(2.5), we have(
tr ((I ⊕ I)(x⊕ x̄))

)2

tr (A(x⊕ x̄)) = tr (BρU ) where B := (I ⊕ I)⊗2 ⊗ (A1 ⊕ Ā1) .

As in (5.9), we find

ΠMw1
tr (BρU ) =

6∑
j=1

tr (Bjx) , ΠMwn−1
tr (BρU ) =

6∑
j=1

tr (B̄j x̄)

where Bj represents ΠVjB|Vj and B̄j represents ΠV∗j B|V∗j . Since V, V ∗ are irreducibles, the (5.10) becomes

2A1 =
6∑
j=1

Bj , 2Ā1 =
6∑
j=1

B̄j . (5.11)

Lemma 5.7. We have B1 = B3 = A1, B4 = B2,

B2 =
n

n2 − 1
tr (A1)I − A1

n2 − 1
, B5 =

tr (A1)
n

I , B6 =
n2 + 1
n3 − n

tr (A1)I − 2A1

n2 − 1
.

Proof. The coefficients (E(j)
h ,BE(j)

k ) can be computed using lemma 5.5 and recalling that A1 = A†1.

By the previous lemma the equations (5.11) reduce to A1 = ntr (A1)I. Then we get tr (A1)(n2−1) = 0,
and, for n 6= 1, tr (A1) = 0 and A1 = 0.

The case f = up with p odd is similar, because (V ⊕ V ∗)⊗p always contains copies of V .
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Remark 5.3. For the other groups the main point is to have the analogue of Lemma 5.4. For E6 one can
proceed essentially as above. For the other groups we have a unique fundamental representation W with
minimum eigenvalue of the Laplace operator and W and W ∗ are equivalent. This allows us to construct
an invariant tensor J ∈W ⊗W which, under the isomorphism between W and W ∗ mapping W ⊗W to
W ⊗W ∗ = End(W ), corresponds to the identity map. By the theory of symmetry on tensor spaces we see
that we have copies of the representation on each odd tensor power W⊗2k+1. One copy of W is J⊗k⊗W
and other copies are obtained by permuting the tensors. In particular, for W⊗3 we can exhibit the copies
of the representation W appearing.

6 The range equation and proof of Theorem 1.1

We solve the range equation
F (δ, p) := D(ω)p− εF(δ, p) = 0 (6.1)

where ω := ω(δ) := (ω2
j0

+ χδm−1)1/2, ε := δm−1,

D(ω) := ω2∂tt −∆ + µ and F(δ, p) := ΠP f(δ, q(δ, p) + p) , (6.2)

applying the abstract Nash-Moser implicit function Theorem 3.1 in the scale Xs := Hs
even∩P . To simplify

notations we solve the range equation in the larger space Hs
even ∩ P (not in the subspace Hs ∩ P ).

For all N ∈ N we consider the finite dimensional subspaces

H(N) := ⊕k∈E+
N∩P
Nk ∩H0

even ⊂
⋂
s≥0

Xs where E+
N := {k ∈ E+ | |k + ~ρ| ≤ N}

(P is defined in (1.9) and Nk in (4.1)) and the corresponding projectors Π(N) : Xs → H(N), Π(N)u :=∑
k∈E+

N∩P
ΠNku. The smoothing properties (S1)-(S2) in (3.1)-(3.2) hold.

Lemma 6.1. Let s0 > 1 + (d + n + 1)/2 and f ∈ Ck with k > s0 + 2. For all s ∈ [s0, k − 2] the
map F ∈ C2([0, δ0) × Xs+2, Xs), F (0, 0) = 0, and “tame” properties (F2)-(F4) hold (with ν = 2 and
S = k − 2).

Proof. The composition operator (δ, u) 7→ f(δ, u) is C2 by Lemma 4.10, and, by Lemma 5.1, also the
map (δ, q) 7→ q(δ, p) is C2. Properties (F2)-(F4) follow by (4.16) and (5.3).

The main issue is to prove assumption (L) concerning the invertibility of the linearized operators

L(N)(δ, p) := Π(N)(D(ω)− εDpF(δ, p))|H(N) . (6.3)

It will be a consequence of the following lemma proved in the next section.

Lemma 6.2. (Invertibility) For all τ > 1, there is s0 := s0(M, τ) such that, if

|ω2m− n| ≥ γ

〈n〉3/2
, γ ∈ (0, 1) , ∀(m,n) ∈ Z2 \ {(0, 0)} , (6.4)

ε(‖p‖s0 + 1) ≤ c(γ, k) is small enough, and

∀1 ≤ K ≤ N ,
∥∥∥(L(K)(δ, p))−1

∥∥∥
0
≤ 4Kτ

γ
, (6.5)

then L(N)(δ, p) is invertible and, ∀s ∈ [s0, k − 1],∥∥∥(L(N)(δ, p))−1h
∥∥∥
s
≤ Nκ

γ
(‖h‖s + ‖p‖s‖h‖s0) , ∀h ∈ H(N) , (6.6)

with κ := (4τ + 3r + 2n+ d+ 7)/2.
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We now complete the proof of property (L). We fix in (6.5)

τ ≥ max
{
τ1, 2 + d+ n+

m− 2
m− 1

(τ1 + 2)
}
, γ ∈ (0, γ̄] , γ̄ ≤ γ1 , (6.7)

(τ1 and γ1 are given in (1.6)) and, correspondingly, the parameter

σ := max{4(κ+ 2), d+ n+ 3}+ 1

(the first condition is the first inequality in (3.3) with ν = 2). We then take f ∈ Ck with

k > s0 + 4(κ+ 3) + 2σ + 2 (6.8)

which is the second condition in (3.3) with S := k − 2.
For δ0 > 0 small enough, by Lemma 6.2, defining

J (N)
γ,κ :=

{
(δ, p) ∈ [0, δ0)×H(N) | ‖p‖s0 ≤ 1 , ω(δ) satisfies (6.4) and (6.5) holds

}
,

the inclusion (3.4) is satisfied. Given a function δ 7→ p(δ) in U (N)
k , the set G(N)

γ,κ defined in (3.5) is

G(N)
γ,κ (p) =

⋂
1≤K≤N

GK
⋂
G (6.9)

where

GK :=
{
δ ∈ [0, δ0) |

∥∥∥(L(K)(δ, p(δ))
)−1∥∥∥

0
≤ 4

Kτ

γ

}
and G :=

{
δ ∈ [0, δ0) | ω(δ) satisfies (6.4)

}
.

Lemma 6.3. Let µ be diophantine. If ε0γ
−1
1 Mτ1+2 is small enough, then G(M)

γ,κ (0) = G. Moreover G
satisfies (3.6).

Proof. The eigenvalues of L(K) have the form −ω2l2 + ω2
j + O(ε) (l ∈ Z, (j1, j2) ∈ Λ+ × Zn) with

|(l, j1 + ρ, j2)| ≤ K. Hence, by (1.6), if ε0γ
−1
1 Kτ1+2 is small enough, all the eigenvalues of L(K) have

modulus ≥ γ1/(4Kτ1) ≥ γ/(4Kτ ). Then GK = [0, δ0). The measure estimate for G is standard.

Lemma 6.4. The measure estimate (3.7) holds.

Proof. In the Appendix.

All the assumption of the Nash-Moser Theorem 3.1 are satisfied and we deduce Theorem 1.1.

7 Inversion of the linearized equation: proof of Lemma 6.2

It is notationally more convenient to prove Lemma 6.2 in the larger scale of complex Sobolev spaces
Xs = Hs ∩ ⊕k∈PNk. The same estimates will hold in Hs

even ∩ P .
According to the orthogonal decomposition H(N) = ⊕k∈E+

N∩P
Nk we represent

h 7→ L(N)[h] := Π(N)
(
D(ω) + εb(t, x)(h+ (∂pq)[h])

)
, ∀h ∈ H(N) ,

where b(t, x) := (∂uf)(δ, q(δ, p) + p) ∈ Hs
even, ∂pq := ∂pq(δ, p), by the block matrix

L(N) = D + εT
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where D := diagk∈E+
N∩P

(DkIk) with small divisors

Dk := −ω2l2 + |j1 + ρ|2 − |ρ|2 + |j2|2 + µ , k := (l, j1, j2) ∈ Z× Λ+ × Zn , (7.1)

Ik is the identity map in Nk, and

T := (T k
′

k )k,k′∈E+
N∩P

, T k
′

k := ΠNkL
(N)
|Nk′ ∈ L(Nk′ ,Nk) . (7.2)

The main properties to establish are
(i) separation of the singular sites (section 7.1)
(ii) Töplitz estimates for the block matrix T (section 7.2).

7.1 Regular and Singular sites

Definition 7.1. Fixed η ∈ (0, 1) we define the regular sites R and the singular sites S, as

R :=
{
k ∈ E+ ∩ P | |Dk| ≥ η

}
and S = Rc =

{
k ∈ E+ ∩ P | |Dk| < η

}
. (7.3)

We shall assume that there is a partition of the singular sites

S =
⋃
α∈N

Ωα (7.4)

where the “clusters” Ωα ⊂ E+ are pairwise disjoint and satisfy

• (H1) (dyadic) Mα ≤ 2mα, ∀α, where Mα := maxk∈Ωα |k + ~ρ|, mα := mink∈Ωα |k + ~ρ|.

• (H2) (separation) ∃λ, C̄ > 0 such that d(Ωα,Ωβ) ≥ C̄(Mα +Mβ)λ, ∀α 6= β

where d(Ωα,Ωβ) := mink∈Ωα,k′∈Ωβ |k − k′| and λ depends only on M.

We shall denote with the same symbols S, R, Ωα also their restrictions to E+
N , for each N .

Actually, the Diophantine condition (6.4), (7.1) and (2.12), imply the existence of such a partition:

Lemma 7.1. Assume (6.4). There exists η0(γ) such that, if η ∈ (0, η0(γ)], there exists a partition of the
singular sites S like (7.4) satisfying (H1)-(H2).

The proof, which follows essentially the scheme of [4], is in the Appendix.

7.2 Töplitz estimates

We now consider the operator B0 : Hs ∩ P → Hs ∩ P defined by

B0(h) := ΠP

(
b(t, x)(∂pq)[h]

)
(5.1)
= −χΠP

(
b(t, x)J−1ΠQ(b(t, x)h)

)
.

Lemma 7.2. The matrix which represents B0 is self-adjoint, belongs to As(P), and |B0|s ≤ K(s)|B|s.

Proof. The fact that B0 is self-adjoint is immediate writing

B0(h) = −χΠP

(
b(t, x)ΠQJ

−1ΠQ(b(t, x)ΠPh)
)
.

The matrix which represents J is in As(Q) andQ is finite dimensional (see (1.9)). By the algebra property
J−1 ∈ As(Q) as well, and |J−1|s ≤ C(s). If B represents the multiplication by b(t, x), by Lemma 4.8 the
matrix B ∈ As, as well as the matrices which represent the projections ΠP , ΠQ, see (4.15). Applying
Lemmata 4.4 and 4.5 we deduce |B0|s ≤ C(s)|B|s|B|s0 .

By Lemmata 4.8 and 7.2 we finally get:
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Lemma 7.3. Consider a real b ∈ Hs+a
even with a ≥ (d + r + 2n + 3)/2. The matrix T = (T k

′

k )k,k′∈E+
N

defined in (7.2) is self-adjoint and belongs to the algebra of quasi-Töplitz matrices As(E+
N ) with

|T |s ≤ K(s)‖b‖s+a . (7.5)

Note also that, since the index |k + ρ|, |k′ + ρ| ≤ N , then, ∀s > a,

|T |s ≤ (2N)a|T |s−a
(7.5)

≤ K ′(s)Na‖b‖s . (7.6)

7.3 Reduction along the regular sites

According to the decomposition

H(N) := HR ⊕HS where HR := ⊕k∈R∩E+
N
Nk , HS := ⊕k∈S∩E+

N
Nk

we represent L(N) as the self-adjoint block matrix

L(N) =
(
LR LSR
LRS LS

)
where LSR = (LRS )† , L†R := LR , L

†
S = LS .

For the sequel we fix

s1 :=
(2 + λ)(r + n+ 1) + 2τ + 1

2λ
(7.7)

and we shall always assume that

εγ−1η−1(1 + |T |s1) ≤ c(k) is small enough . (7.8)

Moreover we consider the index s ∈ [s1, k − 1].

Lemma 7.4. The operator LR is invertible, |L−1
R |s1 ≤ 2η−1 and, for all s ∈ [s1, k − 1],

|L−1
R |s ≤ C(s)η−1(1 + εη−1|T |s) , (7.9)

‖L−1
R h‖s ≤ C(s)η−1

(
(1 + εη−1|T |s) ‖h‖s1 + ‖h‖s

)
, ∀h ∈ H(N). (7.10)

Proof. By (7.3), the diagonal matrix DR satisfies |D−1
R |s ≤ η−1, ∀s ≥ 0. By (4.7), the Neumann series

L−1
R =

∑
m≥0

(−ε)m(D−1
R TR)mD−1

R (7.11)

is totally convergent in | · |s1 , with |L−1
R |s1 ≤ 2η−1, taking εη−1|T |s1 ≤ c(s1) small enough.

Proof of (7.9). We obtain, ∀m ∈ N,

εm|(D−1
R TR)mD−1

R |s
(4.7)

≤ εmC(s)|(D−1
R TR)m|s|D−1

R |s
(4.11)

≤ C(s)εmm(C(s)|D−1
R TR|s1)m−1|D−1

R TR|sη−1

(4.7)

≤ C ′(s)εmη−2
(
εC(s)η−1|T |s1

)m−1

|T |s .

Then (7.9) follows by (7.11), for εη−1|T |s1 < c(s1) small enough.
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Proof of (7.10). By the interpolation estimates (4.10) and (7.9):

‖L−1
R h‖s ≤ C(s)(|L−1

R |s‖h‖s1 + |L−1
R |s1‖h‖s) ≤ C

′(s)
(
η−1(1 + εη−1|T |s)‖h‖s1 + 2η−1‖h‖s

)
since |L−1

R |s1 ≤ 2η−1.

The invertibility of L(N) is reduced to that of the “quasi-singular” matrix

L := LS − LRSL−1
R LSR (7.12)

via the “resolvent type” identity

(L(N))−1 =
(
I −L−1

R LSR
0 I

)(
L−1
R 0
0 L−1

)(
I 0

−LRSL
−1
R I

)
. (7.13)

Note that L ∈ As(S) because L is the restriction to S of the quasi-Töplitz matrix

IS

(
L− ISLIRL̃−1IRLIS

)
IS ∈ As where L̃ =

(
I 0
0 LR

)
∈ As

and IS , IR ∈ As are the projection matrices on S, R, see (4.15).

7.4 The “quasi-singular” matrix L

By (7.4) the singular sites restricted to E+
N are

S =
⋃
α∈IN

Ωα where IN :=
{
α ∈ N | mα ≤ N

}
and Ωα ≡ Ωα ∩ E+

N . According to the decomposition HS := ⊕α∈INHα where Hα := ⊕k∈ΩαNk, we
represent L as the block matrix L = (Lβα)α,β∈IN where Lβα := ΠHαL|Hβ . We write

L = D + T where D := diagα∈IN (Lα) , Lα := Lαα , T := (Lβα)α6=β .

Lemma 7.5. (Decay of T ) ∀α 6= β

‖Lβα‖0 ≤
C(s)ε|T |s

d(Ωα,Ωβ)s−
r+n+1

2

. (7.14)

Proof. Since T and L−1
R belong to the algebra of quasi-Töplitz matrices As, also the matrix T =

εTS − ε2TRS L
−1
R TSR belongs to As. Then (7.14) follows by Lemma 4.6 once we prove that

|T |s ≤ ε|T |s + ε2|TRS L−1
R TSR |s ≤ C(s)ε|T |s . (7.15)

The last bound in (7.15) follows from

|TRS L−1
R TSR |s

(4.9)

≤ C(s)
(
|TRS |s1 |L−1

R TSR |s + |TRS |s|L−1
R TSR |s1

)
(4.9),(4.7)

≤ C ′(s)
(
|T |s1(|L−1

R |s1 |T |s + |L−1
R |s|T |s1) + |T |s|L−1

R |s1 |T |s1
)

(7.9)

≤ C ′′1 (s)η−1|T |s1 |T |s

using |L−1
R |s1 ≤ 2η−1, |T |s1 ≤ |T |s, and εη−1|T |s1 ≤ 1.

By the assumption (6.5) we deduce the following lemma (proved in the Appendix).
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Lemma 7.6. ∀α ∈ IN , Lα is invertible and ‖L−1
α ‖0 ≤ Cγ−1Mτ

α.

Then the block diagonal matrix D is invertible. Moreover:

Lemma 7.7. (Inversion of D) ∀s ≥ 0, ‖D−1‖s ≤ C(s)γ−1Nτ .

Proof. Let u =
∑
α∈IN uα, uα ∈ Hα. By Lemma 7.6, and since each Ωα is dyadic (see (H1)),

‖D−1u‖2s =
∑
α∈IN

‖L−1
α uα‖2s

(3.1)

≤
∑
α∈IN

M2s
α ‖L−1

α uα‖20 ≤
C

γ2

∑
α∈IN

M2(s+τ)
α ‖uα‖20

(3.2)

≤ C

γ2

∑
α∈IN

M2(s+τ)
α

‖uα‖2s
m2s
α

(H1)

≤ C

γ2

∑
α∈IN

M2(s+τ)
α 2s

‖uα‖2s
M2s
α

≤ C(s)
γ2

N2τ‖u‖2s

because Mα ≤ N .

We now prove that L is invertible and L−1 satisfies an interpolation inequality in high Sobolev norm.

Lemma 7.8. (Inversion of L) L is invertible, ‖L−1‖s1 ≤ Cγ−1Nτ , and, ∀s ∈ [s1, k − 1],

‖L−1u‖s ≤
K(s)
γ

Nκ1

(
|T |s‖u‖s1 + |T |s1‖u‖s

)
, ∀u ∈ HS , (7.16)

where κ1 := 2τ + r + n+ 1.

Proof. If C(s1)‖D−1T ‖s1 < 1/2 then the Neumann series

L−1 = (I +D−1T )−1D−1 =
∑
m≥0

(−1)m(D−1T )mD−1 (7.17)

is convergent in operator norm ‖ ‖s1 and, using Lemma 7.7, ‖L−1‖s1 ≤ Cγ−1Nτ .

Lemma 7.9. C(s1)‖D−1T ‖s1 < 1/2.

Proof. For all u =
∑
β∈IN uβ ∈ HS , uβ ∈ Hβ ,

‖D−1T u‖2s1 =
∑
α∈IN

∥∥∥ ∑
β∈IN

L−1
α Lβαuβ

∥∥∥2

s1

(3.1)

≤
∑
α∈IN

M2s1
α

∥∥∥ ∑
β∈IN

L−1
α Lβαuβ

∥∥∥2

0

≤ C

γ2

∑
α∈IN

M2s1
α

( ∑
β∈IN

Mτ
α‖Lβα‖0‖uβ‖0

)2

(7.18)

using Lemma 7.6. Since ‖uβ‖0
(3.2)

≤ ‖uβ‖s1/m
s1
β , Cauchy inequality in (7.18) gives

‖D−1T u‖2s1 ≤ γ−2
∑
α∈IN

M2(s1+τ)
α

∑
β∈IN

‖Lβα‖20
m2s1
β

∑
β∈IN

‖uβ‖2s1

(7.14),(H2)

≤ γ−2
∑

α,β∈IN

M
2(s1+τ)
α

m2s1
β

C(s1)2ε2|T |2s1
(Mα +Mβ)λ(2s1−(r+n+1))

‖u‖2s1

(7.7)

≤ γ−2C(s1)2ε2|T |2s1‖u‖
2
s1

∑
α∈N

1
Mr+n+2
α

∑
β∈N

1
mr+n+2
β

≤ γ−2K(s1)2ε2|T |2s1‖u‖
2
s1 (7.19)

where K(s1)2 = C(s1)2(
∑
k∈E+〈k〉−(r+n+2))2 is independent of N . By (7.8) we prove the lemma.
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Lemma 7.10. ‖D−1T u‖s ≤ εK(s)γ−1(Nκ0 |T |s‖u‖s1 + |T |s1‖u‖s) where κ0 := τ + r + n+ 1.

Proof. We estimate ‖D−1T u‖2s as in (7.18) (with s1 substituted by s) as follows:

‖D−1T u‖2s ≤ γ−22s
( ∑
α∈IN

M2s
α

( ∑
β∈IN :Mα≤5mβ

Mτ
α‖Lβα‖0‖uβ‖0

)2
+

∑
α∈IN

M2s
α

( ∑
β∈IN :Mα>5mβ

Mτ
α‖Lβα‖0‖uβ‖0

)2) =: γ−22s(S1 + S2) .

Estimate of (S1). Proceeding as in (7.19) with s1 substituted by s, we obtain

S1 ≤ K2
1ε

2|T |2s1‖u‖
2
s

where K1 is independent of N , because

K2
1 =

∑
α∈IN

M
2(s+τ)
α

M
λ(2s1−(r+n+1))
α

∑
β∈IN :Mα≤5mβ

C(s1)2

m2s
β

≤
∑
α∈IN

M
2(s+τ)
α

M
λ(2s1−(r+n+1))
α

∑
k∈E+:〈k〉≥Mα/5

C(s1)2

〈k〉2s

≤
∑
α∈IN

M
2(s+τ)
α

M
λ(2s1−(r+n+1))
α

C1(s)

M
2s−(r+n+1)
α

≤ C1(s)
∑
α∈IN

M2τ+r+n+1
α

M
λ(2s1−(r+n+1))
α

(7.7)

≤ K(s) .

Estimate of (S2). Applying Cauchy inequality in S2 we get

S2

(3.2)

≤
∑
α∈IN

M2(s+τ)
α

∑
β∈IN :Mα>5mβ

‖Lβα‖20
m2s1
β

∑
β∈IN

‖uβ‖2s1

(7.5)

≤
∑
α∈IN

M2(s+τ)
α

∑
β∈IN :Mα>5mβ

ε2|T |2sC(s)2

m2s1
β d(Ωα,Ωβ)2s−(r+n+1)

‖u‖2s1

≤
∑
α∈IN

M2(s+τ)
α

∑
β∈IN

ε2|T |2sC(s)2

m2s1
β M

2s−(r+n+1)
α

‖u‖2s1

because Mα > 5mβ implies mα > 5Mβ/4 and d(Ωα,Ωβ) > Mα/10. Then

S2 ≤ C(s)2ε2|T |2s‖u‖2s1
∑
α∈IN

M2τ+r+n+1
α

∑
β∈N

1
m2s1
β

≤ C ′(s)2ε2|T |2s‖u‖2s1N
2(τ+r+n+1)

using that |IN | ≤ CNr+n+1 and 2s1 > r + n+ 2.

Lemma 7.11. Letting A := D−1T , we have ∀m ∈ N

‖Amu‖s ≤ (εγ−1K(s))m
(
mNκ0 |T |s|T |m−1

s1 ‖u‖s1 + |T |ms1‖u‖s
)
. (7.20)

Proof. We proceed by induction. Lemma 7.10 implies (7.20) for m = 1. Then, again by Lemma 7.10,

‖Amu‖s ≤ εγ−1K(s)(Nκ0 |T |s‖Am−1u‖s1 + |T |s1‖Am−1u‖s)
(7.19)

≤ εγ−1K(s)(Nκ0 |T |s(K(s1)εγ−1|T |s1)m−1‖u‖s1 + |T |s1‖Am−1u‖s)
(7.20)

≤ (εγ−1K(s))m(mNκ0 |T |s|T |m−1
s1 ‖u‖s1 + |T |ms1‖u‖s)

using that K(s) ≥ K(s1).
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Proof of Lemma 7.8 completed. By (7.17)

‖L−1u‖s ≤ ‖D−1u‖s +
∑
p≥1

‖(D−1T )m(D−1u)‖s ≤ ‖D−1u‖s + ‖D−1u‖s
∑
m≥1

(εγ−1K(s)|T |s1)m

(7.20)
+ Nκ0K(s)εγ−1|T |s‖D−1u‖s1

∑
m≥1

m(K(s)εγ−1|T |s1)m−1

(7.8)

≤ γ−1Nκ0+τK1(s)(‖u‖s + ε|T |s‖u‖s1)

and using Lemma 7.7.

Proof of Lemma 6.2. By (6.4) and Lemma 7.1, taking η := η0(γ), we deduce the existence of a
partition like in (7.4) satisfying (H1)-(H2).

By (7.5), the smallness condition (7.8) is implied taking s0 := s1 + a (with s1 defined in (7.7) and
a := (d+ r + 2n+ 3)/2) and ε(1 + ‖p‖s0) ≤ c(γ, k) small enough. Note that s0 depends only on M and
τ because λ, a depend only on M (see (H2) and Lemma 7.1).

By the “resolvent identity” (7.13), setting u = uS + uR with uS ∈ HS , uR ∈ HR,

‖(L(N))−1u‖s ≤ ‖L−1
R uR + L−1

R LRSL−1(uS + LSRL
−1
R uR)‖s + ‖L−1(uS + LSRL

−1
R uR)‖s .

To prove (6.6), we apply repeatedly the interpolation estimates (4.9) and (4.10). We apply Lemma 7.4
to bound ‖L−1

R ‖s1 and ‖L−1
R u‖s, we use Lemma 7.8 for ‖L−1u‖s and (4.10) to estimate ‖LSRu‖s. By

applying (7.6), we finally obtain

‖(L(N)(δ, p))−1u‖s ≤
K1(s)
γ

Nκ(‖u‖s + ε‖DpF(δ, p)‖s‖u‖s1) ≤ Nκ

γ
(‖u‖s + ‖p‖s‖u‖s0)

with κ := κ1 + a+ 1 = 2τ + r + n+ a+ 2 and N sufficiently large.

8 The NLS equation

We look for periodic solutions of the “vector” NLS equations{
iωu+

t −∆u+ = εf(δ, u+u−)u+

−iωu−t −∆u− = εf(δ, u+u−)u−
(8.1)

where u := (u+, u−) ∈ Hs := Hs ⊕Hs. Note that (8.1) reduces to the scalar NLS equation (1.17) in the
invariant subspace

V s :=
{

u := (u+, u−) ∈ Hs | ū+ = u−
}
. (8.2)

Remark 8.1. The reason for doubling the equations, instead of working directly with the scalar NLS, is
that the matrix which represent u 7→ ū is not Töplitz.

The Fourier analysis of section 4 can be applied to u := (u+, u−) ∈ L2(T×M,C2) expanding

u =
∑
k∈E+

uk where uk := ΠNku = (ΠNku
+,ΠNku

−) .

We then consider the linear operators on Hs represented by quasi-Töplitz matrices defined as in section
4.1, with the only difference that now the blocks Ak

′

k ∈ L(Nk′ ⊕Nk′ ,Nk ⊕Nk). All the results of section
4 remain valid. We point out that Lemma 4.7 has to be stated as follows.
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Lemma 8.1. (multiplication operator) Given f(t, x), g(t, x) ∈ Hs with f(t, x) ∈ R real, then

B :=
(
f(t, x) g(t, x)
ḡ(t, x) f(t, x)

)
is self-adjoint and, ∀s > (d+ n+ 1)/2,

‖Bk
′

k ‖ ≤ C(s)
(‖f‖s + ‖g‖s)

〈k − k′〉s−(d+n+1)/2
. (8.3)

Proof. The B is self-adjoint since f is real. By definition

Bk
′

k :=
(

ΠNkf(t, x)ΠNk′ ΠNkg(t, x)ΠNk′
ΠNk ḡ(t, x)ΠNk′ ΠNkf(t, x)ΠNk′

)
.

Recall that k = (l, j1, j2) with l ∈ Z, j1 ∈ Λ+ and j2 ∈ Zn. If (ρ, j1 − j′1) > 0 we proceed for each
component as in Lemma 4.7, obtaining (8.3). The bound for Bk

′

k with (ρ, j1 − j′1) < 0 is obtained by the
relation Bk

′

k = (Bkk′)
†.

The resonant subspace for the vector NLS equation (8.1) is

Q := Q⊕Q∗ where Q∗ :=
{
q =

∑
(l,j)∈Z×ΛM

eilt

dj∑
σ=1

ql,j,σej,σ ∈ H0 | ω2
j0 l + ω2

j = 0
}
.

We perform the Lyapunov-Schmidt reduction as in the previous sections along Q and P := Q⊥. In view
of (ND) we restrict further the NLS equation in the invariant subspace Hs⊕Hs. Restricting p := (p+, p−)
to V s (defined in (8.2)), the implicit function theorem, and the non-degeneracy assumption (ND) (lifted
to V s), imply the existence of a C2 solution q(δ,p) ∈ V s ∩ Q of the bifurcation equation. The tame
properties as in Lemma 5.1 follow by the assumption |J−1

0 |s ≤ C(s).
It remains to solve the range equation. Setting u(δ,p) := p + q(δ,p), p ∈ V s, we define

D(ω) :=
(

iω∂t −∆ 0
0 −iω∂t −∆

)
, F(δ,p) := f(δ, |u+(δ,p)|2)u(δ,p)

and we apply the abstract Nash-Moser Theorem 3.1 to

F (δ,p) := D(ω)p− εF(δ,p) = 0 .

We have to prove assumption (L) concerning the linearized operators

L(N)(δ,p) := Π(N)
(
D(ω)− εDpF(δ,p)

)
|H(N)

where

DpF(δ,p) := ε

(
f(δ, |u+|2) + f′(δ, |u+|2)|u+|2 f′(δ, |u+|2)(u+)2

f′(δ, |u+|2)(u−)2 f(δ, |u+|2) + f′(δ, |u+|2)|u+|2
)(

1 +Dpq(δ,p)
)
.

Property (L) is a consequence of the following lemma, similar to section 6.

Lemma 8.2. (Invertibility) For all τ > 1, there are constants κ > 0, s0 := s0(M, τ) such that, if
ε(‖p‖s0 + 1) ≤ c(γ, k) is small enough, and

∀1 ≤ K ≤ N ,
∥∥∥(L(K)(δ,p))−1

∥∥∥
0
≤ 4Kτ

γ
, (8.4)

then L(N)(δ,p) is invertible and an estimate like (6.6) holds.
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The proof of Lemma 8.2 requires only small modifications in the proof of Lemma 6.2. First remark
that the diophantine hypothesis (6.4) is not necessary to get a partition of the singular sites as in (7.4).
It can be proved for any ω as in the case M = Tn by “convexity” arguments as in [9], or [20]. The key
observation is that the eigenvalues ω2

j in (1.4) are similar to those of a torus and the small divisors appear
close to the “parabolid” ωl − ω2

j = 0.
Then, following subsection 7.2 and using Lemma 8.1 we obtain the bound (7.5). The remaining

subsections 7.3 and 7.4 remains valid because are based on purely algebraic techniques: they only require
that the operator T belongs to the quasi-Töplitz matrix algebra.

We can finally prove property (L). The sets G(N)
γ,κ (p) are defined as in (6.9) and G ≡ [0, δ0). The

analogue Lemma 6.3 states that, if ε0M is small, then G(M)
γ,κ (p) = G. We then follow Appendix A.1 word

by word. To prove (A.3) we proceed as follows.
We consider the parameter λ := ω−1 and

L (K)(λ,p) := L(K)(δ(λ),p)λ

which is a self-adjoint perturbation of

Π(K)

(
i∂t − λ∆ 0

0 −i∂t − λ∆

)
|H(K)

.

We consider frequencies ω close to ωj0 > 0. Note that δ 7→ λ(δ) = ω−1(δ) is a diffeomorphism in [δ1/2, δ1]
with λ′(δ) ≥ cδ2m−1

1 . Now, for ε small enough, the matrix ∂λL (K)(λ,p) is positive definite and we
evaluate the measure of{
λ ∈

[
ω−1
j0
,

1
ωj0 − δ2m

1

]
| ∃ an eigenvalue of L (K)(λ,u) with modulus in

[
ω−1
j0
γK−τ ,

γK−τ + Cδ2m
1 N−σ

ωj0 − δ2m
1

]}
,

following Lemma 3.2 of [4], see remark A.1.

8.1 The NLS-equation on SO(3)

The group SO(3) is isomorphic to SU(2)\{±e}. The compact group SU(2) is of simple type, it has rank
1, fundamental weight w1 = 1/2 and so Λ+ = N/2. It is customary to denote the dominant weights
λ ∈ Λ+ by λ = j/2, j ∈ N, so that the eigenvalues of −∆ on SU(2) are

ω2
j =

1
4

(
(j + 1)2 − 1

)
.

All the unitary representations ρVj of SU(2) are self dual, namely ρ̄Vj = ρVj and hence the characters
χj := χVj are real, see (2.8). Moreover, the following “Clebsch-Gordan” multiplication rules hold:

χi χj =
min(i,j)∑
l=0

χi+j−2l . (8.5)

Since SO(3) = SU(2)\{±e} is a homogeneous space (see Definition 2.8) we consider the set ΛSO(3) ⊂
Λ+ = N/2 defined as in (2.18). It results

ΛSO(3) = {j/2 , j ∈ 2N} = N .

We want to prove the existence of small amplitude periodic solutions of the NLS-equation

iut −∆u = f(|u|2)u , f(|u|2) = |u|2 + r(|u|2) , r(0) = r′(0) = 0 , (8.6)
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with frequency close to least non zero eigenvalue ω2
j0

= 1/4 of −∆ on SU(2).
Since the nonlinearity is x-independent, we look for solutions of the corresponding rescaled equation

(1.17) in the invariant subspace of central functions with real fourier coefficients

Hs =
{
u(t, x) =

∑
(l,j)∈Z×ΛSO(3)

ul,j e
iltχj(x) ∈ Hs , ul,j ∈ R

}
.

Since i∂t and ∆ leave Hs invariant, we only have to prove the following lemma:

Lemma 8.3. If u ∈ Hs then f(|u|2)u ∈ Hs.

Proof. The space Hs is closed under product (use the multiplication rule (8.5)) and complex conju-
gation. Then we only need to show that f(|u|2) ∈ Hs for all u ∈ Hs. The main point is that the space
of real valued functions in Hs coincides with the real valued functions f(t, x) which are central and even
i.e. f(t, x) = f(−t, x−1). Indeed, for f ∈ Hs we have

f(t, x) =
∑

(l,j)∈Z×SO(3)

fl,je
−ilttr (ρj(x)) =

∑
(l,j)∈Z×SO(3)

fl,je
−ilttr (ρj(x−1)) = f(−t, x−1)

using the definition of unitary representation. Hence, if f ∈ Hs is real then it is even.
Conversely, if f(t, x) is real valued, central and even, then fl,j = fl,j . Now if u ∈ Hs then |u|2 = uū it

is in Hs and it is real valued. By the above arguments |u|2 is even. In conclusion f(|u|2) is real valued,
central and even and hence in Hs.

The bifurcation equation (1.18) (where we choose χ = −1) reduces to

iqt + ΠQ|q|2q = 0 , Q ∩Hs =
{
q(t, x) =

∑
j∈2N

qje
i4ω2

j tχj(x)
}
. (8.7)

The remaining part of this section is devoted to prove the following lemma.

Lemma 8.4. The bifurcation equation (8.7) admits a non-degenerate solution of the form

q0(t, x) = q6e
i48tχ6(x) + q8e

i80tχ8(x) . (8.8)

In Fourier coefficients the equation (8.7) is

4ω2
hqh =

∑
j1,j2,j3

qj1qj2 q̄j3c(h, j1, j2, j3) such that ω2
j1 + ω2

j2 − ω
2
j3 = ω2

h (8.9)

where c(h, j1, j2, j3) :=
∫
SO(3)

χhχj1χj2χj3 . We find solutions of (8.9) in finite dimensional subspaces.

Lemma 8.5. For all j > 4 the subspace

Qj :=
{
q(t, x) = qje

4iω2
j tχj(x) + qj+2e

4iω2
j+2tχj+2(x)

}
⊂ Q ∩Hs (8.10)

is invariant under the map q 7→ ΠQ|q|2q. The bifurcation equation (8.9) restricted to Qj is{ (
(j + 1)2 − 1

)
qj = qj

(
(j + 1)|qj |2 + 2(j + 1)|qj+2|2

)(
(j + 3)2 − 1

)
qj+2 = qj+2((j + 3)|qj+2|2 + 2(j + 1)|qj |2) (8.11)

which has a unique solution q0(t, x).
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Proof. By (8.9), in order to prove the invariance ofQj it is sufficient to show that, if j1, j2, j3 ∈ {j, j+2},
then ω2

j1
+ ω2

j2
− ω2

j3
= ω2

h is verified only if h ∈ {j, j + 2}. This holds true because, for j 6= 4,

4(2ω2
j − ω2

j+2) = (j − 1)2 − 9 6= (h+ 1)2 − 1 , 4(2ω2
j+2 − ω2

j ) = (j + 5)2 − 9 6= (h+ 1)2 − 1 ,

using that the only natural solutions of A2 −B2 = 8 are (A,B) = (3, 1). We claim that

c(h, h, k, k) = min{h, k}+ 1 (8.12)

which, by (8.9), implies (8.11). By (8.5) we have

χ2
hχk =

h∑
i=0

χ2(h−i)χk =
h∑
i=0

min(k,2(h−i))∑
j=0

χ2(h−i−j)+k .

Now 2(h− i− j) +k = k only if j = h− i which is smaller than 2(h− i). If h ≤ k then there are solutions
for all 0 ≤ i ≤ h. If h > k then h− i ≤ k holds for h− k ≤ i ≤ h. This proves (8.12).

We now prove that the solution q0(t, x) ∈ Qj found in Lemma 8.5 is non-degenerate for j = 6.

Lemma 8.6. Let j = 6. The unique solution h ∈ Q ∩Hs of

J0[h] := iht + 2|q0(t, x)|2h+ (q0(t, x))2h̄ = 0 (8.13)

is h = 0. Moreover J0 is 2× 2-block diagonal and so |J−1
0 |s ≤ C(s).

Proof. By the definition of Hs, q6, q8 and for hk ∈ R, equation (8.13) writes

ΠQ

( ∑
k∈2N

e4iω2
kt4ω2

khke
4iω2

ktχk − 2e4iω2
kt
(
q2
6χ

2
6 + q2

8χ
2
8

)
hkχk − 2e4i(ω2

6−ω
2
8+ω2

k)tq8q6hkχ6χ8χk

−2e4i(ω2
8−ω

2
6+ω2

k)tq8q6hkχ6χ8χk − e4i(2ω2
6−ω

2
k)tq2

6hkχ
2
6χk − e4i(2ω2

8−ω
2
k)tq2

8hkχ
2
8χk

−2e4i(ω2
6+ω2

8−ω
2
k)tq6q8hkχ6χ8χk

)
= 0 . (8.14)

It results that the unique solution with h, k ∈ 2N of ω2
6 − ω2

8 + ω2
k = ω2

h is (h, k) = (6, 8), and, of
ω2

8 −ω2
6 +ω2

k = ω2
h, is (h, k) = (8, 6). Moreover, for all h, k ∈ 2N, 2ω2

6 −ω2
k 6= ω2

h, 2ω2
8 −ω2

k 6= ω2
h. Finally

ω2
8 + ω2

6 − ω2
k = ω2

h has the only solutions (h, k) = (6, 8), (8, 6), (2, 10), (10, 2) .

This implies that the equation for the hk is diagonal for all k 6= 2, 6, 8, 10 and has two 2 × 2 blocks for
the harmonics 6, 8 and 2, 10.

By (8.12) we have c(6, 6, k, k) = min(6, k) + 1, c(8, 8, k, k) = min(8, k) + 1. With similar computations
using the Clebsh-Gordan multiplication rules (8.5) it results c(8, 6, 2, 10) = 3.

Then equation (8.14) gives, for k 6= 2, 6, 8, 10,[
(k + 1)2 − 1− 2

(
(min(6, k) + 1)q2

6 + (min(8, k) + 1)q2
8

)]
hk = 0

and, for (h2, h10) and (h6, h8) the two by two equations
(

4− 3(q2
6 + q2

8)
)
h2 − 3q6q8h10 = 0(

60− (9q2
8 + 7q2

6)
)
h10 − 3q6q8h2 = 0

{
48− 7(3q2

6 + 2q2
8)h6 − 28q6q8h8 = 0

80− (27q2
8 + 14q2

6)h8 − 28q6q8h6 = 0 .

A direct computation, using that, by (8.11), q2
6 = (48/7) − (32/19) and q2

8 = 16/19, shows that hk = 0,
∀k.
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A Appendix

A.1 The measure estimate: Proof of Lemma 6.4

As in the proof of Lemma 6.3, for all N,N ′ ≤ Nε0 := (cγ/ε0)1/(τ1+2), it results G(N)
γ,κ (u1) = G(N ′)

γ,κ (u2) = G
and thus (3.7) is trivially satisfied in such cases. In order to prove (3.7) in the other cases, it is sufficient
to prove that, ∀δ1 ∈ [0, δ0], ∣∣∣(G(N ′)

γ,κ (u2)
)c ∖(

G(N)
γ,κ (u1)

)c⋂[δ1
2
, δ1

)∣∣∣ ≤ C γδ1
N

. (A.1)

Indeed we can decompose [0, δ0] = ∪n≥1[δ02−n, δ02−(n−1)]. For N ′ ≥ N , let us consider δ1 fixed and

consider always the complementary sets in [ δ12 , δ1
)

.(
G(N ′)
γ,κ (u2)

)c
\
(
G(N)
γ,κ (u1)

)c
=
(
G(N ′)
γ,κ (u2)

)c
∩ G(N)

γ,κ (u1)

⊂
[
∪K≤N

(
GcK(u2) ∩ GK(u1) ∩ G

)]⋃[
∪K>N GcK(u2) ∩ G

]
.

As we have just seen, if K ≤ Nε1 then GcK(u2)∩G = ∅. Hence it is enough to prove that, if ‖u1−u2‖s0 ≤
N−σ, then

B :=
∑

Nε<K≤N

|GcK(u2) ∩ GK(u1)|+
∑

K>max{N,Nε}

|GcK(u2)| ≤ C̄ γδ1
N

. (A.2)

Since L(K)(u) is self-adjoint ‖(L(K)(u))−1‖0 is the inverse of the eigenvalue of smallest modulus.
Since ‖L(K)(u2)−L(K)(u1)‖0 = O(ε‖u2 − u1‖s0) = O(εN−σ), if one of the eigenvalues of L(K)(u2) is

in [−4γK−τ , 4γK−τ ] then, by the variational characterization of the eigenvalues of L(K)(u), one of the
eigenvalues of L(K)(u1) is in [−4γK−τ − CεN−σ, 4γK−τ + CεN−σ]. As a result

GcK(u2) ∩ GK(u1) ⊂
{
δ ∈ [δ1/2, δ1] | ∃ at least one eigenvalue of L(K)(δ, u1)

with modulus in [4γK−τ , 4γK−τ + CεN−σ]
}
.

We now use Lemma 3.2 of [4] which is based on a simple eigenvalue variation argument: if ε is small
enough and I is a compact interval in [−γ, γ] of length |I|, then∣∣∣{δ ∈ [δ1/2, δ1] s.t. at least one eigenvalue of L(K)(δ, u1) belongs to I}

∣∣∣ ≤ CKd+n+1 |I|
δm−2
1

. (A.3)

Remark A.1. The main point of the lemma is that ∂ωL(K) is positive definite.

As a consequence |GcK(u2) ∩ GK(u1)| ≤ CKd+n+1δ
−(m−2)
1 εN−σ ≤ Cδ1N

−σKd+n+1. Moreover, still
by (A.3), |GcK(u2)| ≤ CKd+n+1γK−τδ−m+2

1 . Hence B defined in (A.2) satisfies

B ≤ Cδ1

( ∑
K≤N

Kd+n+1
)
N−σ + C

γ

δm−2
1

( ∑
K>max{N,Nε}

Kd+n+1−τ
)

≤ Cδ1N
d+n+2−σ + C ′δ

−(m−2)
1 γ(max{N,Nε})d+n+2−τ ≤ C̄γδ1N−1,

for (6.7). This proves the measure estimate (A.1).
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A.2 Separation properties of the singular sites

Consider the bilinear symmetric form ϕω : Rr+n+1 × Rr+n+1 → R defined by

ϕω(x, x′) := J · J ′ − ω2l l′ , ∀x = (l, J) , x′ = (l′, J ′) ∈ R× Rr+n

and the corresponding quadratic form Qω(x) = ϕω(x, x) := |J |2 − ω2l2.
Note that for ~ρ = (0, ρ, 0) and for all k = (l, j1, j2) ∈ Z × Λ+ × Zn one has Qω(k + ~ρ) = Dk + |ρ|2,

where Dk are the small divisors. For notational convenience we will denote x = k + ~ρ = (l, J) where
x ∈ Z× Λ++ × Zn since j1 ∈ Λ+ and Λ++ = ρ+ Λ+.

A vector x = (l, J) ∈ Z × Λ++ × Zn is said “weakly singular” if |Qω(x)| ≤ C for some constant C
fixed once and for all. In particular if (l, j) ∈ Z × Λ+ × Zn is singular according to Definition 7.3 then
x = (l, j + ρ) ∈ Z× Λ++ × Zn is “weakly singular” with |Qω(x)| ≤ 1 +m+ |ρ|2.

Definition A.1. A sequence x0, . . . , xK ∈ Z× Λ++ × Zn of distinct, weakly singular vectors satisfying,
for some B ≥ 2, |xk+1 − xk| ≤ B, ∀k = 0, . . . ,K − 1, is called a B-chain of length K.

Theorem A.1. If ω2 satisfies (6.4), then any B-chain has length K ≤ BC/γp for some C := C(G) > 0
and p := p(G) > 0.

For the proof of Theorem A.1 we proceed with the same strategy of [4].

Given lattice vectors fi ∈ Z × Λ × Zn, i = 1, . . . , n, 1 ≤ m ≤ r + n + 1, linearly independent on
R, we consider the subspace F := SpanR{f1, . . . , fm} of Rr+n+1 and the restriction ϕω|F of the bilinear
form ϕω to F , which is represented by the symmetric matrix Aω := {ϕω(fi, fi′)}mi,i′=1. Introducing the
symmetric bilinear forms R(x, x′) := J · J ′ and S(x, x′) := l l′, we write

ϕω = R− ω2S and Aω = R− ω2S

where R := {R(fi, fi′)}mi,i′=1 = (R1, . . . , Rm), S := {S(fi, fi′)}mi,i′=1 = (S1, . . . , Sm) are the matrices
that represent respectively R|F and S|F in the basis {f1, . . . , fm}. Here Ri, Si, i = 1, . . . ,m, denote the
column vectors respectively of R and S. The main lemma is the following:

Lemma A.2. If M = (G× Tn)/N then the matrices R, S have coefficients in D−1Z for some D ∈ N.

Proof. Let us represent each fi ∈ Z× Λ× Zn by the components {fi,j}r+n+1
j=0 with fi,j ∈ Z, in such a

way that fi,0 is the projection on Z,
∑r
j=1 fi,jwj is the projection on Λ and (fi,j)r+nj=r+1 is the projection

on Zn. By definition Si,i′ = fi,0fi′,0 and hence integer valued for all i, i′. Similarly one has:

Ri,i′ =
r∑

j,j′=1

fi,jfi′,j′(wj , wj′) +
r+n∑
j=r+1

f2
i,j

and by (2.12) one has that (wj , wj′) ∈ ZD−1.

Lemma A.3. Assume that ω2 satisfies (6.4). Then Aω is invertible and

‖A−1
ω ‖ ≤

c(m,D)
γ

(
max

i=1,...,m
|fi|
)5m−2

. (A.4)

Proof. The matrix S has rank at most 1 because it represents the restriction to F of a bilinear form
of rank 1. Since any two columns of S are colinear, the development in ω2 of detAω reduces to

detAω = det(R1 − ω2S1, . . . , Rm − ω2Sm) = det(R1, . . . , Rm)− ω2
m∑
i=1

det(R1, . . . , Si, . . . , Rm). (A.5)
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Therefore Dm detAω = P (ω2) is a polynomial in ω2 of degree at most 1, with integer coefficients since
detR, det(R1, . . . , Si, . . . , Rm) ∈ D−mZ by Lemma A.2. Furthermore P (·) is not identically zero because
P (−1) = Dm det(R+ S) is positive (the matrix R+ S being positive definite).

By (A.5), if detR = 0 then |detAω| ≥ ω2D−m, and, if detR 6= 0, since ω2 satisfies (6.4), |detAω| ≥
γD5m/2|detR|−3/2. Since R + S = tF F with F = (f1, . . . , fm), we have 0 ≤ detR ≤ det(R + S) =
(detF)2 ≤ |f1|2 . . . |fm|2 ≤M2m, where M := maxi=1,...,m |fi|. Hence

|detAω| ≥
D5m/2γ

M3m
. (A.6)

By (6.4), ω2 ≥ γ, and (A.6) holds in both cases. Applying the Cramer rule

|(A−1
ω )i,i′ | ≤

c(m,D)
|detAω|

(M2)(m−1)
(A.6)

≤ c′(n,D)
γ

M3m+2(m−1)

whence (A.4) follows.

The remainder of the proof follows [4] word by word and we omit it.

A.3 Proof of Lemma 7.6

It is sufficient to prove that ‖Lαw‖0 ≥ ‖w‖0γ/(cMτ
α), ∀w ∈ Hα. For all w ∈ Hα ⊂ HS , we have

Lαw +
∑
β 6=α

Lαβw = Lw (7.12)
= LSw − LRSL−1

R LSRw = ΠHSL
(N)h where h := w − L−1

R LSRw . (A.7)

Step 1:
∑
β 6=α ‖Lαβw‖0 ≤ ε|T |s1C(s1)Mr+n+1−ν

α ‖w‖0 where ν := λ(s1 − (r + n+ 1)/2) > 0.∑
β 6=α

‖Lαβw‖0 ≤
∑
β 6=α

Cε|T |s1‖w‖0
d(Ωα,Ωβ)s1−

r+n+1
2

≤ Cε|T |s1‖w‖0
∑
β 6=α

1
(Mα +Mβ)ν

.

Then, for ν > r + n+ 1, Step 1 follows by∑
β 6=α

1
(Mα +Mβ)ν

≤
∑
k∈E+

1
(Mα + |k + ~ρ|)ν

≤ C
∫ +∞

1

yr+ndy

(Mα + y)ν
≤ C(ν)

(1 +Mα)ν−(r+n+1)
.

Step 2: ‖L(N)h‖0 ≥ 2−τ−1γM−τα ‖w‖0.
Decompose h = h′ + h′′ with h′ := Π(K)h, h′′ := h−Π(K)h and K := 2Mα. We have

‖ΠHSL
(N)h‖0 ≥ ‖Π(K)L(N)h‖0 ≥ ‖L(K)h′‖0 − ε‖T

(E+
K)c

E+
K

h′′‖0 ≥
γ

(2Mα)τ
‖h′‖0 − εC|T |s1‖h′′‖0, (A.8)

by assumption (6.5) and Lemma 7.3. Moreover since h = w − LR−1LSRw and w ∈ Hα ⊂ H(K),

h′′ = −(1−Π(K))L−1
R LSRw = −[L−1

R ]R
R∩(E+

K)c
LαRw .

Now d(Ωα, R ∩ (E+
K)c) ≥Mα, and we derive that

‖h′′‖0 ≤
Cε|T |s1

M
s1−(r+n+1)/2
α

‖w‖0 . (A.9)

Furthermore, since w ∈ Hα and h′−w = −Π(K)L−1
R LSRw ∈ HR, we have ‖h′‖0 = (‖h′−w‖20 +‖w‖20)1/2 ≥

‖w‖0 and, (A.8), (A.9), imply

‖L(N)h‖0 ≥
γ‖w‖0
(2Mα)τ

−
Cε2|T |2s1

M
s1−(r+n+1)/2
α

‖w‖0 ≥
γ‖w‖0
(2Mα)τ

(
1−

C ′ε2|T |2s1
γM

s1−τ−(r+n+1)/2
α

)
≥ 2−τ−1 γ

Mτ
α

‖w‖0

because s1 > τ + (r + n+ 1)/2, and provided that εγ−1 is small enough.
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