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Abstract. We prove the existence of Cantor families of small amplitude periodic solutions for wave and
Schrodinger equations on compact Lie groups and homogeneous spaces with merely differentiable nonlin-
earities. The NLS equation on homogeneous spaces arises as a mean field approximation of condensates
of many-body lattice problems. The highly degenerate eigenvalues of the Laplace Beltrami operator give
rise to huge clusters of “small divisors”. We apply a Lyapunov-Schmidt decomposition and an abstract
Nash-Moser implicit function theorem. We provide a new algebraic framework to prove the key tame esti-
mates for the inverse linearized operators along Banach scales of Sobolev functions. We exploit properties
of the eigenvalues and eigenfunctions of the Laplace Beltrami operator on Lie groups.

1 Introduction

We consider autonomous nonlinear wave equations

(NLW) uge — Au+ pu = f(z,u), zeM, (1.1)
and Schrodinger equations

(NLS) iuy — Au A+ pu = f(z, [uP)u, xeM, (1.2)

on a compact, connected, Riemannian manifold M without boundary, where M is a Lie group (Definition
2.1), or, more generally, a homogeneous space, namely a manifold on which a Lie group acts transitively
and smoothly (Definition 2.8). Homogeneous spaces are also called in the literature “coset manifolds”.

Classical compact connected Lie groups are the standard torus T", the special orthogonal group
SO(n) (with n > 1) of all the n x n real orthogonal matrices of determinant 1, the special unitary group
SU(n) of all n x n unitary complex matrices of determinant 1, etc, see [35]. Actually they are completely
classified as stated in Theorem 2.2. Examples of compact homogeneous spaces are the spheres S™ (which
are completely described by the orbits of SO(n + 1)), the real and complex Grassmanians (as well as
Grassmanians on other classical groups), the “moving frames” (the manifold of the k-ples of orthonormal
vectors in R™ with the natural action of the orthogonal group O(n)), the symmetric spaces. We refer to
[23], [11], [36] for many other examples.

The operator A is the Laplace-Beltrami operator defined with respect to a Riemannian metric com-
patible with the group structure (see section 2.2), u > 0 is a constant, the nonlinearity is finitely many
times differentiable and vanishes at u = 0 at least quadratically.

The importance of the Schrodinger equation on Lie groups has been highlighted since the works of
Weyl [40] (incidentally, this was a main motivation for studying representation theory of Lie groups). The
understanding of the rotational modes of atoms and molecules leads to linear Schrodinger equations on
compact groups, see e.g. [34]. Time independent linear Schrédinger equations on compact homogeneous
spaces appear in various contexts of high energy physics, for example in connection with the quantum
Hall effect and the Laundau equation, see [38], [30] or [26] and references therein.



Non linear Schrodinger equations appear usually in many body quantum physics as “Hartree-Fock”
mean field approximations to describe condensated states, see for instance [19]. Several many body lattice
problems described by continuous Lie groups are studied in physics, such as the XY or Heisenberg model
(generalizations of the classical Ising model). Then these models lead in natural way to NLS on S!, or
spheres S™, SO(3), SU(n), or, more generally, on homogeneous spaces.

Wave equations on compact Lie groups and symmetric spaces have also been investigated, see [23]-[25].

In this paper we prove, for any compact homogeneous space M, the existence of Cantor families
of small amplitude periodic solutions for the wave and Schrédinger equations (1.1)-(1.2) with merely
differentiable nonlinearities, see Theorems 1.1-1.2.

These solutions are the continuations of normal modes oscillations of the linearized equations iu; —
Au + pu = 0 and uy — Au + pu = 0. The normal frequencies are, for NLS, the eigenvalues of —A +
on M, and, for NLW, their square roots. Theorem 1.1 can be considered as a PDE extension for NLW
of the classical Lyapunov resonant center theorem, and Theorem 1.2 of the Weinstein-Moser theorem for
the completely resonant NLS equation, see e.g. [2].

This type of problems has received much attention in the last twenty years. Actually, building on the
experience gained from the qualitative study of finite dimensional dynamical systems, the existence of
periodic and quasi-periodic solutions gives an important insight toward better understanding the complex
flow evolution of Hamiltonian PDEs. Interestingly, many tools used for proving our Theorems 1.1-1.2
below for NLS and NLW resembles those required for Birkhoff normal form stability results (e.g. [1] for
Zoll manifolds) and seem connected to the techniques used in well-posedness results of the initial value
problem on compact manifolds, see e.g. [12]-[13].

Up to now, the majority of the existence results of invariant tori for PDEs have been proved when M
is a torus T™ (or a rectangle). In this case the eigenfunctions of the Laplacian are the exponentials.

The main difficulty for the existence proof of invariant tori comes from arbitrarily “small divisors”
in their perturbative expansion series. Such “small divisors” are due to complex resonance phenomena
between the frequencies of the quasi-periodic solutions and the normal mode frequencies. The properties
of the eigenfunctions are important, from a dynamical point of view, in order to control the exchange of
energy among the normal modes. The crucial properties of the exponential basis is the multiplication
property exp(ijz) exp(ikx) = exp(i(j + k)x).

The first pionering results of Kuksin [27] and Wayne [39] applied to 1-dimensional, analytic, PDEs on
an interval with Dirichlet boundary conditions. Their method was based on KAM theory (see also the
works by Kuksin and Poschel [32]-[28]-[29]) and strongly exploited that the eigenvalues of the Laplacian
are simple. Already for periodic boundary conditions (i.e. M = T!) the eigenvalues are asymptotically
double and the KAM approach was adapted later in Chierchia-You [14] for the wave equation.

A direct bifurcation approach, which does not exclude multiplicity for the normal frequencies, had
been previously developed by Craig and Wayne [16] who introduced the Lyapunov-Schimdt decomposition
and solved the “small divisor” problem, for periodic solutions of 1-dimensional PDEs, with a Newton-type
iterative scheme. The key step of this approach is to prove the invertibility of the linearized equations
in a neighborhood of the equilibrium, togheter with estimates of the inverses in analytic norm. The
main difficulty comes from the fact that these linear PDEs have non-constant coefficients. The Craig-
Wayne approach [16], see also [15], is based on a Frolich-Spencer [22] coupling type technique. The key
ingredients are:

(7) the “singular sites” —namely the Fourier indexes of the small divisors— are more and more “separated
at infinity”
(3) the eigenfunctions are “well-localized with respect to the exponentials”.

These two properties, together with the analyticity of the functions, imply a very weak “interaction
between the singular sites”, and allow to prove estimates for the inverse linearized operators in analytic
norms. Property (ii) implies, in particular, that the multiplication operator for an analytic function is



represented in the eigenfunctions basis as a matrix with exponentially fast off-diagonal decay.

Property (i) has been proved in [16] to hold for the eigenfunctions of 1-dimensional sturm Liouville
operators —0,, + V(z) on T!. Concerning property (i), in [16] the clusters of the singular sites have a
uniform size. This holds for 1-dimensional wave and Schrédinger equations.

For higher dimensional PDEs, a major further difficulty is that the dimensions of the eigenspaces
of the Laplacian increase to infinity. Generalizing the Craig-Wayne approach, the first existence results
of periodic solutions for analytic wave and Schrodinger equations on T™, n > 2, have been proved by
Bourgain in [8] and [9] (actually [9] proves also the existence of quasi-periodic solutions when n = 2).
The key point is to relax the separation property (), proving:

(1) a partition of the singular sites in huge clusters (with unbounded dimensions) separated at infinity.
This is achieved exploiting that the eigenvalues of the Laplacian on T™ are sum of integer squares and,
in the case of NLW, assuming also strong non-resonance assumptions on the frequency.

Recently this result has been generalized by Berti and Bolle [4] for merely differentiable nonlinearities
and assuming weaker non-resonance conditions. The proof is based on a Nash-Moser implicit function
iterative scheme, generalized into an abstract setting in [5]. A key role in the proof is played by a Frolich-
Spencer coupling technique in Sobolev spaces. Here, the multiplication operator for a Sobolev function
is represented in the exponential basis as a Toplitz matrix with polynomially fast off-diagonal decay.

Existence of periodic solutions for analytic PDEs on T™ (or rectangles) has been also proved by Gentile
and Procesi [20], solving the small divisor problems with Lindstedt series techniques.

Before concluding this brief survey of results, we mention that existence of also quasi-periodic solutions
for wave and Schrodinger equations with “Fourier multipliers” on T™ has been proved by Bourgain in
[10]. Moreover, also the KAM approach has been extended by Eliasson and Kuksin [18] to prove the
existence of elliptic tori for Schrodinger equations on T™ with a convolution potential. The simplification
introduced by these models is that the normal modes eigenfunctions are exactly the exponentials.

For any compact Riemannian manifold the spectrum of the Laplace-Beltrami operator A is discrete,
its eigenvalues tend to infinity (with an asymptotics given by Weyl theorem) and the eigenfunctions form
an L2-orthonormal basis. For a manifold without boundary, the eigenfunctions are orthogonal also in
any Sobolev space H®*(M). Then it follows that the matrix coefficients representing the multiplication
operator for a smooth function decay as inverse powers of the differences between the eigenvalues of
V—A. However, these eigenvalues are in general not sufficiently separated (as it happens in dimension
1) and these informations alone do not seem sufficient for proving the existence of periodic solutions of
the nonlinear equations (1.1)-(1.2). Some finer properties of the spectrum and of the eigenfunctions seem
required for controlling the small divisors effects.

When M = S™, or, more generally, a Zoll manifold (i.e. the geodesic flow is periodic), the spectrum
of the Laplace-Beltrami operator is contained in disjoint intervals, growing linearly to infinity, as for 1-
dimensional PDEs. Moreover properties of “localizations of the eigenfunctions” of the type (i), although
much weaker than in [16], hold (when M = S™ they are the spherical harmonics). These properties have
been recently used by Bambusi, Delort, Grebert, Szeftel [1], [17] to prove Birkhoff normal form stability
results for wave equations. These could also be used to prove existence of small amplitude periodic
solutions (however this result has been recently achieved in [5] with simpler methods). Note that spheres
and Zoll manifolds are particular symmetric spaces of rank one.

It is a general fact that the presence of continuous symmetries expressed via a Lie group action on a
manifold M places strong constraints on its geometry and “harmonic analysis”. In this paper we strongly
exploit this basic idea. If the action is transitive, then, up to isomorphism,

M= (G x T")/N

where G is a simply connected compact Lie group, T" is a torus and N is a closed subgroup of G x T" (see
(2.16)). The manifold M is called an homogeneous space. The functions on M can be seen as functions



defined on the Lie group G x T™ and invariant under the action of N,
L*(M) = L*(G x T"/N) = {f € L2(G xT") | f(zg) = f(z), Vo € G xT", g € N} . (1.3)

Also, if we endow M with an appropriate metric structure (Theorem 2.17), the Laplace-Beltrami operator
on M can be identified with the A operator on the Lie group, acting on the functions invariant under V.

Then we “lift” the equations (1.1)-(1.2) on the Lie group G x T™ (of dimension greater that M). This
allows to use the tools of harmonic analysis on Lie groups.

The analogue of the Fourier analysis on the non-commutative group G is provided by the Peter-Weyl
Theorem 2.5. It states that L?(G) is the Hilbert sum of the subspaces generated by all the irreducible
unitary representations of the group. Defining on G' a “canonical” Riemaniann metric (given by minus
the Killing form, Theorem 2.8), each subspace is an eigenspace of the corresponding Laplace-Beltrami
operator, see Theorem 2.10. Precise informations on the eigenvalues and eigenfunctions of the Laplacian
on the simply connected group G are obtained decomposing G as a product of simply connected compact
Lie groups of simple type (Theorem 2.1). A key step is to use the “highest weight theory” of Lie groups
which fully describes the eigenvalues and eigenspaces of the Laplace operator, see [33]. A complete set
of eigenfunctions of A on G x T™ are then obtained multiplying for the usual exponential basis.

In order to deal with these highly degenerate eigenvalues we find convenient to follow a Lyapunov-
Schmidt procedure and to use a Nash-Moser implicit function theorem. The main problem is to prove the
invertibility of the linearized equations togheter with “tame” estimates of the inverses in Sobolev norm.

In order to get the separation property ()" for the singular sites, we exploit that the eigenvalues of A
on M (see (1.4)) are essentially like the eigenvalues of the Laplacian restricted to a maximal connected
commutative subgroup of G x T", i.e. a torus (whose dimension is the rank of the group). Moreover they
are all in Z/D for some D € N. This yields the required separation properties (i)’ reasoning, for NLW,
as in [8], [4], and, for NLS, as in [9)].

The other property we need for the inversion of the linearized operators is:

(#4)" The multiplication operator u +— bu for a Sobolev function b € H®(M) is represented in the
eigenfunctions basis as a block-matrix with the off-diagonal decay (4.13).

The block structure of the matrix takes into account the (large) multiplicity of the degenerate eigen-
values of A on M. We remark that, however, several blocks could correspond to the same eigenvalue (this
block-decomposition follows by the highest weight theory). On each block we consider the operatorial
L?-matrix norm. Then the (polynomial) decay property (ii)’ -proved in Lemma 4.7- follows essentially
by the informations on multiplication of the eigenfunctions of A on Lie groups (see Lemma 2.14).

Once property (ii) has been guessed the main new technique to get the tame estimates for the lin-
earized operators in the Sobolev scale, is to embed the matrix which represents the multiplication operator
into a suitable algebra of quasi-Toplitz block-matrices satisfying interpolation inequalities (sections 4.1
and 7.2). Then, product and inverse of quasi-Toplitz matrices will exhibit the same block off-diagonal
decay. This abstract procedure simplifies considerably also the construction in [4], which is valid for the
exponential basis, and provides an intrinsic procedure for the Craig-Wayne-Bourgain approach.

Before concluding this introduction we mention that Theorems 1.1-1.2 hold for fixed nonlinearities, not
only for parameter dependent PDEs. Then we need to solve the bifurcation equation (infinite dimensional
for the completely resonant NLS equation) and, in particular, we show that it possesses non-degenerate
solutions. These computations require many tools of Fourier analysis on Lie groups. As examples, we
deal in section 5.1 with NLW on SU(n) and, in section 8.1, with NLS on SO(3).

We now state precisely our main results.



1.1 Main results

We first recall some basic results of harmonic analysis on the homogeneous space M = (G x T")/N. The
eigenvalues and the eigenfunctions of the Laplacian on a simply connected compact group G are

_|]1 +p|2+|p|27 ejl,a(xl)a HAS Ga jl €A+(G), o= 17'~'7dj17

where AT(G) is the cone generated by the natural combinations of the “fundamental weights” w; € R",
i=1,...,r (r is the rank of the group) and p := Y_._, w; (see Theorems 2.9 and 2.10). The degeneracy
of the eigenvalues satisfies d;, < |j1 + p|¥™(@)~=". Moreover there exists D := D(G) € N such that
—|j1 + p|*> + |p|? € ZD™1 for all j; € AT(G), see Lemma 2.15.

By Fubini theorem L?(G x T") = L?(G)® L?(T™) and a complete set of eigenfunctions of A on G x T"
are the products of the eigenfunctions of the Laplacian on G times the exponentials. By (1.3), we find a
basis of eigenfunctions of A on M = (G x T™)/N selecting the N-invariant eigenfunctions. In conclusion,
the eigenvalues and the eigenfunctions of —A + p on M are

w2 =1+ plP = p® + il + 1, ejo(a) = e o(21)e? ™ = (21,22) € G x T", (1.4)

where the index j = (j1,j2) is restricted to a subset Ay C AT(G) x Z™, see (2.18), and o C [1,d;] with
d; < dj,, see Theorem 2.19.

1.1.1 The NonLinear Wave Equation

The solutions of the linearized equation u;; — Au + pu = 0 on M are the normal modes

d;
lw;t
v = E E E v o€ e, e €C.

I=41jEApm o=1

Fixed jo € Aaq, we want to prove the existence of small amplitude periodic solutions of the nonlinear
equation (1.1) with frequencies close to wj,. Assuming that y is an irrational number, the normal mode
frequencies w; commensurable with wj,, satisfy w; = wj,. Actually, if p is diophantine, i.e. there are
constants vg > 0, 79 > 1, such that

lum+nl > 2 (m) = max(1,|m]), Y(m,n)eZ2\{0,0)}, (1.5)

(m)m

then the following “first order Melnikov” non-resonance condition holds (proved at the end of section 2).
Lemma. Let i be diophantine. There exist y1, 7 > 0 such that

w2 12— 02| > J;ﬁ L V(L) €Zx A, (1], wi) #£ (1,wj,) - (1.6)

Concerning the nonlinearity, we assume that f € C*(M x R, R), k > 2, and, for some m € [2, k],

f(2,0)=...= (a;n_lf)(x70) =0, (0, f)(x,0) #0. (1.7)

Rescaling in (1.1) amplitude and time u(¢, ) — du(wt, x), & > 0, we look for 2m-periodic solutions of

Wy — Au+ pu = (0, u), g:=06m"1 (1.8)
where 5 am 0
i(6,0) = L% _q@yum +0(8),  afe) = LIBO
om m!
in the real Sobolev space HS,, := {u € H*(T x M,R) | u(—t,z) = u(t,z)} for some s < k.



We define the “resonant” indices Q C Z x A  as
Q= {(z,j) € Z x A such that (|I],w;) = (1,%)} and P = (Zx Au))\ Q. (1.9)
Then we perform a Lyapunov-Schmidt reduction according to the decomposition
H;ven = (Q m HgVeIl) @ (P m HsVeIl)
where
dj
Q={a= 3 Y ajoep cHl)l and  Pi=Q'

(Li)e o=l

To highlight the relationship between the frequency and the amplitude we set
w? — w]20 =ex with x € {-1,+1}

chosen later in (1.13). We project equation (1.8) on @ and P. Writing u = ¢+ p, ¢ € Q, p € P, using
that ¢; = —q, equation (1.8) is equivalent to

q=—xof(6,q +p) bifurcation equation (1.10)
wW?py — Ap + up = ellpf(d,q + p) range equation '
where I, IIp denote the orthogonal projectors onto @, P.
For 6 = 0 and p = 0 the bifurcation equation reduces to
¢ =—xHg(a(z)¢™) (1.11)
and we suppose that
Mg (a(z)g™) £ 0. (1.12)
Taking
. -1 i.f 3¢ € Q such that [, a(w)q"“‘i >0 (1.13)
1 if 3¢ € Q such that [ a(z)¢™ <0

equation (1.11) possesses at least a “mountain pass” critical point ¢ € @ \ {0} for the functional

m—+1

We assume the following non degeneracy condition:

(ND) There is an invariant subspace H® C HE,,, of the NLW equation (1.8) and a solution § € QNH*\{0}
of (1.11) which is non degenerate, namely h = 0 is the unique solution of the linearized equation

h+ ylg(ma(z)g™ *h) =0, heQnH. (1.14)

We give in section 2 an explicit example where (ND) is satisfied for M = SU(n).

Theorem 1.1. (Wave equation) Suppose i > 0 is diophantine and fix jo € Apq. There is sg := so(M),
k:= k(M) € N such that:
Vf € Ck satisfying (1.7) for some m € [2,k] and (ND), there exist 69 > 0, a curve

ue CH[0,80);H*)  with  [lu(8) — 8qlls, = O(8%),
and a positive measure Cantor set C C [0,d0] such that, ¥6 € C, u(d)(wt,x) is a solution of (1.1) with
w? = w?o +x 6™ 1 and x is chosen in (1.13).
This result holds for SU(n), n # 2,4, f = u® + r(x,u) where r(x,u) satisfies (1.7) for some m > 3 and

r(z,u) =r(z=u).



1.1.2 The NonLinear Schrédinger Equation

Under the transformation u +— e'**u, equation (1.2) transforms into the completely resonant PDE
iu; — Au = f(z, [ul*)u (1.15)

where the normal mode frequencies |j1 + p|? — |p|? + |j2|> € Z/D, D € N, are all commensurable.

Fixed jo € A, we want to prove the existence of small amplitude periodic solutions of the nonlinear
Schrodinger equation (1.15), with frequencies close to wj , of the form of “wave packets”. Note that

(1.15) always possesses standing wave solutions e“*U(x) where U (z) satisfies the elliptic PDE
—AU —wU = f(z, |[UU

On the contrary, the more complex “wave packet” periodic solutions of (1.15) proved in Theorem 1.2 are
not obtained by separation of variables, and correspond, in general, to quasi-periodic solutions of (1.2).
We assume that f(z,y) € C¥(M x R,R) and, for some m € [1, k],

f(@,0)=...= (0" f)(x,0) =0, (9, f)(x,0) #0. (1.16)
Rescaling amplitude and time u(t, z) — du(wt, z) we look for solutions in H® := H*(T x M, C) of
iwuy — Au = e (8, [u*)u, €= 62", (1.17)

where §(0, [ul?) := f(x,6%ul?)/e = a(z)[ul*" + O(6?) and a(x) := (8;" f)(x,0)/m!

We define the infinite dimensional resonant subspace

Z ﬂthugeJUEHU} where Q5:{(l,j)€ZXAM\w?ol—w?:()}

(l,5)eQ o=1

and we perform a Lyapunov-Schmidt reduction along @ and P := Q= as for the wave equation. We set
the “frequency-amplitude” relation w = %2'0 + xe for some x € {—1,+1}. The bifurcation equation at
0 =0, p =0, reduces, using iq; = wj_OQAq, to

ig; = X1l (a(x)|g|*"q). (1.18)
We suppose that:

(ND) There exists an invariant subspace H® C H?® and a solution ¢o € @ N'H* \ {0} of (1.18) for some
x € {—1,1} satisfying qo(t, ) # ¢*U(x) for all | € N. The solution qo is non-degenerate in Q NH?,
namely the linear operator

Jolh] = =ity + XTlga(@) ((m + Dlao*"*h + mlao[*™Vgih) , heQnHe,
is invertible and the “Toplitz” norm |J; *|s < C(s) for all s > 0 (see Definition 4.2).

If go = e*U(x) for some | € N the periodic solution found in Theorem 1.2 would just reduce to a
standing wave solution. The last assumption on J; 1'is required since @ is infinite dimensional.

Theorem 1.2. (Schrédinger equation) Fiz jo € Ay There is sg := so(M), k := k(M) € N, such
that:
Vf € CF satisfying (1.16) for some m € [1,k] and (ND), there exist 5 > 0, a curve

u€ CH([0,00); 1) with  [[u(d) — dqolls, = O(6%),

and a positive measure Cantor set C C [0,dg] such that, V6 € C, u(d)(wt,x) is a solution of (1.15) with
w = w3 + x 6™ Then e"u(d) is a (quasi-periodic) solution of (1.2).

This Tesult holds for SO(3), f = |ul? + r(|u|?) where r(y) satisfies (1.16) for some m > 1.



The paper is organized as follows. In section 2 we introduce the basic notions of Fourier analysis on
groups, and we describe the main properties of the eigenfunctions and eigenvalues of the Laplace-Beltrami
operator on Lie groups and homogeneous spaces. Section 3 presents the abstract Nash-Moser Theorem
of [5]. In section 4 we prove the block off-diagonal decay property (4.13) for the multiplication operator
in the Sobolev scale H°. Then we embed it into an algebra of quasi-T6plitz block matrices, satisfying
the interpolation inequalities. In section 5 we solve the bifurcation equation for NLW on SU(n). In
Sections 6-7 we prove the tame estimates for the inverse linearized operator in the Sobolev scale. Finally,
in section 8 we prove the existence of periodic solutions for NLS.

Acknowledgments: The authors warmly thank Claudio Procesi for many enlightening explanations
on Lie groups. We also thank Fulvio Ricci, Norman Wallach, Michele Vergne for their disponibility.
Finally we thank Philippe Bolle for useful comments on the paper.

2 Lie groups

In this section we summarize the main definitions and results on Lie groups that are required in the
paper. For proofs and details we refer to [21], [35] and [33].

Definition 2.1. A Lie group G is a group which is also a C*° manifold and the group operations
(r,y) EG X G — a2y € G and x — 1~ are C®. The corresponding Lie algebra g is the linear space of
the left invariant vector fields X (x) on G.

The Lie algebra g is closed with respect to the Lie bracket! operation [, ] which assigns to any two
vector fields X, Y on G the vector field [X,Y] := XY — Y X. The map ¥ : X(-) — X (e), where e is the
identity element of G, is an isomorphism of g onto the tangent space T.G.

A Lie algebra g is said simple if g has no proper ideals and g is non abelian. A Lie group G is of
“simple type”, if its Lie algebra is simple.

Theorem 2.1. ([11]) The simply connected compact Lie groups of simple type are:

- the special unitary group SU(n), n > 2,

- Spin(n), the double cover of the special orthogonal group SO(n),

- SP(n) := Sp(n; C) NU(2n) where Sp(n;C) is the group of the 2n X 2n complex symplectic matrices,
- the five exceptional groups called Go, Fy, Eg, Fr, Es.

Incidentally, Spin(3) = SU(2) = SP(1). Connected compact Lie groups are classified as follows.

Theorem 2.2. (Classification) Up to global isomorphisms, each connected compact Lie group G =
(G x T")/N where T™ is a torus, G is simply connected and N is a finite central’® subgroup of G x T™.
Moreover G is a product of the Lie groups listed in Theorem 2.1.

2.1 Harmonic analysis on compact groups

Let L?(G) := L?(G, C) be the Lebesgue space defined with respect to the normalized Haar measure p of
any compact topological group G, that is a left and right invariant Borel measure, i.e. u(zE) = u(E) =
u(Ex) for any Borel set E C G, x € G, normalized with u(G) = 1. Such a measure exists and it is unique
on any compact topological group.

In order to extend the classical Fourier analysis for functions defined on the (non commutative) group
G, we introduce some basic definitions about the representations of G on a finite dimensional complex
vector space V with a given Hilbert space structure (we can limit to study finite dimensional unitary
representations because G is compact).

LA Lie bracket is a bilinear, antisymmetric map which satisfies the Jacobi identity.
2Namely ng = gn, Vn € N,g € G x T™.



Definition 2.2. A unitary representation py of G on the representation space V is a continuous
homomorphism x — py(x) which maps G into the group of unitary transformations U(V) C End(V).

More precisely, a representation should be denoted by the pair (py, V). When no ambiguity exists it
is customary to refer to a representation simply as py or as V.

Definition 2.3. The representations py and pw of G on V and W respectively, are equivalent if there
is an isomorphism of vector spaces ¥ : V. — W such that py(x) = ¢~ o py(z) o9 for each x € G. In
such a case, the representation spaces V. and W are equivalent.

Given one or two representations of a group it is possible to form many new representations using
standard constructions of linear algebra.

Definition 2.4. The direct sum representation py @ pw of G on V. & W is defined by
(pv @ pw)()[v, w] := [pv (@) o], pw (@) [w]], Vz e G veV,weW.
The tensor product representation py @ pw of G on V@ W is defined by
(v @ pw) (@) (0 & w) = (pv)(@)[0] ® (v )(@)w], Ve veV,weW.
The dual representation py~ of G on the dual space V* is defined by
pv-(@)[f] = fop, () =fopl(x), VoeG, feV".

Definition 2.5. An invariant of a representation py is a vector v € V such that py (x)v = v,V € G. A
subspace W C V is invariant for a representation py of G if py (x)(W) C W, Vz € G. If a representation
space V' has no non-trivial invariant subspaces, then V and py are irreducible. Finally, V and py are
completely reducible if they are equivalent to a direct sum of irreducible representations py,, namely

V=&,V ¢ eN, VP =Vie.. eV, pr=a0", pu=py,@...Dpy, .
N : ;
cj—times cj—times

In such a case we say that “V contains c; copies of V;”.

If W C V is an invariant subspace for a unitary representation py-, then the orthogonal W+ is also
invariant, and we deduce that every unitary representation py of a compact group is completely reducible.

Given an orthonormal basis {vy,...,v,} of V, a unitary representation py of G is equivalent to the
representation on C™ described by the unitary matrices
Uz) ={Ur(x)} ={(pv(x)v,v)}, LEk=1,...,n, n:=dim(V). (2.1)

Note that, if a representation is given by unitary matrices U (z) on C", then its dual representation on
(C™)* is given by the complex conjugated matrix U(z).
Let .4y denote the vector space generated by the matrix-coefficients Uj ,(x), namely

My = {x — te(BU(z)), B € Mat((C”)} - {x s tr(Apy (2)), A € End(V)} : (2.2)

Note that any function in .#y is continuous.

Theorem 2.3. (Schur orthogonality relations) Suppose that py, pw are non equivalent irreducible
unitary representations of G. Then .#y and My are orthogonal subspaces of L*(G), and

I tr n [/ . .
p X p‘/ X /,l/ x ] (‘ ,) 3 )
In pCH tl‘culaﬂ the funct ionS dlm(L )(p‘/ ((I})UZ, 'Uk;), l, k - 17 I 7n, are an or 15h0n01 mal ba/sis 0; %‘/ .



By the previous Theorem, if py is irreducible, the map A — tr (Apy(z)) is injective -and then an
isomorphism- between the vectors spaces End(V) and .#y,. Then we have

Lemma 2.4. If py is irreducible, any function in My can be uniquely represented as in (2.2).

In general, given two representations py, pw, and A € End(V @ W), we have

tr(Apvew (z)) = tr(Avpy (z)) + tr(Awpw (z)), Ve eG, (2.4)
where Ay =TIy Ay € End(V) and Ay := Iy A|w € End(W). Moreover, VA € End(V'), B € End(WW),
tr(Apy(2)) tr(Bpw (2)) = tr((A® B)(pv @ pw)(x)), ¥r € G, (2.5)

where A® B € End(V @ W) is defined by (A® B)(v®@w) := Av @ Bw, Vv eV, we W.
As a consequence, the product of two functions of .#y and #yw is in Ay gw.

Theorem 2.5. (Peter-Weyl) Let G be the set of equivalence classes of irreducible unitary representa-
tions of the compact group G and, for each j € G, let M; := My,. We have the Hilbert decomposition

LX(G) = éjeé'///j :
For f € L*(G), we have the L?-convergent “Fourier series”
@ =Y uwte), g [ f@e@i. (2:0)
jeé ¢
where ej(z) := (dimV;)2 U, (x) and U,(x) are defined in (2.1). The f; are called the “Fourier coefficients”.

By the Schur orthogonality relations, the matrix coefficients e;,(z), o = 1,...,dimV?, are an L*-
orthonormal basis for ..

Note that the trivial representation of G on Vp := C, defined by pc(z) = I, is irreducible. We denote
by . the corresponding space in the Peter-Weyl Theorem. The functions of .#; are the constants.
For a product group G = G x G5 we apply the previous analysis to each L?(G;), i = 1,2 separately.
By Fubini theorem
L*(Gy x Gy) = L*(G1) @ L*(Gy) (2.7)

and all the irreducible representation spaces are V;, ® Vj;, with j; € Gy and Jj2 € Go.
Definition 2.6. The character of a representation py of G is the function xv (x) := tr(py (z)).

By (2.4)-(2.5), the character of the direct sum and tensor product representations are respectively

XVi@Va (.Z‘) = X\ (l‘) + Xv, (LE) y XVieVs (1’) =X (‘T) XVa (1’) :
Moreover, the character of the dual representation is
xv+(z) = Xv(z). (2.8)

The character of a representation py is a central function, namely it satisfies f(gzg~') = f(z), Va,g € G.
Actually any central function in My, is a multiple of the character xy and, by the Peter-Weyl Theorem,
we have the following theorem.

Theorem 2.6. The characters xv;, j € G, form an Hilbert basis for the central functions of L*(G).

By Schur’s lemma we directly deduce the following lemma.
Lemma 2.7. Given i,j € G’, the representation space V; ® V' contains no invariants if i # j and one

VE  the space V ® Vi

independent invariant if 1 = j. Then, given a representation space V = DieaV;

contains c;-independent invariants.

All the previous results are valid for any compact topological group. We now specialize to Lie groups.
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2.2 Laplace operator on compact Lie groups and homogeneous spaces

By the classification Theorem 2.2 any connected compact Lie group G = (G x T™)/N. Moreover the
simply connected Lie group G is product of groups of simple type listed in Theorem 2.1. Then, to
understand harmonic analysis for any G, we first define and study the Laplace-Beltrami operator on
simply connected groups of simple type. Then we deal with the product space G x T", using (2.7). At
the end of this section we discuss how the Laplacian passes to the quotient space.

Theorem 2.8. Let G be a simply connected compact Lie group of simple type. Up to a scalar factor
there exists a unique Riemannian metric on G which is invariant under left and right multiplication
(bi-invariant). A scalar product on the Lie algebra g is

(X,Y) := —tr(Ad(X) 0 Ad(Y)), VX,Y g
where Ad(X)(+) :=[X,-] is a linear map in g.
The bilinear form —(X,Y) is called the Killing form. The Laplace Beltrami operator A on G is defined
with respect to the Riemannian metric of Theorem 2.8 (the operator A is called the “Casimir” in most

books on representation theory). On a product of Lie groups, the Killing form, and hence the Laplace
operator, is defined component-wise. This defines A on any simply-connected compact Lie group.

All the irreducible representations of a compact Lie group G are parametrized by a discrete cone.

Theorem 2.9. ([33] p. 349, Proposition 1) For a simply connected compact Lie group G of rank?
r, there is a one-to-one correspondence between the set of equivalence classes G of irreducible unitary
representations and a discrete cone

AT = AT(G) = {j = iniwi, n; € N} CR"
i=1

generated by r independent vectors w; € R". The {w1,...,w.} are called the fundamental weights of
the group and AT the cone of dominant weights. The irreducible representation of G corresponding to
the dominant weight j = 0 is the trivial representation on Vo = C.

The matrix coefficients of an irreducible representation are eigenfunctions of the Laplacian.
Theorem 2.10. (/33] p. 367, Lemma 1) Each 4 is an eigenspace of the Laplace Beltrami operator A
with eigenvalue —|j + p|? + |p|?, p == S i_; wi. We have dj := dim(4;) < |j + p|H™(—,

Since the Laplacian is a real operator, for any eigenvector e; ,(x) € #; also &; ,(x) is an eigenvector
of A with the same eigenvalue. Therefore €; () € .#; for some j € A*. Moreover V; = V;* because the
matrix e;(z) is the dual representation on V;* of the matrix e; () .

To describe in an effective way the eigenvalues and the eigenfunctions of the Laplace operator a major
role is played by the positive simple roots of the group. We refer to [33] for the definition and several
properties. The positive simple roots aq,...,a, € R" of G satisfy the relations

1 .
(Wi, a5) = 55ij|aj|2’ Vi,j=1,...,7, (2.9)
where d;; is the Kronecker symbol. We define the cone

Rt = {a: Zniai, n; € N} CR"
i=1

generated by the natural combinations of the positive simple roots.

3The rank of G is the dimension of any maximal connected commutative subgroup of G (maximal torus).
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Lemma 2.11. The cones A*, #% C R" intersect the hyperplane {p)* C R", p := >\ w;, only in 0
and the other elements are contained in the halfspace (p,y) >0, y € R".

PROOF. By the theory of roots p := >.._, w; = >_._; N;a; where the N; are given positive integers
(which depend on the group). Then the result follows from (2.9). m

We define the lattice .
A= {]:Zn,wl, ’I’LZEZ} Cc R"
i=1
generated by the fundamental weights wy, ..., w, (see Theorem 2.9) and AT" := p+ A™.

Definition 2.7. (Dominance order) Fori,j € A, we say that i > j if i = j + « for some o € #™.

We shall need the following Lemma.
Lemma 2.12. There is c € (0,1) such thatVi > j, i € At, j € A with (p,j) > 0, one has |i+p| > c|j+p|.

PRrROOF. We claim that there is a € (0,1) such that, Vj € A with (p,j) > 0 and Vo € ZT, one has
(J+p ) 2 —alj +pllel. (2.10)

Calling z := (j+p)|j+p|~* and y := aja| ™! let —a := minx xy (z,y) on the compact region X x Y where
X is the intersection of the unitary sphere with the half space (z,p) > 0 and Y is the intersection of the
unitary sphere with the prisma spanned by the w;. By Lemma 2.11 the cone and the plane (x,p) = 0
do not have any common line and then a # 1. If ¢ > j, namely, by Definition 2.7, i = j + « for some
a € ZT, then |i + p|?> > (1 —a?)|j + p|?, by (2.10) and minimizing on |o|. m

The product of two eigenfunctions of the Laplace operator can be expressed as a finite sum of eigen-
functions. The next theorem provides a quantitative statement of this fact. It is a key ingredient for
proving the decay properties of the multiplication operator.

Theorem 2.13. (Cartan multiplication) (/33/, p. 345) Given two irreducible representations V;, V;
one has V; @ V; = Vii; ® V' where V' is sum of irreducibles with dominant weights j1 € AT, j1 <i+j.

Theorem 2.14. (Multiplication of eigenfunctions) Let a € #;, b € .#;. Then ab € ®j, <y Mj, .
J1 .

PROOF. Since V; ® V} is completely reducible we write V; ® V; = @, e+ VJCIJ for some c};. By Theorem

2.13 we have ¢/} = 0if j; >i+j. m

Many informations on the simple roots are encoded in the non-symmetric Cartan matrix

C:= C(G) = (Ci,j)i,jzl,...,r where CiJ = 2(06;7;].) . (2.11)
J

It is sufficient to describe the Cartan matrix of the Lie groups of simple type of Theorem 2.1, because
the Cartan matrix of the product of a Lie group G; X G is the direct sum C(G1) & C(Ga).

Lemma 2.15. For any simply connected Lie group G, there is D € N such that (w;,w;) € D™'Z. Hence
% i+l (pj) €DT'Z, Vi€ At (212)

PrOOF. By (2.9), (2.11) we get (w;,w;) = |a;|*(C™T); ;/2. Then (2.12) follows because the matrix
elements of the Cartan matrix satisfy C; ; € Z (actually |C; ;| < 3) and |a;|* € N/2, see [33]. ®

The eigenspaces of the Laplace operator on G x T" are .4, €72"2 with z1 € G, z2 € T", (j1,j2) €
AT x Z™, the eigenfunctions e, ,(z1)e272, 1 < o < d;, and the eigenvalues —|ji + p|* + [p|? — |j2|?.
We finally need to understand how to pass to the quotient space (see [23]-[24] or [33] pp. 81-85).
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Theorem 2.16. Let H be a closed subgroup of a Lie group G. Then there is a unique manifold structure
on the quotient space G/H so that the projection map 7 : G — G/H is a smooth submersion.

Theorem 2.17. Given a bi-invariant metric on G, the projection 7 induces on G/H a Riemannian
structure such that the Laplace-Beltrami operator on C*°(G/H,C) is identified with the Laplace-Beltrami
operator on

02 (G,C) = {f € 0°(G, C) such that f(z) = f(zg), Yz €G, g€ H} (2.13)

and the diagram commutes
C>(¢/H,C) —— C.(6,C)

Ag/Hl lAG (2.14)
C*(G/H,C) —— C2,(G.C)

See for instance [36] for a discussion.
Given an irreducible representation py of G we consider the subspace

W= {w€V|pv(g)w:w, VgEH}CV
and the subspace of functions A5, C .4y defined by
Ny = Span{(pv(x)wk, v), k=1,...,dim(W), I=1,..., dim(V)} (2.15)
where (v1);—1,....dim(v) is @ basis of V' and (wg)g=1,... aimw) of W.
Lemma 2.18. The Ay are the functions of My satisfying (2.13). Moreover dim Ay, = dimV dimW .
PrOOF. For any w,v € V, v # 0, the matrix coefficient (py (z)w,v) satisfies (2.13) if and only if

(pv(zg)w,v) = (pv (z)pv (9)w,v) = (pv(x)w,v), Vx €G,g € H,

and therefore (py (z)(py (9)w —w),v) =0, Vo € G, g € H. This implies —by the irreducibility of py— that
pv(gw—w=0,Vge H,ie. weW. R

Let (g,x) — gz denote the action G x X — X of a group G on a set X. We recall that the orbit of z
is O(x) := {gx € X, g € G}. The stabilizer of z is the subgroup G, := {g € G, gz = z}. The action of
a group G on X is called transitive if, Vo € X, the orbit O(x) = X.

Definition 2.8. A compact manifold M is said homogeneous if there is a compact Lie group G which
acts on M transitively and differentiably, i.e. for each g € G, the map x — gx is differentiable in M.

By Theorem 2.2 the group G = (G x T™)/N; where N; is a finite central subgroup. The action of
G x T" on any p € M induces a diffeomorphism

ME(GxTY)/N  where N :=NiG, (2.16)

and G, is the stabilizer of p (note that G, is closed and see Theorem 2.16). By Theorem 2.17 a bi-invariant
metric on G x T™ induces a metric on (G x T™)/N and, then, on M, see [6].

Remark 2.1. If M is also a Riemannian manifold with a G-invariant metric, it is natural to ask if it
can be derived by submersion from a bi-invariant metric on G x T". In general, this is not the case.
However this is true for the sphere S™ with the canonical metric (see [24]) and in several applications
arising from physics, see e.g. [36] or [26] and [31] or [26] for an application to the Landau equation.

13



For each index j = (j1,72) € AT x Z™ of the irreducible representations of G x T™ we consider the
subspace -defined in (2.15)- of N-invariant functions

NG C My = M e (2.17)

Each .#; is an eigenspace of the Laplacian with dimension dim .4} < dim .#;.
It could happen that for some j € AT x Z" the subspace .#; = {0}. The set

Ap = { € AT x Z" such that N {O}} (2.18)

is closed under sum. By the Peter-Weyl Theorem 2.5 we deduce the spectral theory of the Laplace
Beltrami operator on a compact homogeneous space.

Theorem 2.19. L?(M) = éjeAMf/‘G- A basis for </1§ C M; is, up to a reordering of the index o,
e o (x) =ej, o(x1)exp(ijoxs), 0 =1,...,d; for some 1 < d; <d;.

To conclude, we prove the non-resonance property (1.6).

PROOF OF (1.6). Let jo = (jo1,Jo2) € Am. V(I,5) € Z x Apq such that (|I],w?) # (1,w3), by (1.4),
(1.5) and (2.12),
4 gi!
>
“T—rp = O

w212 = w2 = | (ljou + o2 = i1 + pI + oo P12 = |1 + o2 (1 = 12)) + w(1

for some constant vy; > 0.

3 Abstract Nash-Moser Theorem with parameters

We recall now the abstract Nash-Moser Theorem [5] (with a few notations adapted to the present setting).

Let (X5, || |ls)s>0 be a scale of Banach spaces such that
Vs<s', Xy CX,, lulls < lulls, YVue Xy

Let (H™)) 5o be an increasing family of closed subspaces of Ns>0 Xs with projectors o . xy — HWN)
satisfying the “smoothing” properties: Vs > 0, Vd > 0, B

(S1) Il gra < Ny, Vu € X, (3.1)
(S2) I =T )ully < N ¥ulls, V€ Xopa-

We consider a C? map F : [0,50) X X140 — Xs, Where s9 >0, v > 0, dp > 0, satisfying
o (F1) F(0,0) =0,

and the “tame” properties: 3.5 € (sg, 00| such that Vs € [sq, S), Vu € X4, with [Ju|ls, <2, V0 € [0, do),
o (F2) [|10;F (0, u)lls < C(s)(1 + [lulls42), |1DuF(3,0)[A]]ls < C(s)[[hllstv

o (F3) [IDZF (0, u)[h,v]lls < Cs)([lullstullllsollvllso + lollsrllnllsy + 1l sswllvllso)
o (F4) 05D F (6, w)[h]lls < C()([1Alls4o + llullsullPlso)-
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The main assumption concerns the invertibility of the linear operators L) (5, u) :=
H(N)DuF((S, u)|H<N). We consider two parameters x > 0, o > 0, such that

o>4(k+v), S:i=s50+4(k+v+1)+20<S. (3.3)
For all v > 0, we define appropriate subsets
JA(Y{\Q C {((5, u) € 10,80) x HN) | LV (§,u) is invertible and Vs € {so, 5},

_ N*
120G, Bl < == (bl + el o) , ¥R e HOO . (3.4)

Given k > 0, we define MéN) = {u e CY[0,60), HM) | |lulls, <1, [|0suls, <k} and, for u € ULEN),
G (w) = {6 € [0,80) | (6,u(9)) € I} (3.5)

e Assumption (L) There exist o > 0, k > 0 satisfying (3.3), ¥ > 0, M € N, C' > 0, such that:
i)y € (0,3], ¥9 € (0,d0], |(93(0))°N[0,8)] < €3, (3.6)

ii) Yy € (0,7], k > 0, 35 := §(7,k) € (0,6] such that, V6 € (0,3, N' > N > M, u; € U,
uy € U with [Jug — w5, < N7,

c

‘(gg{f)(uz))c\(gm(ul)) ﬂ[o,&)‘ < c%‘s. (3.7)

The following Nash-Moser type Theorem holds:

Theorem 3.1. [5] 3C > 0 and, Yy € (0,7), there is 6o > 0 and a C* map u : [0,00) — Xso11 Such
that u(0) = 0 and F(6,u(d)) = 0 except in a set C, of Lebesgque measure |Cy| < Cvdy. Moreover, for all
§ €(0,00), [CyN[0,6)] < CHd.

4 The Sobolev scale H?®

Consider an homogeneous space M = (G xT™)/N, where G is a simply connected Lie group of dimension
d and rank r.

The Peter-Weyl Theorem 2.5, combined with the standard Fourier theory in the time variable t € T,
implies the orthogonal decomposition

L? .= L*(T x M,C) = ©ep+Ni where k:=(1,5), ET :=Zx Apq, Ny = (o 4. (4.1)
The Fourier series of u € L? is defined by

u= Z up  where  up:=Tlpu  and Ty, : L2 — Nj

are the spectral projectors. In components

d; d;
ult,w) = > €Y wge,  and  ullfa =21 YD fwll (4.2)

(ljeet  o=1 (1,j)eE+ o=1

15



For s > 0, we define the Sobolev scale of Hilbert spaces
H* = BT x M,C) = {u= 3" w | Jull2i= 3 [k+ 72 unl3e < +oo}
keE+ keE+

where g = (0,p,0) € Z x AT x Z". We have H® = L?. Since T x M is a compact C'°°-Riemannian
manifold without boundary, for any s € N, H® is equivalent to the usual Sobolev space H® = {u € L? |
D e L% Va| <5, |lullf = X jq < IDulZ2}-

Lemma 4.1. For s > s¢ > (dim(M) 4+ 1)/2, Vu,v € H*,

1. (Sobolev embedding) |ul|lp~ < C(s)|ulls
2. (Algebra) [uvl|s < C(s)[ulls[|vls
3. (Interpolation) [luv||s < C(s,s0)([[ulls[[v]lsy + l[ullsollv[ls)-

PROOF. These inequalities are well known for C*°-functions with compact support in RImAMI+1 - gee
e.g. [37], and, therefore, by a partition of unity argument, they still hold true for any compact C°-
Riemannian manifold without boundary. ®

We now introduce a preorder relation on E :=7Z x A x Z™.

Definition 4.1. (Dominance order) Given k = (I,j1,52), k' = (I, j1,j5) € E we say that k > k' if
1| > U], j1 > 41 (see Definition 2.7) and |ja| > |74|.

Lemma 4.2. (Multiplication of eigenfunctions) Given a € N, and b € Ny then
ab € G eprunNi  where Dk, k) i= {K' € B* | ' =1+, j{ <ji+3i. 35 = ja+ 33

where k = (I, j1,52), k" = (', g1, J2), K" = (1", 51, j3)-

PrROOF. The conditions I = [ + ', j§ = jo + j5 are the multiplication rules for the exponentials
elltel't = el - gljz-w2 gljz-w2 — ¢i(j2472) %2 The condition j; < j; + j; comes from Theorem 2.14. W

The next lemma is the key for proving the decay of the matrix representing the multiplication operator.

Lemma 4.3. Let s > (d+n+ 1)/2. If u € @kzk(”keE‘FNk with ko = (lmj()) € FE, jo= (j()l,joz) S
AT(G) x Z™ and (p, jo1) > 0, then

C(s)lulls

Thoy—(arnrnz  vhere (k) = max(l, k). (4.3)

lullLe <

PrOOF. By (4.2), Definition 4.1, and Cauchy inequality, we have

1/2
o)l < Y | Y wgeeie| < D Ivulo( YD leiol) L (44)

,eet o=1,...,d; Lj)eEt o=1,...,d;
(1,5)=(1g,30) (1,3)=(lg,30)

Now €;,,(x) = e, »(x1)e”’2*> and, since e;, (1) is a unitary matrix, then

Y lejol? <tr(ejel ) =n? =d, (4.5)
o=1,...,d;
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(where ej-l denotes the adjoint matrix). Applying again Cauchy inequality in (4.4),

s d;
lalie < >0 M ulB(0E LR+ 1R) Y
jeet (,j)ee™t (l + "71 +P| + |‘72| )S
(1,3)=(0:40) (1,3)=(040)
d |‘]1 +p|dim(G)—T
= 2 Y e s Sl Y s (46)
Pt Gl VIR i V2T WS Al ol + 15P)
1,5)=(o,d0) (1,5)=(g-d0)

by Theorem 2.10. By Lemma 2.12, j > jo implies |j1 + p| > ¢|jo1 + p| with ¢ € (0,1), and we estimate
the last term in (4.6) by

Z 1 </ drntly <C’/ dy < Cs(s)
|k+p_’|257d+r — || >clko-+7] |1.|2sfd+r — y>clko+ 7] y2sfdfn ~ 1+ |k0|2s—(d+n+1)

keET
k>ko

deducing (4.3). ®

Note that the previous Theorem provides a proof of the embedding H® — C(T x M) for s >
dim(T x G x T™)/2 > dim(T x M)/2. We did not attempt to recover the optimal bound on s given in
Lemma 4.1, being useless for the purposes of this paper.

4.1 Quasi-Toplitz block matrices

According to the splitting H® = &g+ Ny we shall identify a linear operator A acting on H® with its
matrix representation A = (A} ) g+ with blocks A¥ € LN, Ny).

Definition 4.2. (Quasi-To6plitz) We define the quasi-Toplitz block matrices

Ag = {A = (Aﬁl)k,k-'eE+ ;AL = sup Z {k — k/>28||‘45”% < OO}
keE+ k'cE+

where || Af [lo :== SUPueN, /. |lullo=1 | A ullg is the L*-operator norm in LNy, Ni).
If s’ > s then Ay C As because |- | > |- |s. Let 5o > (r +n+1)/2.

Lemma 4.4. (Algebra) For s > sg, As is an algebra:
|AB|s < C(s)|Als|Bls, VA,Be€As. (4.7)
A similar matrix algebra has been used in [7]. Applying (4.7) iteratively, we get, Vm € N,
A" < Cls)™H AL (4.8)
The algebra property of Ay is implied by the more general interpolation inequality (4.9).

Lemma 4.5. (Interpolation) Vs > sg, VA, B € Aj,
|AB|, < C(s)(|AL|Blsy + 1415, B, (4.9)

and, Yu € H?,
lAulls < () (|ALslulley + |Also 1l ) - (4.10)
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PrOOF. By definition

, 2
ABE= sip S0 (k=K PIABE R < sup 37 (k= k) (3 1AL ol BEllo) = 51 + 5,

n
keE* gt EET e+ ki€E+

where

S1:= sup Z ( Z HAI“II (k1 — >50||Bll§;“0<k/_k1>s<k1 —<:>;<]Z’>ik1>s)2 ! HSZ

n
keE* LicE+ kieE+

and

R R
; ) if > 2

Spi= sup ( > 148 (ks = k) IB o (k' — ki) (k1 — k) (k' — ky)o0 W=k

n
k€ET 1 icE+ kieEt

and note that in this second case é:::;é < 2. By Holder inequality, and exchanging the order of sum,

. (K — k)
S < swp AR 30k — By B I3OK — by 5 s
ke E+ k’EZE+ (klezE”r klezE'+ <k‘1 — k‘>2 0<k;/ — k1>2 )
< s 3 AR - k(D IBLIR0 - k) X S < IBRIAR K ()
= P k1 <k1>250 S0

T kieB+ ke E+ kicE+
for s > (r +n+1)/2. Similarly Sy < |B|Z |A|2K(s), proving (4.9). The (4.10) follows similarly. m
Applying (4.9) iteratively, we obtain, Vm € N,
4™, < m(C(s)| Aleg)™ 1AL (4.11)
Lemma 4.6. Let A € A, Q1,Qy C EY, Q1N Qo = 0. Then | Ag![lo < C(s)|Als/d(Q1, Qo) (rHnt1)/2,

PROOF. For any u =), uw we have

Jagly = 3| X Afue

<3 (3 1A= R el )

keQs ke keQs ke 1
< , 2s —
< Y u HO(ZHA Po=5) (X )
ke keQo ke
< ulBC(sPIAR/A(Q, 00)2 D

where 7 +n + 1 is the dimension of ET. ®

Since H*® is an algebra, any function b € H® defines the multiplication operator
u(t,x) — b(t,x)u(t, x), Yu e H?, (4.12)
which is represented by (B,’gl)k.,k/eE+ with B,’:I =T b(t, )| &, € LN, Ni).

Lemma 4.7. (multiplication operator) Ifb € H® is real, then the matriz (B]lg/)k,k’eEJr 1s self-adjoint,
i.e. (BE)T =Bk, and, Vs > (d+n+1)/2,

: C(s)lolls
k
1By llo < (k — k/ys—(d+n+1)/2 (4.13)
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PROOF. The self-adjointness is a consequence that b is real. In order to prove (4.13) we first suppose
that k= (I,7) and k' = (I, j) satisfy (p,j1 — 71) > 0. We split

b=b2kk L pZEF where p2EK = > My, b, b2FF = > Iy, b
k1 >k—k' k1 €ET k1 Zk—k' ki€ E+
(note that the relation > is only a partial order, see Definition 4.1). By Lemma 4.2 and Definition 4.1
H./\fk (bzk—k/uk,) = 0’ V’u,k/ c Nk)’ y

and therefore

3 Cls)lllls

B¥|lp:= su IInr, (bu = su ph=k'y, < ||p2EF <
1Bl = sup i (ullo = sup 02y < 24 ¥ e S Ty
upr ENpr upr €Ny

applying Lemma 4.3 because (p,j — j') > 0. If (p,j — j') < 0 then (p,j’ — 7) > 0 and

C(s)][blls
<k/ _ k>s—(d+n+1)/2

1B5 llo = 1(BK) llo = 1B flo <

by the previous estimate. Then (4.13) holds in any case. B

By Lemma 4.7 we have the following corollary:

Lemma 4.8. For any real b € H*T with a > (d+r + 2n + 3)/2, the matriz B = (B’,j/)hklebw which
represents the multiplication operator (4.12) is self-adjoint, it belongs to the algebra of quasi-Toplitz

matrices As and
|Bls < K(5)[b]|s+a - (4.14)

We shall need to consider restrictions of quasi-Toplitz matrices. Given a set of indexes Z C E™T, let

A(Z) = {A: (A Vkwer = (AT = Af and |AP = 216122<kfk'>25||14’,§’|\3 < oo}.
k'€T

Lemma 4.9. For A := (A”:l)k’k,eE+ € A, its restriction Az == (A¥ ) wer € AJ(T) satisfies |Az|s <
|Al. On the other hand, any A := (A¥ )y per € As(Z) can be extended to a matriz in A, setting A =0
for k, k' ¢ T without changing the norm |Als.

Therefore all the properties (algebra, interpolation ...) hold for A4(Z) with constants which do not
depend on Z. Moreover, the matrices I7 which represent the projectors

Iz : H® — Hr := ®perne+ Nk satisfy lIz]ls =1, Vs >0. (4.15)

4.2 Composition operators

We conclude this section stating a technical result for the composition operator
u(t,z) — f(8,u)(t,x) := 6" f(x, du(t, z))
acting between the Sobolev spaces H?, see section 2 of [3].

Lemma 4.10. (Composition operator) Fiz 5o > 1+ (d +n + 1)/2. Assume that f € C* satisfies
(1.7) for some 0 < m <k —4. Then, Vs € [s0,k — 2], the map

(8,u) — f(d,u) is in C3([0, 0] x H; H®)
and satisfies the “tame” estimates
158, 1) ls: [10uf) (8, @) s, (@55 (8, w)lls, 118505 (8, w)ls [1(Duuf) (8, w)ls < C(s, [Jullsg) (1 + JJulls) . (4.16)
Notice that if f is real on real then (6, u) — f(d,u) is in C2([0, 0] X HE,opn; HE

even’ even) :
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5 The bifurcation equation

By the hypothesis (ND) the subspace H® C Hf,, is invariant for the NLW equation (1.8) and there
is a non-degenerate solution of the equation (1.14) in @ NH*. Then, by the standard implicit function
Theorem, we solve in H?® the bifurcation equation (1.10).

Lemma 5.1. There exist 59, Ry > 0 and a C? map (,p) — q(6,p) defined on
[0750] X {pEPmHS : ||p||é < RO} —>Qf\|H3’ Vs € [507k_2]a

such that ¢(0,0) = g and q(6,p) solves the bifurcation equation in (1.10). Moreover
0,400.9)lh) = —xJ Mo ((0u)G.a0.p) + P k). ¥he QA 6.1
where J : QQ — Q is the linear operator
J[H] = J(6,p)[H] = H + T ((0u/)(0,0(0,9) + P)H ), VH €Q, (5.2)

and
g(6, p) > 105q(8, 2) 15> 10pa (8, P) 15> 105 ,a(6, 2) 5 0ppa (8, p) s < C(s)(1 + [Iplls) - (5.3)

PROOF. Note that the operator J(4,p) in (5.2) reduces, for § = 0, p = 0, to h — h+ xIlg(ma(z)g™ 'h)
which is invertible in @ NH* by (ND). Finally (5.3) holds simply because @ is finite dimensional. B

5.1 The non-degeneracy condition
We now consider M = SU(n).

Lemma 5.2. Let n # 2,4. If f(z,u) = u3 + r(x,u) where v(z,u) satisfies (1.7) for some m > 3 and
r(x,u) = r(z~t,u) then the non-degeneracy condition (ND) holds in the invariant subspace

HE = {u(t, ) € H, ., | u(t,z) = u(t,x—l)} . (5.4)

The remainder of this section is devoted to the proof of Lemma 5.2.
Remark 5.1. A real function u(z) satisfies u(z) = u(z~1) if and only if its Fourier coefficients u; :=

fSU(n) u(z)e;(z) = u} (defined in (2.6)) are self-adjoint. We use that x +— x~! is measure preserving.

We choose jo = w; € AT to be the first fundamental weight of SU(n). It corresponds to the least non-zero
eigenvalue of the Laplacian and to the standard representation pcn(x) = z of SU(n) on C". Its dual
representation on (C™)* is the complex conjugated matrix Z and corresponds to the fundamental weight
wp—1. We shall denote by V' the representation space C" endowed with the standard basis {e; }1;.

The bifurcation equation (1.11) reduces to
¢=1To¢*, q€QNH, (5.5)
because a(x) =1 and xy = —1 by (1.13).

Lemma 5.3. Q NH* := {q4 := (cost)tr(A(z ® T)) where A := A; ® A; , A, € Mat(C"), A; = Al}.
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PROOF. The dominant weights j € AT (SU(n)) such that w; = wj, are j = w1, wy,—1. Then any complex
function with Fourier indices in Q defined in (1.9) is uniquely represented by

qa(t,x) = (cost)(tr(A1z) + tr(A2Z)) @4 (cost)tr(A(z ® T)), A:=A; @ As,
where Ay, Ay € Mat(C"), and, by Lemma 2.4, tr(Ayz) € Ay, and tr(Asz) € A,y ,. Then ga(t,z) =
ga(t, =) is real iff A; = Ay and qa(t,z) = qa(t,z7 1) if and only if AJ{ = A; (see remark 5.1). W

In order to solve (5.5) we have to compute IIgq%. By (2.5) we have
3
@A = (tr(A(x @ 5:))) (cost)® = tr(A®3 (z ® 7)%3)(cos t)® = tr(A py (z))(cost)? (5.6)
where A := A% := A® A® A € End(U), py(z) := (x ® 2)®? and
U=VaoVvH® = VPgVeVeV e VeV'eaV)e(VeVeV)oduls. (57)

We decompose in irreducible subspaces each representation space in the direct sum (5.7) (see Def. 2.4).

Lemma 5.4. Let n # 2,4. In the direct sum decomposition of

(i) V&3, (V*)®3 there are no copies neither of V. nor of V*.

(i) VoVeV*, VeaV*V, V*@V ®V there are exactly 2 copies of V. and none of V*. Hence their
duals have 2 copies of V* and none of V.

PROOF. The main ingredient is the ”First fundamental Theorem of invariant Theory”, see [33]. For
SU(n) it states that the only invariant polynomial functions F(vy,..., vk, ¢1,...,¢n), v; € V, ¢; € V*
are polynomials in the generators

F((bi,vj) = ¢i(vj)aF(vi17-~-ann) = det(vil,...,vin), F(qj)il,...,qj)i"> = det(¢i17...,¢i”).

Now, a representation space W contains k copies of V if and only if W ® V* contains k independent
invariants (see Lemma 2.7). Since there is a one to one correspondence between the invariant multilinear
functions and invariants, the only invariants in V@V @ V* @ V* are Zi’k e;Qep e ® ek and sz e; ®
er X ek ®e. N

Remark 5.2. For SU(4) the only difference is that there is one copy of V in V®3. For SU(2) there is
only one fundamental weight and V®3 contains 2 copies of V. We deal this case for NLS in section 8.1.

By (5.7) and the previous lemma we get the decomposition

U={Va&V) 0w, , V7. (5.8)

An orthonormal basis for the six copies of V' (resp. V*) in U is explicitly given below.
Lemma 5.5. Consider the 2 orthogonal subspaces V; := Spang_; E,(cj) CV*eVeV,j=1,2 where

(1) (2 _ @)
M) ._ & (2)._ M~ % (1) ._ i 9 e 2)._ i _
E, = B = = €, = % eRe; Qeg, € = % e Qe ey,

ande; €V, et € V*, i=1,...,n, are the standard basis of V and V*.
Similarly, consider the 2 orthogonal subspaces Vj := Spany_; _, E,(cj) cCVeV*eV, j=3,4, where
) _ (3

(3)
(3 ._ Ck (4) . N — € (3) i (4) i
E; = , By = , e :—g eiRe' Ve, e :—g er®e' ®e;.
g Vvn g n®—n k — k k Ok g

? ?
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Finally, consider the 2 orthogonal subspaces V; := Spany_y ., E,ij) CVeVeV* j=5,6,
o3 . nel® _ O s '
k E():M, e,g)::Zek@ei@el, ek : Zez®ek®e.

%’ k vnd —n

The representation spaces V; are equivalent to V', then the dual spaces V; are equivalent to V*. Finally

EY =

the {E,(Cj)}k:17.._,n are an orthonormal basis in V;.

For A € End(U), we represent its restriction ITy, Ay, to V; by the n x n matrix A; with entries
(A)nx = (EY AEYD). By (2.4) we have

M-

6
L, tr(Apu(z)) = Ztr(Aij), W, tr(Apu(x)) = ) tr(4;z) (5.9)

1

J

where A; is the matrix which represents Hv; AIV;-"
Lemma 5.6. The function (v/2/3) (cost) xvev-(x) is a real non-degenerate solution of (5.5).

PrOOF. The caracter yygyv+(x) = tr(x @ z) = tr (z) + tr (z). The function ag; = a(cost)xvgy+ with
a :=/2/3 is a solution of (5.5) in @ NH*. Indeed, by (5.6) and (5.9) with A; = I, we get

3
g (agr)® = o® sy (cost)® W, eux.,,  (tr()+tr (7))% = a?’z(cos t)6(tr (z) + tr (Z)) = aqr .

We have to prove that the linearized equation ha — 3a?Ilgq?ha = 0, ha € Q N'H?, has the only solution
ha = 0. This amounts to show that

2(tr (Arz) + tr (A1) = Ly oot ((tr (z) + tr (7)) tr (A1 & Ap) (@ @ 50))) —0 (5.10)
has the only solution A = A; @ A; = 0. By (2.4)-(2.5), we have
(tr (IeD(ze :7:)))2 tr(A(x @ 7)) = tr (Bpy) where B:= (I & 1)®?® (A A;).
As in (5.9), we find

Iy, tr (Bpu) Ztr (Bjz) W, ,t r (Bpy) = Ztr

where B; represents Iy, By, and B; represents HV;BW;. Since V, V* are irreducibles, the (5.10) becomes

6 6
24, =) B;, 24, =) B;. (5.11)
j=1 j=1
Lemma 5.7. We have By = B3 = Ay, By = B>,
n Al tr (Al) 7’L2 +1 2A1
BQZﬁtr(Al)I—m,BSZ " 1786:713*”“(141)]_“2*1‘

PrOOF. The coefficients (E}(Lj), BE,ij)) can be computed using lemma 5.5 and recalling that A; = Ai. [ |

By the previous lemma the equations (5.11) reduce to A; = ntr (A;)I. Then we get tr (A;)(n?—1) = 0,
and, forn # 1, tr (A1) =0and 4, =0. W

The case f = uP with p odd is similar, because (V & V*)®P always contains copies of V.
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Remark 5.3. For the other groups the main point is to have the analogue of Lemma 5.4. For Eg one can
proceed essentially as above. For the other groups we have a unique fundamental representation W with
minimum eigenvalue of the Laplace operator and W and W* are equivalent. This allows us to construct
an invariant tensor J € W @ W which, under the isomorphism between W and W* mapping W @ W to
W@ W* = End(W), corresponds to the identity map. By the theory of symmetry on tensor spaces we see
that we have copies of the representation on each odd tensor power WO+ One copy of W is JO* @ W
and other copies are obtained by permuting the tensors. In particular, for W®3 we can exhibit the copies
of the representation W appearing.

6 The range equation and proof of Theorem 1.1

We solve the range equation
F(8,p) :=D(w)p —eF(4,p) =0 (6.1)

where w 1= w(d) == (W], + XOMT/2 = gL
D(w) = wQatt - A+ M and f(avp) = HPf(aa Q(57p) +p) ’ (62)

applying the abstract Nash-Moser implicit function Theorem 3.1 in the scale X, := HZ ,,NP. To simplify

notations we solve the range equation in the larger space H,, N P (not in the subspace H* N P).

For all N € N we consider the finite dimensional subspaces

HY) =& pt opNi N Hoven, C (1X. where Ef:={keE"|[|k+p <N}
s>0
(P is defined in (1.9) and N in (4.1)) and the corresponding projectors TI(N) = X, — HW) TNy .=
ZkeEj(,mP ITps, u. The smoothing properties (S1)-(S2) in (3.1)-(3.2) hold.

Lemma 6.1. Let 5o > 1+ (d+n+1)/2 and f € C* with k > 5o+ 2. For all s € [s9,k — 2] the
map F € C%([0,00) X Xs12,Xs), F(0,0) = 0, and “tame” properties (F2)-(F4) hold (with v = 2 and
S=k-2).

PRrROOF. The composition operator (6, u) — f(J,u) is C? by Lemma 4.10, and, by Lemma 5.1, also the
map (4, q) — q(8,p) is C2. Properties (F2)-(F4) follow by (4.16) and (5.3). ®

The main issue is to prove assumption (L) concerning the invertibility of the linearized operators
LI(8,p) := TN (D(w) — eDF(8,p)) e - (6.3)
It will be a consequence of the following lemma proved in the next section.

Lemma 6.2. (Invertibility) For all 7 > 1, there is sg := so(M, T) such that, if

jw?m —n| > ﬁ v €(0,1), Y(m,n)€Z\{(0,0)}, (6.4)
e(|lpllsy +1) < e, k) is small enough, and
VSKSN, e e < 5 (6.5)
then LW (8, p) is invertible and, Vs € [so, k — 1],
|6 8] < Sl + Il ell) i e HOO, (6.6)

with k== (47 +3r +2n+d+7)/2.
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We now complete the proof of property (L). We fix in (6.5)

m— 2

[m+2) ve©A F<m, (6.7)

TZmaX{T1,2+d+TL+
m—

(11 and 7 are given in (1.6)) and, correspondingly, the parameter
o:=max{4(k+2),d+n+3}+1
(the first condition is the first inequality in (3.3) with v = 2). We then take f € C* with
kE>so+4(k+3)+20+2 (6.8)

which is the second condition in (3.3) with S :=k — 2.
For g > 0 small enough, by Lemma 6.2, defining

JWN) = {((5,p) €10,80) x HMN | |Iplls, <1, w(d) satisfies (6.4) and (6.5) holds},

YK
the inclusion (3.4) is satisfied. Given a function ¢ — p(¢) in L{}EN), the set QS{YJ defined in (3.5) is

W= () k(¢ (6.9)

1<K<N
where

i = {5 € [0,80) | H(L<K>(57p(5)))71HO < 4%} and G = {5 € [0,80) | w(d) satisfies (6.4)}.

Lemma 6.3. Let y be diophantine. If sowflMﬁ” is small enough, then ggf‘ﬁ)(o) = G. Moreover G
satisfies (3.6).

PROOF. The eigenvalues of L) have the form —w?1% + w? 4+ 0(e) (I € Z, (j1,j2) € AT x Z") with
I(1,j1 + p,j2)| < K. Hence, by (1.6), if g7y "K™+2 is small enough, all the eigenvalues of L) have
modulus > v, /(4K™) > v/(4K7). Then Gg = [0,Jp). The measure estimate for G is standard. ®

Lemma 6.4. The measure estimate (3.7) holds.

PROOF. In the Appendix. B

All the assumption of the Nash-Moser Theorem 3.1 are satisfied and we deduce Theorem 1.1.

7 Inversion of the linearized equation: proof of Lemma 6.2

It is notationally more convenient to prove Lemma 6.2 in the larger scale of complex Sobolev spaces

X, = H° N ®repNyg. The same estimates will hold in HS,_ NP .

even
According to the orthogonal decomposition HN) = @ keBt mPNk we represent

h— L[] = W) (D(w) +eb(t,z)(h + (apq)[h])) , VYhe HN)

where b(t, ) := (0uf)(0,¢(d,p) +p) € HSyon, Opq := 0pq(0,p), by the block matrix

even’ ~p

LWY) =D 4eT
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where D := diangE;np (D1 I;) with small divisors
Dy = —wP + 1+ o> = |p* + 2l* + 1o, k=, 1,42) €Zx A x 2", (7.1)
I, is the identity map in N}, and
T := (Tk )k:,k’EE;{',ﬂP’ Tk = HNkL(N)L/\/k/ G»C(Nk/,Nk). (72)
The main properties to establish are
(i) separation of the singular sites (section 7.1)
(i) Toplitz estimates for the block matrix T' (section 7.2).

7.1 Regular and Singular sites

Definition 7.1. Fized n € (0,1) we define the regular sites R and the singular sites S, as

R:= {keE+ﬂP | D4l zn} and S:Rcz{keE+ﬁP | 1©4] <n}. (7.3)
We shall assume that there is a partition of the singular sites
S=J % (7.4)
aeN

where the “clusters” Q, C ET are pairwise disjoint and satisfy
e (H1) (dyadic) M, < 2mg, Vo, where M, := maxgeq,, |k + o], mq := mingeq, |k + 7.
e (H2) (separation) 3\, C' > 0 such that d(Qq,Qs) > C(M, + Ms)*, Va # 3

where d(Qq,Qs) := mingecq, recq, [k — k'] and A depends only on M.
We shall denote with the same symbols S, R, 0, also their restrictions to EJJ{,, for each .
Actually, the Diophantine condition (6.4), (7.1) and (2.12), imply the existence of such a partition:

Lemma 7.1. Assume (6.4). There exists no(7) such that, if n € (0,n0(7)], there exists a partition of the
singular sites S like (7.4) satisfying (H1)-(H2).

The proof, which follows essentially the scheme of [4], is in the Appendix.

7.2 Toplitz estimates

We now consider the operator By : H° N P — H?® N P defined by

Bo(h) == TIp (b(t,x)(apq)[h]) D np (b(t,x)J‘lf[Q(b(t,x)h)> .

Lemma 7.2. The matriz which represents By is self-adjoint, belongs to As(P), and |Bols < K(s)|B]s.
PROOF. The fact that By is self-adjoint is immediate writing
Bo(h) = —xIlp (b(t,a:)HQJ_ll'[Q(b(t,x)th)) .

The matrix which represents J is in As(Q) and Q is finite dimensional (see (1.9)). By the algebra property
J~1 € A5(Q) as well, and |J~Ys < C(s). If B represents the multiplication by b(¢,z), by Lemma 4.8 the
matrix B € Ay, as well as the matrices which represent the projections IIp, Ilg, see (4.15). Applying
Lemmata 4.4 and 4.5 we deduce |By|s < C(s)|B|s|B|s,. W

By Lemmata 4.8 and 7.2 we finally get:
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Lemma 7.3. Consider a real b € H3ES with a > (d+ r + 2n + 3)/2. The matriz T = (T} )k,k/eE;

even

defined in (7.2) is self-adjoint and belongs to the algebra of quasi-Téplitz matrices As(Ef;) with
Tl < K)bllora- (7.5)

Note also that, since the index |k + p|, |k’ + p| < N, then, Vs > a,
a (7'5) / a
T|s < 2N)"T|s—a < K'(s)N°|b]s- (7.6)

7.3 Reduction along the regular sites

According to the decomposition
H(N) = Hr® Hg where Hp = ®k€RﬁEj\r,Nk’ Hg := @kGSﬂE}Nk

we represent LY) as the self-adjoint block matrix

S
b= (JE TR whee  nh= () themLas 2l = Ls,

For the sequel we fix
2+ A 1)+2 1
51 := @+ >(T+T;:\|— Jr2ry (7.7)

and we shall always assume that

ey ' 1 4+ |T)s,) < c(k) is small enough. (7.8)
Moreover we consider the index s € [s1,k — 1].
Lemma 7.4. The operator Lg is invertible, |L1}1|S1 <2n~! and, for all s € [s1,k — 1],

LR < Cls)n™ (L +en HTs), (7.9)
IL&" Al < Cls)y~* ((L+en™ T1) WAl + Il ), VR e B, (7.10)
PROOF. By (7.3), the diagonal matrix D satisfies |[D'[s < ™', Vs > 0. By (4.7), the Neumann series

Ly' =Y (=e)™(D5'Tr)" Dy' (7.11)

m>0
is totally convergent in | - |s,, with [Lp'|s, < 2p71, taking en™!|Ts, < ¢(s1) small enough.
Proof of (7.9). We obtain, Ym € N,
m -1 my—1 S m -1 m -1
e"|(Dg Tr)"Dg'|ls < e™C(s)|(Dg Tr)"|s|DR s

(4.11)

< ()" m(C(s)| D5 Trls))™ 1D Talin ™!
(4.7) ’ 9 1 m—1

< Cl)emn 2 (Cln 7 TL,) T,

Then (7.9) follows by (7.11), for en™!|T|s, < ¢(s1) small enough.
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Proof of (7.10). By the interpolation estimates (4.10) and (7.9):
ILZ hlls < C()LE [sllhllsy +1LE s 1) < C'(s) (7771(1 +en TRl + 27771||h||s>

since |Lp'[s, <2n7'. m
The invertibility of L(V) is reduced to that of the “quasi-singular” matrix
L:=Ls—LELL'LS (7.12)

via the “resolvent type” identity

—-17rS —1
o1 (I —Lp'L% Lyt 0 I 0
(L) = ( 0 I )( 0 £t ~LELY T ) (7.13)

Note that £ € A4(S) because L is the restriction to S of the quasi-Toplitz matrix

Is (L —ISLIRi—lfRLIs)IS e A, where L= ( é LOR ) € A,

and Ig, Ir € A, are the projection matrices on S, R, see (4.15).

7.4 The “quasi-singular” matrix £

By (7.4) the singular sites restricted to Ej are
S = U Q, where Iy := {aéN | magN}
a€ln

and Q, = Q, N E;{, According to the decomposition Hg := @nezy Ha where Hy = Speq Nk, we
represent £ as the block matrix £ = (£5)a, gez, where L5 := Iy, Lz,. We write

L=D+7T  where D:=diagoer,(La), La=LE, T:=(L)axs.
Lemma 7.5. (Decay of 7) Va # 3
C(s)e|T|s

LEo < SRS
1L 1lo A Q)

(7.14)

PRrROOF. Since T and Lgl belong to the algebra of quasi-T6plitz matrices A, also the matrix 7 =
eTg — 52T§‘L1}1T1§ belongs to A;. Then (7.14) follows by Lemma 4.6 once we prove that

1T |s <e|T|s + X TELR Th|s < C(s)e|T)s - (7.15)

The last bound in (7.15) follows from

_ (4.9) _ _
TELR' T = CO)(ITELILR TR, + 1T LR TE,)
(4.9),(4.7) ) . . .
< CO(IT (LR s Tl + LI T)) + IT1 L7 T, )
(7<9) C// —1T T
< e T

using |L]_%1|S1 <27 Y |T|s, <|T|s, and en™ YT, <1. M

By the assumption (6.5) we deduce the following lemma (proved in the Appendix).
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Lemma 7.6. Va € Iy, L, is invertible and ||[L; ||o < Cy~1M].

Then the block diagonal matrix D is invertible. Moreover:

Lemma 7.7. (Inversion of D) Vs >0, D71 < C(s)y IN".

PROOF. Let u=)_ Ug, Uo € Hy. By Lemma 7.6, and since each ), is dyadic (see (H1)),

a€ln
[ W Vo ua||2 Z MP|LS uallf < = Z MEET [lua |13
acln acln ’Y acln
(32 Z M2(8+T) ||U’OCHG (Iil) ¢ Z M2 s+‘r)25||u042||9 < ( )N2’TH ”2
€L 'Y Moc 'Y
a€ln a€ln

because M, < N. ®
We now prove that £ is invertible and £~! satisfies an interpolation inequality in high Sobolev norm.
Lemma 7.8. (Inversion of L) L is invertible, |L7||s, < Cy N7, and, Vs € [s1,k — 1],

k()
Y

I ully < =N (1T ully, + (Tl llulls) V€ Hs, (7.16)

where k1 ;=27 +r +n+ 1.

PRrROOF. If C(s1)||D71T||s, < 1/2 then the Neumann series

£l — (I+D—1T)—1D—1 — Z(—l)m(D_lT)mD_l (717)

m>0
is convergent in operator norm || ||s, and, using Lemma 7.7, [|[£71||s, < Cy~INT.
Lemma 7.9. C(s1)||D7 175, < 1/2.

Proor. For all u = ZﬁeIN ug € Hg, ug € Hg,

RIS Dl [ e s

2
2 —1
< § LYo cgu@HO
QGIN BEIN BEIN

Sy (Y ancﬁnouuﬁn )’ (7.18)

aEIN BEIN

IN

(3.2)
using Lemma 7.6. Since |lugllo < [uglls,/mj', Cauchy inequality in (7.18) gives

Ly
”szlTqul < 72 Z M2(51+‘r Z ” 29”10 Z Huﬁﬂfl

a€ln BEIN mg BEIN
TaaH) M) C(s1)%e?|T)2, 2,
— Y 2s 2s T+n+1
= mﬁl (MQ+M) (251— )
(7<7) —20 2 2T2 2
< ) TR ullf Y MMW PP
a€EN BeN Mg
< V2K (s1)%* T2, ||ull?, (7.19)

where K(51)? = C(s1)%(X e p+ (k) ~T"2)2 is independent of N. By (7.8) we prove the lemma.
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Lemma 7.10. ||D~ 17 ul|; < eK(s)y L (N®|T|s|lulls, + |T|s, |ulls) where ko :== 7 +7r+n+1.

PROOF. We estimate |[D~17u||? as in (7.18) (with s; substituted by s) as follows:

DT < (Y MBS MIIE o lusllo)®

a€ln BEIN:My<5mg
2 _
o MEC Y ML olluslo)”) =20 (S + S
a€ln BEIN:My>5mp

Estimate of (S5;). Proceeding as in (7.19) with s; substituted by s, we obtain
S1 < Ke?|T3, |lull2

where K is independent of IV, because

M2(8+T) 0(81)2 Mg(s-ﬁ) C(81)2
K = Y e 2 <Y SemeEE 2
(2s1—(r+n+1)) 2s  — A(2s1—(r+n+1)) 2s
a€ln Mo BEIN:Ma<bmg s a€ln Mg keE+:(ky>M,/5 <k> ’
MEEFT) Ci(s) M2rHrantl (1)
< > <Cis) Y Sy < K(s).
— A(2s1—(r+n+1 2s—(r+n+1) — A(2s1—(r+n+1 —
2o ARG 2t 2o QsG]
Estimate of (S3). Applying Cauchy inequality in Sy we get
(32) 4T I1£5 115
So= QM 22> lusl?,
a€ln BEIN:Ma>5mg mg BEIN
@ - T2
S D M e s U
acln BEIN:My>5mp @
T]3C(s)*
< Yooy —E S,
— « 25 2s—(r+n+1)
aEln BEIN mﬁ "M,

because M, > 5mg implies mq > 5Mg/4 and d(Q,, Qﬁ) > M, /10. Then

S5 < CloPTRIulZ, 30 M2 S o < /()P T2 2, N2 o)
a€ln BEN ﬂ

using that |Zy| < CN™t"land 2s; >r+n+2. m
Lemma 7.11. Letting A := D~'T, we have ¥m € N
JA™ s < (9 K ()™ (mN= T T2 ulls, + |TI ull,) (7.20)
PrROOF. We proceed by induction. Lemma 7.10 implies (7.20) for m = 1. Then, again by Lemma 7.10,
[A™ulls < ey T K () (NPT IA™ Mulls, + [T s, [[A™ Hulls)
ey R (s) (N |T|o(K (s1)ey T |sy )™ Hlulls, + T, [[A™ ulls)
(e K (s))™ (mN™|T || TS sy + 712 ulls)

using that K(s) > K(s1). B
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PROOF OF LEMMA 7.8 COMPLETED. By (7.17)

el < D Ml + Y I@TIT)™D ) ls < D Mulls + 1D Hulls Y (v K (8)| )™
p>1 m>1

(7.20) o o _ m—

+ N™K(s)ey TP ulls, Y m(K (s)ey ™ T]s,)"
m>1

(7.8)

< yTINTTTE () ([lulls + el Tsulls,)

and using Lemma 7.7. B

PROOF OF LEMMA 6.2. By (6.4) and Lemma 7.1, taking n := no(7y), we deduce the existence of a
partition like in (7.4) satisfying (H1)-(H2).

By (7.5), the smallness condition (7.8) is implied taking sg := s1 + a (with s; defined in (7.7) and
a:=(d+r+2n+3)/2) and (1 + ||p|ls,) < c(v, k) small enough. Note that sy depends only on M and
T because A, a depend only on M (see (H2) and Lemma 7.1).

By the “resolvent identity” (7.13), setting u = ug + ugr with ug € Hg, ug € Hg,
1LY ully < |[Lgtur + Le' LEL™ (us + LRLR ur)lls + 1£7 (us + LRLR ur)ls -

To prove (6.6), we apply repeatedly the interpolation estimates (4.9) and (4.10). We apply Lemma 7.4
to bound ||L;'|s, and ||L5'ulls, we use Lemma 7.8 for ||£ ' u||s; and (4.10) to estimate ||L3ulls. By
applying (7.6), we finally obtain

Ki(s)

L8, p) " ulls < TN”(Hulls +el|DpF (0, p)lsllulls,) <

NK
T(IIHHS +lpllsllullso)

with Kk :=k1+a+1=27+r+n+a+ 2 and N sufficiently large.

8 The NLS equation

¢

We look for periodic solutions of the “vector” NLS equations

{ iwuf — Aut = ef(S,utu)ut

—lwuy — Au” = ef(d,utu)u (8.1)

where u := (u*,u~) € H* := H* ® H*. Note that (8.1) reduces to the scalar NLS equation (1.17) in the
invariant subspace

Ve = {u =whu ) e H |ut = u_}. (8.2)

Remark 8.1. The reason for doubling the equations, instead of working directly with the scalar NLS, is
that the matriz which represent u — u is not Toplitz.

The Fourier analysis of section 4 can be applied to u := (u*,u~) € L?(T x M, C?) expanding

u= Z uy where uy =My u= Ty u®, My, u”).

We then consider the linear operators on H® represented by quasi-Toplitz matrices defined as in section
4.1, with the only difference that now the blocks A¥ € L(Ny @ Nir, Ni @ Ni). All the results of section
4 remain valid. We point out that Lemma 4.7 has to be stated as follows.
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Lemma 8.1. (multiplication operator) Given f(t,x),g(t,x) € H® with f(t,x) € R real, then

P (2 5

is self-adjoint and, Vs > (d+n+1)/2,

181 < o) et (83)

PrOOF. The B is self-adjoint since f is real. By definition

BF .— < H_/\[kf(t7$)H/\/’k, Hng(t7x)HNk/ > )
P\ gt )y, Ty, f(t 2)Iy,

Recall that k = (I,71,72) with I € Z, j; € A" and jo € Z". If (p,51 — j1) > 0 we proceed for each
component as in Lemma 4.7, obtaining (8.3). The bound for B’,jl with (p,j1 — j1) < 0 is obtained by the
relation B = (Bf)T. m

The resonant subspace for the vector NLS equation (8.1) is

dj
Q=0Q3®Q" where Q" := {q = Z ellt quyjtgej,a c HY | w?-ol +wj2- = 0} .

(1LJ)ELxAM =1

We perform the Lyapunov-Schmidt reduction as in the previous sections along Q and P := Q. In view
of (ND) we restrict further the NLS equation in the invariant subspace H® ®H?*. Restricting p := (p*,p™)
to V*° (defined in (8.2)), the implicit function theorem, and the non-degeneracy assumption (ND) (lifted
to V#), imply the existence of a C? solution q(d,p) € V* N Q of the bifurcation equation. The tame
properties as in Lemma 5.1 follow by the assumption |J; |, < C(s).

It remains to solve the range equation. Setting u(d,p) :=p +q(d,p), p € V*, we define

D)= (M08 g A )e FER)= 0t G0 p)

and we apply the abstract Nash-Moser Theorem 3.1 to

We have to prove assumption (L) concerning the linearized operators

LM (5, p) := 1IN (]D)(w) —eDp F (9, p))

[HO)
where
(TR G B ) )
o) =e (1T W e ) (1 Do)

Property (L) is a consequence of the following lemma, similar to section 6.

Lemma 8.2. (Invertibility) For all 7 > 1, there are constants k > 0, so := so(M,7) such that, if
e(|pllse +1) < c(v, k) is small enough, and

4KT
i<k<N, e <= (8.4)

0 v

then LN (8, p) is invertible and an estimate like (6.6) holds.
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The proof of Lemma 8.2 requires only small modifications in the proof of Lemma 6.2. First remark
that the diophantine hypothesis (6.4) is not necessary to get a partition of the singular sites as in (7.4).
It can be proved for any w as in the case M = T™ by “convexity” arguments as in [9], or [20]. The key
observation is that the eigenvalues wjz. in (1.4) are similar to those of a torus and the small divisors appear

close to the “parabolid” wl — w? = 0.

Then, following subsection 7.2 and using Lemma 8.1 we obtain the bound (7.5). The remaining
subsections 7.3 and 7.4 remains valid because are based on purely algebraic techniques: they only require
that the operator T' belongs to the quasi-T6plitz matrix algebra.

We can finally prove property (L). The sets ggfi)(p) are defined as in (6.9) and G = [0,dp). The

analogue Lemma 6.3 states that, if g M is small, then g%)(p) = G. We then follow Appendix A.1 word
by word. To prove (A.3) we proceed as follows.

1

We consider the parameter A := w™" and

LEV (N, p) == LY (6(N), p)A

which is a self-adjoint perturbation of

) ( i0; — AA 0 )
0 —i0r = AA ) oo

We consider frequencies w close to wj, > 0. Note that § — A(J) = w™*(4) is a diffeomorphism in 51 /2, 61]
with \'(8) > ¢63™ 1. Now, for ¢ small enough, the matrix 9.2 (), p) is positive definite and we
evaluate the measure of

1
{)\ € [w;ﬁl, oy — 57T | 3an eigenvalue of .2 %) (), u) with modulus in [w;ole_T,
0

—r 2m N —o
= w:f?me }} ’

following Lemma 3.2 of [4], see remark A.1.

8.1 The NLS-equation on SO(3)

The group SO(3) is isomorphic to SU(2)\{+£e}. The compact group SU(2) is of simple type, it has rank
1, fundamental weight wy; = 1/2 and so AT = N/2. Tt is customary to denote the dominant weights
A€ AT by A=75/2, j €N, so that the eigenvalues of —A on SU(2) are

w?zi((j—l—l)Q—l).

All the unitary representations py, of SU(2) are self dual, namely py, = py, and hence the characters
Xj := Xv; are real, see (2.8). Moreover, the following “Clebsch-Gordan” multiplication rules hold:

min(i,j)

XiXj = Z Xi+j—2l - (8.5)
1=0

Since SO(3) = SU(2)\{=£e} is a homogeneous space (see Definition 2.8) we consider the set Ago(s) C
AT =N/2 defined as in (2.18). It results

Aso@) =17/2, j € 2N} =N.
We want to prove the existence of small amplitude periodic solutions of the NLS-equation

fug — Au= f(lul*)u,  f(luf?) = [ul® +r(luf®), r(0)=7(0)=0, (8.6)
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with frequency close to least non zero eigenvalue w3 =1/4 of —A on SU(2).

Since the nonlinearity is z-independent, we look for solutions of the corresponding rescaled equation
(1.17) in the invariant subspace of central functions with real fourier coefficients

H = {u(t,x) = Z U j eiltxj(x) € H®, w,€ ]R} .
(l,J)EZXNAso(3)
Since i0; and A leave H® invariant, we only have to prove the following lemma:

Lemma 8.3. If u € H® then f(|ul*)u € H*.

ProOOF. The space H? is closed under product (use the multiplication rule (8.5)) and complex conju-
gation. Then we only need to show that f(Jul?) € H* for all u € H*. The main point is that the space
of real valued functions in H® coincides with the real valued functions f(¢,x) which are central and even
ie. f(t,x) = f(—t,z~1). Indeed, for f € H® we have

fltx) = Yoo fgeMulp@) = Y fge M (p(eTh) = St

(1,j)€EZXSO(3) (1,5)€ZX SO(3)

using the definition of unitary representation. Hence, if f € H® is real then it is even.

Conversely, if f(t,z) is real valued, central and even, then f; ; = f, ;. Now if u € H?® then |u|? = ui it
is in H® and it is real valued. By the above arguments |u|? is even. In conclusion f(|u|?) is real valued,
central and even and hence in H*. B

The bifurcation equation (1.18) (where we choose y = —1) reduces to
i +TlolaPa =0, QN = {g(ta) = 3 ge*ity (@)} (8.7)
je2N

The remaining part of this section is devoted to prove the following lemma.

Lemma 8.4. The bifurcation equation (8.7) admits a non-degenerate solution of the form
qo(t, ) = qee’** x6(x) + gze™ xs(x) . (88)
In Fourier coefficients the equation (8.7) is

4w,2th = Z 4j12j2@js (s j1, j2, j3) such that wjzl + w]2»2 — Wi, =W (8.9)
J1,J2,J3

where c(h, j1, jo, j3) f50(3 XX X2 Xjs- We find solutions of (8.9) in finite dimensional subspaces.

Lemma 8.5. For all j > 4 the subspace
s 2
Qs 1= {at,1) = 1" @) + ggac ™ty @)} Qe (810)
is invariant under the map q — Ig|q|>q. The bifurcation equation (8.9) restricted to Q; is

{ (G+12=1)q;  =q;((5+Dlg* + 20 +1)lgj42/?) (8.11)
(G432 =Dajr2 = qj+2(( + 3)lgj+2* + 207 + Dlg; *) '

which has a unique solution qo(t, ).
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PROOF. By (8.9), in order to prove the invariance of @), it is sufficient to show that, if j1, j2, j3 € {7, j+2},
then w3 + w3, —w? = wj is verified only if h € {j,j + 2}. This holds true because, for j # 4,

42w —wi,) = (=12 =9# (h+1)> =1, 4Q2wj,—wi)=({+5>-9#(h+1)>—1,
using that the only natural solutions of A2 — B? = 8 are (A, B) = (3,1). We claim that
c(h,h,k, k) = min{h,k} + 1 (8.12)
which, by (8.9), implies (8.11). By (8.5) we have

h h min(k,2(h—1))
X}%Xk = ZX2(h—i)Xk = Z Z X2(h—i—j)+k -
i=0 i=0 j=0

Now 2(h—1i—j)+k = k only if j = h— i which is smaller than 2(h — ). If b < k then there are solutions
forall 0 <i <h. If h >k then h —i < k holds for h — k <i < h. This proves (8.12). B

We now prove that the solution go(¢,z) € Q; found in Lemma 8.5 is non-degenerate for j = 6.

Lemma 8.6. Let j = 6. The unique solution h € Q NH*® of
Jolh] == ihs + 2|qo(t, ) |*h + (qo(t, ))*h =0 (8.13)
is h = 0. Moreover Jy is 2 x 2-block diagonal and so |J; |5 < C(s).

PROOF. By the definition of H?, ¢, ¢ and for hy € R, equation (8.13) writes

.2 .2 .2 . 2 2 2
HQ( > et hye ity — 268 (g3 xG + g3xE) hrxr — 260 TS T gage e Xs Xk
ke2N
i

4i(2w2 —w}) 4i(2wi —w?)

‘g5 hixgxn — e WHIS
QGQSthGXSXk) =0. (8.14)

qsq6hikXxeX8 Xk — €
_9pdi(witwi—wi)t

It results that the unique solution with h,k € 2N of wg — w? + w} = w} is (h,k) = (6,8), and, of
Wi —wi +wi =w?, is (h,k) = (8,6). Moreover, for all h, k € 2N, 202 — w? # w?, 2w — Wi # wi. Finally
w3 + w2 —wi =w; has the only solutions (h, k) = (6,8), (8,6), (2,10), (10,2).

This implies that the equation for the hj is diagonal for all k # 2,6,8,10 and has two 2 x 2 blocks for
the harmonics 6,8 and 2, 10.

By (8.12) we have ¢(6,6, k, k) = min(6, k) + 1, ¢(8,8, k, k) = min(8, k) + 1. With similar computations
using the Clebsh-Gordan multiplication rules (8.5) it results ¢(8, 6,2, 10) = 3.
Then equation (8.14) gives, for k # 2,6, 8, 10,
[(k +1)2-1- 2((min(6, k) + 1)g2 + (min(8, k) + 1)q§)} hi =0
and, for (hg, hig) and (hg, hs) the two by two equations

4—3(q3 + q%))hz — 3g6gshio = 0 { 48 — 7(3¢2 + 2¢2)hg — 28qgqshs = 0
60 — (92 + 7qg))h10 — 3qeqshs = 0 80 — (2745 + 14¢3)hs — 28¢6gshs = 0.

A direct computation, using that, by (8.11), ¢2 = (48/7) — (32/19) and ¢2 = 16/19, shows that hj = 0,
Vk. m
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A Appendix

A.1 The measure estimate: Proof of Lemma 6.4

As in the proof of Lemma 6.3, for all N, N’ < N, := (cy/eo)"/ (™ +2) it results gﬁp (ug) = gﬂl)(ug =g
and thus (3.7) is trivially satisfied in such cases. In order to prove (3.7) in the other cases, it is sufficient
to prove that, Vd; € [0, do],

(o) 022000 1 [f.5) <078 A

Indeed we can decompose [0,dy] = Un21[502_",502_("_1)]. For N’ > N, let us consider §; fixed and

consider always the complementary sets in [%, 61 ).

N/ c N c N( c N
(69 ) \ (00 ) = (900 (wa)) NG ()
C {UKSN (G%(Uz) NG (u1) N g)} U {UK>N G (u2) NG| .
As we have just seen, if K < N,, then G (u2) NG = 0. Hence it is enough to prove that, if |ju; — ual/s, <
N~ then
=70
Bi= Y lek(w)nex(w)l+ D lef(ua) < O (A2)

N.<K<N K>max{N,N.}

Since LU (u) is self-adjoint [|(LU) (u))~!|o is the inverse of the eigenvalue of smallest modulus.

Since || LY (ug) — L) (uy) |l = O(ellug — u1||s,) = O(eN~7), if one of the eigenvalues of LU (uy) is
in [-4yK~7,4yK~"] then, by the variational characterization of the eigenvalues of LK) (u), one of the
eigenvalues of L) (u;) is in [-4yK ™" — CeN~%,4yK~7 + CeN~°]. As a result

Gy (u2) NGr(u1) C {(5 € [01/2,01] | 3 at least one eigenvalue of L(K)((S, up)

with modulus in [4yK~7,4yK~" 4+ CEN_U]} .

We now use Lemma 3.2 of [4] which is based on a simple eigenvalue variation argument: if € is small
enough and I is a compact interval in [—, ] of length |I|, then
Kdt+n+1 | I|

m—2
0y

{6 € [61/2,61] s.t. at least one eigenvalue of LY (8,u;) belongs to I}‘ <C (A.3)

Remark A.1. The main point of the lemma is that 8,LUS) is positive definite.

As a consequence |GS (u2) N Gx(u1)| < CK‘””“él_(m_Q)eN’” < Co N~ K4tn+1 Moreover, still
by (A.3), |G (ug)] < CK™ Iy K=" 2 Hence B defined in (A.2) satisfies

051( Z Kd+”+1)N_"+C v ( Z Kd+n+1—7)

6m—2
K<N 1 K>max{N,N.}

< Q& NET2Te C’éf(mfmfy(maX{N, N NH)HnT2=7 < Cy5 N1,

B

IN

for (6.7). This proves the measure estimate (A.1).
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A.2 Separation properties of the singular sites
Consider the bilinear symmetric form ¢, : R™t?+1 x R+l - R defined by
ooz, 2') = J-J =2, Vo= (,J), 2 =,J)eRx R

and the corresponding quadratic form Q,(z) = . (z, ) := |J|* — W?I?.

Note that for 5= (0,p,0) and for all k = (I, j1,j2) € Z x AT x Z"™ one has Q,(k + p) = D, + |p|?,
where D), are the small divisors. For notational convenience we will denote x = k + g = (I, J) where
x €Z X ATT x Z" since j; € AT and ATT =p+ AT,

A vector z = (I,J) € Z x AT x Z" is said “weakly singular” if |Q,(z)| < C for some constant C
fixed once and for all. In particular if (I,j) € Z x A* x Z" is singular according to Definition 7.3 then
x=(l,j+p) €Zx ATt xZ" is “weakly singular” with |Q, (z)] <1+ m + |p|>.

Definition A.1. A sequence xq,...,xx € Z x ATT x Z™ of distinct, weakly singular vectors satisfying,
for some B > 2, |xpy1 —ag| < B, Vk=0,...,K —1, is called a B-chain of length K.

Theorem A.1. If w? satisfies (6.4), then any B-chain has length K < BC /4P for some C := C(G) > 0
and p:=p(G) > 0.

For the proof of Theorem A.1 we proceed with the same strategy of [4].

Given lattice vectors f; € Zx A X Z", i =1,...,n, 1 < m < r+n+ 1, linearly independent on
R, we consider the subspace F := Spang{fi,..., fm} of R ¥ and the restriction ¢, p of the bilinear
form ¢, to F', which is represented by the symmetric matrix A, := {pu(fi, fir) }]%—;. Introducing the
symmetric bilinear forms R(z,z’) := J-J and S(z,2’) :=11', we write

Yo =R —w?S and A, =R —w?S

where R := {R(fi, fi)}=1 = (Ra,..., Rin), S = {S(fi, fi)}{=1 = (S1,...,5m) are the matrices
that represent respectively R|p and Sjp in the basis {fi,..., fm}. Here R;,S;, i = 1,...,m, denote the
column vectors respectively of R and S. The main lemma is the following:

Lemma A.2. If M = (G x T")/N then the matrices R, S have coefficients in D='Z for some D € N.

PROOF. Let us represent each f; € Z x A x Z™ by the components {f; ; gig“ with f; ; € Z, in such a

way that f; o is the projection on Z, >7_, f; jw; is the projection on A and (fm);gfﬂ is the projection
on Z". By definition S; ;s = fiofi,0 and hence integer valued for all ¢,¢’. Similarly one has:

r r+n
Ry =Y fijfy(wjwi)+ Y f2
Ji'=1 j=r+1

and by (2.12) one has that (w;,w;) € ZD™'. m
Lemma A.3. Assume that w? satisfies (6.4). Then A, is invertible and

Azt < B 110)™ (A4)

1=1,....m

PROOF. The matrix S has rank at most 1 because it represents the restriction to F' of a bilinear form
of rank 1. Since any two columns of S are colinear, the development in w? of detA,, reduces to

det A, = det(Ry — w?Sy, ..., Ry — w?Sp) = det(Ry, ..., Rm) —w® Y _det(Ra,...,S;,..., Rm). (A5)
=1
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Therefore D™ det A, = P(w?) is a polynomial in w? of degree at most 1, with integer coefficients since
det R, det(Ry,...,S;, ..., Ry) € D™™Z by Lemma A.2. Furthermore P(-) is not identically zero because
P(—1) = D™det(R + S) is positive (the matrix R + S being positive definite).

By (A.5), if det R = 0 then |det A,| > w?D~™, and, if det R # 0, since w? satisfies (6.4), | det A, | >
yD>"/2| det R|~3/2. Since R+ S = 'FF with F = (f1,..., fm), we have 0 < det R < det(R + S) =
(det F)2 < |f1]*...|fm]? < M>™ where M := max;—1__m |fi|. Hence

D5m/2,y

|det A, | > WED (A.6)

By (6.4), w? >, and (A.6) holds in both cases. Applying the Cramer rule
(451)s0] < D) (g2yim=n O D) ppaman-)

w v

whence (A.4) follows. &
The remainder of the proof follows [4] word by word and we omit it.
A.3 Proof of Lemma 7.6
It is sufficient to prove that [|Lowlo > ||wlloy/(cML), Yw € H,. For all w € H, C Hg, we have
Low+ 3 L5w = Lw 2 Low — LELR Lfw = Ty LV h where hi=w — L Liw. (A7)

BF#a
Step 1: > 5, [[L5wlo < e|T|s,C(s1)MET"H1=V||w]lg where v := A(s; — (r+n+1)/2) > 0

CelT]s Ilelo !
Dol < 3 2oy e < CelTlululo 3 g
pa e A 2p) pa e TO

Then, for v > r +n + 1, Step 1 follows by

Yo Y (J/+oo y Ty C(v) |
e (Ma + Mﬁ)” - Bt (M =+ |]€ =+ [7] M + y (1 + Ma)u—(r-‘rn-‘rl)

Step 2: |LMh|jg > 2771y M7 ||lw]o.
Decompose h = h/ + h" with b’ := D5 n, b := h — I} and K := 2M,. We have

18 llo = eCIT1s, [[A"]lo, ~ (A-8)

Et)e
T LRl > [TTFO L™ nlg > |ILEOR [lg — | TR 1" >
K

(2M )
by assumption (6.5) and Lemma 7.3. Moreover since h = w — Lp~! LRw and w € H, ¢ HF),
R = —(1 -1 L L w = *[Lil}ﬁm@;)e Qw.
Now d(Qa, RN (Ef)¢) > M,, and we derive that
Ce|T|s
1 S1
R ]lo < WHWHO (A.9)
Furthermore, since w € H, and ' —w = —II) L' LYw € Hp, we have ||1/[jo = (|| —w|)3 +|Jw]|2)}/? >
lwl|lo and, (A.8), (A.9), imply
VHwHo Ce’|Tf;, Wlleo C'e’|T;, 1 7
12®hllo > ezl = Gyr e (L —— ) 227 el

because s; > 7 + (r +n+1)/2, and provided that 57_1 is small enough.
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