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ABSTRACT

In this paper we study the dynamics in the semiclassical limit of some classes of solutions
for an energy-subcritical focusing Nonlinear Schrédinger Equation in presence of an electric
potential. We prove the existence of a symmetric configuration of two solitons rotating
around a common pole. The existence of such solutions derives mainly from the balance
between the attracting force of the two solitons and the centrifugal force due to the rotation
and not from the trapping effect of the potential.

1 Introduction
We consider the following Nonlinear Schrédinger Equation (NLS):

(NLS.) izg(t, z) = —e2Ad(t,x) + E(@)o(t, 2) — |o(t,2) P~ (¢, 2) (1)
where (t,2) € R x R%, p > 1, ¢ > 0 and where the electric potential is defined as follows:

1, lz] <1
E(x) = q [, 7| > 1+7n (2)
C>®(R™), otherwise

with 7 << 1. The equation (NLS.) is a model for the motion of a quantum particle in
presence of an external electric potential and appears in several applications such as nonlin-
ear optics, water waves and Bose-Einstein condensates (see [25] and references therein for
details). In the present paper we are interested in the existence and qualitative behavior of
some particular classes of solutions in the semiclassical limit, namely when the Planck con-
stant € := A tends to zero. This limit translates in mathematical terms the Correspondence
Principle between Classical Mechanics and Quantum Mechanics. It asserts that classical
laws can be recovered from quantum laws, in the transition from a microscopic scale (A ~ 1)
to a macroscopic scale (A < 1). This issue has been widely investigated in the past thirty
years. In particular many mathematicians studied special periodic in time solutions called
standing waves, namely solutions of the form ¢¢(¢,z) = U(z)e™< " with p > 0 and U(z)
satisfying (just plug ¢. in (NLS;)) the following equation:

—2AU + uU — UP~IU = 0. (3)



These solutions model particles at rest, since they keep their modulus constant V¢t € R. In
thecasee=1,1<p<1+ % if n > 3 and p > 1 otherwise, Strauss [24] and Berestycki-
Lions [5] showed that (3) possesses positive, smooth, exponentially decaying solutions of
minimal energy ue := u(r — &) for { € R™ (radial for £ = 0), called ground states. On
the other hand, the Pohozaev’s identity implies non existence of nontrivial solutions in the
complementary case p > "2 (see [5] and [21]). In the pioneering work [12] Floer and
Weinstein proved the existence of standing waves for the NLS in presence of an electric
potential V:

ieg(t,x) = —e*Ag(t, x) + V(x)d — |o(t,2) P~ (L, z) (4)
which concentrate at non degenerate critical points of V', when 0 < € < 1. These solutions
¢° behave like ¢° ~ uu(%)ewtail, where uy(x,) is a ground state solution of (3) with
uw=V(Xy) and X critical point of V. Since then, a lot of works have appeared concerning
the semiclassical limit of the stationary problem (3). For our purposes it is important to
mention the works of Gui [18] and Oh [20] for solutions with many peaks and the work of
Cingolani and Secchi [10] and Arioli and Szulkin [3] in presence of a magnetic potential.
Bartsch, Dancer and Peng proved in [4] the existence of multibump semiclassical states, for
the Nonlinear Schrodinger equation with electric and magnetic potentials, concentrating
simultaneously at different different local minima of the electric potential. On the contrary
Wei and Xiaosong proved in [27] the existence of interacting multibump solutions concen-
trating near a local maximum of the electric potential. We refer the interested reader to [1]
and the references therein for a more complete list of works.
For what concerns the study of the semiclassical limit in the dynamic case there are very few
papers. Up to now only the Cauchy problem in the energy space H!(R™) has been studied
(it is globally wellposed for mass-subcritical nonlinearities 1 < p < 1+%, see for example the
classical papers by Ginibre-Velo [14] and Kato [15] or the surveys by Cazenave [9], Sulem-
Sulem [25] and Tao [26]). As far as we know the first result in this field is due to Bronski
and Jerrard [8]. They proved that in the semiclassical regime solutions of the Cauchy pro-
blem, corresponding to initial data of the form ®¢(z) ~ u(%)ei@, travel according to
the Newton law (X = —1DV(X), X(0) = Xo, X (0) = Xp) and keep the asymptotic profile

¢°(t,z) ~ u(%x(t))elw for finite time intervals [0,7] with 7" > 0. An extension of this
result in the case of slow varying potential is due to Frohlich, Gustafson, Jonsson and Sigal
[13] and in presence of a magnetic field to the author [22] and Squassina [23]. A consequence
of these works is that in absence of any potential the quantum particle is at rest or moves
linearly (X = 0). Differently from these papers, we deal with special solutions, for which the
general theory ensures just local wellposedness (namely 1 + % <p<l+ ﬁ) The novelty
of our result is that, even in the region of R™ where the electric potential F(x) is constant
(and so does not ‘virtually affect the dynamics), there exist non stationary solutions of
(NLS;). In particular we exhibit a symmetric configuration of two solitons rotating around
a common pole. Moreover differently from the papers mentioned above, the estimates for
the concentration are uniform globally in time (so independent on ¢ for ¢ € R). In a recent
paper [16] Krieger-Martel-Raphael in the case of Hartree type nonlinearity and in absence
of any external potential proved the existence of non-periodic two solitons solutions whose
trajectories reproduce the nontrapped dynamic of the two body problem. Moreover they
conjectured the non-existence of periodic two-body type solutions for their equation. In
some sense in that paper they treat two cases complementary to our case since we think
that our argument can be applied with few changes also to the Hartree equation (thanks to
the stability result of Lenzmann [19]), but adding a trapping potential.



We now state our main result. To enlighten the notation we define the Banach space
X := L®(R,H}R")),

with its natural norm

1
2
ult,2)||x = sup ( / |u<t,:c>|2da:) ,
teR n

and the matrix of rotations

cos(7) sin() 0
R(t):= [ —sin(r)  cos(7) 0
o’ o’ Id

for 7 € [0,27] and with O the array of n — 2 zeros 0 := (0,...,0), 07 its transposed and Id
the identity matrix on R"~2. With the notation = ~ y, we will mean that % —0ase—0.
The main result of this paper is the following.

Theorem 1.1. Set K := p? and V(L) = w+ E(L) — %, with E(x) as in (2) and
L > 0. Then there exists g > 0, some constants a1 ¢, 2 € R, dependent on € and L and

_ LKL
@ € [a1e,a2c] of order & a2 ~ #, such that, for all e > 0 with 0 < ¢ < &g, there

exist solutions ¢°(t,x) of (NLS;), such that

Here w € R, y2 := Ry 1(at)z1 + Rap(a@t)rs and u (f) 1s the only radial ground state of
(8) with p = 1. Moreover ¢*(t,x) has the following symmetries: ¢°(t,x) = ¢°(t,—x) and
¢=(t, 21, —w2) = ¢°(, 7).

The proof of this theorem relies on a kind of Lyapunov-Schmidt reduction (see [1] for
a general presentation ) to study perturbative elliptic problems with lack of compactness.

Our strategy proceeds as follows. We first make a change of variable (¢,z) — (et,ex) and
arrive at the equation

wW(t,x) = —A(t, ) + Elex)p(t,x) — [¢(t, 2) P (¢, 2), ()

— 0.
X

¢°(et,ex) —u (R(at)x - L?) elalyatw) _y, < R(at)z — L?) i(~alyz+w)

where
P(t,x) := ¢(et, ex).

Next, we make the following ansatz
b(t,) = u(R(ast)r)e! (6)

where a > 0 represents the angular velocity, w > 0 the phase, and where the matrix of
rotation R is defined as in Theorem 1.1. This ansatz incorporates the qualitative behavior
of the solutions of (5) we want to find, indeed it allows us to work in a system of coordinates
rotating around the origin, in which solitons are fixed. By substituting (6) into (5) we remain
with

—Au(R(cact)r) + wu(R(cact)x) — icad R(cact)zVu(R(cact)r) +
+E(ex)u(R(cact)z) — |u(R(saet)z)|P u(R(cact)x) = 0 (7)



where J is the symplectic matrix:

0 1 0
J:=|-1 0 0
o  of 1d

Making the change of variable x — R(cact)z, (7) becomes
—Au(z) + wu(z) —icarVu(z) + Eex)u(z) — [u(z)P u(z) =0 (8)

by invariance of the electric potential F with respect to rotations. Equation (8) is the
Euler-Lagrange equation of the functional

1 1 1 1
I.(u) = = Vu2+/ w+ E(ex uZ—Re/ ieaJxVu(x)u — —— ulPHL.
=g [ VuP+g [ B - gRe [ @i-— [
However at this stage it is not so clear which is the suitable functional setting and if the
quadratic part of the functional I.(u) is coercive or not. To give a positive answer to

these questions we use the following trick: we add and remove the quantity #MQU(Q:) to
equation (8) and this leads us to the following equation:

2
(Y- 4e0) ulo) + Viecouta) - Juta)p~ute) =0, o)

where A(s) = 72sz V(s) =w+ E(s) — %2 s|? and

2
(V - A(Ex)) u(z) := —Au — 2iA(ex)Vu + |A(ex) [*u.

1

This allows us to write I.(u) in the following way:

L=} [ ](E - a)

and equation (9) as IZ(u) = 0. Therefore the natural space associated to the functional
I.(u) is the Hilbert space

2
1
+V(ex)|u — —— ulP !
ol = [

Hy A(R") = {u € C(R) < Jullya < too) ™, (10)

ullv,a == </Rn (Y — A(s:c)) u

We can easily understand that the functional I.(u) is well defined, coercive in the space
Hy 4 and is of class C?(Hy 4;R) (see Lemma 2.1). We notice that equation (9) is the
stationary Nonlinear Schréodinger Equation in presence of electric and magnetic fields (see
for example [3] or [10]). Once the functional setting is clarified, we can now start with the
proof. Since equation (9) is perturbative, the strategy is to find first some approximate
solutions and then an exact solution close to them in a suitable sense. We define the
1-dimensional manifold

L . L ;
Z. = {zi(x) =uy (x — 61> el 4y, <—$ - el) e~toke L > 0} ) (12)
€

e

with
1
2

+V(€x)\u|2> ) (11)

2

4



where uy, is a solution of the problem
—Auy, + V(L)uL — u’i =0 (13)

and depends on L like
1
ug(@) = V()71 (V(D)be), (14)

where u is the exponentially decaying radial solution of (3), with u = 1. The approximate
solutions z; are so formed by two symmetric solitons, rotating at fixed angular velocity
« > 0 on a circle of radius L > 0. These functions represent the main limit profile of the
exact solutions of (9) (see Section 3). By a Lyapunov-Schmidt reduction (Section 4) we
find a manifold Z. close to Z. which is a natural constraint for I.(u) (see Subsection 4.3).
In this way we have reduced the problem of finding critical points of I.(u) to the study
of the 1-dimensional reduced functional ®(L) := I.(u)| s, which takes the following form:
®(L) := ®(L) + Lo.t., (for the notation see Section 2) where ®(L) is defined as follows

1
o(L) := V(L) (C’o - Cle—V@)?Kf)

with K > 0 as in Theorem 1.1 and 0 := % — 5. By choosing o = @ of the appropriate
order in €

™

_V(L)%i

we find a critical point of ®(L) for some L > 0 (and hence a critical point of I.(u)) in the
region |z| < 1 where E = 0.

The paper is organized as follows: in Section 2 we fix some notation, we collect some
properties of embedding of the space Hy 4 and we recall some results about the existence of
standing waves for (1) with E(x) = 0; in Section 3 we construct an approximate solution;
Section 4 is devoted to the Lyapunov-Schmidt reduction; in Section 5 we collect all previous
results to prove Theorem 1.1.

Since the higher dimensional case requires minor changes the proofs will be carried out in
the case n = 2 (see also Remark 5.1 (c)).

2 Notations and preliminary facts

With the notation l.o.t., we generically mean lower order terms as € — 0. The components
of the matrix R will be denoted by R; ;. We will often write V(L) (or E(L), A(L)) instead
of V(Ley) (or E(Ley), A(Ley)). All the scalar products will be denoted with < -, - >y, when
it is important to specify the functional space Y or with < -,- >, where there is no chance
of misunderstanding. The same will be done for norms. To simplify the notation in some
of the upcoming lemmas (especially in Lemma 4.3) we introduce the following function,
equivalent to the H!-norm (but not to the Hy, 4 norm):

ol = (/R (F-aw)o

and the corresponding scalar product:

2

+ V(L)\¢>I2>

< 1,02 >pi= /

R2

(V. - A(L)> é1 (Y - A(L)> ¢2+ V(L)p192.

7
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These quantities are well defined in Hy 4 (see Lemma 2.1 below). We point out here that
the notation ||.||z is an abuse, since ||.||, is not an equivalent norm on Hy, 4. Moreover we

introduce the functional I, (u) == [z [ (¥ — A(L)) ¢\2 +V(L)|¢]? = g lulPt!, which is well

defined (see Lemma 2.1 below). We define also the space Hy; 4 as follows:

Hy 4 (R") = {U € Hy a(R") : u(z) = u(—z) and u(z1, z2) = u(z1, —3:2)} )

2.1 The functional setting

We have some relationships between the space Hy, 4(R") (see formula (10)) with the norm
(11),the Sobolev space H'(R™), with its natural norm:

;
lullp = ([ 190+ 1) (15)

and the weighted Sobolev space H}(R") endowed with the norm

lulho = ([ 192+ 1+ Wwﬁ)é . (16)

In particular the Hy 4-norm and the H,-norm are equivalent and so Hy 4 and H, are
continuously embedded into each other, while H' is continuously embedded in both of
them. So the following lemma holds.

Lemma 2.1. There exists some positive constants C' > 0,C7 > 0,Cy > 0, such that
Cllullp < Cillullw < [lullv,a < Collulfw- (17)

Proof. First of all notice that:

e = [ |(T A0 u

= / |Vul? + (w + E(e2))|ul® — Re/ iaeJxVuu.
R2 R2

2
+ V(sx)]u|2

Moreover we have
lex|? < E(ex) <1+ |ex|?

and )
Re (iaeJxVuu) < ea|z||Vul|u] < (ej)|Vu\2 + Jex*ul?.

Hence

|2 < 1 (‘ga)Q \V/ 2 ( 1 2)| 2<
[[ull, A < e + 1 IVul* + (w+ 1+ |ez]?)|ul* <
2
gmax{l—l—(gj),l,w—l—l}HuHi}.

Then for some § > 0 we have

(£0)”

T;QVC’QW’Q

52
—Re (iceJxVuu) > —ea|z||Vu|lu| > —E‘VUP —

6



2
+ V(ex)|ul?

= [](T a0

= / Vul? + (w + E(ex))|ul* — Re/ ioeJrVuu >
R?2 R2

52 (ear)?
> 2 2 07 2 lea)”
> /R2 |IVul* + (w+ E(ex))]|ul 5 |Vul 552

> (1= 0) [ [ (wetep (1 25)) 2
> 3 ) | u R2u w+ e’z 552 ) ) =

. 52 a? 9
> mm{l L 25} 2.

] [uf* >

If we choose § < v/2 and 262 > a2 we have that
. 52 a?
mln{l — 5,(&),1— 252} > 0.

Moreover
[ul| < [|ulw-

So, by choosing

1
C=0C=
. 52 a?
\/mln{1—2,w,1—252}

2
Cy = \/max{1+ (62‘) ,1,w+1},

Cllullg < Chllullw < JJullv.a < Colfulfw-

and

we get the conclusion:

2.2 Standing waves and the linearized equation

It is a classical result that problem
iy = —Ap+ 6P ¢ (18)

with 1 < p < 1+ -4 admits standing waves. Making the ansatz ¢(t,z) = eu(z) (u is
real valued), u has to solve

E'(u) := —Au+ pu —uP =0 (19)

and since we look for solutions decaying to zero at infinity, we work in the space H'(R"). It
is well known that, due to translations, H'(R™) is not compactly embedded into LP*1(R™).
However we can recover some compactness working in the subspace of radial functions. Let
us set H}(R") := {u € H(R") : u is radial)}. By a minimization procedure for the energy

functional of (19)
1

1
E(w) == [ [Vu]? 2—/ P, 20
(u) 2/Rn\ uf +fuf® =gl (20)

restricted to H}(R™), one shows existence of ground states for (19).



Proposition 2.2. [5, 17, 21, 24] For 1 <p < 2*—1, (19) has a unique classical, positive,
radial solution u € H}(R™), exponentially decaying at infinity.

For the sake of proving orbital stability of the standing wave ¢(t,x) = e*u(x) for
1 <p< 142 Weinstein [28], [29] (in dimensions n = 1,3), characterized the kernel of
E’(u):
E'(w)w = —Aw + pw — puP~tw,
with w € H'(R™), u solution of (19) and proved the uniform invertibility of E”(u) on its

range. It is important to recall that E”(u) is symmetric (it is an easy direct computation)
and selfadjoint on L?(R™) (see [6], Chapter 3).

Lemma 2.3. Let Z := spang{u¢ :=u(x —§) : £ € R"} where u solves (19). Then

ou .
ker(E"(u)) = Ty, Z = spang {afj,] =1, ,n} .
Moreover there exists C > 0 such that
‘< E"(u)w,w >L2‘ > CHwH%{l

for any w € Ker(E"(u))*.

3 The pseudo-critical manifold Z

In this section we prove that the manifold

L - L .
Z = {zi(x) =up (x - el) elokwz gy (—:c - el) e-tabwz > O} ,
5

3

introduced in Section 1 is pseudo-critical. By this we mean that IZ(z5 ) is non zero in general,
but is uniformly small (for € small enough) in an appropriate sense. We have the following
motivation for defining this manifold. Looking at equation (9), we notice that the external
potentials V(ex) and A(ex) vary slowly in €. Moreover the function u(z), solution of (19)
decays exponentially from the origin (see Proposition 2.2) as

Ju(x)] < ez

and so, by an easy computation, the function ur(z) = V(L)P%lu (V(L)iv) which indeed
solves —Auy, + V(L)ur, — u} = 0 decays exponentially from the origin with the following
dependence on L:

9 ~(v(D)2)al
lur(@)] £ ———F——e€ ( ) .
[V(L)zx| =
Since we freezed the argument of the potentials at the maximum of each bump, we arrived
at the equation

(21)

\V 2
<_ —A(L)) u+V(L)u— |ulf~tu = 0. (22)
i
whose one-peak solutions are of the form
L .
21(z) = uy, <:1: — el) glalwz (23)
€



which for the above reasons represents a good approximation for a one bump solution of
(9). In order to have a good approximation for a two bump symmetric solution, we have
split 27 into the following two pieces

27 = z1(z) + z1(—2x). (24)

The function 27 is not a solution of (22) because equation (22) is nonlinear, but taking
advantage of the decay of z1(x) and of the semiclassical limit, it represents a good approxi-
mation for the exact solutions of (9). Hence the following lemma holds true.
V(L)%
Lemma 3.1. Suppose o = & with &> ~ f—g— € (16, 00| with a1 . and ag ¢ as in the
hypotheses of Theorem 1.1 and 25 (x) € Z. Then there exists positive constants Cy, C1, Ca
and C3 independent on € and L, but dependent on p, such that
1
1L]|?
2= -

1
+Cz(sa)2 (V(L)2q + \aL|2 V(L)zqﬂ) +O3V(L )2qe 2KV (L)Z L (1 i ‘QV(L)éi

1
112(5)]2 < Coc2VE(Ley) 2V (L) (1 LoV (1 + ‘zm)

1
+C1Et DB (Ley) PV (L)% (1 VAR (1 + ‘QWL)Q

withq:zﬁ—%—%andlf::pg.

Proof. We first rewrite equation (9) by splitting operator I’(25) as a sum of the operator
I} (%5) of equation (22) and a remainder term:

|
=~
—~
b
~—~
N——
[\
—~~
~—
_|_
=
h
~—
N
—
—~~
~—
s
N
i
&
+

[
BN
—~
~
~—~
N————
[\
N
—
0
8
~—
+
=
=
1N
—
—~
[
~—
N
P
~—
s
N
[

[
8
~
+

21 (@) P 21 (2) + e (=) P e (=) = 2L ()P R (2) } =
(E(ex)zi(x) — E(L)21(2))} +

—ieaJ( T — ch) < < T — ch) ZO‘L‘”) +

+H{la@) P (@) + s (—2) P e () = [L (@) P2 (@)}



by the definition of the pseudo-critical manifold Z. We next estimate this quantity term
by term. In order to clarify the steps we introduce the following notation:

) 2(z),
L L )
By := —tead <:c — 61) v (UL (m _ 61) ezasz) :
€ €
L L
B_ = —iea] (—x - ?) \% <UL < x — §1> _WL””?)

= {la@)Pa1(@) + | (-2) P 21 (=) — [ (@) P 2 (2) )

For what concerns term A, from a Taylor expansion of F(x) we have

A:= (E(ex) — E(L

and

= Jeo
L L 2
:/ |E(€ZL‘) —E(L)|2 Uy, <{L‘— 61) ezaLaoz +u (_x_ €1> —iaLzo
R? 3 €
I 2
:/ |E(ex) — B(L)|* |ur <$ - €1> +
R?2 15
L L
+/ |E(ex) — E(L)|* |ug, <:c— 661) ur, <—x— §1>“ —ialey y giaLwa| |
R2
2
<

(=)
ur |t —— +
€
( Lel>2
ur\ —r — ——
€
(=== or (== 52)
—r— — ur, | — —
e €
(=2 o (== 2]
r— — ur, | — —
R2 9 13
Lep\ | Lei\ |2
—|—€4C|D2E(L€1)|2/ ’(—x— el) ur, (—:U— el)
R2 (3 3

2 2
it [ (o o) oo ) (- 22)

R2
and here we have used the symmetries of the potential E. Now we estimate just the terms
with the first derivatives of F, since the others can be treated in a similar way. By a simple

+£2]VE(L61)\2/ ‘
R?2

122V E(Ler )2 /
R2

S
urp | —r——|| +
€

+64C'\D2E(Lel)|2/

10



change of variable becomes:

L
52|VE(L61)|2/ ‘<$—€1>
R?2 g
L
+E2VE(Ley) / K—x el>
R2
+252\VE(L61)|2/ < L61>H x—Lel> uL (x_Lel> uL< m_L‘el)’ _
R2 £ £
= &*|VE(Ley) PV (L)? q/ 2 Ju()]? +€2VE(L€1)\2V(L)2q/ ol Jug)|* +
R?2 R2
LoV (L) M2V E(Ley) P /

[ (- vt )| (<o - ver )|«
u <~’U - V(L)éL;l) u <—x — V(L)éLel)

€

2 2

L61
urp | r— —
e
L61 2
Y ——
e

X

)

with ¢ as 1n the hypotheses. To simplify the notation, just in the following we will denote
d:=V(L)2% 2L Since we are working with even functions, to fix the ideas we can make the

computatlons just in the case x; > 0. In this way we have

2
= |z|? + 2dxy + |de1|* > |z|? + |dey|* .

L
x4+ V(L) =24

Hence )
@+ det] 2 (|of? + |dea?)

Moreover
2l + |der|* = C2 ([af? + |dP” + 2lald)

for any C' < \f Hence
2
e + dey| > \2[(|x]+d).

Then

Je

X

(vt
(v )iz
) (-t

X
3 9

u <—a: - V(L)éLfl> '

By estimate (21), we can continue the last equality with

|
b
.
ISH
8
[\
S
+
ISH
=
T~
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§/ dacg/ dz |z| X
R R+

< |(x 4 2der) fu ()] | ——F sl <
|z + 2deq| =
o— B (2] +2d)
gc/ dw?/ day |2] |z + 2dey)| Ju (2)] | S | <
R R+ |z + 2deq| 2
<

< Ceéi?d/ d:z:g/ dxy |z| |(x + 2d€1)|% lu(z)| =% lel
R R+
< CeVH (1 + (2d)%) .

Then taking into account also the estimates concerning D?E(Le;) (which are different just
in the power of V(L) and in the constant C') we obtain

The terms By and B_1 can be estimated in a similar way as follows:
L L ,
|B1| < / iead <:U - 61> \Y <uL (x - el) emLxQ)
R?2 g 13
Lep \ |2 L L
< (6a)2/ <l‘ — el) Vuy, <:U — el) + taLesuy, <x — el)
R2 € € €

e[| E ) (fon (o 22) [ fosenns (= 222)[) -

+
= VL [ ol (IVu(@) + V(2 faLu(@)?) <

2
<

2

< (ca)? (COV(L)Z‘I + Oy |aL? V(L)Qq_1> .

|B_1] < / ica (—:z: — Lel) \V/ <UL <_x _ Lel) eiaL:m)
R2 € c

< (ca)? (COV(L)Qq 1O |aL)? V(L)Zq’l) .

Analogously

2
<

Finally the term D can be estimated in a way similar to computations in (25) and one gets:

1
L1z
€ >’

¢ <1+ ‘2V(L)%

[N

HDH2 < CV(L)QqefQKV(L)

12



with K := p@. The constant C' depends on p, but is independent of L and . Collecting
all these estimates we get

_|_
S
o
Q
e
/N
=
h
F
+
o
=
no

=

h
o

i
N

+
2
=
S

(b‘

=
=
=

(S

o |~

~/~

—_

_|_

[N}
=
=

[NIES

[
N———

with Cy, C1, Cy and C3 independent of ¢ and L. ]

4 The Lyapunov-Schmidt reduction

In this section we find an exact solution u(z) := 25 (z)+w(x) of equation (9) via a Lyapunov-
Schmidt reduction. An important issue is that equation (9) is invariant with respect to
some symmetries and this allows us to work in the space Hj, ,(R") (see Section 2). The
choice of the approximate solutions (12) suggests which subspa{ces are more suitable for the
procedure. Therefore we split H v, 4(R™) into the following two orthogonal closed subspaces

TziZE = {8in (1‘) L e R},

Ler i L A
8L2’i(aj) =0 <UL (.%’ _ Eel> ezasz) +0r (uL <—.%' _ (:1> e—zoaLa:2>

W= (T.: 2°) .

where

and

Moreover we define the associated orthogonal projections P : Hy, y — W and @ :=Id— P :
H ‘5/ 4 — T2 Z°. Thanks to this splitting equation (9) is equivalent to the couple of equations

PIL(2] +w) =0 (the range equation)

and
QIL(z5 +w) =0 (the bifurcation equation).

4.1 Invertibility of I”(25) in Z-

We begin with a lemma which describes the kernel of I”(z1(x)). We omit the proof since
it is a straightforward application of Lemma 2.3 and the analysis by Cingolani and Secchi
[10].

Lemma 4.1. Let 21(x) be such that Z° 3 27 (v) = 21(x) + z1(—x). Then ker(I} (z1)|m;, ,)
is one dimensional and ker(I}(21)|ms ) = Tes 2°.

In the following lemma we notice that 9y, 25 () can be well approximated by 18,, 25 ().

13



Lemma 4.2. One has the following estimate:

D21 (x) = —0p, 21 (2) + O (V(L)'VV(L)) + O (saV(LW%) . in Hay,
with v 1= -1 — 5 + p%l and hence
0125 () = 0y, 25 (2) + O (V(L)'VV(L)) + O (eaV(L)W%) . in Hay.

Proof. We start by computing 0r,25 (z):

L ; 1 1 L .
aL <UL <.CU _ 661) ezaLac2> — 71‘/(11)1,11 1VV(L)UL <.73 . ;1> ezang +
p—

+V(L)p%1 (7306962% (a: _ L?) glalzz | gioLeayg, . v (V(L)é (m B L?)))

1 14 L61 il
= —V (L)t "VV (L — —— | P2
p—l[/( E ( )uL<x 6)6

—}-V(L)PljiaxguL <:c - L:1> eloler 4
oL 1 1 Ley el 1
el (Vu (VL) EVV(LD) (2 - =) = Sy )

Multiplying by € we get:

edrzi(x) = edy, <uL (ac — Lel) emL“) = —0p, 2z1(x) +

e

1
+e— 1V(L)_1VV(L)21(:U) + icaryz (z) +
+€ei°‘L“%V(L)’%VV(L) (m - Lgel) -Vur, (a: - L?)

Now we estimate the remainder term by term. First part of the remainder:

</R |z~goWl<x>|2azl«)é —co (/R raur <x - Lfl) def _
([ o) < ] ) -

1 ntl n+1

— vt E ([ e @)Pae)” < ceavinE
R2

N

Tou (V(L)

14
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Second part of the remainder:

p—1

Third part of the remainder:

(],

4 1 L L
aemL”gV(L)*%VV(L) <$ - ;1) -V, <:c - ?)

1
1 N 2 lmg 1
<egV(L) T TETIVV(L) (/ |z - Vu (z))? dw) < CeV(L) 'R EIVV(L).
R2
Collecting all these estimates we get
0Lz (x) = —0p 21 (2) + O (V(L)'VV (L)) + O (saV(LW%) . inHay,  (26)

with v = -1 -5 + 1% and hence the thesis. O

We now prove some invertibility property of I”(z5) in Zt. The result is obtained by a
localization procedure around the two bumps. This strategy turns out to be good thanks
to the decay estimates (21) and to the symmetries of the space Hy, , . The proof of the
invertibility exploits the techniques used in [1] and in [7] in some different contexts.

Lemma 4.3. There exists a constant C' > 0 such that for € small enough, one has the
following estimate:

< I'(25)w,w >> C||w||?, we W. (27)

Proof. We recall the definition of I(u):

L(u) = ;/R <7 —A(sx)) "

Since I(u) € C%, we are allowed to differentiate it twice and we can easily compute

2
1
+ V(ex)|u|2 — pi—i- . |u\erl (28)

< IV(25)v,v >

15



in this way:

2

1
+ Vi(ex)|v* = |25 P v + (29)

<I'z5)v,o> = 3 /R? (Y - A(ew)) v
—(p = D21 P Re(2] ) Re(v) — (p — DL P> Im(21 ) Im(v).  (30)

In order to localize around the two bumps, we introduce the cut off function x

11 BR(O)
x(@) =40, Bg(0) (31)
Vx| < %, otherwise,

V- (Y - A(ex)) ,

v =1 + va + v3,

where we have used the notation

and split the test function v as

where

L€1

() = x (:c : ) (@), va(z) = x (—x - Lfl) o()

and vs(x) := v(x) — v1(z) — va(z). Since v(xz) = v(—x) then vi(x) = vo(—x) and we also
have that supp(v1) C Bagr (%), supp(v2) C Bap (—*£4), supp(vs) C B (%) U Bp (%)
17 = ol + ozl P + [[os]P +2 < wi, vz > +2 < wz,v3 > +2 < vz 01 >=
= [loal[* + [[v2]* + [fos|* + 2 < vz, 03 > +2 < w3, 01 >

v

The quantity < wvi,ve > vanishes since, as noticed above, the supports of v; and vy are

16



disjoint. We now compute the scalar product < vo,v3 > as follows

< vg,vV3 > = Re @’UQ%T);} + V(EJU)UQT)?, =
R2

= Re /R2 Vs <m) + V(ex)vy (v—v1 —v2) =

— Re /R2 <W><+ + NX+) (%(1 —x+ —X-) +oV(L— x4 — xf)) +

+he [ VienoT— -] =
R2

= Re /R2 (’60‘2 + V(ex)|v]*x vl — x4 — X—)) +

+Re /R? v%@;g (1 — X4 — X,) + @UUXJF (@(1 - X+ — X,)) +

e [ o9 (F0 -3 —x0) =
RZ

= Re /R2 (’@U‘Q +V(ex)|v\2x+v(1—x+)> +

+Re/ vVoVy (1 — X+) + Vo, (@(1 — X+)> +
R2
+he [ 0P (F0- )

R2

We set ,
T = Re/ <‘@v‘ + V(ex)|v[2) X+0(1 = x4)
R2

and
T, = Re/ v%@)@r (T—x1) + Vx4 (@(1 - X+)> +
R2
+R€/ [0]*Vx+ (@(1 - X+)>
RQ

We can estimate m as follows

|T2| < ‘/R? vVoVyy (T—x4)+ VT4 (@(1 — X+)>‘ +

N )| E

R2

< [ 90| [ 1=+ [ 1ol [F] bl [9 1 = )| +
R? R2
2| = 4 V 4 2
+ | WP Vx| [Va x| = 2 ol [Vo] + 7 wf? <
R? R<|z|<2R R<|z|<2R

2 4 ~ |2 C
<|\5 7+ 53 / <’V1}‘+02>§02 — 0, as R — +oo.
(R R2> R<|z|<2R i RH HV’A

This bound implies that || = OR(l)HvH%,, 4- We can use the same procedure for

<V2,V3 >=T-1+ T2

17



with
7_1:= Re /R2 (‘@U‘Q + V(ex)yUP) o =x)

and
T_9 = Re/ v%@x_ (T—x-)+ VuTy— (@(1 — X—)) +
R?2
—i—Re/ DR (@(1 — X—)) .
R2
Hence |7_o| = OR(I)H’UH%/’ 4- These preliminary estimates give us:

1ol = [loal” + o2 * + [Jos][* + 271 + 271 =
= HleZ + H’U2H2 + HU3H2 + 2 < wo,v3 > 42 < ws,v; > +OR<1)HUH2'

We are now in position to evaluate < I”(27)v,v >. By means of the cut-off function we
have the following splitting:

<I(wu> =< DD >+ < (v > + < Iz e, v > +
+2 < IV (25 vy, v9 > +2 < TV (25 ))ve, v > +2 < IV(25 vz, v1 >

For simplicity we set

o1 =< Ig(zi)vlyvl >, 02 =< Ig(zi)UQ,UQ >7 03 =< Ig(Zi)Ug,”Ug >7

o192 =< I(2})v1,v2 >, 023:=<I!(2])va,v3 >, o031:=<1I!(2])vs,v1 >.

Before estimating each term, it is worth to compute the second derivative of the freezed

functional I1,(u) (see Section 2):
" £ v
<I;(zf)w,w> = Re/ < - A(L)) w
R?2 ]

—(p = DI2L [P Re(2] ) Re(w)w — (p — 1)|2L [P~> Im(2]) Im(w)w(32)

2
+V(LD)wl? = [ P~ wl? +

We start estimating o1, as follows

op = <II(z5)vi, v >=< I7(27)v1,v1 > +/ (V(ex) — V(L)) |1 |* +

R2
2 2
v ('(V—Am)) w| - \(V.—Aw)) 0 )
R?2 2 (3
We define
Y1 1= 5 <v1,0p21 > and U1 := v — Y.
|021]]7,
Then

< I7(23)v1,v1 >=< I} (25)01, 01 > 42 < I7 (231,91 > + < I7(25)1, 91 > .

By definition of ¢ and by the invertibility around one bump of I} (see Lemma 4.1) we
have
< I7(21)01, 71 > or|[wll%.-

18



By construction we have
< Ul,ain >r=< U,@in > — < ’Ug,aLZi > — < Ug,ain >, .
By the symmetries of v,v1,v2 and 9,27 we get
< v1,8in >1=< UQ,aLZi >, .

We can verify this by direct computation:

\Y

(7 - A(L)) a7} <Z - A(L)) v2 + V(L) 0Lz vz =

< 8in,v2 >L:/
1

R2

_ / (VoaVor2s +iA(LTVOL 2, — A(L)Voad 2 + [A(L)Pa0p25) +
R

+ [ o).
R2

We make the computations just for the first two terms of the integral since the others are
similar:

VeV 2, —/ Vav2(2)V50r 27 (x) =
R? R?

= V_zv9(—x)V_,0r2% (—x) :/ (=1)Vyvo(—2)(—=1)V, 025 (—x) =
R2 R2

= Vo1 (2)V0nz7 (z) = Vo Vorzg
R?2 R?
and

/ PA(L)5V O, 2 = / ALY 0a () V0125 () = / ALY 0a (—2)V a5 (—) =
R2 R2 R2

:/ iA(L)v1(2)0pV _225 (—) :/ TA(L)v1(2)0LV 325 (z) =
R? R2
— [ AL @Yo o)

By analogous computations on the other terms we have < v1,0r27 >1=< v2,0127 >, as
desired. Hence

< 1)1,3in >r=< U,@in > — < Uz,aLZi > — < Ug,ain >,

implies
1
3 < wy,0p2) >=<wv,0pz7 > — < 3,002 >, .
Moreover
1 R 1 1
5 < 'Ul,aLZL >r= 5 < vl,aLzl > +§ < vl,ang >
and so

1 1
5 <w,0pz1 >=< U,@in > — < Ug,@LZi >7, —5 <wi,0L29 >, .
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We now estimate term by term the last quantity. Since by hypothesis < v,dr27 >= 0, then

<w,0pzy > = / (V - A(sa:)) orzg <Y - A(sa:)) v+ V(ex)0Lz7v +
R2

7

- /R <V, - A(L)> o125 <7 _ A(L)) v+ V(L)ILZT,

7

but this terms can be estimated in a way similar to the one used in the proof of Lemma 3.1
and so < v,0r27 >1= or(1)||v||. For what concerns < w3, drzj >, we can just notice
that v3(x) is supported in B%(%) U B]C%(—%) where 01,27 is exponentially decaying and
this leads directly to < v3,0r27 >1= ogc(1)||v|| and in a similar way < v1,0122 >1=
or.e(1)||v]|. By these reasons we can conclude that

<w1,0pz1 >1= OR,a(l)HUH
and so

[[1]] = ore(D)][v]]-

Collecting all these informations we have

<Ip(zp)vn, v > =<IL(2L)01,01 > +2 < I7(21)01,¢1 > + < I7(2])¢1, 91 >=
> 0p|[Tnl[7 + ore()][v]*.

Going back to o1 we have the following

o1 = <I/(z5)v1,v1 >=<I7(2)v1,v1 > +/ (V(ex) — V(L)) |v1]® +

-
+ /Rz <’<Y—A(5x)>v1 2—‘<Y—A(L)> o 2) >

Sullonll +one el + [ (Vien) = VD) ol +

WA(GE )-

= 6zllorl]* — (14 61) /R2 (V(ex) = V(L)) [or|* +
— (1+061) /R (‘ (Y —A(sx)) wl - ‘G _ A(L)) o

> Cilfulf?
for some Cy > 0, by the estimate performed in Lemma 3.1. To estimate the corresponding
o9 =< I/(%5 )va,v2 >, one has to make the same steps but with

Y

2
) +ore(D|* >

Py

= 5 < w9,0L29 >, and U3 1= vy — Yo
0L 2217,

and obtains

oy =< I (2] )va, v9 >> 02HU2H27

20



2

for some Co > 0. For what concerns o3 =< I’(25)vs, v3 > we have
7 = <) >=Re [ V(L) eaf? — |25 P enf? +

|(5-a0)

—(p = D21 P~ Re(2] ) Re(v3)u5 — (p — D|2L [P~ Im(2] ) Im(vs)v5 =
= |ls|[” = [2£ P~ os|* +
~(p = V)I2L "7 Re(2] ) Re(vs) s — (p — 1)|2L [P~ Im (2] ) Im(v3) 3.

As before, since v3 is supported where 27 is exponentially decaying, we have
2
=< Iél(Zi)Ug,Ug >> CgHUgH .

Without repeating all the computations we have that for 23 and o037 there holds the
following estimates:
023 =< Ig(zi)vg, vy >> 02’37'1 + ORyg(l)

and
031 =< Ié’(zi)vg, v >> 03717'71 + OR’E(l).

Collecting all these estimates, we get
< I(2i)v,v >=01+ 024+ 03+ 012+ 023+ 031 >
> Cy||v1]]? + Collva||* + Csl|vs||* + Co371 + C317—1 + op(1) >
> min{C1, Cy, C3,Ca3, C31} (|[v1]|* + l[o2||* + |[vs| | + 71 + 71 + 0r(1)) = Cllo|?

for some 0 < C' < min{C}, Cq,C3,C23,C31}. This concludes the proof. O

4.2 The range equation

We are now in position to solve the range equation. We rewrite PI.(z7 + w) = 0 in an
equivalent way, suitable for the Contraction Mapping Principle. First we have

Iz +w) = I(21) + I2(21) [w] + R(21, w)

with
R(2f,w) = (2] +w) — IL(27) — I/ (2] ) [w].

Then taking the projection to the range and by Lemma 4.3, we arrive at
w = N, (w), where N, (w) = —S; " (PIL(25) + PR(25,w)) ,

where Sp, := PoI/(z7)o P. Our aim is now to prove that N, r(w) is a contraction in some
ball of Hy, 4.

Proposition 4.4. Fore > 0 small enough, there exists a unique w = w(e, L) and constants
Co, C1, Cy and C3 (independent of € and L) such that PI.(2 +w) =0 and

3 L
[wl? < Coc |V E(Len)|PV (L) (1 LVt (1 n 'av( L)i2

1
Oy D2E(Ley) PV (L)% (1 e VAV (1 i 2V oL

;
+Cy(ea)? (V(L)Qq + |oL? V(L)2‘1_1> + O3V (L)% KV(E )2 L <1
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Proof. By the same estimates in [1], page 128, and the embeddings proved in Lemma 2.1
we have

|R(2g, w)l| < C ([[w]? + [[w][?) (33)
and
|R(25,w2) — R(2L, w1)|| < C (JJwa* + [Jwal [P~ + [Jwy|[* + [[w][P1) [Jws — wy]].

By Lemma 3.1 we have

o |

hence we obtain

IN-.(w)|| < Coe?|VE(Ley)|*V (L)% <1+e VaV(L)? (1+ 2V (L) =

) v
)) )

+0a(ea)? (VLY + oL V(L) + O3V (L7 KV E 4 ¢ ((lul? + o] p6)

1
+C1*|D?E(Ley) >V (L)%t (1 e VDI L (1 + 2V

and
||Nz, 2 (w2) — Ne,p.(w1)|] < C ([|wal]|? + [Jwa] P~ + [[w:||* + [[wi[[P7F) [[wg — w1 (37)
For C' > 0 we define the set
W :={we W :|lw|| < CA, L)}

with

o |

We show that N, 1 is a contraction for sufficiently large C and for sufficiently small . If
C > 2C, by (34) the set W is mapped into itself if € is sufficiently small. Moreover if
wi,wz € We, by (37) we have
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INe (w2 Nep ()| < € (C* 4 C77) (Mo, D)+ Ae, L) llws = wnl|. - (38)
So for ¢ sufficiently small C <€2 + ép%) (A(g,L)* + A(e, L)P~') < £ and hence

1
|| Ne, . (w2) Ne 1 (w1)]| < §|lw2 — w1l

so N r is a contraction and by the Contraction Mapping Principle there exists a unique
w € W solving the range equation and satisfying

This concludes the proof. O

4.3 The natural constraint

This subsection is the key point to reduce the problem of finding critical points of I.(u), to
the study of the critical points of an appropriate 1-dimensional function. This will be done
by proving that the pseudo-critical manifold Z is near a manifold Z (in a sense which will
be explained below) which is a natural constraint (see [2]). To reduce the problem to a finite
dimensional one, first we have to prove that w depends smoothly (in the C! sense) on L,
more precisely we have to prove that the application L — w(L, ) belongs to C! (R, Hy,4).
This is a consequence of the Implicit Function Theorem.

Lemma 4.5. The function w(e, L) found in Proposition 4.4 is of class C* with respect to
L andg—’f—>0 as € — 0.

Proof. Consider the map H : R x Hy g x R x R — Hy 4 x R defined as follows:

IL(25 +w) — adrz5 >

H(L,w,oz,s)::( <w, >

Then w € W is a solution of PI/(z§ +w) = 0 if and only if H(L,w, «,e) = 0. We check now
that the operator H satisfies the hypothesis of the implicit function theorem. For v € Hy 4
and 8 € R, there holds

H(L,w,a,e) [ I/(25 + w)[v] — BOL25
ow,a) <wv,0pz7 > )

By Sobolev Embeddings and Lemma 2.1, and by estimates similarly to the estimate (33)
we obtain

H(L,w, a¢) _ ( 1Z(z1)[v] — BOL2] _
W[U’m o ( Ve v, 0% < ) + O([[w]|* + [w][P~H).
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H (L,w,a,a)}
Ow.a) [ (1,00.)
and so % is uniformly invertible in L in a neighborhood of (L,0,0,¢) for € small
enough. We now appply the Implicit Function Theorem and we get that the map L +—

w(L, ) belongs to C! (R, H‘S/A). O

By Lemma 4.3, we get that [ is uniformly invertible in [/ for € small enough

Now using a geometric argument we get that the manifold
Z. = {u(z) == 25 (z) +w(z); L >0},
and w as in Proposition 4.4, is a natural constraint for I..

Proposition 4.6. The manifold Z. is a natural constraint for I.. More precisely
I |Z~E (u) = 0= I.(u) = 0.

Proof. Suppose that I7| 5 (2} +w) = 0 for some 27 +w € Z.. Then I[| 7 is orthogonal to
Tzi+w2~’5. On the other hand I7| s € Tzi Z. by definition of w and the two tangent spaces
Tz +wZe and Ty: Z. are close if € is small enough. This implies that Il(2§ +w) = 0, which
concludes the proof. O

4.4 The reduced functional

Thanks to the discussion in Subsection 4.3 and in order to solve equation (9), it is enough
to find critical points of the following 1-dimensional functional:

1

1
Be(1) = 1(u) |5, = 5115 +wlla = o [ 1e ol (39)

This functional can be rewritten in a more explicit way as in the following lemma:

Lemma 4.7. The reduced functional (L) has the following explicit dependence on L:
(L) = =(L) + R(zf, w),

- . 1 -
where ®. = V(L)? (C—Ce_V(L)él(eL), C > 0, C > 0 and independent of L and &,

. ptl _n
0 .= 1 9 and

with Cy, C1, Cy and Cs independent of L and €.
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Proof. Since

and

2 1
lalifa= [l

2 +1
lealifa= |l

and by Taylor expansion, one has

o (L)

1 1 1 )
= S lilat < v svaglolfa—— [P
1 1
tfoag [t - o [t =
p—i—l R2 p+1 R2

1 2 1 1
=5 A prl /R2 12577 + Ri(2%,w) + Ra(2, w) =

_ 1 2 1 p+1 1 2 1 p+1
{3ttt - g [lart e Gl = o [t

1 L1 L1 »
+<{— szr—l—/zp— 21 + 2P +
{p+1/f{2| 1| p—|—1 R2| 2| p—l—l R2| ! 2’

+ < z1,29 >, +{< z21,22 >v,A — < 21,22 >L} + Rl(zi,w) +R2(zi,w) =

1 2 1 2 1 2 1 2
#{G Il = 3 lalt b+ {5 allfa = 5 el =

1 1 1 1
=== — |2’1‘p+1+ - — — |2’2’p+1+<2’1,22 >+
2 p+1 R2 2 p+1 R2

1 1 1 +1 1 / +1
+9— 7Pt 4+ —— 2T — —— 21+ 2P b +
{p+1AQ| 1‘ p+1 R2| 2‘ p+1 R2’ ! 2’

+R1(Zivw) + RQ(Ziv ’LU) + R3(zi7w) + R4(zi,w) =

1 1
21 =2 — — p+1 R/ p—1
(3 5) folo ™ e f o

1 L1 L1 »
+<{— szr—}—/zp— 21 + 2ff +
{p-l—l/Rz| 1‘ p+1 R2| 2| p+1 Rz’ ! 2’

FR(25, w) =
u (m —V(L): le) T <x - V(L)%L61> x

=CoV (L) + V(L)(’/
R2

L
XU (—x - V(L)% el) cos(2aLxs) +

€
L p+1 L p+1
+1V(L)9/ U<-’IJ—V(L)5€1) + u(—x—V(L)% 61)
p+1 R2 € €
1
———V(L)? x
p+1 ( )
. L ) p+1
></ u <$_V(L)§Lq) gioles |y, (—x—V(L)é 61> p-iaLm|
R2 9 €
+R(2},w).
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Here we have used the following notation

R(Zi,?ﬂ) = Rl(zi7w> + RQ(‘ZE?U}) + R3(Ziv w) =+ R4(Zi, w)v

with ) .
R ZE,’U) __ Zsp—i—l_/ 25+wp+17
1(2, w) p+1R2\L\ p+1R2!L !
1
RQ(Zivw) =< zp,w >V,A +§ HwH%/,Aa
1 2 1 2 1 2 1 2
Ra(ef,w) = 5 latlida = 5 el + 5 llzall? 0 = 5 I
Ry(27,w) :=< 21,20 >v,4 — < 21, %2 >,
1
p_btl _m
p—1 2
and

~ 1 1
o - p+1
C.—2<2 p+1>/RQ|u(x)| .

To simplify the notation we will write

&
L
p2:=u (—95 - V(L)% 61)
g
and
B := aLxs.
Then
o1 PTL 4 2P — [p1e™ 4 pae PP = | py [PTL 4 | poP T +-
p+1
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Coming back with the original notation we have obtained that
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