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( 2 )  L e t  T ( R ) = { l € T t ( R ) l ( t J ) t = R  f o r s o m e  J e  r ( R ) } .
Then T(R)  i s  an  abe l ian  group under  the  t -mu l t ip l i ca t ion
I  " J  =  ( l J ) t .  T (R )  i s  t he  g roup  o f  t - i n ve r t i b l e  t - i dea l s .

( 3 )  L e t  D f ( R )  =  t  t  €  T ( R )  l l  i s a f i n i t e t y p e v - i d e a l , i . e . ,
l  =  Jv  f o r  some  f . g .  J  €  g (R )  ) .  Then  D f (R )  i s  submono id  o f
D ( R )  u n d e r  t h e  u s u a l  v - m u l t i p l i c a t i o n  I x J  =  ( l J ) v .  T ,
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Facts. ( 1) I € T(R) =+ I e Df (R) 
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( 2 )  I e  T ( R )  = +  I - x 1 R o . . . n x ' R  f o r s o m " ' i  / * i € K .
(3 )  TFAE fo r  a  t - idea l  I  o f  R .  
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( a )  i  i s  t - i n ve r t i b l e ,  i . e . ,  ( l l - 1 ) ,  =  R .  
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( b )  I ,  i - 1  €  D1 (R) ,  and  ( l  :  I )  =  R .
(c )  I  e  D1(R)  and Ip  i s  p r inc ipa l  fo r  a l l  p  €  t -Max(R) .

( d )  I I - 1  q  p  f o r a i l  p € t - M a x ( R ) .
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Pr in(R)  c  inv(R)  c  T(R)  c  Ds(R)  c  D(nf  c

Def  .  For  any in tegra l  domain R,  we def ine A1nuu W*")"

Cl (R)  =  T (R)  /P r tn (R) ,  the  ( t - ) c lass  g roup  o f  R .

c l (R)  is  an abei ian group and p ic(R)  c  c l (R) .
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Def  .  For  any in tegra l  domain R,  we de f ine

Ioca l  ( t - )  c lass  grouP of  R.
G(R)  =  C ] (R)  /P ic (R) ,  the

O -> pic(R) Cl(R)

Does  C t (R)  =  C I (R)  ?

(1) R is a Pruf.er donnain'
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t  =  d  and T(R)  =  Df (R)  =  Inv(R) ;  so

C l ( R )  =  0  e  R  i s a B 6 z o u t d o m a i n '

v - t
ct(R)

( D  R  i s a

=  d  i f  R  i s a
= 0 e R is

Kru l l  domain .  Ctc -  Y
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CI(R)  =  P ic (R)  '

Dedek ind  domain ,  and

a  P iD .

t  =  v  and  T (R)  =  D(R)  =  D1(R) ;  so  C I (R)  =  C l (R) '

AIso,  t -Max(R)  = X(1) (R) '

Thm. (Kang-1989)  TFAE for  an in tegra l  domain F I  
'P  J  ,

(1) R is a Krutt domain 
*'"J,#;"i 
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Q ) E v e r y t - i d e a l i s t - i n v e r t i b } e ( i . e . , T ( R ) = g t ( R ) ) .
(3) Every pr ime t- ideal is t - invert ible '

G ) E v e r y n ' o T l z e r o p r i m e i d e a l c o n t a i n s a t _ i n v e r t i b l e
pr ime t - idea} .

( 5 ) E v e r y p r o p e r t _ i d e a l i s a t - p r o d u c t o f ( t _ i n v e r t i b i e )

pr ime ideals
( 6 ) R y i s a U F D f o r e a c h M € t _ M a x ( R ) a n d e v e r y

minimal pr ime ideal is a f in i te type t- idea} '  g
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One can a lso  de f ine  a lmost
rnul t ip l icat ively c losed set  S c
t f  f o r  e a c h  0  / x  € R , t h e r e i s
x n = s t  f o r s o m e  s € S  a n d  t
i s  to rs ion  i f  and on ly  i f  C l (Rc)

spl i t t ing sets .  A saturated
R i s  an  a lmos t  sp l i t t i ng  se t

a n  n = n ( x ) >
€  N  =  N(S) .  In  th i s  case ,  C l (R)
and Cl (RN) are both tors ion.

Maps  be tween  c lass  g roups ,  I I

we have seen that  i f  A c  B is  a  f ra t  extens ion of  in tegra ldorna ins,  then we have an induced homomorphism
Cl(A)  CIB)  g iven by [ t ]  - ,  t tB l .  What  i f  B is  not  a  f la tA-rnoduie or  A is  not  a  subr ing of  B?

For  any extens ion A c  B of  in tegrar  domains,  we have anaap gt (A)  - - - )  g t (B)  g iven by I  - ,  ( lB) t .  I t  seems natura l
to  def ine T(A)  - - )  T(B)  by l  _> ( tB) t .  But  is  ( tB) t
t - inver t ib le? I t  is  easy to  see that  th is  map is  a  wei l -def inedhornomorphism i f  ( r tB) t  =  ( rB) t  for  a i l  I  e  g(R) .  However ,
th is  map may fa i r  to  be a homomorphism,  and yet  i t  inducesa homomorphism Cl (A)  Cl (B) .

Ex .  Le t  K
(X,  XY) ,  =  A
XB.  Le t  I  =
( lB) t  =  (XB) t
ct(A) = c1(B)

be a f ie ld  and A = K[x ,  xy ]  c  K[x ,  y ]  =  B.  Then
s ince  h t (X ,Xy )  =  2 ,  bu t  ( (X ,  Xy )B) t  =  (XB) t  =

( X , X Y )  c  A .  T h e n  ( l t B ) t  =  ( A B ) t  =  B t  =  B ,  b u t
= XB.  However ,  A and B are both UFDs;  so
= 0 and Cl (A)  - r  C l (B)  is  the zero map.
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Pul lbacks

L e t  T I
M, res id ue ;;'1 f :'r'rn:il'."'? "?'ii ";;{;:;.i;:r id ear
naturar  pro ject ion '  Let  

-  
D be a oroo"r  subr ing of  K wi thqf(D) = K'  Th3n R = q-1(o)  "  " : ; ; r ing of  T and M is  a:ffi;:r:T*!"ti""" a t-ideai) idrar oi * we ca, this

- -  u  n r  - 1

9 (U /  =  R

I
I+

D

C

C

(o)

T

Iq l

K = T/M

We can def ine a homomorphisrn a, :  T(D) __, T(R) bycr ' ( l )  =  p-1( i ) .  Howeve r ,  d ,  jnduces a (wei i_def ined)homomorphism d. :  C j (D)  _  Cl (R) ,  c r ( [ I ] )  =  t ,p_1( l ) l ) ,  €)the indr."o,,  n ' :T::orphisrn p: U(T) __-,  K* /r . t (D),  given by
rp(x) = xu(D), is sur ject ive. Arso, R c T i .  u frat  extension
ll,; ITJ;: ;' 

a ro'alization or R when o l'.;rsective); sop(rJr) = irir'",i':il:'J*f',T,"un"?:o, ----+ cj(r), given by









This  resu l t  can a lso
s e t s .  L e t  S - U ( T ) n R
S  i n  R  i s  N = { x € R

O : U(T) -)  K* /U(D)

e 7

be obtained via ' .general ized" 
spl i t t ing

c R.  Then the m-complement  o f
l q ( x ) € U ( D ) )  a n d  S N = R - M  e +
is  sur jec t ive.  In  th is  case,  T = R S.

Thrn.  (a ,  chang-2O0s)  cons ider  a  pu l rback of  type (n)  wi th
A :  U(T)  - )  K*  /U(D)  sur , ;ec t ive.

( 1 )  C l ( R )  =  C t ( D ) @ i m p .
(2 )  c l (R)  =  c r (D)oc r (T )  i f  and  on ly  i f  I I -1  q  M fo r  a l lt - inver t ib le  t - idea ls  I  o f  T .
(3)  i f  e i ther  c l (T)  =  p ic(T)  or  M is  a  t - idea i  o f  T ,  thenC l (R)  =  C I (D)@Ct (T ) .  n

Graded  in teg ra l  doma ins

R  =  R o O R I O R 2 O . = Orr .  Z*R,  and R  =  O n . Z R n

R =  D tX l  and  R  =  D [X ,X- l ]  w i th  aeg(dXn)  =  n  fo r  0 /  d  €  D

Thm. Let  R be an integral  domain.
(1)  Pic(R) = p ic(RtXr)  i f  and onry i f  R is  seminorrnar.(2)  c l (R) = c l (Rix l )  i r  and only i f  R is  in tegral ry  crosed.
(3)  C](R) = CI(R[X,X-1])  i f  and oniy i f  R is  in teg ra l tyclosed. tr
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T h e  A + X B t X l  a n d  D + X D s t X l  c o n s t r u c t i o n s

Let  A c  B be an extens ion of  in tegrar  domains.  ThenR  =  A + X B [ X ]  =  { f ( x )  €  B t x r  r f ( 0 )  €  A i  c  B t x r  i s a g r a d e dsubr ing of  BIx l .  Th is  is  ca l led the "A + xBtx l , ,  const ruct ion.I t  has been very  usefur  for  const ruct ing examples.

Facts '  ( t )  A + XB[X]  is  a lmost  seminormal  (+  B isserninormal.
Q) A +  XB[X]  i s  a lmost  normal

c losed.
++ B is integraily

(3)  A c g + XB[X]  is  a lways an iner t  extension.G )  I f  B  i s a f l a t A - m o d u l e , t h e n  A c A + X B l X l  i s a f l a textension;  so the mapping g :  cr(A)  - )  cr(A + XBIXI) ,[ l ]  * [ lR], is an in"lect iv""ho*or-n"ipr. ism.
(5)  p  :C l (A)  - )  C t (A  +  XB[X]1 ,  i i l  - ,  [ ( tR) t ] ,  i s  a twaysi n jec t i ve .  j s  i t  a  homomorph ism? 

'  ' - -  - '  LJ '

Thm'  (A,  E l  Baghdadi ,  Kabbaj  - rgg9-2oo '  Let  R = A + XB[X] .(1)  P ic(A)  = p ic(R)  i f  and on ly  i f  B is  seminormar .Q)  c l (R)  = Hcr(R)  i f  and on ly  i f  B is  in tegra i ry  c losed.Thus i f  c l (A)  =  c l (R) ,  then B must  be in tegra l ly  crosed.(3) I f  
? is an integral iy crosed frat overr ing of A, thenc](A) = c](R)

G) I f  B is  in tegra l ly  crosed and qf (A)  c  B,  thenC l (A)  =  C t (R)
(5)  I f  A is  in tegra i ly  crosed and B = A[ {xc(  i ] ,  thenC] (A)  =  C t (R) .  o
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Ex.  In  (3)  above,  i t  is  not  enough to  jus t  assume that  B isan in tegra l ly  c losed f la t  A-moduie.  Let  A = z  c  z t i l  =  B;  soR = z + xzt i l tx l .  Then zLi l  is integralry crosed and is a fratz- rnodule (but  not  an overr ing) .  Then cr (A)  =  o ,  and i t  mayb e  s h o w n  t h a t  C l ( R )  =  Z / 2 Z g f g n e z * Z ) .

Thm. (ABK- 2002) Let  R = A + XB[X]  and S(1)  suppose that  qf (A)  c B.  Then cr(A)
(2 )  Suppose tha t  B  is  a  f la t  over r ing  o f

c l (A)  =  HCI(R) .
(3)  Suppose that  A c  B is  iner t ,  C l (Bs)  =

q f (A )  n  B  =  A .  Then  HCI (R)  =  C l (B ) .  u

= A - { 0 } .
=  HCI (R) .
A .  Then

0 ,  and

A special  case of the A + XBIXI construct ion is whenA = D is  an in tegra l  domain,  s  c  D is  mur t ip l icat ivery  crosed,and B = Ds; the "D + XDstX], ,  construct ion. In this case,
D c Ds is always a frat  overr ing; so we have an inject ive
homomorphism cr(D) ----) cr(D + XDs[X]), trr -, Ir + XIDstx]r.

C o r .  ( A B K -  t g g g - 2 O O D  L e t  D
S c D mult ipl icat iveiy closed.

(1) Pic(D) = pic(D + XDstXl)
Q) Cl(D) = Cl(D + XDsiXl)
In  par t icu lar ,  p ic (D)  = p ic(D

seminormal  and Cl (D)  = Cl (D +
closed. tr

be an in tegra l  domain and

(+ DS is seminormal.
(+ DS is integrally closed.
+ XDsiXl )  when D is

XDS[X]) when D is integrai iy
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(3)  Any  sp l i t t ing  se t  genera ted  byx  -sp l i t t ing  se t  fo r  any  f in i te  type  s ta r

Thm. (A,  Chang,  J .  park-2005)  Let  x  be a f in i te  type s taroperat ion on an in tegra l  domain n,  p  a  pr ime x_ ideal  o f  R,s  a  saturated mul t i f , l i ca t ive iy  c iosed subset  o f  R,  N ={ O  / x  € R l ( s , t ) *  = R  f o r a l i  s € S }  i t s x _ c o n r p l e m e n t ,and *s  ( resp ' ,  x ry)  the s tar  operat ion on R5 ( resp. ,  Rp)induced by x  Suppose that  SN = R _ p.  Thenc l*  (D)  = c , . {Rs)oc l , , * (RN).  Thus the natura l  homomorphisrnc l *  (R)  - )  c r*  
s(Rs)  i ,  . r rgect ive.  In  par t icurar ,  the aboweholds when S is  a  x-sp l i t t ing set .  t r

I f  s  is  a  sp l i t t ing set ,  then the t -operat ion on R inducesthe t -operat ion on dr ,  i .e . ,  ts  _  t .  
-  

a t ro ,  a  sp l i t t ing set  s  is  ad - s p l i t t i n g s e t  € +  e i t h e r  M n s -  g o r  M n N =  g  f o reach maximal  idear  M of  R,  th ;  d-operat ion on R inducesthe d-operat ion on R5,  and c l6(  )  =  p ic(  ) .  Thus

cor '  Let  s  be a sp l i t t ing mul t ip l icat ive subset  o f  an in tegra ld o r n a i n  R  a n d  N : ( o  / x . n i i r , r l r = o  f o r a l l  s € S ) .1) Ct(D) = Ct(Rs)e Cl(Rry).
( 2 )  S u p p o s e t h a t e i t h e r  

M n S =  g  o r  M n N =  g  f o reach rnax i rnar  idea i  M of  R.  Then p jc(D)  = p ic(R5)@pic(Rp) .tr

pr inc ipa l  p r imes is  a
operat ion *



we can a iso def ine induced s tar  operat ions

Let  r  
! :  " "  in tegra l  domain wi th  nonzeroM,  res idue  f i e ld  K  = i i t  t ,  and  g  :  T  _  T /Mnatura l  pro ject ion.  Let  D be a 

'subr ing 
of  KThen R = p-1(O)  is  a  subr ing of  T and M isd iv isor iar  (and hence a t - idear)  ioeat  or  R.  wepul lback of  type (n) .

s+

on pu l lbacks.

rnaximal ideal
= K  t h e
with qf(D) = K.
a pr ime
cal l  th is  a

D j."?:,;t"J;t 
i"o,, 

on R induces star operations * e on

= n {  vg( (p- r (v- t r ) ) * )  r  y  .  K,  I  c  vD l  for  I  E T(D)
I ( * ) T  =  I *  n  ( T : ( T : i ) )  f o r  I  e  r ( T )  ( c  r ( R ) ) .

I f  x  =  t ,  t hen  *g  =  t ,  bu t  ( * ) r  need  no t  be  t .

ffi [:T,Ta;i;T;:ou.],j:::" a pui,back or type (n)
star operation on R, rr,J.,"",i.'."ifi;,:::ir1o;";.rjnite type

o __+ cl rn) 
d' 

F" 'x r \ t t )  - - )  C l* (R)  ___ Cl6*1r (T)  ___r0.

x
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