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Abstract

We consider a solid-on-solid interface model above a
horizontal wall, in the three dimensional space, with an
attractive interaction when the interface is in contact
with the wall, and study its behaviour, layering and
wetting transitions, at low temperatures. We extend,
in part, this study to the case of a semi-infinite Ising
model.

1



G. Gallavotti, Phase separation line in the two-dimensional Ising
model. Commun. Math. Phys. 27, 103–136 (1972)

G. Gallavotti, Reminiscences on science at IHÉS, Festschrift for
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1 Introduction

Suppose that we have a drop of some matter, here called the
(+) or the dense phase, over a flat substrate, also called the
wall, W , while both are in a medium, here called the (−) or the
dilute phase. Equilibrium is obtained when the free energy of
the surfaces of contact is a minimum.
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Figure 1. Partial and complete wetting

partial wetting τw+ + τ+− > τw−

complete wetting τw+ + τ+− = τw−
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2 On the microscopic theory

We assume that the interatomic forces can be modelled by a lattice gas,

example, the ferromagnetic Ising model. In a two-phase equilibrium there

is a dense component, interpreted as the solid or liquid phase, and a dilute

phase, the vapor phase.

σx = −1 or 1, x ∈ Z3, empty or occupied site,
Λ is a parallelepiped, σΛ, a configuration on Λ, {σx, x ∈ Λ}.
The hamiltonian is,

HΛ(σΛ | σ̄) = −J
∑

〈x,y〉∩Λ 6=∅
σxσy,

J > 0, σx = σ̄x, when x 6∈ Λ (boundary condition).
For β > βc, there are two extremal translation invariant Gibbs
states,

µ+ and µ−,

associated with σ̄x = 1 and σ̄x = −1.
The spontaneous magnetization, is m∗ > 0.
If β ≤ βc, the Gibbs state is unique and m∗ = 0.
One defines also the surface tension τ+−(β,n), between the +
and − phases, for a given orientation n of the interface. It is
> 0 for β > βc and = 0 otherwise.

We can notice:

T. Bodineau, Translation invariant Gibbs states for the Ising
model, Probab. Theory Related Fields 135, No. 2, 153–168
(2006).

S. Miracle-Sole, Surface tension, step free energy and facets in the
equilibrium crystal shape. J. Stat. Phys. 79, 183–214 (1995).
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We now consider the Ising model on the semi-infinite space
{x ∈ Z3 ;x3 ≥ 0} and add a boundary magnetic field, K > 0,
describing the properties of the wall. The hamiltonian is

H = −J
∑

〈xy〉∩Λ′ 6=∅
σxσy −K

∑
x∈Λ′,x3=0

σx.

We consider the model in the box Λ′ = {x ∈ Λ : x3 ≥ 0}, with
respectively, + and − boundary conditions on that part of the
boundary of Λ′ which is not part of the wall.
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Figure 2. Boundary conditions W−

One can prove the existence of the Gibbs states µw−, µw+, as-
sociated to the (−), (+), boundary conditions, and that of the
surface free energy contributions

τw−(β,K) and τw+(β,K)
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Some general rigorous results can then be proved

J. Fröhlich, C.E. Pfister, The wetting and layering transitions in
the half-infinite Ising model. Europhys. Lett. 3, 845–852 (1987)

J. Fröhlich, C.E. Pfister, Semi-infinite Ising model: I. and II.
Commun. Math. Phys. 109, 493–523 (1987) and 112, 51–74
(1987)

D.B. Abraham, Solvable model with a roughening transition for
a planar Ising ferromagnet. Phys. Rev. Lett. 44, 1165–1168
(1980)

Introduce the magnetizations,

mw−(z) = µw−(σz), and mw− = µw−(σ0),

and similarly mw+(z) and mw+ (z denotes the site (0, 0, z)).

We remark that the states µw+ and µw− are invariant by translations parallel
to the plane x3 = 0, and

τw−(β,K)− τw+(β,K) =
∫ K

0
(mw+(β,K ′)−mw−(β,K ′))dK ′.

We have also

τw−(β,K)− τw+(β,K) ≤ τ+−(β,K),

mw+(β,K)−mw−(β,K) ≥ 0.

The last difference is a decreasing function with respect to K.
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Theorem 1 Partial wetting: mw+ > mw−, then

µw− 6= µw+, τw− − τw+ < τ+− and

mw−(z)→ −m∗ (when z →∞)

Complete wetting: mw+ = mw−, then

µw− = µw+, τw− − τw+ = τ+− and

mw−(z)→ m∗ (when z →∞)

Remark At zero temperature mw+ = 1 and mw− = −1. One
can prove that, also at low temperature, namely, if β(J −K) ≥
β0 (some constant), we have mw+ > mw−. Hence there is always
partial wetting if the temperature is low enough.

Question Is there a situation of complete wetting at higher
temperatures ?

Here K takes a fixed value, characteristic of the substrate, such
that K < J . Open question in dimension 3.

Imagine that in the layer x3 = −1 we take σx = 1, and drow the Peierls con-

tours. Then, a microscopic interface appears when the boundary condition

is (w−). It does not appear under the (w+) boundary condition.
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3 The solid-on-solid interface model

Consider the Ising model in the box Λ′ with the boundary condition (w−).

Put σx = −1 for all x above the microscopic interface, and σx = 1 for all

x below it. Moreover, assume that this interface is the graph of a function,

x ∈ Z2 → φx. We obtain then the following SOS (solid-on-solid) interface

model.

To each site x ∈ Z2, an integer variable φx ≥ 0 is associated, the
height of the interface at this site. Each configuration φΛ on a
finite bx Λ, {φx}, x ∈ Λ, has an energy defined by

HΛ(φΛ | φ̄) = 2J
∑

〈x,x′〉∩Λ6=∅
|φx−φx′|−2(J−K)

∑
x∈Λ

δ(φx)+2J |Λ|,

where J ≥ K ≥ 0 are constants, and δ equals 1, when φx = 0,
and 0, otherwise. One takes φx = φ̄x when x 6∈ Λ, where φ̄ is
the boundary condition, assumed to be uniformly bounded.
This system differs from the usual SOS model by the restric-
tion to non-negative height variables and the second term in the
Hamiltonian, describing the interaction with the substrate.
The probability of the configuration φΛ, at the inverse temper-
ature β = 1/kT , is

µΛ(φΛ | φ̄) = Z(Λ, φ̄)−1 exp (− βHΛ(φΛ | φ̄)),

Z(Λ, φ̄) =
∑
φΛ

exp (− βHΛ(φΛ | φ̄)).

We next briefly describe some general results, which are an adap-
tation to our case of analogous results established by Fröhlich
and Pfister for the semi-infinite Ising model.
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Consider the boundary condition φ̄x = 0, for all x 6∈ Λ, then

τW− = − lim
Λ→∞

(1/β|Λ|) lnZ(Λ, 0),

τW+ = 0.

Introduce

ρz = lim
Λ→∞

z∑
z′=0

〈δ(φx − z′)〉(0)
Λ , ρ0 = lim

Λ→∞
〈δ(φx)〉(0)

Λ ,

We have

τW−(β,K) = τW−(β, 0) + 2
∫ K

0
ρ0(β,K

′)dK ′.

To define τ+− for a horizontal interface we consider the ordinary
SOS model, with φ̄x = 0.

With the above definitions, we have

τW+(β) + τ+−(β) ≥ τW−(β,K).

where the right hand side is a monotone increasing and concave
(and hence continuous) function of the parameter K.

Partial wetting: strict inequality above, or, equivalently, ρ0 > 0.

Complete wetting: equality, or, equivalently, ρ0 = 0.
Then, also, ρz = 0, for any z.

The − phase cannot reach anymore the wall. This means also that the Gibbs

state of the SOS model does not exist in this case. ρ0 is the quantity that

corresponds to mw+ −mw− in the Ising model.
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4 Wetting transition

That such a situation of complete wetting is present for some values of the

parameters does not follow, however, from the above results. For the SOS

model, an answer to this problem has been given by Chalker.
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Figure 3. Illustration of Chalker’s results.

As in Ising one has ρ0 > 0 if β(J −K) > β0.
Write u = 2β(J −K), t = e−4βJ .

Theorem 2 If u < − ln(1− t2), then ρ0 = 0.

Chalker, J.T.: The pinning of an interface by a planar defect, J.
Phys. A: Math. Gen. 15, L481–L485 (1982)
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5 Layering transitions

Thus, for any given values of J and K, there is a temperature below which

the interface is almost surely bound and another higher one, above which it

is almost surely unbound and complete wetting occurs.

We study the region not covered by the results above (Figure 3)
when the temperature is low enough (J. Stat. Phys., 2011)

We prove that a sequence of layering transitions occurs before
the system attains complete wetting.
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Figure 4. The analyticity regions of Theorem 3.

Theorem 3 Let the integer n ≥ 0 be given. For any ε > 0
there exists a value t0(n, ε) > 0 such that, if the parameters t, u,
satisfy 0 < t < t0(n, ε) and

− ln(1− t2) + (2 + ε)tn+3 < u < − ln(1− t2) + (2− ε)tn+2,

then the following statements hold: (1) The free energy τW− is an
analytic function of the parameters t, u. (2) There is a unique
Gibbs state µn, a pure phase associated to the level n. (3) The
density is ρ0 > 0. The second inequality in is not needed in the
case n = 0.

An illustration for this theorem, in the plane (K, β−1), is given in Figure 4.

From it we can see that, if the parameter K is kept fixed, that seems natural

since it depends on the properties of the substrate, then the value n of the

level increases when the temperature is increased.
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Remarks

(1) The analyticity of the free energy comes from the existence
of a convergent cluster expansion for this system. This implies
the analyticity, in a direct way, of some correlation functions
and, in particular, of the density ρ0.

(2) The unicity of the Gibbs state means that the correlation
functions converge, when Λ → ∞, to a limit that does not
depend on the chosen (uniformly bounded) boundary condition
φ̄x. Being unique and translation invariant this state represents
a pure phase. It is associated to a level n in the sense that,
for the typical configurations of the state, large portions of the
interface are near to the level n.

(3) The condition ρ0 > 0 means that the interface remains at a
finite distance from the wall and hence, we have partial wetting.
We can see that the region where this condition holds is, accord-
ing to the Theorem, much larger, at low temperatures, than the
region initially proved by Chalker. It comes very close to the
line above which it is known that complete wetting occurs.

(4) We have, t0(n, ε)→ 0 when n→∞ or ε→ 0.
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The reason why t0(n, ε) depends on ε, satisfying remark 4, has an explanation.
One may believe that the regions of uniqueness of the state extend in such
a way that two neighboring regions, say those corresponding to the levels n
and n+ 1, will have a common boundary where the two states µn and µn+1

coexist.

At this boundary there will be a first order phase transition, since the two
Gibbs states are different. The curve of coexistence does not exactly coincide
with the curve u = − ln(1 − t2) + 2tn+3. Theorem 1 says that it is however
very near to it, if the temperature is sufficiently low.

Let us formulate in the following statement the kind of theorem that we

expect.

Statement For each given integer n ≥ 0, there exists t0(n) > 0
and a continuous function u = ψn+1(t) on the interval 0 < t <

t0(n), such that the statements of Theorem 1 hold, for t in this
interval, in the region where ψn+1(t) < u < ψn+2(t) and for
n = 0, in the region ψ1(t) < u. When u = ψn+1(t) the two Gibbs
states, µn and µn+1, coexist.
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Expected behavior:

K. Binder, D.P. Landau, Wetting and layering in the nearest-
neighbor simple-cubic Ising lattice: a Monte-Carlo investigation,
Phys. Rev. 37, 1745–1765 (1988)

J.M. Luck, S. Leibler, B. Derrida, A transfer matrix approach to
the 3d wetting and pinning problems, J. Physique 44, 1135–1142
(1983)

R. Pandit, M. Schick, M. Wortis, Systematics of multilayer phe-
nomena on attractive substrates, Phys. Rev. B26, 5112–5140
(1982)

The existence of a sequence of layering transitions has been
proved for a related model, known as the SOS model with an
external magnetic field. The second term in our hamiltonian has
to be replaced by the term +h

∑
x∈Λ φx to obtain the hamiltonian

of that model.

E.I. Dinaburg, A.E. Mazel, Layering transition in SOS model
with external magnetic field. J. Stat. Phys. 74, 533–563 (1996)

J.L. Lebowitz, A.E. Mazel, A remark on the low temperature
behavior of an SOS interface in half space, J. Stat. Phys. 84,
379–397 (1996)

F. Cesi, F. Martinelli, On the layering transition of an SOS in-
terface interacting with a wall. I. Equilibrium results. J. Stat.
Phys. 82, 823–913 (1996)
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Concerning the proof of Theorem 1 let us say that, for an interesting class
of systems, among which our model is included, one needs some extension of
the Pirogov-Sinai theory of phase transitions. In such an extension certain
states, called the restricted ensembles, play the role of the ground states in
the usual theory. They can be defined as a Gibbs probability measure on
certain subsets of configurations. In the present case one considers, for each
n = 0, 1, 2, . . ., subsets of configurations which are in some sense near to the
constant configurations φx = n.

Namely, consider the set Cresk (Λ, n) of the microscopic interfaces, with bound-
ary at height φ̄x = n, and whose Dobrushin walls have, all of them, horizontal
projections with diameter less than 3k + 3 (these walls are the maximally
connected sets of vertical plaquettes of the interface). The Gibbs measure
defined on the subset Cresk (Λ, n) is the restricted ensemble corresponding to
the level n. The associated free energies per unit area

fk(n) = − lim
Λ→∞

(1/β|Λ|) ln
∑

φΛ∈Cresk
(Λ,n)

exp(−βH(φΛ|n)) (1)

can be computed, with the help of cluster expansions as a convergent power
series in the variable t.

Then one is able to study the phase diagram of the restricted ensembles. The

ensemble at level n is said to be dominant, or stable if fk(n) = minn′ fk(n
′)

(for some given values of the parameters u and t),

Proposition 1 Let the integer n ≥ 0 be given and choose k ≥ 1.
Let a, b ≥ 0 be two real numbers. Let 0 < t ≤ t1(k) = (3k+3)−4.
If

− ln(1− t2) + (2 + a)tn+3 ≤ u ≤ − ln(1− t2) + (2− b)tn+2,

then, we have

fk(n) ≤ fk(h)− at3n+3 +O(t3n+4), for any h ≥ n+ 1,

fk(n) ≤ fk(h)− bt3n +O(t3n+1), for any 0 ≤ h ≤ n− 1.
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We notice that k ≥ n is the useful case in the proof of Theorem
3, and that the remainders in inequalities above can be bounded
uniformly in h. Then the proof of Theorem 3 consists in showing
that the phase diagram of the pure phases at low temperature is
close to the phase diagram of the dominant restricted ensembles.
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In Figure 5 are schematicly represented the elementary pertur-
bations that contribute to the difference fk(n+ 1)− fk(n) until
the order 3n+ 3, when n ≥ 1.

level n

(a) (b) (c) (d)

level n+ 1

(e) (f) (g) (h) (i)

Figure 5

From these considerations we obtain, for k ≥ n,

fk(n+ 1)− fk(n) =

= (t2n + Pn(t))(e
u(1− t2)− 1)− 2t3n+3 +O(t3n+4)
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6 Layering in the Ising model

Let t = e−4βJ and u = 2β(J−K) = O(t2). We find the following
approximation to the coexistence (first order transition) lines
starting from (t = 0, u = 0):

0/1 : u = − ln(1− t2) + t3 +O(t4)

1/2 : u = − ln(1− t2)− t3 + 5t4 +O(t5)

2/3 : u = − ln(1− t2)− t3 + 4t4 − 4t5 +O(t6)

3/4 : u = − ln(1− t2)− t3 + 4t4 − 6t5 + (51/2)t6 +O(t7)

4/5 : u = − ln(1− t2)− t3 + 4t4 − 6t5 + (47/2)t6 − 51t7 +O(t8)

5/6 : u = − ln(1− t2)− t3 + 4t4 − 6t5 + (47/2)t6 − 53t7 + 162t8 +O(t9)

. . .

7/8 :

(in SOS we had: n/n+ 1 : u = − ln(1− t2) + 2 tn+3 )
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