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1. Introduction:  Rare events  

• Assume a system with N degrees of freedom  evolving with a microscopic dynamics.   
• Let         be the system microscopic configuration at  time t and         is the averaged value 
over a time interval [0,T] of a “current-like” observable: 
 

 
             
• If the system is well behaved and the initial configuration is typical of the stationary state 
then     
 
• In general        fluctuates for finite T . For T large enough,  there is a set of most probable  
paths in configuration space associated to each fluctuation       = a , i.e. 
  
 

 Onsager, Machlup (1953):  Large deviations for reversible processes 
  Jona-Lasinio, Bertini, Landim, De  Sole, Gabrielli (2001): Large deviations  for irreversible processes 
 Derrida, Bodineau, Landim, Kurchan,..... 
 

Example:   if                                                        then          are typical configurations of the 
stationary state.   
 

-Particle jumps right 

-Nothing happens 

-Particle jumps left 



•  We are interested in the observation of the most probable paths associated to values  of               
 =a   rare, that is, different from its stationary value. 
 
 

What we find numerically (studying some stochastic models) that:  
 
(1) There is an interval of a-values  (which includes the stationary one) where         ‘ s are 

obtained from a time independent distribution which  may depend on the fixed a value. 
(2) For a-values large enough with respect the stationary one (very rare events) and with 

appropriate boundary conditions,         ‘s have well defined spatial-temporal coherent   
structures (traveling waves like) 

(3) There are well defined “critical values” of a which separates both regimes: stationary 
versus dynamical 

 



2. The 1d KMP model  on a ring 

C.Kipnis, C. Marchioro and E. Presutti, Journal of Statistical Physics, 27 65 (1982) 

ρi+ 
ρi  is interpreted as the energy of an oscillator at  
site i  

Stochastic Dynamics: 

Current: 

Stationary state (equilibrium): 



Current distribution: 

Non-gaussian behavior for currents above the 
critical  threshold 

Theory: fluctuating hydrodinamics   
T. Bodineau and B. Derrida Physical Review E 72, 066110 (2005) 

Typical microscopic configuration: 

P.I. Hurtado and P.L. Garrido ,Phys. Rev. Lett. 107, 180601 (2011) 



Averaged profile: 



3. The 2d KMP model  on a torus 

Preliminary results: 
• Numerical problems: unstability of the algorithm and  
 computer capabilities 
• For small rectangular systems the behavior is similar to  
 the 1d KMP: two dimensional traveling wave above some 
 current threshold. 
• Need for more insight using hydrodynamic fluctuating 
 theory  



4. The fluctuating hydrodynamics theory 

Assume that our system is described by a Langevin type por equation: 

where                                           ,                                        and                  is a gaussian white noise: 

The probability to see a given space-time averaged value of the current is given by:                              

The minimization should be done with the conditions:                              

KMP model is characterized by :                              



We look for a family of traveling wave-like solutions for the minimization problem:                              

There are many solution for the unknown ω-function for a square domain:                               

Current status: 
• Dependence of the solutions on the aspect ratio Lx/Ly 
• Solutions stability                               



5. Weakly asymmetric simple exclusion process (WASEP) 

n(x)=1,0 

E 

Rates: 

Preliminary results: 
• Stability of the algorithm 
• For small rectangular systems the behavior is similar to  
 the 1d KMP: two dimensional traveling wave. 
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CONCLUSIONS: 
 
(1) Rare events are exponentially less probable with respect the typical ones. 

 
(2) Associated to rare events there are well defined spatial-temporal coherent   structures 

(traveling waves like) 
 


