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I)Isolated Macroscopic Systems

Microstates: classical

The complete microscopic (or micro) state of an isolated classical

system of N point particles of unit mass is specified at any time t

by a point X in its phase space Γ ,

X = (r1,v1, ..., rN,vN), ri ∈ V ⊂ Rd, vi ∈ Rd. (1)

Given an X at some time t0, the microstate at any other time

t ∈ R, X(t), is given (as long as the system stays isolated) by the

Hamiltonian evolution which takes place on an energy surface, ΓE,

specified by H(X) = E.
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Macrostates

To describe the macroscopic state of a system of N atoms in a box

V , say N & 1020, we make use of a much cruder description than

that provided by the microstate X. We shall denote by M such a

macroscopic description of a macrostate. As an example we may

divide V into K cells, where K is large but still K ≪ N , and specify

the number of particles, the momentum and the amount of energy

in each cell, with some tolerance.

Clearly there are many X’s (in fact a continuum) which correspond

to the same M . Let ΓM be the region in ΓE consisting of all mi-

crostates X corresponding to a given macrostate M and denote by

|ΓM | its Liouville volume projected on ΓE. Since we are dealing with

macroscopic systems, we should actually think of ΓE as an energy

shell of thickness δE ≪ E.
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For N large enough and any reasonable choice of M ’s, there exists

an equilibrium macrostate, Meq, for which |ΓMeq| ∼ |ΓE|, the volume

of the whole energy shell. When M specifies a nonequilibrium state,

|ΓM | is much smaller.

Pictorially

eqΓ

The fact that |Γeq| ∼ |ΓE| explains why

typical properties of macroscopic equilib-

rium systems, i.e. those true for almost

all X ∈ Γeq, are also typical for all X ∈ ΓE
and can thus be obtained from the micro-

canonical ensemble.

N.B. We do not have to invoke ergodicity

to justify use of the microcanonical en-

semble for equilibrium calculations.
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Approach to Equilibrium

Boltzmann (also Maxwell, Kelvin, . . .) argued that given this disparity

in the sizes of the ΓM corresponding to the various macrostates, the

evolution of a typical microstate X specified to be at t = t0 in the

phase space region ΓM , will be such that |ΓM(X(t))| will increase for

t > t0 in a way which explains and describes the evolution towards

equilibrium of macroscopic systems which start in the macrostate

ΓM , M ̸= Meq, and are kept (effectively) isolated afterwards.

Typical here means that for any ΓM the relative volume of the set

of microstates X in ΓM for which this is false during some time

period τ during which the macrostate undergoes a macroscopically

noticeable change, but no bigger than the age of the universe, goes

to zero exponentially in the number of atoms in the system.
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Boltzmann’s Entropy

To make a connection with the Second Law, Boltzmann defined the

(Boltzmann) entropy of a macroscopic system in a microstate X as

SB(X) = k log |ΓM(X)| = SB(M). (2)

Thus calling S(E) = k log |ΓE|, we have the Boltzmann-Einstein for-

mula

Prob(X ∈ ΓM) ∼ e−[S(E)−SB(M)] ∼ e−[Seq−SB(M)] ∼ e−NδM , (3)

i.e., (−)SB(M) is the large deviation function (LDF) for macrostates

M in the microcanonical measure.

The above heuristic argument, based on relative phase space vol-

ume, is the correct explanation for the behavior observed in actual

macroscopic systems. It is, however, very far from a mathematical

theorem and contains no quantitative information about time scales.
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Lyapunov Function for Isolated System

We can say more mathematically if the time evolution of the macrostate

M , given by M(X(t)) = Mt, effectively satisfies an autonomous de-

terministic equation, such as the Navier-Stokes equation, the heat

equation, or the Boltzmann equation. This means that if

Mt1 → Mt2, then the microscopic dynamics Tt carries ΓMt1
inside

ΓMt2
, i.e. Tt2−t1ΓMt1

⊂ ΓMt2
and Tt3−t2ΓMt2

⊂ ΓMt3
with negligible error.

ΓM1
ΓM2

ΓM3
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The fact that phase space volume is conserved by the Hamiltonian

time evolution implies that |ΓMt1
| ≤ |ΓMt2

| and thus that

SB(Mt2) ≥ SB(Mt1) for t2 ≥ t1. Boltzmann’s argument then be-

comes rigorous.

We have thus derived an “H-theorem” or Lyapunov function for

any deterministic evolution of the macro-variables arising from the

microscopic dynamics of an isolated Hamiltonian system. (The same

is true for a quantum system when |ΓM | is replaced by the dimension

of the Hilbert space corresponding to the macrostate M .)
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Central Question: Why is it that the very small, exceptional set

ΓMt2
∩ Tt2−t1ΓMt1

(exceptional as far as time reversal goes) behaves

like a typical point in ΓMt2
as far as future evolution goes? That is,

why is the typical future macroscopic behavior of the set

ΓM2
∩Tt2−t1ΓM1

the same as that of ΓM2
, while their behavior under

the time reversed dynamics Tt1−t2

(
ΓMt2

∩ Tt2−t1ΓMt1

)
= ΓM1

is very

different? This shows that a “derivation” of a macroscopic equation

requires some chaoticity of the dynamics: here is the rub.

N.B. Even if there is no deterministic equation for Mt we can still

expect it to be true that for any sequence of macrostates in an

isolated system Mti, SB(Mtl) ≥ SB(Mtk) for tl > tk, i.e. the second

law holds for typical X ⊂ ΓM1
.
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Example: For spatially uniform equilibrium systems the thermody-

namic entropy is extensive

S(E,N, V ) = |V |s(e,n). (4)

s(e, .) is a concave function of e.

∂s

∂e
=

1

T
,

∂

∂e

(
1

T

)
= −(1/T2)

∂T

∂e
≤ 0. (5)

For systems in “local thermal equilibrium” (LTE) with local velocity

field u(x), the Boltzmann entropy

SB(n,u, e) =
∫
V
s

(
e(x)−

1

2
n(x)u2(x), n(x)

)
dx

= Sl.e (6)

where Sl.e is the local equilibrium (hydrodynamic) entropy.
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Consider now an isolated system in LTE (with u = 0 and n constant)

in a region V with boundary Σ and an energy density profile e(x)

satisfying the macroscopic conservation law

∂e

∂t
= −∇ · J (7)

where J(e) is the heat flux, given by Fourier’s Law

J(e) = −D(e)∇e, D ≥ 0. (8)

We then have a deterministic evolution for the macrostate

M = {e(x)}. Computing the change in SB ≡ Sl.e, we find:

dSB
dt

+
∫
Σ

1

T (x)
J · dΣ =

∫
V
J ·
(
∇

1

T (x)

)
dx. (9)

For an isolated system, J · dΣ = 0. We then have

dSB

dt
≥ 0. (10)

Thus, the large deviation function in the microcanonical ensemble is

a Lyapunov functional for the heat equation describing the evolution

of the macrostate of an isolated system.

12



Going Beyond LTE: Dilute Gases
Following Boltzmann, we can refine the definition of macrostates,
M , used for systems in LTE by noting that the microstate X =
{ri,vi}, i = 1, ..., N , can be considered as a set of N points in six
dimensional µ-space. We then divide up this µ-space into J̃ cells
∆̃α, centered on (rα,vα), of volume |∆̃α|. A macrostate M̃ is then
specified by the (coarse grained) number of particles in each ∆̃α,

M̃ = {Nα}, α = 1, ..., J̃ << N.

For dilute gases one can neglect, for typical configurations, the ex-
istence of interactions between the particles. The coarse grained
energy of the system in the state M̃ is given by

1

2
m
∑
α

Nαv
2
α = E,

∑
Nα = N. (11)

The phase space volume associated with such an M̃ is then readily
computed to be

|Γ
M̃
| = Πα(Nα!)

−1|∆̃α|Nα. (12)

Stirling’s formula gives

SB(M̃) ∼ −k

{∑
α

(
Nα

|∆̃α|
log

Nα

|∆̃α|

)
|∆̃α| −N

}
. (13)

13



Using M̃ we can associate with a typical X a coarse grained density

fX ∼ Nα/|∆̃α| in µ-space, i.e. such that Nα =
∫
∆̃α

dxdvfX(x,v). The

Boltzmann entropy is then given by

SB(X) = Sgas(f) = −k
∫
V
dx
∫
R3

dvf(x,v) log f(x,v) (14)

The maximum of Sgas(f) over all f which satisfy the constraints,∫
V
dx
∫
R3

dvf(x,v) = N (15)∫
V
dx
∫
R3

dv
1

2
mv2f(x,v) = E (16)

is given by the equilibrium distribution

feq =
N

V
(2πkT/m)−3/2 exp[−mv2/2kT ] (17)

where kT = 2/3(E/N), i.e. feq describes the empirical velocity dis-

tribution of the gas when X ∈ Γ
M̃eq

∼ ΓE.
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When f ̸= feq then f and consequently Sgas(f) will change in time.

The second law, now says that for typical X ∈ Γ
M̃

at the initial

time t = 0, we will have an M̃t = M̃(Xt) such that SB(M̃(Xt)) ≥
SB(M̃(Xt′)), for t ≥ t′. This means that Sgas(ft) ≥ Sgas(ft′), for

t ≥ t′. This is exactly what happens for a dilute gas described by

the Boltzmann equation for which

d

dt
Sgas(ft) ≥ 0, Boltzmann′s H−theorem (18)

i.e. Sgas(f) is a Lyapunov function. Here again, −Sgas(f) is the

LDF for the M̃ in the microcanonical ensemble.

As put by Boltzmann:

“In one respect we have even generalized the entropy principle

here, in that we have been able to define the entropy in a gas

that is not in a stationary state.”
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II) Lyapunov Functions for Open Systems
For a system in a domain, V , in contact with reservoirs at its surface,
Σ, which is in LTE and evolves according to the macroscopic heat
equation with boundary conditions T (x) = Tα(x) for x ∈ Σ in contact
with the α-th reservoir, and J(x) · dΣ = 0 at other points of the
boundary of the domain V , then indeed, as seen from (9),

σ =
dSl.e.

dt
+
∫
Σ
T−1(x)J(x) · dΣ =

∫
V
J · ∇T−1(x) dx ≥ 0. (19)

When there is only one reservoir so that at any x ∈ Σ either
T (x) = Tα or J(x) = 0, then

σ =
d

dt
(−Fl.e.) ≥ 0 (20)

where
Fl.e. = −Sl.e. + βαEl.e., (21)

is a LDF for the open system whose stationary state is given by the
canonical ensemble,

µ̄α =
1

Z
e−βαH , (22)

just as −Sl.e. is for the closed system.
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When the system is in contact with more than one heat bath and

T (x) is not constant on the boundary Σ, the entropy production,

σ, is not zero in the stationary state. Thus, σ cannot be the time

derivative of a Lyapunov function, as this would have to be zero in

the stationary macrostate.

A natural candidate for a Lyapunov function in that case is the

LDF, Fst(M), of the stationary measure µst(X) for the microscopic

dynamics of the open system. That Fst(M) should indeed be a

Lyapunov function for the macroscopic evolution has been noted

by many, e.g. Goldstein, et. al., Maes, et. al., Bertini, et. al.,

Bodineau et. al.
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The basic idea is simple: Let Mt = M(Xt) be the solution of a macro-

scopic evolution equation, e.g. M = {m(x, t)} with m satisfying

a hydrodynamic equation, where Xt is some microscopic evolution

(deterministic or stochastic). Then if M0 → M1 deterministically,

then the probability of being in M1 in the stationary measure of the

microscopic dynamics is at least as large as that of being in M0.

More formally, let Γε(M) = {X : dist(X,M) ≤ ε} where distance is

defined in a suitable weak topology.† Let µst(dX) be the stationary

measure for the microscopic dynamics and set

µst(Γε(M)) ∼ exp{−F(M)}, (23)

with F(M) suitably defined. Suppose now that, after suitable scal-

ing, ∫
X∈Γε(M0)

Prob{Xt ∈ Γδ(Mt)|X)µst(dX)/µst (Γε(M0))} → 1 (24)

†This corresponds to the ΓM defined earlier, with a specified “thickness” ε.
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Then, for ε small enough,

1

2
µst (Γε(M0))

≤
∫
Γ
Prob{Xt ∈ Γδ(Mt)|X}µst(dX) = µst(Γδ(Mt)) (25)

from which it follows that

F(Mt) ≤ F(M0) (26)

Assuming that this is true for all M0 and all t, then it can be repeated

and F(Mt) will be a Lyapunov function.

The problem then is that F(M) is in general not known or not very

convenient, as it will generally not be the integral of a local function

of the M(X), e.g. a 1-D KMP system in contact with reservoirs. We

note however that there will in general be many different microscopic

dynamics giving rise to the same evolution equation for macrostates

Mt, e.g. the diffusion equation.
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This suggests looking for models for which F(Mt) can actually be

calculated in situations where µst is not an equilibrium measure. This

is illustrated in the following example considered by Bertini et. al.

and Bodineau et. al.

Let g be a smooth increasing function of macroscopic density ρ (or

energy density e). We consider the diffusion equation in a domain

V ⊂ Rd with

∂tρ(t, x) = ∆
(
g
(
ρ(t, x)

))
, (27)

with Dirichlet boundary conditions on Σ specified by the reservoirs,

ρ(t, x) = ρ̄(x) for x ∈ Σ. Let ρ̂(x) be the stationary solution of (27)

in all of V , which is equal to ρ̄(x) on Σ.
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We now imagine that the microscopic model underlying this diffusion
equation is the suitably scaled “zero range process” with average
jump rate g(ρ) on a domain V

∩
Zd
ε. For this system, in contact

with reservoirs at different densities, µst is known to be a product
measure with a density profile corresponding to ρ̂(x). The LDF,
−F(ρ), is then given by

F(ρ) = −
∫
V
dxFρ̂(x)(g(ρ(x))), (28)

Fu(v) =
∫ v

u
dz log

g(z)

g(u)
. (29)

A straightforward (but lengthy) computation then verifies that
d

dt
F(ρt) ≤ 0 (30)

where one uses the fact that on the boundary g(ρ(t,x))
g(ρ̄(x)) = 1. Exten-

sions of this example are currently under investigation by Bodineau,
Mouhot, L, Villani.

It would in particular be very desirable to find Lyapunov functions for
other systems, e.g. for the Boltzmann equation in a box in which the
walls are at different temperatures as specified by Maxwell boundary
conditions.
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Microscopic Dynamics of Systems in Contact with Thermal
Reservoirs

Consider a classical system with Hamiltonian H(X), in contact with
k thermal reservoirs. It is convenient to represent the reservoirs
by stochastic (boundary) terms. This is clearly an idealization: it
implies in particular that there is no influence from the system on
the state of the reservoirs as far as their future effect on the system
goes.

This is certainly reasonable for modeling infinite, non-interacting
particle / phonon / photon reservoirs.
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For more realistic reservoirs, the situation is much more complicated
and is an active area of research, especially for quantum systems
(Froehlich, Kupiainen).
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Let the αth reservoir, at temperature Tα = β−1
α , act on the system

impulsively by producing “jumps” from X ′ to X at a rate Kα(X,X ′).
The ensemble (probability) density µt(X) will satisfy the Markovian

evolution equation (master equation)

∂µt(X)

∂t
= (H,µt)

+
∑
α

∫ [
Kα(X,X ′)µt(X

′)−Kα(X
′, X)µt(X)

]
dX ′.(31)

We assume that if there was only one reservoir at temperature Tα,

then the stationary state of the system would be given by the canon-

ical distribution

µα ∼ e−βαH(X). (32)

Note: This needs to be modified for realistic situations to include

the effect of the system-reservoir interactions.
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Detailed balance for transitions caused by the αth reservoir then

corresponds to

Kα(X,X ′) = e−βαH(X)Lα(X,X ′), (33)

where

Lα(X,X ′) = Lα(X
′, X). (34)

More generally, the requirement that∫ [
Kα(X,X ′)e−βαH(X ′) −Kα(X

′, X)e−βαH(X)
]
dX ′ = 0 (35)

is sufficient for having the canonical (grand-canonical) ensemble den-

sity be a stationary state of the system when it is in contact with

only the αth reservoir.
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Entropy Production
The Gibbs entropy of the system at time t is given by

SG(µt) = −
∫

µt logµtdX. (36)

This quantity is no longer conserved by the evolution as it is for an
isolated system, but its change does not have a definite sign. What
is true however (and easy to show) is that

σ =
dSG

dt
+

k∑
α=1

βαJα (37)

where Jα is the flux of energy to the αth reservoir from the system

Jα =
∫

dXµt(X)
∫ [

H(X)−H(X ′)
]
Kα(X

′, X)dX ′, (38)

is positive. The quantity βαJα may be interpreted as the rate of
entropy production in the αth reservoir and σ as the “total entropy
production” in system plus reservoirs.

σ=
k∑

α=1

∫∫
Kα(X,X ′)e−βαH(X ′) (39)

·
{
να(X

′)
[
log να(X

′)− log να(X)
]
+ να(X

′)− να(X)
}
dXdX ′ ≥ 0

where να(X) = eβαH(X)µ(X). (40)
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A similar result holds when the effect of the reservoirs is represented

by Ornstein-Uhlenbeck processes:

dvi
dt

= −
∂H

∂ri
+

k∑
α=1

[
−λαi vi +

√
2β−1

α λαi F
α
i (t)

]
(41)

with ⟨
Fα
i (t)F

γ
j (t

′)
⟩
= δi,jδα,γδ(t− t′). (42)

The master (Fokker-Planck) equation then takes the form

∂µt(X)

∂t
+ (µt, H) =

k∑
α=1

β−1
α

N∑
i=1

λαi
∂

∂vi

[
µα

∂

∂vi

(
µt

µα

)]
. (43)

We then have

σ =
∑
α

β−1
α

∑
i

∫
λαi

[
∂

∂vi
log να(X)

]2
µdX ≥ 0. (44)
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In fact, for the case of a single reservoir at temperature β−1
α , σ is

just the rate of change of the (negative) relative entropy w.r.t. the
stationary state µ, SG (µ|µ) = −

∫
µ log µ

µ dX. In the single reservoir
case, µ = µα ∼ exp [−βαH], and

σ =
d

dt
SG (µt|µα) = −

d

dt
FG(t) ≥ 0 (45)

where

FG(t) = βα⟨U⟩µt − SG(t). (46)

This monotone increase in relative entropy is true for all Markov pro-
cesses, but it does not in general help very much when the stationary
state µ is unknown.

In the stationary state

dS

dt
= 0,

d⟨H⟩
dt

= −
∑

Jα = 0, and σst =
k∑

α=1

βαJα ≥ 0. (47)

For k = 1, there is no net energy flow or entropy production in the
stationary state, and so σst = 0.
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For k = 2,

J1 = −J2 = −J and so σst = J

(
1

T2
−

1

T1

)
≥ 0. (48)

It follows from this that the energy flow, if any, will be from the

hotter to the cooler reservoir (from left to right for T1 > T2). For

k > 2, there can be complex flow patterns of the energy in the

stationary state (Eckman, et. al.).

But, how will the flux depend on the system Hamiltonian H and on

the Kα’s? This is still very much an open question.
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III) Thermostatted Systems

Gaussian Thermostats

An alternative to obtaining non-equilibrium stationary states (NESS)

of a finite system by coupling it to infinite reservoirs is to con-

sider (finite) systems with a deterministic evolution which is non-

Hamiltonian. While I consider this less physical, especially when the

dynamics is modified not just on the boundary but also in the bulk,

it is mathematically interesting and can be related in many cases

to physical behavior. In particular, it has led to rigorous theorems,

such as the Gallavotti - Cohen fluctuation theorem for Anasov flows

which appears to apply also to physical systems with Hamiltonian

dynamics.

A much studied example of such non-Hamiltonian dynamics is one

with a Gaussian thermostat which keeps the kinetic energy of the

system constant.
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I will now describe some old and new results on the NESS of a

multiparticle system moving among fixed scatterers subject to an

external field, E, and with a Gaussian thermostat.

Table A Table B Table C

Different Sinai billiard tables.
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The equations of motion of our system, consisting of N particles of
mass 1 in a unit 2D torus, are{

ṙi = vi
v̇i = E− α(V,K)vi + Fi

i = 1,2, . . . N (49)

where E is the external field,

α(V,K) =
(E ·V)

K
, V =

∑
i

vi, K =
∑
i

|vi|2 (50)

and Fi is an impulsive change in the momentum of the i-th particle
caused by its collision with a fixed scatterer, as in the figure. The
term α(V,K) represents the Gaussian thermostat which keeps K

fixed. We may therefore set K = N . I shall refer to this system as
the mechanical one (designated by M).

The Gaussian thermostat thus induces a “long range,” “mean field”
type of interaction between the particles: the speed gained by any
particle due to the electric field has to be compensated by loss of
speed in all the other particles due to the thermostatted “friction”
α.
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The one particle system, N = 1, first introduced by Moran and

Hoover, has been investigated extensively both analytically and nu-

merically. In particular, one can prove (Chernov, Eyink, L., Sinai),

for small values of E (and magnetic field B), that the system has a

unique stationary SRB measure which is approached as t → ∞ from

any initial measure which is absolutely continuous w.r.t. Lebesgue

measure.

This SRB measure, µ+E , is, however, singular w.r.t. Lebesgue mea-

sure. Its Hausdorff dimension is given for small E = |E| by

HD
(
µ+E

)
= 3−

J · E
h0

+ o(E2), (51)

where h0 is the K-S entropy at zero field and the average current J

is given by

J = µ+E (v) = σ0E+ o(E). (52)

Here, σ0 is the conductivity tensor; it is equal to the diffusion tensor

D in zero field, in accord with the Einstein-Green-Kubo relation.
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A snapshot of the density of trajectories crossing the Poincaré plane

for a very similar model studied by Hoover and Posch. The density

would be uniform for E = 0, corresponding to the microcanonical

ensemble.
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We have also shown recently (Bonetto, Chernov, Korepanov, L.)
that despite the singular nature of µ+E , its projections on space
coordinates are absolutely continuous. This is in agreement with
results found by Bonetto, Kupiainen, L. about projections of SRB
measures. Here is a picture of the flow for table A with the field in
the x-direction, E = 0.1.
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There are no exact results for this system when N ≥ 2, due to the

lack of uniform hyperbolicity in the absence of an external field.

Numerical and heuristic results strongly suggest however that this

system has a unique NESS for |E| ∈ [0, E0] for all N. This was first

noted in Bonetto, Deems, L., Ricci (BDLR) who considered only

the geometry in Table A. BDLR also found a certain approximate

description of the system in which the obstacles are replaced by

random scatterings.

We have recently returned to the study of this system. This has

led to some very intriguing observations which I will describe now.

Most surprisingly we find in very high precision numerical simulations

(Bonetto, Chernov, Korepanov, L.) that in the limit |E| → 0 this de-

terministic mechanical system has a NESS which, when projected on

the one particle speed distribution†, is independent of the geometry

of the billiard table.

†Presumably also the more general N-particle speed distribution.
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In fact, we conjecture that all speed distributions coincide, in the
limit E → 0, with that obtained from the NESS of a stochastic model
which can be computed explicitly.

In the stochastic model (designated by S) the equations of mo-
tion are the same as (49) except that Fi now represents “random”
scatterings by “virtual” collisions which conserve energy but not mo-
mentum. More precisely we imagine that each particle will suffer a
collision in which the direction of its velocity changes from θ to θ′

with a probability density cos(θ− θ′+ π). This happens with a Pois-
son rate l/|vi| where l is the “mean free path” between collisions,
which can be related to the geometry of the billiard table.

The time evolution of the measure will be

∂µ(X, t)

∂t
+
∑
i

vi ·
∂µ

∂ri
+
∑
i

∂

∂vi

[
(E− (E · j)vi)µ

]

= l−1
N∑

i=1

∫
n·vi<0

v′i · n
2

[
µ
(
X(i), t

)
− µ (X, t)

]
dn, (53)

where n is a unit vector, v′i = vi−2n(n ·vi), and X(i) has vi replaced
by v′i.
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Small field limit.

We find with high numerical accuracy that, for small fields

|E| . 0.02, the spatially averaged one-particle speed distributions of

the mechanical and stochastic models, f
(M)
E (|v|, N) and f

(S)
E (|v|, N)

are very close to each other for all N . In fact, numerical evidence

strongly suggests that they are identical in the limit E → 0, i.e.,

lim
|E|→0

f
(Q)
E (|v|, N) = f0(|v|, N) , Q = M, S, all N (54)

is the same for the mechanical and stochastic models. If true, this

implies ipso facto that the distribution f0(|v|, N) is independent of

the geometry of the billiard table – there is no information about

geometry in the stochastic model, and f0 for that model is indepen-

dent of l or the direction of E. f0 can, in fact, be computed (more

or less) explicitly.
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NB: The NESS of M or S in the limit E → 0 is not the same as the

stationary state for E = 0. In fact for E = 0 there is no interaction

between the particles and the energy of each particle remains un-

changed in time; it can be prescribed initially in an arbitrary fashion

subject only to the condition that
∑N

i=1 |vi|
2 = N .

As already noted, the existence of a unique NESS of the mechanical

system for E ̸= 0 is an open problem for N > 1. It is therefore quite

remarkable that the limit fE → f0 appears to exist and be universal.

This clearly begs for a mathematical proof. In work in progress, we

“prove” this using the fact that there are two time scales for E → 0:

“angle unifomization” in time of O(1) while speed changes in time

of O(E−2).
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Large N limit

This universality of f0(v,N) becomes even more striking when

N → ∞. In this limit the S-model has a one particle distribution

fE(v,N) → f̃E(v) as N → ∞, given by

lim
E→0

f̃E(v) = f̃0(v) = Cve−cv3, v = |v| (55)

where

C =

√
3

3

1

Γ
(
2
3

)3 ≈ 0.233, (56)

c =
2

27

√
2π

3
23

3
4

Γ
(
2
3

)3 ≈ 0.536 (57)

are determined uniquely by the requirements that∫ ∞

0
v2f̃0(v) dv =

∫ ∞

0
f̃0(v) dv =

1

2π
. (58)
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We find numerically that (55) holds with high precision for both the

mechanical and stochastic systems. It is also the solution of the

self-consistent Boltzmann equation discussed later.

(The distribution (55) can also be related to the time rescaled

(v/t1/3) distribution of a single particle in a field E without ther-

mostat, studied by Chernov and Dolgopyat.)
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Large field

When the field is large, the mechanical system behaves very differ-

ently from the stochastic one, with particle trajectories essentially

“hugging” the obstacles. The stochastic one is of course always

spatially uniform.

On the other hand we also find (numerically) that for N >> 1 the

one-particle marginal velocity distribution of the stochastic model

is very close to that obtained from the solution of a self-consistent

Boltzmann equation introduced in Bonetto, Deems, L., Ricci. We

believe that this can actually be proven in the limit N → ∞ (work in

progress).
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Self-consistent BE

A heuristic derivation of the BE from eq.(49) with Fi stochastic

is based on the intuitive idea that, j =
∑N

i=1 vi/N , in eq.(49) will

approach, in the limit N → ∞, a deterministic value ⟨v⟩. This yields

then an equation for the one particle marginal

∂

∂t
f(v, t)+

∂

∂v

[(
E−

E · ⟨v⟩
⟨∥v∥2⟩

v

)
f(v, t)

]
=

1

l

∫
v·n<0

v′ · n
2

(
f(v′, t)− f(v, t)

)
dn.

(59)

Eq.(59) yields immediately that

d

dt

∫
|v|2f(v, t) dv =

d

dt
⟨|v|2⟩ = 0 (60)

so that if we chose f(v,0) such that ⟨|v(0)|2⟩ = 1 we will have

⟨|v(t)|2⟩ = 1 for all t. The current ⟨v(t)⟩ = j will then have to be

determined self-consistently from the solution of the BE.
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It was shown by Bonetto and L. that the stationary solution of the

BE has compact support in the ball |v| ≤ |E|/|E · ⟨v⟩|. This came

as a surprise to us, but the proof is very simple. Integrating f(v, t)

over a ball |v| < R one finds that the time derivative of this integral

is non-negative when R > |E|/|E · ⟨v⟩|, i.e. the time evolution of the

BE pushes the particles into such a ball.

For small field |E · ⟨v⟩| ∼ |E|2 and so the support of f̃E(v) extends

to all of Rd when E → 0. This is consistent with the fact that

f̃0(v) has no cutoff. It is however far from clear how the cutoff,

significant for large E, will show up in the stochastic model for large

N . Numerical simulations by Bonetto, Chernov, Korepanov, L. give

strong evidence that this is indeed the case.
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