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Quotations

With the aggregation and disaggregation of the atoms the
generation or destruction of things is explained, and with the
ordering and positions the changes of matter are explained.

The differences of macroscopic body are due to the contact
and the directions of atoms; so the atom ↑ differs from ↓ for
the direction, ↑↓ differs for ↓↑ for ordering.

Democritus



Introduction

Before starting it is nice to recall some of my favorite
milestone contributions of Giovanni Gallavotti which had a
large influence...



κτεµα ες αεı

G.Gallavotti Renormalization Group and ultraviolet
stability for scalar fields via renormalization group methods
Rev. Mod. Phys. 57, 481 (1985)

Perturbative Renormalization of QFT realized from Wilson
point of view (effective field theory point of view).

Exact RG (irrelevant terms not discarded but important!)

Analysis which does not depend from perturbation theory
and is suitable for constructive analysis

Several crucial technical tools like tree, multiscale
decomposition etc.



κτεµα ες αεı

G.Gallavotti Renormalization Group and ultraviolet
stability for scalar fields via renormalization group methods
Rev. Mod. Phys. 57, 481 (1985)

Perturbative Renormalization of QFT realized from Wilson
point of view (effective field theory point of view).

Exact RG (irrelevant terms not discarded but important!)

Analysis which does not depend from perturbation theory
and is suitable for constructive analysis

Several crucial technical tools like tree, multiscale
decomposition etc.



κτεµα ες αεı

G.Benfatto, G.Gallavotti. Perturbation Theory of the
Fermi surface in a quantum liquid. A general quasi-particle
formalism and one dimensional systems. J.Stat.Phys.
59, 541 (1990)

Wilson Renormalization Group to gas of interacting
fermions.

Implementing the concept of emerging symmetries
decomposing the Beta function

Implementing the concept of quasi-particles using
properties of Grassmann integrals.
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A crucial tool of Giovanni are the trees (Gallavotti, Nicolo’
Comm.Math. Phys. 100 545 (1985))



The trees

Natural object in series expansion with small divisors with
universal applicability

QFT

Condensed Matter

Statistical mechanics

Fourier analysis

KAM theorem

ergodic theory

fluid mechanics

PDE
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Universality

In statistical physics and condensed matter one is particularly
interested in universal properties.

Sometimes universality means that certain quantities are
independent from several parameters appearing in the
Hamiltonian (for instance the interaction strength); in other
cases universality means that certain combinations of
observables are universal, even if the observable depends from
all the microscopic details.



Universality

I will present an overview of universality results obtained in the
following cases

Universality of conductivity in graphene with short range
interaction

Universality in non integrable quantum spin chains

Universality in graphene with e.m. interaction.

Universality follows from Ward Identities and Renormalization
Group analysis; in particular the role of the irrelevant terms
will appear essential.



Hubbard model on the honeycomb lattice
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Physical observables

1 Ψ±~x ,σ =
(
a±~x ,σ, b

±
~x+~δ1,σ

)
, Ψ±x,σ = eHx0Ψ±~x ,σe−Hx0 with x = (x0, ~x)

and x0 ∈ [0, β], for some β > 0.

2 If Ox = ex0HO~xi
e−x0H , with x = (x0, ~x),
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3 If S(x− y) = 〈Ψ−x Ψ+
y 〉β we denote by Ŝ(k) the F.T.,

k = (k0, ~k), k0 = 2π
β

(n0 + 1
2
) : n0 ∈ Z, ~k ∈ B the first

Brillouin zone.



The 2-point function for U = 0

1
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The dispersion relation



The optical conductivity

The currents are (spin is understood)

~̂
J~p = iet
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~p = 1−e

−i~p~δj

i~p~δj
; sum of the three bond currents

The conductivity at imaginary frequencies by Kubo formula is
ω = 2π
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The optical conductivity for U = 0:
theoretical predictions

Stauber, Peres, Geim PRB (2008)

lim
ω→0

lim
β→∞

σβlm(ω + i0+) = δlmσ0 σ0 =
πe2

2h

Universal conductivity (t independent) for ω small and greater
than β−1. Finite conductivity even without dissipation as the
density of states is vanishing.



The optical conductivity: experiments

Nair Geim Novoselov (2008). The conductivity in a frequency

range β−1 << ω << t is σ0 = πe2

2h
(universality) up a few

percent (In the same range the conductivity for N-layer

graphene is σ0 = N πe2

2h
up a few percent.)

They measure the transparency T of light and from that the
conductivity T (ω) = 1/[(1 + 2πσ(ω)]2 (in the fig. called

G ((ω)). Between 2 and 3 eV σ(ω)
σ0

= 1.01± 0.03



Experiments and some puzzle

All’s well that ends well...or not?

The electron-electron interaction is large e2/ 6 hv 0
F ∼ 2.18 Why

the conductivity is universal, that is there is no an essential
many body renormalization in the conductivity?

Exacerbating the problem, in other experiments the interaction
has non trivial effects. Elias et al Nat. Mat. (2011): the Fermi
velocity is strongly enlarged by the interactions at low
frequencies.
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Experiments and some puzzle

There is a dispute in the theoretical physical literature on the
effect of conductivity in presence of interactions; quantitatively
different predictions are found (Mitshenko PRL(2007) EPL
(2008),Herbut er al PRL (2008),PRB (2011),Sheehy et al PRL
(2007),Katsnelson EPL (2008)...).

The reason of such ambiguities is due to the fact that the
conductivity is written as sum of Feynman graphs and the
lattice propagator is replaced by the Dirac one; this however
produces spurious ultraviolet divergences which can be
eliminated by suitable regularizations, and different
regularizations produce different values.

In the Hubbard case, radiative corrections are found with
certain regularizations and not with others.
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Universality of the conductivity

Giuliani, Mastropietro. CMP 293,301 (2010); PRB(R)79,
201403 (2009); Giuliani, Mastropietro, Porta. PRB 83, 195401
(2011); CMP 311,317 (2012).

Theorem

For |U | ≤ U0 and any fixed ω, σβlm(iω) is analytic in U
uniformly in β and

lim
ω→0+

lim
β→∞

σlm(iω) =
e2

h

π

2
δlm .

while the Fermi velocity vF = 3/2t + aU + O(U2) with
a = 0.511....

While the Fermi velocity and the wave function
renormalization are renormalized vF (U) > vF (0) the
conductivity is protected: radiative corrections cancel out.
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Proof

From the continuity equation

−ie∂x0ρ(x0,~p) + i~p · ~J(x0,~p) = 0

then (p = (ω,~p), Jµ = (ρ,~J)µ), µ = 0, 1, 2) we get the WI

3∑
µ=0

pµĜ2,1;µ(k,p) = −eŜ(k + p) + eŜ(k)

where Ĝ2,1;µ =< Jµ,pΨ−k Ψ+
k+p >, Ŝ(k) =< Ψ−k Ψ+

k >
Similar WI holds for the current correlations



Proof.

The current correlations are written as a convergent (due to
Gram bounds) Gallavotti tree expansion at weak coupling and

, if K̂lm(p) is the FT of 〈Jl ,x; Jm,y〉

K̂lm(p) =
ZlZm

Z 2
〈̂jp,l ; ĵ−p,m〉0,vF

+ R̂lm(p)

where 〈·〉0,vF
is the average associated to a non-interacting

system with Fermi velocity

vF (U) =
3

2
t + dU + .. Zµ = 1 + aµU + bµU2 + ..

and R̂lm(p) is continuous and differentiable at p = 0. [K̂lm(p)
is continuous and NOT differentiable at p = 0]



Proof.

By continuity and WI

σlm = − 2

3
√

3
lim
ω→0+

lim
β→∞

1

ω

[
K̂lm(ω,~0)− K̂lm(0)

]
.

Kl ,m(p) is even: if the derivative were continuous the

conductivity vanishes. But is not. (CFR 1D K̂l ,m non
continuous σ(0) =∞)

By the WI
Z0 = Z , Z1 = Z2 = vF Z .

K̂lm(p) = v 2
F 〈̂p,l ; ̂−p,m〉0,vF

+ R̂lm(p)
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Universality of the conductivity

Finally

σ11 = − 2

3
√

3
lim
ω→0+

1

ω

[(
R̂11(ω,~0)− R̂11(0,~0)

)
+
(
v 2
F 〈̂j(ω,~0),l ; ĵ(−ω,~0),m〉0,vF

− v 2
F 〈̂j0,l ; ĵ0,m〉0,vF

)]
.

The first term is differentiable and even, hence vanishing; the
first term is identical to the free one so it does not depend
from vF

Other rigorous results on the Hubbard model on honeycomb
lattice are in Frank,Lieb PRl(2011); a theorem on the possible
lattice distortion.
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Quantum Spin chains

The Heisenberg spin chain H =

−
L−1∑
x=1

[J1S1
x S1

x+1 + J2S2
x S2

x+1 − hS3
x ] + λ

∑
1≤x ,y≤L

v(x − y)S3
x S3

y

where Sα
x = σαx /2 for i = 1, 2, . . . , L and α = 1, 2, 3, σαx being

the Pauli matrices and |v(x − y)| ≤ Ce−κ|x−y |

If J1 = J2 = 1/2 the chain can be mapped in interacting
fermions (J1 = J2 = 1/2)

H = −1

2

∑
x

[a+
x a−x+1 + a+

x+1a−x ] +µ
∑

x

ρx +λ
∑
x ,y

v(x− y)ρxρy

where µ = h, a±x are the fermion creation or annihilation

If v(x − y) = δ|x−y |,1/2 and h = 0, XXZ spin chain; exact
solution (Yang and Yang 1966). In general no solution.
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Some Physical observables

1 p = (ω, p) (ω = 2πn
β

) Susceptibility
κ = limp→0 limω→0 limβ→∞ < ρ̂pρ̂−p >β

2 The Drude weight

D = lim
ω→0

lim
p→0

lim
β→∞

−∆− < ĴpĴ−p >β≡ lim
ω→0

lim
p→0

lim
β→∞

D̂(ω, p)

Jx is the Paramagnetic current Jx = 1
2i

[a+
x+1a−x − a+

x a−x+1],
∆ = −1

2
< τx >β, τx = a+

x a−x+1 + a+
x+1a−x is the Diamagnetic

current.

The conductivity is σ(iω) = limp→0 limβ→∞
D̂(ω,p)
ω

. If λ = 0
D = sin pF/π (cos pF = µ) hence σ(0) =∞ (infinite
conductivity).
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Exponents as convergent series in the spin
chain

1 Benfatto, Mastropietro RMP 2001, CMP (2002). For λ small
enough and large x, in the limβ→∞ limL→∞

〈ρxρ0〉 ∼
cos(2pF x)(1 + O(λ))

2π2[x2 + (vF x0)2]X+
+

1 + O(λ)

2π2[x2 + (vF x0)2]

where pF = cos−1(µ) + O(λ) (µ = 0 pF = π/2),
vF = sin pF + O(λ), X+ convergent expansion

X+ = 1− [v̂(0)− v̂(2pF )]

(π sin pF )
λ + O(λ2)

2 X− is the Cooper pair 2-point function a+
x a+

x′ exponent

X− = 1 +
[v̂(0)− v̂(2pF )]

(π sin pF )
λ + O(λ2)



Universality conjectures

1 The exponents and the thermodynamic functions depend on
all the microscopic details, including the coupling λ and the
chemical potential.

2 It has been conjectured by Haldane (1980) (see also Kadanoff
(1971) and Luther and Peschel (1975)) that the exponents
and certain thermodynamic quantities verify a set of universal
relations, for instance

X+X− = 1, v 2
F = D/κ

This is the content of the so called Luttinger liquid conjecture,
saying that a number of relations valid in the solvable
Luttinger model are valid in a wide class of models, including
the spin chain.
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Universality conjectures

1 The Luttinger model describes spinless fermions with a linear
relativistic dispersion relation allowing its mapping in a free
boson system (Mattis and Lieb 1965). According to the
conjecture several relations valid in this model are true
generically, even if non linear bands forbid the transmutation
of interacting fermions in free bosons.

2 This conjecture can be partially checked in Bethe ansatz
solvable models, like the XXZ chain. If cos µ̄ = −λ,
D = [π

µ̄
]2[2π(π/µ̄− 1) sin2 µ̄]−1, vF = π

µ̄
sin µ̄,

κ = [2π(π/µ̄− 1) sin µ̄]−1 one can verify the validity of the
Luttinger liquid relation

v 2
F = D/κ
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Universality conjectures

1 Are the relations valid generically, even in the absence of a
solution? How we can prove them?

2 The effect of non linear bands is irrelevant in the
Renormalization Group sense; however such irrelevant terms
contribute to the exponents, so that the problem is precisely
to prove that the irrelevant terms preserve the Luttinger liquid
relations (in field theoretic RG irrelevant terms are simply
neglected (Solyom 1979))

3 Why the LL conjecture is important: in experiments we have a
poor knowledge of the microscopic parameters, but the validity
of the universal relations implies that one can make exact and
parameter-free predictions.
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Universality conjectures

1 In recent times indeed a caveat for a not too extensive
application of the Luttinger liquid picture is emerged.

2 The irrelevant terms coming from lattice are believed to play a
crucial role in transport properties.

3 For instance there is a large debate on the Drude weight
D(T ); it has been conjectured (Zotos (1996), Rosh, Andrei
(2000), Alvarez Gros (2002), Glazman (2006), Sirker Pereira
Affleck (2011)...) that the Drude weight D(T ) at temperature
T > 0 is finite for solvable models (infinite conductivity) while
is vanishing (finite conductivity) for non solvable
chains[Somewhat analogous to classical case]. Others believe
that D(T ) 6= 0 generically.

4 At T = 0 we can establish the validity of the Luttinger liquid
relations both in solvable and non solvable models.
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Universality relations

1 (Benfatto, Falco, Mastropietro CMP 2009 PRL 2011;
Benfatto Mastropietro JSP 2010, JSP 2011)

Theorem

For λ small enough, there exists K analytic
K = 1− λ v̂(0)−v̂(2pF )

π sin pF
+ O(λ2) such that

X+ = K , X− = K−1 2η = K + K−1 − 2

and

D =
vF K

π
κ =

K

πvF

2 The first relations were proposed by Kadanoff and Luther and
Peschel, the second by Haldane. The above result ensures for
the first time the validity of the universal relations in this class
of (non solvable) models.



Universality relations

1 (Benfatto, Falco, Mastropietro CMP 2009 PRL 2011;
Benfatto Mastropietro JSP 2010, JSP 2011)

Theorem

For λ small enough, there exists K analytic
K = 1− λ v̂(0)−v̂(2pF )

π sin pF
+ O(λ2) such that

X+ = K , X− = K−1 2η = K + K−1 − 2

and

D =
vF K

π
κ =

K

πvF

2 The first relations were proposed by Kadanoff and Luther and
Peschel, the second by Haldane. The above result ensures for
the first time the validity of the universal relations in this class
of (non solvable) models.



Ideas of the proof

1 In order to prove such properties we introduce an effective
QFT model verifying a number of extra symmetries (which are
only asymptotic in the lattice model) like the Lorentz
symmetry and chiral local phase invariance implying a large set
of Ward Identities.

2 The exponents and thermodynamic quantities of the effective
model are related to the ones of the chain model by fine
tuning. This is possible thanks to the fact that both models
are analyzed by Renormalization Group methods, and have a
line of fixed points.

3 The Ward Identities valid for the effective model imply
relations for the spin chain from which the universal relations
follows.
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Lattice Gauge theory for graphene

Giuliani,Mastropietro,Porta PRB 121418(R) (2010);

Ann. of Phys 327,2 (2012).

Hamiltonian H = H0 + HA + VC

H0 = −t
∑
~x∈Λ

j=1,2,3

∑
σ=↑↓

a+
~x ,σb−

~x+~δj ,σ
e ie

∫ 1
0
~δj ·~A(~x+s~δj ,0) ds + c .c .

A(x) = (~A(x),A3(x)), p = ~p, p3 is the quantized vector
potential in the Coulomb gauge,
HA =

∫
d~pdp3

∑
r=1,2 |p|ĉ+

p,r ĉ−p,r and

VC =
e2

2

∑
~x ,~y∈ΛA∪ΛB

(n~x − 1)ϕ(~x − ~y)(n~y − 1) ,

where ϕ̂~p :=
∫

dp3

(2π)

χ(|~p|2+p2
3)

|~p|2+p2
3

Coulomb potential (χ is a cut-off

function)
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p,r ĉ−p,r and

VC =
e2

2

∑
~x ,~y∈ΛA∪ΛB

(n~x − 1)ϕ(~x − ~y)(n~y − 1) ,

where ϕ̂~p :=
∫

dp3

(2π)

χ(|~p|2+p2
3)

|~p|2+p2
3

Coulomb potential (χ is a cut-off

function)



Lattice Gauge theory for graphene

The continuum Dirac version of the above model was
introduced by Gonzalez, Guinea Vozmediano Nucl Phys (1994)
(following previous works of Semenoff and Haldane ) but is
plagued by ultraviolet divergences, so requires cut-offs.

The calculation of several quantities however depends from
such cut-offs, which break the symmetries of the model.

We have proposed the above lattice gauge model as a more
fundamental description of graphene in which the cut-off is
provided by the honeycomb lattice (an even more physical
model would be the interacting version of the one in Fefferman
Weinstein (2012)).

In our model the electrons jump on the 2D honeycomb lattice
and the photons move in 3D. Gauge invariance implies the
validity of exact Ward Identities (with no corrections due to
cut-offs).
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The 2-point function in the lattice gauge
model

For e small and v
(0)
F = v = 3/2t close to c = 1, order by order

in the renormalized expansion

< Ψ−Ψ+ >k′+p±F
∼

− 1

Z (k′)

(
ik0 v(k′)(−ik ′1 ± k ′2)

v(k′)(ik ′1 ± k ′2) ik0

)−1

where

Z (k′) ' |k′|−η , c − v(k′) ' (c − v)|k′|η̃ ,

where

η =
e2

12π2
+ O(e4) , η̃ =

2e2

5π2
+ O(e4) ,

Critical exponents and emergence of Lorentz symmetry (The
Fermi velocity increases up to c).



Application to graphene

The model depends on two velocities v and c . As in real
grahene v/c ∼ 1/300, several theoretical analysis assume only
Coulomb interaction c =∞ (static model). It has been
predicted in the static model (Gonzalez et al. 1995) a
logarithmic divergence of the Fermi velocity at low energies
(confirmed in Hartree Fock approximation by Hainzl, Lewin,
Sparber (2012)).

This however makes the static Coulomb model not consistent
at very low energies, when the finiteness of c must be taken
into account.

At low momenta when the renormalized Fermi velocity is
increased enough we enter in the range of applicability of our
theory (i.e. close to the infrared fixed point)
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Applications to graphene

Some prediction on the conductivity in the static Coulomb
case says that it vanishes at zero momentum for the
divergence of the Fermi velocity σ ∼ O(σ0/ logω−1) in
striking contrast with experiments.

In other analysis σ0 = πe2/2h

σ = σ0(1 + O(1/ logω−1))

However the corrections are still larger that the ones
experimentally observed, unless the prefactor is small. This
has opened a big discussion about the value of the prefactor,
which is however regularization dependent.
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The conductivity

Giuliani, Mastropietro PRB 85 (2012). At lowest orders in the
renormalized Gallavotti tree expansion expansion
(corresponding to a resummation of perturbative expansion)

σii(iω)

σ0
=

4ω

π2

∫
d~k ′

∑
h,h′≤0

(Z
(i)
h )2

ZhZh′

fh(|~k ′|)fh′(|~k ′|)
|Ω(~k ′)|(vh + vh′)

1

ω2 + (vh + vh′)2|Ω(~k ′)|2
+ ...

Z
(i)
h ∼ 2−η1h, Zh ∼ 2−ηh, c − vh ∼ 2η̃h (in Hubbard Zh,Z

(i)
h are

bounded) fh with support around p±F .
1

h

h//////

i i



The conductivity

The WI says that the divergences compensate; up to finite
terms

Z
(i)
h

Zhvh
= 1 + O(e2)

so that, at lowest order in the renormalized expansion, is still
universal

Reσ(ω) = σ0

[
1 + O

(ω2

t2

)]
+ .... ,

Therefore by taking into account the retarded e.m. field we
get results in qualitative agreement with experiments:
dramatic increase of the Fermi velocity and universality of the
conductivity up to negligible power law corrections at low
frequencies. The corrections are O(ω2), much smaller that
O(1/ logω−1).
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Open problems

The Hubbard model on the honeycomb lattice with densities
away from half filling (extended Fermi surface).

In the case of spin chain we have seen that there is no
qualitative difference between integrable and non integrable
systems for static properties at zero temperature. On the
other conductivity properties (as the Drude weight) at finite
temperature depend qualitatively from the irrelevant terms. In
particular, it would be very interesting to understand if the
conductivity at finite temperature is finite or not depending on
the integrability of the model.



Open problems

In the case of graphene with e.m. interaction, it would be
important to study the case v << c and understand the
crossover between O(1/ logω−1) corrections to the
conductivity at high energies and the O(ω2) at low energies.

Also to see if the conductivity is truly universal or not.

I believe that Gallavotti RG method, with its capacity of
taking into account irrelevant terms, is quite suitable for this
and similar problems in solid state physics.
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