
ARE REAL NUMBERS THE SAME FOR PHYSICISTS AND MATHEMATICIANS?

by David Ruelle*.

Abstract. Mathematics is the language used by physicists to describe the universe.
The mathematics used by physicists is in some sense the same as that used by mathe-
maticians: there can be no contradiction between the two. There are however definite
differences of intuition and technical tools considered appropriate. Here we will discuss
the fact that the real numbers used by physicists are not quite the same as those used by
mathematicians.

1. Introduction.

“Philosophy is written in this very great book that is there constantly open to our
eyes (I mean the universe). . . . It is written in mathematical language.” This is what
Galileo claims1. Perhaps modern physicists would prefer to say that mathematics is the
language which they use to describe the universe. But both physics and mathematics have
evolved since Galileo, and I would like to discuss here the relation of mathematics used
by modern physicists, and that used by mathematicians. Of course, the mathematics of
physicists should not be in contradiction with that of mathematicians. But I contend that,
on one hand, part of the mathematician’s mathematics is not used in physics, being so to
say “off limits”. On the other hand, physical intuition makes additions to mathematical
concepts, and these additions are not part of mathematics proper. For definiteness, I
shall privilege here the discussion of real numbers, which indeed play a central role in the
mathematics of physics. Before that I shall describe briefly mathematics and physics as
seen by mathematicians and physicists. The notion of physical intuition mentioned above
is dangerously vague, and I shall thus spend some time giving a description of intuition
suitable for the present discussion.

2. The mathematician’s mathematics.

Mathematics may be viewed as the set of conclusions (theorems) which can be obtained
by rigorous logical deduction from a few basic assumptions, or axioms, assumed to be free of
contradictions2. We owe to the Greeks the notion that mathematics is based on axioms. In
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1 La filosofia è scritta in questo grandissimo libro che continuamente ci sta aperto inanzi
a gli occhi (io dico l’universo). . . . Egli è scritto in lingua matematica.” (Il Saggiatore,
1623). Galileo uses philosophy in its original sense of “love and pursuit of wisdom” which
is different, and one might say disjoint, from a corporatist view of the subject favored by
many modern professional philosophers.

2 One may insist that the theorems should be interesting, or that conjectured theorems
are also part of mathematics. I shall not enter into such considerations, which are not
relevant to the present discussion.
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the axiomatic presentation of geometry which they developed, the concept of real number
appears naturally as the ratio of two lengths. The modern axiomatic presentation of
mathematics (second half of the XIX-th century, first half of the XX-th century [4]) was
more rigorous, and centered on set theory. In modern mathematics (based on the axioms
of Zermelo-Fraenkel and Choice) the real numbers are a derived concept, and appear in
a framework of ideas very different from those of Greek geometry. The introduction of
the axiom of Choice in modern set theory is convenient: it is known not to introduce
contradictions, and it allows a general presentation of certain mathematical theories, like
that of Banach spaces. One can however argue that mathematical results useful for physics
do not involve the axiom of Choice3. This means that some parts of mathematics are a
priori not useful for physics. In any case, the axiom of Choice is not part of what Galileo
called mathematics.

We have said that modern mathematics was based on the ZFC axioms of set the-
ory. What about future mathematics? Will mathematicians simply go on proving more
and more consequences of ZFC? There are reasons to doubt this. One characteristic of
modern mathematics is that it produces some very long proofs (hundreds or thousands
of pages). This is not really unexpected, because Gödel’s incompleteness theorem implies
the existence of very long proofs. It is thus naive to think that today’s very long proofs
will be replaced by short ones tomorrow, thanks to some clever new ideas. Long proofs,
unfortunately, tend to contain errors. This puts a limit to how far the traditional way of
doing mathematics can be pushed. A new fact in this respect is the development of formal
proofs, composed of lemmas written in a formal language (for instance HOL Light) which
are then checked by a computer program (for details see [3], and other articles in the same
(December 2008) issue of the Notices of the AMS). Nontrivial proofs, like that of the prime
number theorem, have thus been verified with a degree of certainty unreachable by the
old style “ink on paper” purely human proofs. At the same time, since part of the formal
proof is delegated to a computer, it escapes human intuition: a qualitative change has
taken place in what we call a mathematical proof. Notice in passing that HOL Light does
not exactly implement the ZFC axioms, but one can show that the computer verified proof
is also a consequence of the ZFC axioms. To conclude we must admit that mathematics is
changing and will continue to change in nature. At this time, only the human brain plays
a creative mathematical role, but I don’t see why computer programs could not at some
point take over . . . .

3. An operational-theoretical view of physics.

I want here to describe physics as it is practiced now, not as it should be according
to some philosophers, or what it could become if and when we have a working “theory
of everything”. Physics results from the interplay of two different things: observations of
the real world, and making theories about these observations4. I include experiments with

3 This view is defended in particular by Giovanni Gallavotti.
4 I take here a totally naive view of what is meant by the real world. What is important

is a good operational definition of observations of the real world. These observations lead
to physical theories with increasing predictive value for other observations, and an effective
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observations, and the important point is that there should be a somewhat precise protocol
for what one is doing and observing. The observations and experimentation are practically
always guided by theoretical ideas (which may later turn out to have been be totally wrong).
A physical theory proposes relations between observations (usually measurements). These
relations are usually approximate mathematical relations between quantities observed in
an operationally defined setup. It is important to note that the operational specification
associated with the observations is irreducible to pure mathematics. There is a historical
co-evolution of, on one side the operational definition of the setup in which observations
are made, on the other side the theory. For example, the study of temperature may involve
the operational definition of how to construct a thermometer, the operational definition
of reference temperatures (melting ice, etc.) and the operational definition of equilibrium
states for which a temperature may be defined. The related theory may posit a linear
relation between temperature and thermometer readings, and relate temperature, volume
and pressure of a gas, etc.

In general, then, physical theories have a mathematical formulation in terms of mea-
sured quantities which are approximate real numbers, or mathematical objects related to
such measured quantities.

4. Intuition.

The creation of mathematical and physical theories involves the human brain. (We are
talking about the present, not what may happen in the future.) A lot about the functioning
of the brain remains mysterious to us, and intuition seems to be part of the mystery. But
perhaps we should not be too complacent about mystery, and we may try to understand
what can be understood. A number of scientists (Poincaré, Hadamard, Einstein) have
expressed their opinions on how the brain functions when doing mathematics or physics.
They note that this functioning is of combinatorial nature, largely unconscious, often
nonverbal. We combine thus ideas until we get something interesting, for instance the
proof of a conjectured theorem. An example of a mathematical idea is “the image of
a compact set by a continuous map is compact”, with some choice of compact set and
continuous map. To do good work, we need many ideas at our disposal, and a good sense
of how to put them together. Learning a new subject means putting a number of facts or
“ideas” in our memory, and developing a sense of what kind of conclusion we want to reach.
This is what one may call developing intuition about the subject. Obviously, Poincaré,
Hadamard, and Einstein had a marvelous intuition about mathematics and physics. If
we could describe mathematical intuition precisely, we could program a computer to do
mathematics in the way the human brain does, or better. We do not have that precise
description, but we do have some idea of what scientific intuition is in terms of functioning
of the brain, not as a mysterious property of the soul.

5. Real numbers in physics.

The observations of physicists are usually measurements, i.e., they provide numbers,
like 25cm. Such numbers are usually identified with the real numbers of mathematics, and

theory may be said to give “a good understanding of the real world”. Lengthy philosophical
elaborations on understanding and the real world seem to me pointless.
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with good reason: there should be no contradiction between the properties of the numbers
used by physicists and mathematicians. There are however a couple of serious differences
between the use of numbers by physicists and mathematicians, and we shall now discuss
these differences.

(a) Numbers used in physics have a dimension. This means that they correspond to a
measurement with respect to a certain unit, for instance cm for a length, degree Celsius
or Kelvin for a temperature, cm/sec for a velocity, etc. The ratio of two lengths is dimen-
sionless: it is a pure number. Dimension is a basic physical concept. A proposed physical
formula on which a mathematician might make no comment will be firmly rejected by a
physicist because it is not dimensionally correct.

(b) Numbers occurring in physics are usually known with limited precision. In fact they
may be defined only with limited precision, because they correspond to measurements
where the unit is defined with limited precision, or are related to theories of limited appli-
cability.

6. The intuition of real numbers.

We want to argue the main point of the present article, namely that the physical
intuition associated with real numbers is different from the mathematical intuition. This
means that the circle of ideas present in the human mind is in part different depending on
whether one deals with a physical or a mathematical problem. The difference is nothing
very subtle: it depends on facts recalled above. Let us concentrate on the fact that numbers
in physics are usually known with limited precision. It follows that the mathematical
statement “a real number is either rational or irrational” is usually meaningless. There
are some exceptions like integers obtained by counting (for example: “the number of
carbon atoms in a molecule of cyclopentadecanone is 15) or more interestingly in resonance
problems where the ratio of some frequencies is naturally rational (this is important for
the sound of musical instruments). Note that the rationality of numbers in physics can
make sense only for dimensionless numbers.

A word of caution here. The study of physical theories may lead one to consider very
complex sets of points in Rn like strange attractors or basins of attraction of attractors
for nonlinear dynamical systems. The study of those sets may lead to very subtle mathe-
matical questions, and it may become necessary to discuss difficult problems involving for
instance algebraic numbers. Physical theories may thus lead to hard mathematical ques-
tions, but they must also connect with quantities measured with finite precision within
some operationally defined protocol. Therefore, it appears for instance that nonmeasur-
able sets of real numbers, constructed by use of the axiom of Choice, are unlikely to play
a significant role in physical theories.

The fact that physical variables are defined with limited precision implies that such
variables, usually identified as real numbers, may also be considered as discrete, i.e., be-
longing to a finite or countable set. (Suppose that a continuous variable x cannot be
measured with a precision better than 10−n; we can then replace x by a discrete variable
of the form N.10−n where N is an integer.) Boltzmann strongly supported the discrete in-
tuition of physical variables, which was important when he counted configurations in phase
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space in his study of entropy in statistical mechanics. It is possible to measure volumes
instead of counting configurations, and this is currently the preferred attitude. One must
however admit that the discrete intuition served Boltzmann remarkably well, and also fit
the later quantum ideas.

Boltzmann’s ideas about discretizing real numbers were of course linked with his ideas
about the atomic structure of matter, but they went further. He writes for instance:
“The concepts of differential and integral calculus separated from any atomistic idea are
truly metaphysical, if by this we mean, following an appropriate definition of Mach, that
we have forgotten how we acquired them.” (p. 56 in [1])
Giovanni Gallavotti, who reproduces this and related excerpts of Boltzmann, expresses
great sympathy for his point of view, saying “this is really music to the mind” [2].

Let me try to conclude our discussion. There is currently a consensus of mathemati-
cians to base their work on a specific axiomatic presentation (ZFC) of set theory. This is
convenient both for pure mathematics and for the formulation of physical theories. But
one cannot deny that the intuition of physicists about mathematical objects such as real
numbers deviates from the standard mathematical intuition. Physicists will prefer to avoid
the axiom of Choice, and will favor an intuition of real numbers compatible with discretiza-
tion. There is good reason for these choices: the mathematics which is fruitful for physical
theories is not quite the same as that which is fruitful for developing mathematical theo-
ries. The creativity of Boltzmann’s mind testifies to the fruitfulness of physical intuition.
And at the end of the day Boltzmann’s ideas have also made wonderful contributions to
mathematics. But to conclude I would say that the real numbers for physicists are not
quite the same as the real numbers for mathematicians.
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