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The aim of this note is to prove, briefly but rigorously, that at sufficiently small activity
(in fact inside the gas region) the infinite volume correlation functions of certain systems
of classical identical particles satisfy the hierarchy of integro—differential equations which
can formally be derived from the Liouville equations for finite systems (see for instance
1),

The spirit of the proof is simply to consider a finite cubic box with periodic boundary
conditions, write down the correlation functions using the grand—canonical formalism
and observe that they satisfy the hierarchy of equations; then one takes the limit as the
sides of the box tend to infinity and shows that every term of the equations converges
to the right thing: the convergence problems arising in this process can be controlled, if
the activity is sufficiently small, by using the KIRKWOOD-SALSBURG equations.

1: Conditions on the interaction.

We shall consider only finite range pair potentials (&) belonging to one of the classes
Cl,CQ,Cg below:

Ci: ¢ is non negative, once differentiable for || > 0 and |gradp| e~ % is continuous on
all R%.

Co: (i) (&) =40 if |§| < a,a >0,
(ii) ¢ is once differentiable for |£| > a, bounded below and |gradp| e~ % is continuous
on all R®.

C3: @ is the sum of a positive once differentiable potential with continuous gradient
and a positive type potential with continuous integrable Fourier transform and
continuous gradient.

We observe that if ¢ € C; UCa UCs then I(3) = [|e™##&) —1]d¢ < +00 and that the
class C; U Ca U C3 contains all the physically interesting finite range potentials. We put
the mass of the particles equal to one, so the activity will be z = h_3(27rﬁ_1)%eﬁ“ where
u is the chemical potential, h is Planck’s constant and 8 = (kgT)~!.

2. Finite volume correlation functions.

Let A be a finite cube considered with periodic boundary conditions and with sides
of length at least twice the range of the potential. Call ® the interaction potential
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periodized in the box A. Then the energy of a configuration (p1,qi,...,Pn,qn) will be

EA(plaqla' "7pnaqn) = %Zzp? +Zz<] QDA(qla' <. 7qn) = T(pla" 7pn) + UA(ql;- .. 7qn)
(1)

The grand canonical partition function and the correlation functions are respectively

Zp = Z/ eﬁnue—ﬁEA(zn,q17~~.,pn,qn) dp: - . . dgn —

= nlh3n
B 2
_RrA dql...dqn ( )
:Z 2" = BUN a1, an)
=5 an n!
h3n T .

PAPL, G, - - -3 Pns ) = We_ﬁ PP gy (quy - dn) (3)
~ 1 ndm — A ’ ’ dq/ dq;n
PA(qL, - - an) = 7n Z /mz Fme AU ALy dy) 2L A — 4)

m>0

3. Differential equations for py.

We observe that if ¢ € C; UCs UC3 and if A is a finite cube there is no problem in
differentiating the r.h.s. of (4) with respect to the g¢;’s.

If we define WqA(ql, e n) = 2o Mg — i) we get, differentiating (4) and using
the symmetry of UM(qy,...,qn,q, -..q,,) and of dq} ...ddq.,,

grady, pa(qL,-- - qn) =— BPa(q1, - - an) grad, Wi (g2, .., qn)—

N (5)
-8 /A palar, -, anq )grad, ¢™ (a1 — ¢') dd’

and these equations are one of the forms of the Bogoliubov equations for the equilibrium
correlation functions, [1].

4. The infinite volume limit.

We now want to take the limit as A — oo in both sides of (5): this will be possible if
we can prove the existence of the imp_,o0 pa(q1, - - -, qn, '), of an upper bound on

/71\((]1, .. aQn) graquW(ﬁ(QQ, . aQ’n)

which holds uniformly as ¢1,...,¢, vary in a bounded region (at fixed n) and of an
integrable function of ¢’ which majorizes [grad,, oMaq1 —)plqu, - - ., Gn, ¢)| uniformly in
q1,---3qn 88 q1,- .., ¢, vary inside a bounded region (at fixed n).

The simplest way to see why these convergence and boundedness properties allow us
to take the limit on both sides of (5) is to integrate this equation evaluated replacing ¢;
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by ¢ with respect to ¢ from ¢; to g2 along a straight path of length n = |¢g2 — q1], to use
the theorem on the exchange of limits and integrals (which holds as a consequence of the
mentioned properties) and to let n — 0 after division by 7.

The above properties can be obtained using some known intermediate results about
the convergence of the Mayer expansions.

Let z < e™28B=11(B)~1 where B is a stability bound, U*(q1,...,q,) > —n B and
I() has been defined above (B exists if ¢ € C; UC3UCs), then the following result holds
(and is a consequence of the Kirkwood-Salsburg equations with the obvious modifications
due to the periodicity of the boundary conditions), [2],[3]:

(1) The limit limp o0 pA(q1,---,qn) = p(q1, .., qn) exists and is uniform in the ¢;’s
if the ¢;’s are contained in a bounded region at fixed n).

(2) ﬁ/\(qla .- aqn) < €n for some € > 0.

Now, if z < e72#B=11(3)~!, the bounds we need for

ﬁl\(qlv SRR qn)gradqlwth (q?v SERE) Qn), and |ﬁ(qla <oy Qn, ql) gradqlcpA(ql - ql)|

are an obvious consequence of property (2) if ¢ € Cs; if ¢ € C; U Cy one still obtains
these bounds (when z < e~2#B~1[(3)~1) by taking into account, together with (2), the
conditions imposed on (grady) e~ and the following bounds, [3], which hold if ¢ € C;UCs

~ n,—BUM(q1,qn
PA(GL, -y qn) < CTe AU (a1man) (6)

where C' > 0 is a suitable constant.
We are now allowed to take the limit as A — oo in both sides of (5) and deduce,
always in the region z < e=26B=11(3)~1,

gradqlﬁ(qla s 7qn) = ﬁﬁ(qla SERE) qn) gradql Wlh (q2a s 7Qn)_

_ (7)
- ﬁ/p(ql, o qny ¢ grad, (g — ¢') dg

This equation is a form of the infinite volume hierarchy of equations, [2], and it is imme-
diately verified that if (7) holds the functions

3
L

(2#6—1)%”

satisfy the Bogoliubov equations in the stationary case:

p(pla"'apnaqlv"'aqn): p")ﬁ((h,--an)

{E(p17Q17" 'apnaqn);p(ph(ID' 7pn7Qn)}+

d¢ dr (8)
+/{Wf(qla'"7qn);p(q1""7qna£apla"'7pnaﬂ-)} h3 :0
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where {-;-} is the Poisson bracket (the (7) is the form to which (8) reduces if it is
evaluated at p; # 0, p; = 0 for ¢ # 1; and vice versa (7) implies (8) if the momentum
distribution of the correlations is Maxwellian at inverse temperature 3).

Since the condition z < e~2#B=11(3)~! implies the convergence of the Mayer and the
virial series and also strong factorization properties of the correlation functions, [2], one
sees that the region (z, ) for which (8) has been proved is inside the gaseous phase.

I am indebted to O. LANFORD, S. MIRACLE-SOLE and D. RUELLE for comments and
reading the manuscript. I am also indebted to L. MOTCHANE for his kind hospitality at
the LH.E.S and to C.N.R.S. for partial financial support.
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