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Quasi-integrable mechanical systems-

Giovanni Gallavotti
1. Basic definitions on integrability and canonical integrability. Examples.

A mechanical system (H, W) with Hamiltonian H on the phase space region W is called integrable
if all motions in W are quasi-periodic in the following sense. There is a system of coordinates (A, ¢)
on W in which W appears as V x ']Té, where V is some open set in R’ and T is the ¢-dimensional
torus and, furthermore, the motion in these coordinates has the form (A, ) — (A, ¢ + w(A)1),
where w(A) is analytic in V.

More formally (see Ref. [1], p.287): there is a map Z : W — V x T* analytic, invertible with
non singular Jacobian and such that, if S; denotes the solution map for the system,

Si(p,q) == Si(Z(A, ¢)) = I(A, ¢ +w(a)t) (L.1)

where w is an analytic function on V.

Of course, if a system is integrable then its phase space is foliated into /-dimensional invariant
tori and the motions on them are quasi periodic.

Another notion of integrability is that of canonical integrability, arising when the map Z integrat-
ing the system can be chosen to be a completely canonical map C: since completely canonical maps
transform solutions of the Hamilton equations into solutions of Hamilton equations with the same
Hamiltonian (computed in the new coordinates) it follows that a system is canonically integrable
of and only if there is a completely canonical map C : W+«—V X T* such that

H(C (A, @) =h(A), (A, eV xT, (1.2)

for a suitable analytic function h.
In fact (1.2) implies that in the new coordinates the equation of motion become:

A=0 p=0ah(A)=w(A) (1.3)

It is convenient to think of T as a product of ¢ circles: the positions on them are described by /¢
angles ¢ = (p1,...,¢¢). Since two Hamiltonian systems related by a completely canonical trans-

Fig.1 A representation of phase space in terms of £ rotators.
formation are called conjugate, one can interpret canonical integrability by saying that a system is
conjugate to a system of free rotators; its phase space can then be represented as in Fig. 1.

* In Phénoménes critiques, systémes aléatoires, théories de jauge, Lectures at the XLIII summer school in Les

Houches, 1984, p. 541-624, Ed. K. Osterwalder, R. Stora, Elseviers.
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The phase space foliation into invariant tori parameterized by A € V is described by the equations
for the torus Ta:

(p.a) =C ' A,p), eT (1.4)

It is perhaps useful to recall the notion of canonical map. If W, W’ are open subsets of two phase
spaces, an analytic change of coordinates

C(p,a) = (p',d) (1.5)

mapping W onto W is called completely canonical and action preserving (see, for instance. Ref.
[1], p.289) if one can define an analytic function ® on the graph G(C) = {p,q,p’,d'| (p’.q') =
C(p,q)} C W x W' such that

p-dq=p’ -dq +dP on G(C) (1.6)

Remark: If p-dq—p’-dq’ is only locally integrable on G(C) one says that C is completey canonical,
only. For an example see Appendix F in Ref. [2]. However here I shall deal only with completely
canonical action preserving maps calling them, simply, completely canonical as no confusion can
arise between the two notions.

To avoid misunderstandings let me say explicitly that a subset of phase space is a subset of the
cotangent bundle T*% to some analytic boundaryless surface of dimension £ and (1.5) descriibes
the map C in two given local systems of coordinates.

It is easy to see that if C satisfies (1.6) it is completely canonical in the sense that, given
any Hamiltonian H on W abd defining H'(p’,q’) the function H'(p’,q’) = H(C~(p’,q’) the
Hamiltonian otions of H on W are mapped by C onto the Hamiltonian motions of H' on W'; this
follows immediately from Hamilton’s principle whereby the Hamiltonian motions of (H, W) are
those which make stationary the functional

ta
A= t (p-dq—H(p,q) (L.7)
among all motions ¢t — (p(¢),q(t)) € W leading from (p1,q1) to (p2, q2) in the time interval [t1, to]
with (p1,q1), (P2, q2) fixed a priori.
If C satisfies (1.6) and H' is related to H as above, then any motion ¢ — (p(t),q(t)) developing
in W from (p1,q1) to (p2,q2) in [t1,t2] has a corresponding motion ¢ — (p’(t),q’(t)) developing
in W from C(p1,q1) to C(p2,qz2) in [t1, 2] and (1.6) implies

t2 t2
/ (p-da—H(p.q)dt = / (p'-dd' — H'(p',q)dt + 2 — ¥4 (1.8)
tl tl
with @5, ®; depending only on (p1,q1), (pP2,q2): hence the stationarity of A is equivalent to that
of the corresponding A’ and our assertion follows.
Whatever definition of integrability one chooses, it is clear that integrable systems have the
following two properties:

(1) All motions stay bounded during their evolution, i.e. they remain at positive distance from
OW , uniformly bounded from below.
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(2) All motions are quasi periodic.

The variables (A, ¢) defined by a map C integrating canonically a given system are called action—
angle coordinates.

In studying the integrability of a system one usually first proves that its motions are all quasi
periodic and evolve on invariant tori: successively one tries to build an action preserving completely
canonical integrating map. In a later section I shall illustrate a useful algorithm for this purpose,
allowing one, in most cases, to deduce a pair C, h satisfying (1.2).

Equation (1.2) for the pair C (an action preserving completely canonical map), h (an analytic
function) is the Hamilton—-Jacobi equation and the well known algorithm just mentioned will be
the Arnold-Liouville theorem.

In the remaining part of this lecture I shall review a few remarkable examples of integrable
systems, leaving aside the question of canonical integrability.

The example of a system of free rotators is, tautologically, an example of an integrable system:
therefore thie first example that we shall consider, slightly less trivial, is that of one dimensional
systems:

p2

H(p.q) = 5~ +V(a) (1.9)

with V" analytic, V(0) = 0,V"(q) # 0 for ¢ # 0, V(q) o=z 00, m > 0.
In this case if ¢1(F) < ¢2(F) are the two roots of V(¢) = FE with E > 0, one easily finds that
the system is integrable in the region H(p,q) > 0 and all its motions are periodic with period

9+ (E) dg
T(E) = T .
B2 (2 -Via)* o

As integrating transformation one can take the (noncanonical) map Z(p,q) = (E, ¢):

- 2T
YT T(E)

E = H(p,q), t(p, q) (1.11)

where ¢(p, q) is the time needed for the initial datum p = 0,q = gq—(F) to reach the datum (g, p).

This time is obviously defined modulo T'(F) so that ¢ is naturallly an angle (average anomaly):

see Fig.2 and the motion in the coordinates (1.11) is (E, p) — (E, p+ %t, so that w(F) = T%g).
A

Fig.2 The arc on the constant energy curve defining the angle .
A second example is the two body problem:

2 2
p P Km
H(pp7p07p79) =2 0 -

= 1.12
2m  2m p? p (1.12)

which is integrable in the region H < 0,pg > 0 (and H < 0,pg < 0).
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In this case pg = G is a constant of motion (angular momentum) and the p coordinate evolves

. . . . d )

as described by the one dimensional Hamiltonian (p 2) mp)
p? G? Km

=2 -
2mJr 2mp> p

(1.13)

By the preceding example we can describe the motion of p in terms of two coordinates F, A\ where
E is the value of H and

21

A= T(E.G) t(p, p)

(1.14)

where t(p, p) is the time it takes a motion of (1.13) to reach the datum (p, p), starting from
p(0) = p_(E,G), p(0) = 0, see Fig.3, where py (F,G) are the roots of 2 (E >+ M) = 0.
The motlon of the A coordinate is simply described by A — A+ T(E.G) E Ty obviously by construction.

- 2mp

Fig.3 The arc on the constant energy curve defining the angle o for the Keplerian motion.
The complete motion is found from the equation mp?0 = G: since p(t) = R(\ + X0 G)) where
R is the motion of (1.13) with initial datum p(0) = 0, p(0) = p_(E, G) one finds

t
G
0(t) = 0(0) +/ 5 dt (1.15)
which implies
exp( 2wik t) -1 _
0(t) = 0(0) + xo(E, G)t + > xu(B, G)——o ikt
k#£0 T(E,G)

where xx(E,G) are the Fourier coefficients of the function G/m R(\)2.

Defining pn = 0 — > o xx(E,G) T%?E“é)ei“ (which is real in spite of being define in terms of

complex numbers) one sees that the coordinates (E, G, ]I, u) evolve as

2m
T(E.G)"
showing the integrability.

In fact it turns out that % = xo(F, G) and all motions are periodic. They evolve on ellipses
with polar equation

—=(—+—)+(— — —)cosf (1.17)
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I shall not go through the well known calculations to obtain (1.17).

Fig.4 The Euler angles.

A third example is a solid with a fixed point and inertia moments 0 < I; < Iy < I3 on the
principal inertia axes iy, iz, i3. The Euler equations are

Lwy = (I2 — I3)waws, Lw; = (I3 — I )waws, Izw, = (I — I)waws (1.18)

where w is the angular velocity vector, which in terms of the Euler angles is

w=0n+¢pk+ i (1.19)

whose components on the comoving frame are denoted wq, ws, ws.

We take the z-axis to be paprallel to the (constant) angula momentum K = Ak = Iw, where I
is the (diagonal) inertia matrix.

The three comoving components of k are

Kg :13W3 = Acosf
Ko =Ihws = Asinf cosvy
Ky =I3w3 = Asinfsiny (1.20)

13 Ilwl
= g =—= t =
cos s an oo

The energy and angular momentum are E and A, respectively

2F = wi + Lws + Iwi,  A=T}wi+ wi + w3 (1.21)
which allows us to express wi,ws in terms of wsy; after substitution into (1.18) one finds

W3 + Ve a(ws) =0 (1.22)
telling us that we varies as a one—dimensional motion of a mass 1 particle with zero energy and
potential energy %VE, 4 whic, as is easy to compute, is given by
[(2EI; = A) — (Is — ) bw3] [(A* - 2BL) — (I — 1) s

LI2I5

Ve alw) = — (1.23)
This implies that wy varies periodically with period T'(E, A) and so do wy,ws and, by (1.20), 6, .
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It remains to determine . First one remarks that the simple relation

wg = 1) 4 ¢ cosh (1.24)
that ¢ is periodic in time.

Hence, as in the two body problem, it follows that ¢ is quasi—periodic with two periods T'(E, A)
and 27 /¢ where ¢ is the average of ¢ (which is periodic). More precisely let Q4 (E, A) be the two
roots of Vg 4 = 0. If Q(¢, E, A) is the solution to the equation (see (1.24))

w1
W+ iawVEA(w) =0 (1.25)

with initial datum w(0) = Q_(E, A),w(0), we have

wg(t) = Q(t(u)g,wg) +t,E7A) (1.26)
where t(wz, ws) is the time needed by the solution Q of (1.25) to reach the datum ws,ws.
By (1.20),(1.24) and (1.26) it is clear that
()b: <I)(E‘7147t((“)2a(‘:}2) +t)a (127)

where @ is a suitable function with period T'(F, A) in the third variable. Denoting by ®;(FE, A)
the Fourier transform of ®, we find:

e27rikt/T(E',A) -1

t) = tdo(E, A dp(E,A 1.2
showing that the angle
p2mikt/T(E,A)
=p-— OB A) 1.2
n=p-D u(E, S m Tk T(E. A) (1.29)

k0

varies uniformly in time.

At this point the system is integrated and one can use the following coordinates E = energy,
A = angular momentum, & = angle between the z—axis of the fixed reference frame and K,
€= %, n = (see Jequ(1.29), v = angle between the node line of the plane orthogonal to K
and the xy—plane of a fixed reference frame and the r—axis.

It is easy to find explicit expressions for T'(E, A) and ®q(FE, a) in terms of elliptic integrals.

As a fourth example consider the geodesic motion on an ellipsoid for the ellipsoid i—z + g—j + j—z =1.
The natural (Jacobi) coordinates are defined by

x =v/a cosf /e + (1 — ) cos? g,
b—a
c—a

2z =v/csinp /1 —ecos?f.

and the ellipsoid is covered twice as (6, ¢) vary in T?.
Setting u = a + (b—a)cos? 0, v = b+ (c — b) cos? p, then (1.30) takes the well known form:

y =Vb sinf cos ¢, €= (1.30)
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e =va(G o) 2= va(gTaey) = = va(aey) e

After a few calculations one finds that th eLagrangian (i.e. the kinetic energy) is:

L= 5[0 a0) + & 5(e)] [9(6) + (o) (1.3

where

o0 = CLOTLSOE 0= 0mmte

(1.33)
b—a)+ (c—b) cos?p
sy = LoD e ) = (= b cos’ o
s~ ¢ + ccos® @
Hence the Hamiltonian is
1/ p3 | D 1
== 1.34
(o 7)) s+ (34
Without using the special form of «, 8, h, g (1.34) implies
2 2
p p
I — Eg(0) =n=—5-"< — Eh(p) (1.35)

2a(0)

(with H = F) is a constant of motion.
One easily expresses M = nE/b in terms of the original angles:

26(¢)

1
M:%[a—i- (b—a)cosQH} [b—i— (c — b) cos? } . [(b—a)sinQH—i— (c —b)cos? p|-
62 ng (1.36)
. [(c—a)—i—(b—a)cosQG * (b—a)—&—(c—b)cosQ(p}'
and one also finds that M > E and if M > E the motion cannot visit the singularities of the
coordinate system (1.30) which, when a < b < ¢ are found only for sind = cosp = 0, i.e. for
x=xvae,y=0,z2==x,/(1 —¢)c.
If one considers the angle variables 11, 15 defined as the average anomalies for the one dimensional

systems

1

Hy = 305 — (B a(6) 9(6) —n (), %p% — (EB(e) h(g) = nB(p)), (1.37)

corresponding to their zero energy motions (i.e. Hy = 0, Hy = 0) one sees that the system is
integrated by the coordinates (E, M, 11,12) and that ¢ rotates with period

(1.38)

o
Ti(E,M) = 2/{9(E7M) 0+ (B, M) V2(E a(0) g(0) — na(6))

with the usual notations, and 2 rotates with a period given by a similar expression.

Finally we consider the one dimensional Schrodinger equation in a periodic potential
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—G+eqV(wt)= Eq (1.39)

where V' is periodic and analytic on T Eq. (1.39) corresponds to the Hamiltonian system

2 2
H(p,q,T,v) =l + 5+ (B = V() T (1.40)
Using the completely canonical map C(p, q) = (A, ¢) with
2 2
r B p
A=VE (& 4+ =/ , = arctan —,
G+r=) v Eq (1.41)
D :(QA\/E)% cos p, q= (2A\/E)% sin ¢,
Eq. (1.40) becomes, if (A4, ¢) and (T,v) are conjugate pairs,
cA . 9
VEA - ==V (¢)sin® ¢ + wT. (1.42)

VE
Integration of (1.42) is equivalent to the construction of the Bloch waves for (1.39) and works for
E inside the bands of (1.39).
More generally a quasi periodic Schrodinger equation

—§+eV(wit,wat,...,wit) = Eq (1.43)

is equivalent to the (1 + ¢)—dimensional system with Hamiltonian

A
VEA+wi Ty + ..+ wiTy — —=sin2 oV (¥, ..., ). (1.44)

VE

Note that, in general, every value of E for which (1.43) admits a quasi periodic solution will be a
point in the continuum spectrum of (1.43) and, in fact, this is a method that can be used to study
the continuum spectum of (1.43).

(1.45)

T B >

For completeness we give here the construction of the second integral of motion for (1.42), for

E in the bands. So we consider the Hamiltonian system (1.42) and fix kg € (=%, %). We define a
Bloch wave with wave number ko a solution of the Hamiltonian equations for (1.42) of the form

q(t) = eik“tqo(wo + wt) (1.46)

with ¢ € C’OO(Tl). The equation for qq is
(k3 — E) qo — 2ikodo + € V(wt + 10) go — w?jo = 0 (1.47)
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Eq. (1.47) is a self adjoint equation on Lo(T"') with discrete spectrum. For fixed ko we can find
a sequence E,(ko), n = 0,1,... of eigenvalues for (1.47). The parametrization can be made so
that E, (ko) are, for each n, continuous functions of ky. One finds the picture of Fig.(1.45). This
picture is obtained by first drawing Eo(ko) over the interval (=%, %), (the first Bmlloum zone);
then we draw E)(ko) over the interval (%, 3w) and Es(ko) over the interval —3w, —%) instead
of drawing them again on (—%,%). If E,(ko) are appropriately labeled (contmumg the above
rule) one defines a function E(kg) with a graph as in Fig.(1.45) and one can prove that E(ko)/k3
approaches a constant limit as kg — oo.

Let E = E(ko), ko # 322k +1)w, k = 0,1,2,...; the claim is that for such E the system (1.42)
is an integrable system. Let ko = ko — 3(2k + 1w w1th k so chosen that |ko| < £

The change of variables (1.41) and the correspondence between the solutions of (1.43) and (1.42)

(¢ = 1) suggests introducing the following functions on T>:

Q(a1, a2) =Re (€™ gy, (a2)),
P(aq, az) =Re (ikoe" qr, (02) + € wgj, (02))

: , (1.48)
P+ E
a(ar, az) :TEQ, Do, a2) = §V'(042)Q2(041,042),
where V' is the derivative of V" and g, that of gx,. Then given p € R the function
q(t) = pQ(avg + kot, o + wt),  Y(t) = o + wt) (1.49)
gives a solution of the Hamiltonian equations with initial data
p = pP(ao, o), q = pQ(ao,v0), Y = o, B =By (1.50)
provided B(t) is defined so that
B= gff V' (o + wt)Q*(ag + kot, o + wt) = p°T( + kot 1o + wt) (1.51)

Using that (1.48) implies that the Fourier transform L'y, v, of I vanishes unless 71 = 0, £2 we see
that kor; + wry can vanish only if ;1 =79 =0 or if +2ko + wre = 0 and this can happen only if
ko is an extreme point of the Brillouin zone, against our assumption that F is inside a band. This
means that, if r = (rq,7r2),

( ) ) ) Z ei(mEoJrrgw)t -1 ( )
B(t) = Bo+ pToot + p Iry—————, 1.52
7o i(r1ko + row)
which implies that if I'g = 0
z(rlko-i-rgw)t
B=B-— p2 Z - (1.53)
i(r1ko + raw)

is a constant of motion. SO if I'g = 0 we have shown that the system admits a third constant of
motion ( besides H, p) and also that the motions are quasi periodic; hence the system is integrable.
Writing
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Qlar, a2) = 5(6 i (a2) + ¢~ Gy (02)) (1.54

one realizes that

27
T o / V/(0)ldh, ()] da = 0 (1.55)
0

which vanishes as it follows by considering (1.47), multiplying it by 620 (where the ' denotes the
derivative d,) and taking the real part of the result and integrating over a period. Note that the
three constants of motion are not independent as one can check that B = H/w.

2. Canonical integrability and the Arnold—Liouville theorem.

In the preceding lecture the rather typicalsituation has arisen in which integrability is checked
by explicitly exhibiting foliatons into invariant tori of the relevant regions of phase space and the
relative quasi p;eriodic motions.

Doubt may arise that this does not necessarily mean that the system is canonically integrable
or that, even if the system is canonically integrable, the construction of the action angle variables
may be a very hard task.

It is therefore interesting to present a few general considerations which eventually also lead to a
simple constructive algorithm to define action—angle variables.

First we remark that if a system (H,W) is canoniclly integrable the completely canonical map
C: WV x T

(A,p)=C(p,a) (2.1)

then the conservation of the Poisson brackets under completely canonical maps (see for instance
Ref. [1],p.237) implies that the system admits on W ¢ constants of motion, namely Ay, ..., Ay

4
def
{4 A3} =Y (05, AiDiy A — 0g Aiyp Aj) =0, or
k=1
{A A} = (0pA) - (0qA)" — (0qA) - (GpA)".

(2.2)

where {cot, -} denotes here and in the folloeing the Poisson bracket. Thus a necessary condition
for canonical integrability is the existence of ¢ constants of motion in involution.

2.1. Does existence of ¢ constants of motion in involution imply integrability ? (generically yes).

It is therefore interesting to examine what happens when a system (H,W) admits ¢ constants
of motion I1,...,I, independent,in involution and such that H = I; or, more generally, H =
h(I,...,Is). This is the situatin which arises in the one and two degrees of freedom systems
admitting one constant of motion besides the energy (like two—body problem,or the geodesic motion
on the ellipsoid or the one-dimensional Schrodinger equation) because the condition on a function
for being a constant of motion is just that of being in involution with the Hamiltonian. This is
also the situation that sometimes arises in systems with more than two degrees of freedom like
the solid with a fixed point where three involutory constants of motion can be taken E = energy,
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A = angular momentum, § = angle between the z-axis and the angular momentum (this is so
because A, Ay = Acosd are, as is well known, from the angular momentum commutation rules, in
involution).

Then assuming that the system admits £ involutry integrals I, . . ., I; among whch the energy, and
assuming that the surfaces I = const are boundaryless and compact forl near some Iy and if some
technical invertibility dondition (to be specified later) is satisfied, then the system is canonically
integrable in the vicinity of the surface I = Iy. In fact, as we shall see, the condition that H is one
of the I; can be relaxed to H being a function of the I;.

The thorem is surprisingly simple if one does not try to avoid the use of “technical assumptions”
and its proof can be divided in two distinct parts, [3].

(i) One proves that the surfaces

o(i) = {p,al(p,a) € W, I(p,q) = i} (2.3)

for i close to Iy are /—dimensional tori. In most applications such a property will however be
known a priori as in all the examples of Sec. 1. In fact in most applications one will be able to
integrate the motion by showing that it is quasi periodic, hence that it takes place on invariant
tori of dimension ¢ and one will wish to apply the above Arnold-Liouville theorem only to prove
the canonical integrability (starting from simple integrability).

(ii) One shows that the o(i) are Lagrangian manifolds in phase space, i.e. they are surfaces on
which the differential form p - dq is locally integrable. Once o (i) is represented parametrically as

p=a(iy). a=p0y), peT (24)
(possible because (i) is a torus) this allows one to define the action variables as
A =5-f peda (25)
k(L) = 5= : :
27 S (i)

where 7 (i) is the k-th circle on o(i) in the chosen coordinates, i.e. vx(i) = {¥[v; = 0.5 # k}.
The angle variables ¢ will be defined so that locally the function

(p,q)

S(q,A) = / p-dq (2.6)
P

is the generating function of the completely canonical map (p,q)«— (A, ¢); the details are given

below; in (2.6) the integral is along any curve on (i) joining the point ¥ = 0 (say) to the point

with position coordinate q.

The proof of (i) is based on abstract considerations of differential topology. If on an /~dimensional
boundaryless compact surface o(i) one can define ¢ independent vector fields commuting with each
other, then (i) must be a {~dimansional torus, i.e. it must be representable in the form (2.4). In
our case of course the ¢ vector fields are £ Hamiltonian fields with Hamiltonians I ,...,I,. The
condition of involution {Ii,lj} = 0 simply means that the ¢ Hamiltonian fields commute and,
therefore, must be tangent to o (i) (because the Hamiltonian is a constant of motion in all motions
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generated by the corresponding Hamiltonian vector fields) and can be regarded as commuting
vector field defined on o(i).!

Part (ii) of the theorem is much more interesting. To study the form p-dq on o (i) one expresses
p in terms of q and i locally, by inverting the relation i = I(p,q) with respect to p: we assume
that this is possible: in general the independence of the I's does not necessarily imply that this
is possible because it only means that dpqI(p,q) has rank 2/, but it might be that dpI has rank
lower than ¢, see the example in the figure below. The general case, however, could be treated by
suitably changing the role of some coordinates.

A
p
P2r==2(p.q)
_— >
D1 4

Fig.6 ¢ = 1 and H = I such that for p € [pl,pg] the graph of H is vertical: one sees that, if (p7 q) is like the
point marked in the figure, 7r(i, q) cannot be defined.

Let p = 7 (i, q) be the inverse function of i = I(p,q): then p - dq becomes on o (i)

(i, q) - dq (2.7)

Saying that o(i) is a Lagrangian manifold just means that

Ogp Tk = Og,, Th for all k, h (2.8)
which can be checked immediately to be just a different way of writing the involution conditions
{Ii,lj} =0 for all Z,]

In fact from i = I(w (i, q), q) it follows that

0 = Opl Ogm + 01 = Oq = —(0p1) " 10q (2.9)

which allows us to write (2.8) as: — (apI)_1 (0g1) = —(an)T((apI)T)‘1 or

L' The construction of the parametric representation (2.4) requires solving the Hamiltonian equations with Hamil-
tonians Iy,...,I, near I = Iy. Fix one point o € O’(I) and define for t € Re, (p(t),q(t)) = Sﬁ ...S;ﬁo,
where SZ is the evolution generated by I;. This realizes a map of ]RZ on a subset of U(i) which is open (by the
independence of I,...,Iy) and which must also have an open complement: hence it coincides with J(i). Fur-
thermore t — t + 7 induces an action of Rl on o(i) via (p(t), q(t)) — (p(t + ‘r),q(t + ‘r)) Therefore cr(i)
is a homogeneous compact space for the group Re: hence there must exist £ real positive numbers (Tl, .. ,T[)
such that t and ¢ + T represent the same point on U(i) and for all ¢ with 0 < t’1 <1Ty,...,0 < t% < Ty the t

and t' do not represent the same point. So the coordinates ¢ can be defined as ¢; = 27rt]~Tj_17 j=1,...,¢ and

(a(i7 ¢)7ﬁ(i7 ¢)) = (P(g—}rlﬂly (RN QT—f;we)7Q(§—7lr¢17 B %w[))
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(0aD) (3p1)" = (1) (0gD)" —  {LI} = 0ra, (2.10)
It is now possible to define £ new constants of mption, A(I), via (2.5) and to define the multivalued
function (2.6). The different determinations of S(a,q) on o(i) differ by Z§:1 2w Ajm; where

m = (my,...,m)f) € Z' are integers; this follows immediately by the local integrability of the
form p - dq and by the defintion of the A;.
Defining for (p,q) € o(i), A = A(i)

® =0aS(q,A) (2.11)

one realizes that the ¢’s are defined modulo 27 (because S(p, A) is defined modulo 27m - A).
We now make the technical assumption that the map C : (A, ¢)«— (p, q) defined by (2.5), (2.11)
is invertible in the vicinity of o(Ip).
By construction this map is then canonical and, in fact, completely canonical action preserving,
because setting ® = S — A - ¢, F is single valued on the grpah of the map and

p-dq=0qS-dq=dS—0aS-dA=dS—¢p - dA=d(S—p-A)+A-dp=A -dp+dd. (2.12)

Of course C integrates canonically the system because H(p,q) = h(A) by construction.

Note that the example in Fig.6 shows us in Fig.6 shows us that the “technical assumption” is not
trivial in general; in that case (2.11) does not have the required invertibility properties. However
this same example shows that the theorem holds under more general assumptions, as it it an easy
exercise to check that the system considered in Fig.6 is in fact canonically integrable.

[Prove that the action-angle variables can be defined, if (0,H,0,H) # 0 by

A= o = §TBT. o= st (213)

where T(E) = T(A) is the period of the motion with energy E or corresponding action A and
t(p,q) is the time required by a reference motion of action A to reach the initial datum. Show
that Z—g = %. In fact the “technical assumption” made above is not necessary; for more general
constructions which do not make the assumption see [4]].

The above formulae provide explicit expressions for the action—angle variables once the tori o (i)
are known, i.e. once their parametric quations (2.5) have been found: however as explained above
their determination requires the preliminary integration of the equations of motion by “standard
methods”.

2.2. Generically there cannot be more than { independent constants of motion.

A simple corollary of the proof of the above theorem is the well-known statement that a Hamilto-
nian system cannot in general admit more than ¢ independent constants of motion in involution.
Let in fact Iy,...,I; be £ independent constants of motion and let I;4; be another constant of
motion. Suppose that {IZ-,IJ-} =0,475 =1,...,0 +1. We do not suppose that the surfaces
(I1,...,1;) = const are compact or boundaryless because the above statement has a local nature;
we suppose, however, the “general” property that the I(p,q) = i can be locally inverted with
respect to q and i as p = 7(i,q). Then one defines S(i, q0 locally by
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sta)= [ pda (2.14)

0

along any line on o(i) joining qo to q (with p = 7 (i, q)); the calculations (2.9), (2.10) show that
this is possible because p - dq is locally integrable at fixed I. Then we define

p = 045(i,q), T=08:5(,q) (2.15)

and use these expressions to deine near a point (pg, qo) a completely canonical map (p, q)«— (i, 7).
Then, since the canonical maps preseve the Poisson brackets

{Ips1,1;} =0 =0, Iis1=0, j=1,...¢ (2.16)

i.e. Ipq1 is locally a function of Iy,..., I,.

This illustrates the meaning of the involution property. Alternatively and more simply, one can
just say that once I(p, q) =i is assumed to define an {~dimensional surface the involution condition
means that on this surface there are ¢ pointwise independent vector fields; hence any other vector
field must be dependent on them.

Other interesting consequences of the above idea can be deduced for anisochronus systems.

2.3. Euxistence of ¢ involutory constants of motion is necessary for canonical integrability if the
system is anisochronous.

A system which is integrable (not necessarily canonically integrable) is called anisochronus (some-
times one says satisfyng the twist condition or twisting) if, calliong (I, ¢) the integrating variables
(called (A, ¢) in the definition at the beginning of Sect,1),

det Or(T) # 0 (2.17)

This means that at least locally in the I; variables one can take as constants of motion the w;
themselves and the integrating map can be given the form

I(p,a) = (@, ), ST (w, ) = T~ (w, p + wt) (2.18)

Then it is remarkable that, if a system is integrable and anisochronus, it can be canonically
integrable only if

{Li.;} =0 (2.19)

In fact if the system is canoncally integrable, denoting (A, ¢) the action—angle variables:

w = w(A) = Iah(A) (2.20)

so that, locally, I = i(w) :T(A) and {Ai, Aj} = 0 implies {Ii,Ij} = Zi b1 8Ahi-8,4£j {Ah, Ak}
= 0. One can also interpret the above as saying that in anisochronous canonically integrable
systems all constants of motion are in involution.
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The anisochrony is essential: taking H = 0 and ¢ > 3 one can easily find a foliation into /-
dimensional (trivially invariant) tori of a subset W C R* whose ¢ parameters I; depend on p,q
so that {Ii,Ij} # 0.

2.4. Integrability and anisochrony imply canonical integrability

A final question one can ask is whether integrability implies canonical integrability or, more gener-
ally, if quasi—periodicity of all motions implies integrability. This question can be easily answered
in the case in which the quasi—periodic motions have £ anisochronous periods. The few following
paragraphs of this section differ from the original published text, and replace it, because the analysis
was presented as an open problem (at least for me): however afterwards I found a simple solution
to at least part of the problem and therefore I think that it is better to present it together with a
new reference.

Suppose that the system admits ¢ integrals of motion I and that I = i determines a torus with
frequencies w(I); suppose that H = I; and that the system is nanisochronous det drw(I) # 0.

The case £ = 2 is reduced to the above discussed Arnold—Liouville construction. The cases
£ > 3 are more interesting but their analysis is essentially the same and we discuss only ¢ = 3 for
simplicity.

To fall back on Arnold-Liouville construction we only need to show that {12,13} = 0 as we
already know that {H, IQ} = 0 and {H, Ig,} = 0. We shall show that {Ig,]g} # 0 leads to a
contradiction.

Indeed let J = {IQ, Ig}: then {H, J} = 0 by the Poisson brackets Jacobi identity. Let S!2(I, ¢)
be the Hamiltonian evolution with Hamiltonian I and S ¢ be the Hamiltonian evolution with
Hamiltonian H. Then SH S/ = SESH because {H,I,} = 0. Since J # 0 it will be S2(L,0) =
(Ic, ) and I. # I) because I3 change to O(g) for € small and det dyw(I) # 0. The equality of
SHSE and S2SH implies

pe +w(L)t = SE (WD + ) (2.21)

which cannot be true for all ¢ if w(I) # w(I.) because the r.h.s. differs from w(I)t + ¢ by at most
O(e). Hence J =0 and I; = H, I, I3 are independent and in involution so that we can apply the
Arnold-Liouville theorem.

Of course one can discuss the more involved cases in which the system is not anisochronous: a
deeper analysis including most such cases can be found in Ref. [5].

3. Classical perturbation theory.

We now consider a canonically integrable Hamiltonian system described directly in action—angle
coordinates by

Ho(A, @) =h(A), (A,@)eV xT (3.1)

Let f be an analytic funtion on V' x T and consider for ¢ € R

Ho(A,p) =h(A) +cf(A, ) (3.2)

To be more quantitative we shall regard f as a function on c* by setting

2/settembre/2004; 16:35 15



3.3

3.4

3.5

3.6

3.7

3.8

3.9

16 Les Houches 1984

fla,z) = f(A,p), if z=(e",... %) (3.3)

and real analyticity will be imposed by requiring that f has a holomorphic extension to C?* to the
neighborhood

W(p,&,;V)={A,z|(A,z) € C*, 3A¢ € V such that |a;—Ag;| < p, and e~ < |z| < €}, (3.4)

and we shall denote

E= sup [0ah(A)l,  |fllpe= sup (|0af[+pt0sf]) (3.5)
W(p,£,;V) W (p,&,;V)

where [w| = 2, [wi.

Clearly E~! is a time scale measuring the characteristic time of variation of the unperturbed
system, while (g f|l,¢)"*E~"! is the time scale over which the perturbation becomes effective
compared to the unperturbed evolution time scale.

The problem of perturbation theory can be stated as follows: find for € small a one parameter
family C. of completely canonical maps defined on V' x T* such that C. — identity as the parameter
e — 0 and if (A', ') = C(A, p)

H.(A, ) = he(A) + o) (3.6)

where Zh. is a suitable analytic function of A’ € V. The ideal goal would be to have o(e) = 0: but
this can happen only if the perurbed system is canonically integrable by a one-paprameter family
of completely canonical maps depending analytically on &, a rare event as we shall see soon.

To study the above problem one can imagine that C. is defined via a generating function ® by

A=A +9,0(A ), ¢ =¢p+in®Ap) (3.7)
as one can check that any action preserving completely canonical map analytically close to the
identity has the form (3.7). Then the perturbation theory solution for the “Hamilton—Jacobi’
equation, i.e. (3.6) with o(e) = 0, is built by setting

O, =Py 4+ 2Py + ..., he = h+¢ehy +e%ha + ... (3.8)

and writing

He(A + 0,2 (A", ), ) = he(A") (3.9)

Note that (3.9) is a differential equation for ®. at fixed A’ and this is the reason why the Hamilton—
Jacobi equation (which in principle is an equation in which the unknown is a map) is usually thought
of as a differential equation.

One then substitutes (3.8) into (3.9) and, after developing both sides in powers of €, one equates

the coefficient of ¥ to 0. If w(A) = Iah(A) one finds

h(A") +ew(A') - 0a @1 (A, p) +ef(A,p) +O(?) = h(A') +ehi(A) + O(e?) (3.10)
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leading to the first order or linearized Hamilton—Jacobi equation:

w(A/) ’ aA’(I)l(A/a (10) + f(A/a (10) = hl(Al) (3'11)

which implies immediately that h; is the average over ¢ of f (by integrating bith sides over ¢ € Te),
so that (3.11) can in fact be written as

def

hi(A') =f(A' f(A o) de,
(A)=ra)= (2m)* Jr* (A'¢) (3.12)
W(A/) ! aA/q)l(A/a (P) = [f(A/a (P) - f(A/):I

If the second equation of (3.12) admits a solution (which we can determine up to a function of A’,
an ambiguity which by convention I shall resolve by requiring ®; = 0) then one can write down
the second order equation for ®, i.e. the equation for ®5, and in terms of its solution the third
order equation, etc

Assuming that all such equations admit a solution one finds that the n-th order equation has

the form

W(A") -0 Pn(A', ) + Ny(A, @) = hn(A) (3.13)

where

N, (A’ ) = { polynomial in 9,P;(A’,¢), j=1,...,n— 1} (3.14)

with coefficients which are monomials in 65'8 (A’ ) with |a] < n and 8§Jah(A’) with |a| < n.
One checks that for n > 2

N(ALp) = S Solkh(A) > [l B0 (A, 0)+

i<la|<n k(ll) _____ kéll)zl i=17=1
G) <2) () _
k ..... k >1, Zk n (315)
s Y o) )» [ilo. D0 (A )
i<la|<n . kgl) _____ "'«(111)21 i=17=1
KO k(€)>1,.2k§1)*n 1
where a = (a3,...,ay), al = ai. cafl, lal =3, a;.

Eq. (3.13) yields h,(A’) = Ni(A’) and we see that the determination of any order in perturba-
tion heory is equivalent to the study of an equation of the type
w(A') - OaB(A',p) = —[N'(A, ) — N/ (A")] (3.16)

Before explaining some applications of the above general considerations it is convenient to formulate
a more general perturbation theory problem. Namely one can ask whether there is a family C. of
analytic completely canonical maps, analytically dependent on ¢ for small €, such that

HE(C_I(AIaQOI)) = hE(AIaQO/) (317)

€
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where he has a prescribed ¢’~dependence, e.g.
he(Al @)= Y Do (A)e™? (3.18)
verCzt

with 7 being a fixed subset of Zt. Ordinary perturbation theory is obtained when # = 0. Using
the notation (3.15) and writing

he = h(A') +ehi (A, @)+ ho(A', @) + ... (3.19)
one finds the equation for ®.:

n—1

—~

W(A') - 0p + NJ(A',@) = > NMy (A, @) + hn(A, ) with
k=1
= al ) £ ) (3.20)
N n—p = Z 8¢ahn,p(A ,(p) Z H H (9,4; (I)k(_i) (A y (p)
0<lal<<p SR, i=15=1 ’
£ >
J
where le = f, and ]Vf = 0; or writing M = NJ = Z;ll Nzltk and denoting by PrM] the
orthogonal projection of M,{ on the Fourier modes with v € 7:
ho(A' @) = PoMI(A' @),  w(A) 0,8, + M — P,M] =0 (3.21)

where ®,, is chose, if it exists, suct the P, ®, = 0.
We shall now consider two general applications and one concrete example. First consider the
case in which f is a trigonometric polynomial of degree N analytic in W(p, &; V) and:

FAQ) = Y fu(A)er?
vezt, v|<N (322)

lw(A)-v|™P < C|Y, VIY|< N, v#£0
for some C' > 0,a > 0. Then given p’ < p, & < £ it is possible to define for € small enough a
completely canonical transformation C. analytic in W(p',£’; V) and in e such that
(1) C-: W(p', &5 V) = W(p,& V),  C.—=p identity

(ii) Ho(C.(A, ")) = ho(A) + 2 f1(A/, ¢, €) (3.23)

(i11) he(A') = h(A) +ef(A")
with f; analytic in € and (A’,¢’) € W(p',&'; V).

The above theorem says that in the variables A’, ¢’ the motion is approximated by
A’ = const, o — @ +0ah (At (3.24)

up to times of order (O(e~1!) for small ¢; i.e. (3.24) provides a description of the motion valid for
a much longer time than could be estimated by neglecting the perturbation directly in the original
coordinates (which would give a time of order O(e~2)).
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The proof of the above theorem is simple. One starts from (3.10) and (3.11) and soves it by
fo(A)
O (A’ = wee 3.25
1( 7‘10) Z —ZUJ(AI)I/e ( )
v#0, [v|<N

This is well defined and holomorphic in W (p, &; V') because |w(A') - v|7t < C < o0 on W(p,&; V)
by hypothesis (see (3.22)).

Given 0 < § < ¢ the size of ®; can be estimated in a domain W (pe=°,& — §; V) by dimensional
analysis, i.e. by Cauchy’s theorem. In fact the analyticity asumptions (3.5) imply

oafu(A)] <( sup [oaf]) e M <|If]pee,
W(p,&V) (3.26)
[ fo(A)] <( sup [0 f]) eI < plflpge™<!
W(p,&V)
Therefore there is B; > 0, a numerical constant dependent on «, ¢ such that
a (A
sup 1B, < C Z | v]]fu( )|e(g—5)|u| <
W(pe=?,6=6;V) v
v#£0, |v|<N (327)
<Cplfllpe Y w* e M < BiCp | f]lped*
v#0
and again by dimensional analysis, supposing 0 < § < £ < 1
1 —t-a
sup  (10a®1] + —510,81]) £ B2C 7 | fllpe,
W (pe=25,6—-25;V) e "p (3 28)

sup[03,01] < BsCaT I e
W (pe=2,£-26;V)

The inequalities (3.28) allow us to discuss in a quantitative way the implicit functions problems
necessary to define C.,C-! from the relations
A=A"+c09,0(A,p), o' =p+ecoa® (A ), or

, , , i , (3.29)
A =A"+¢c0,2:1(A, ), z' =z exp (ic Oa P1(A’, ))

where z < (21671, .., 2pe™0).
First it is clear that (3.28) and the analyticity of ®; allow us to solve (3.29) form small ¢ as

C.:A=A"+E(A",7), z=17exp(iA(A', 7)), or

, g (3.30)
C.L:A'=A+E'(A,z), 7z =zexp (1A' (A, z)),
where =, Z’, A, A’ holomorphic in W(pe=2°, ¢ — 24; V) and C., C. mapings such that
W(p6*35,§ - 357 V) - CEW(IO67265§ - 257 V) - W(p6767§ - 57 V)7 (3 31)

W (pe™,& = 36;V) CCLW (pe™,£ = 26; V) C W (pe™°, £ = 6; V),

for small € and with C.,C’ analytic in ¢ and in W (pe=29 & — 26; V).
By construction it will also be true that (3.23) holds on W(pe™2% ¢ — 25;V) and our result is
proved by setting p’ = pe =29 ¢’ = ¢ — 2§) and recalling that § was arbitrary.
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For future purposes it is convenient to determine explicitly how small ¢ has to be chosen if ¢ is
given (i.e. if p' < p,& < & are given). Once =, 5’| A, A’ exist they must satisfy, on their domain
and if C.(A’,2") = (A, z):

E. (A7) =¢0,01(A',z) = E.(A,z)

, , , (3.32)
A (A7) = —eoaD1(A,2) = —AL(A, 2),
so that by the simensional estimates (3.28)
= = —l—«
1Sl e 6250 5Ll 20,625 < BaCllf .

|Ac|pe—25 ¢ 25, |ALlpe-26 ¢25 < BoC pC|| f| e

| e

Also by simple applications of implicit functions theorems (see for instance Ref. [1], p.490-491) the
existence of Cc,Cl) can be guaranteed by requiring the following conditions on the Jacobians:

20A,P1] < 1t (3.34)

where p is a small absolute constant, e.g. 278, So using (3.28) we see that there exists By > 0
such that if

eBAB3C||f|l,c0 0 <1 3.35
23

the maps C.,C. exist and satisfy (3.33),(3.31); this gives € in terms of 4.
4. Birkhoff theorems on harmonic oscillators.

Another very interesting application of perturbation theory is the following theorem which I
shall call Birkhoff theorem (although in the literature this name usually refers to a slightly different
theorem, proved in the same way and consequence of the theorem discussed here), see Rfs. [1],p.475.
Consider the system

H. (A, p)=w-A+cf(A ), (A ecVxT (4.1)

with w satisfying, for some C, a > 0, the non resonance or Dophantine inequality

w-v|"t <O, 0#£veZ’ (4.2)
Such w’s exist because the measure of the w’s in R satisfying (4.2) and contained in the set

{|w| < R} can be estimated as

vol (lw| < R) — Zvol{w| |w| <R, |w-v|< C_1|1/|_a} >
v#0

0 -1 2 (1 Do
>R —y-1R ';)Cu|a||u|| > (vol ({|lw| < R)) - ( CR)

(4.3)

where ||lv| = (X v2)? and 7, = 2% > o<y lv|=|lv|| 7! < oo, if @ > £ — 1. In fact (4.3) shows

that the set of the w’s satisfying (4.2) for some C' > 0 and o = £ (say) has full measure in R".

2/settembre/2004; 16:35 20



4.4

4.5

4.6

4.7

4.8

4.9

21 Les Houches 1984

Eq. (4.1) has the interpretation of a harmonic oscillators with “non resonating” frequencies
perturbed by ef and described in the action—angle coordinates of the unperturbed harmonic os-
cillators. In this case the Birkhoff theorem states that perturbation theory is well defined to all
orders n > 1 and the functions h,(A’), ®,(A’, ¢) introduced in the preceding section can be
simoultaneously defined, for all n, as holomorphic functions in W(p, &, V).

The reason is simply that if N(A’ @) (see (3.16) and(3.13)) is holomorphic in W(p, &; V') then
so is its average N(A’) and the solution to (3.16) can be taken to be

N (A .
DA, p) = — L e (4.4)
o Ciwew

the behavior at v — oo of Ny, (A’)/w - v does not differ more than polynomially from that of
N, (A’) which, by the holomorphy assumption is of order O(e~¢¥1). Hence ¢ is also holomorphic
in W(p,&; V) and in fact given § > 0 satisfies

max : |®] < BoCO~ " max |NJ,

W (pe=%.,£=5;V W(p,&V)
1
max |0A®| + ——[0,®| < B,Cs~ = 1p=1 max |N]|, (4.5)
W (pe—9,6—6;V) pe~ W(p,&V)

max 92.,P| < B, 271 max |N|,
W (pe=9,6-68;V) | A |_ ¢ P W(P7§§V)| |

for suitable ¢—dependent universal constant B,; (4.5) is proved exactly as (3.27),(3.28), i.e. by
dimensional estimates. Hence Birkhoff theorem is proved.

A corollary of the quantitative bounds (4.5) is the following: given n > 0,6, 0 < § < &, there
exists a one parameter family of analytic completely canonical maps C,C. defined and analytic
also in ¢ for € small enough such that C,C. ——z 1 and satisfying

(1) C.,CLW (pe™2,€ — 6V) D W(pe € — 265, V)
1 1

Co CLW (pe2,6 = 5 V) © Wi(pe 0,6~ 25;V) (4.6)

C.C. = C.C. = identity on Wi(pe=2%,¢ —26;V)

(2) If (A,z) =CL(A', 7)), (A,2) € W(pe 2’ & —26;V) then
A=A"+0,(eP1+...+"D,)(A, ) (4.7)
p = Sol + aA/ (E(I)l + ...+ E"‘I)n)(AI, (p)

(3) Ho(Co(A',9)) = h(A)ehi(A') + ...+ "y (A) + €™ frin (Al sp,e)  (48)

with f,,1 analytic in € for € small enough and in (A’, ) € W(pe™20,¢ — 25, V).

This means that a system like (4.1),(4.2) can be approximated by an integrable system up to
acertain time scale. This corollary has a simple proof follows from the analysis of the similar
theorem in Sect. 3.

If the series, that we call “Birkhoff series”,

he(A) =w- A’ + iskhk(A’), D.(A ) = isk@k(A’) (4.9)
k=1 k=1
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converge in the domain W (p', £’; V') for some |7/, £’ > 0 and for € small enough then the systemwould
clearly be integrable for £ small. However such series are not in general convergent. The simplest
example is

A+ V245 + ¢ (Az + f(e1, 902)) (4.10)

In fact one can heck, by the algorithm of perturbation theory explicitly owrked out above, that

B(AL) = Y g ()"
¢#0

WV w1l1 + wale

(4.11)
hn(A') =0 forn>1, hi(A') = A

where f,, are the Fourier coefficients of f, which we take to be f, > 0 for all v # 0 and fo = 0.
One sees that the series in (4.9) with ®,, given by (4.11) do not converge: because, if they did,
the system would be integrable and therefore its trajectories would be bounded. But the equations
of motion of (4.9) are so trivial that they can be easily integrated explicitly and one can see that
for many &’s (as small as we please) the Hamiltonian (4.10) generates unbounded motions.
Anintersting extensio of Birkhoff theorem is the “resonant Birkhoff theorem” which deals with
systems like (4.1) with w satisfying

lw-v|~t < Oy, foralveZ' vegn (4.12)

where 7r is an hyperplane spanned by s < £ linearly independent vectors vy,vs,...,vs € zt.
In this case one can apply the algorithm developed in Sect. 3 and extendvit to the analysis of
the equation

w- (A" +0,P(A ) +ef (A +,P(A' ), ) = he(A'+ 0 aP(A p))

413
(1= Pp)he=0, Prd=0 (4.13)

where Py is the projection of the function h.(A’, ) over the linear span of {e® ¥}, and one can
prove that the (4.13) admits a perturbative solution

O =cby 42Dy + ..., hg:w-A’—i—Ehl(A’,(p/)+52h2(A/,<p’)—|—..., (4.14)

with

Pr®p =0, (1—Pr)hp=0, k=12,... (4.15)

Since the algorithm for a recursive construction of h,, ®, has been explained in the preceding
section one just has to check that the n-th order equations for ®,,,h, can be solved and this
follows from (4.12), see (3.20),(3.21).

Of course the resonant Birkhoff theorem has a corollary similar to the one drawn above from the
“ordinary” Birkhoff theorem giving that for a long time of order e ~**! one can use the Hamiltonian
he in (4.14) to approximate the motions.
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5. Some applications of perturbation theory.

5.1. Precession of Mercury
The theorms on perturbation theory described in Sect. 3,4 are essentially the sharpest possible in
the great generality in which they have been formulated.

It would however be naive to believe that the only thing which is left is to apply them to cases
of interest. They only provide a general framework within which the the ideas and techniques to
solve real problems can be developed.

As an example of the gap between the above conceptual theorems and some real applications I
shall work out the calculation of the precesion of Mercury under the influence of Jupiter unde some
simplifying assumptions (needed to avoid devoting too much time to this example). The assmpitons
are: Mercury does not influence the motion of the Sun—Jupiter system, the three heavenly bodies
are supposed to be on a fixed plane and, finally, the eccentritcity of the motion of Jupiter is zero
(circular orbit for Jupiter). This is a rtather restricted but non trivial and interesting three body
porblem.

We refer the motion of Mercury to a reference system centered at the Su and with axes fixed in
an inertial frame. Denote by |k the gravitational constant and by S, G, M the masses of the Sun,
Jupiter and Mercury.

By our hypotheses the aceleration of the SUn is known

ag = kG —— (5.1)

where g¢ is the vector joining the Sun to Jupiter. The inertial acceleration of Mercury is a =

aps + as where ays is the acceleration of Mercury in the Sun—centered reference fram: ay; = oar,

. . . . . . d
with obvious notations. Hence the equations of motion for gy are, if € ef % ~ 1073,

M(éM—i—aM):_KSMQ_MB_KGMLQGg or
lowm | lonm — ec (5.2)
L oum oM — Qc oc| '
om = —kS 3 — RS 3 —ERST
lowm| lom — ec| loc|
which, setting K = k.S, is recognized to be the Hamilton equation for the Hamiltonian
2 ~
p? K eK oc(y) e
Hp,0.T,¢)= - — - ———+cK—"—= +weT (5.3)
2 el le—"2ecly)l [oc (o)

where wg is the mean angular velocity of Jupiter and @g(¢) is the function expressing the position
of Jupiter in terms of its average anomaly, so that the actual position of Jupiter at time ¢ is given
by

0:(t) = 0a(po + wat) (5.4)

for some . The quantity wgT is the “missing energy”; its variations measure the work done on
Mercury by the sustem Jupiter—Sun. One can also call 7' the “action of the forcing force”. If one
wanted to avoid the use of the unfamiliar variable T one should use a time-dependent Hamiltonian.
However the use of the forcing action variable T' andof its conjugate anomaly ¢ is very useful to
treat on the same footing autonomous and periodically forced non autonomous systems.
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For € = 0 the system (5.3) is integrable and has three degrees of freedom (two fo Mercury and
one for the forcing term). The first act in applying perturbation theory is to write the Hamiltonian
in the action—angle variables of the unperturbed system. In this case we call L, G, ¥, g the action
angle coordinates of the two body problem and we recall that such variables are defined as follows.

g = angle between the major semiaxis, oriented towards the perihelion, and the fixed z—axis
2

L= \/%,WlthE—energy E——%

G = angular momentum = pf2 = Lv/1 — €2 with

e =  eccentricity of the ellipse of Mercury

= £+ esing where £ is the “eccentric anomaly” of the ellipse if its equation is

p=a(l —ecos) with a = major semiaxis

. . 2
Ty = period, with wyy = %—; = z—f = %

This means that the cartesian coordinates of gys are
x =a(l—ecosf) cos(d + g) = p cos(d + g)
y=a(l—ecos) sin(f + g) = p sin(d + g)
if p, 0 are the polar coordinates referred to the perihelion and 6 is related to £ by

p def G® 2
1— - S a1 5.5
a (1= ecos) 1+ ecosf’ P=K all=¢’) (55)
or
(1 —ecosé)(1+ecosh) =1—e? (5.6)
This shows that
E=l—esinl+e’ca(l) +e®es(l) + ... 5.7)
0 =0 —esinl +e?by(l) + e bs(l) + '
Therefore the perturbed Hamiltonian is
K? K K
H, = ~5[7 +weT —¢ - +¢ ppc cos(0 4+ g — @) (5.8)
(P2 + p* = 2ppa cos(0 + g — ©))* PG

which can be expanded in terms of Legendre polynomials using

Z (5.9)

(1 +z2 — 2:1:2)%

yielding
K? K K, pan
H 4wl —e— —e— —) Pp(cos(0+ g — 5.10
<= o ve e 2 ) Palcos@ 9 =) (5.10)

We are first going to neglect all the terms in the series with n > 3 for the sake of a simple

) L and hterfore one
pc/ p

can estimate the time ¢g over which the error in the position becomes of the order of p itself by

calculation. This causes an error in the acceleration of the prder of EK (
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eK , p .31l
—(=)"=tg =p (5.11)
pG “pc’ p

Comparing tg to Ty = 27a? K one finds

to a*pe pa 3)% K2 11 pgi2

— = — = ——(—) ~894 5.12
TM (EK(G) 27ra% 27’(\/5((1) ( )
which is not really large: but one could easily improve this by taking higher orders in the expansion
(5.10). For simplicity, however, we shall take

2

K 23
H. +weT —e— (p—G) 5(00s2(9+gf<p) -1) (5.13)

- ﬁ PG a

Since p = a (1 —ecos&) (5.13) is still rather complicated because |z, 6 have to be expressed in terms
of e, £. We are going to neglect all the terms of the Jrhs of(5.13) of order higher than, or equal to,
e (e ~ .206 and €® ~ .31073). This will cause an error of order p not earlier than t;, where t; is
evaluated as tg and

Lo (E5) > (5.14)

So we see that this approximation is acceptable on a time scale < tg.
We do not perform the detailed (an unnecessary) calculation and write the result as

3z el =5 (%) (mle) + (b0~ ) (5.15)

where 7g, Ve are fourth order polynomials in e, and 7y, has zero average over £, ¢, g:

Yellip—g) = Y velvr,mp)e’tiitalema), (5.16)
v1,v27#0
and in fact |11], |ve| < 4.
Since for L, e near the unperturbed value we have, for |v1], |va| < 4,

nw(L) + vawg # 0, w(L) = (5.17)

drL’
because wy/wyr ~ 49 we can push perturbation theory to order Q(e2?) and cAST h. into the form
(up to mO(g?))

K2 K (d\°
AV A s AN /
hE(L,G,T)—m—FWGT—Ep—G (p:) 7T0(€) (518)
and in the new coordinates
K (d\’
g/ = 60/ ha = —& — (a—) 661271'0(6/) 8G/€/2 (519)
PG \PG
Since ¢’ — g = O(e) we see that the precession angular velocity is, up to O(¢?) and using e =
1— % = Jge? = —2%%, given by
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K (a\’ 2G
=&— | — (962 e 5.20
P g (PG > mofe) L? (5.20)

So to compute the precession of the perihelion of Mercury within the approximations considered
here one only needs to know 7.

The easiest way to compute 7y is to take first the average over £, g, ¢ of the relevant part of
(5.10):

KN, pan / dldye dg
—e— — 1 — ecos cos(f + — =
oo 2 ()" )¢ &) Palcos( +9 = ) =555
o 5 20 (5.21)
K P \n / 4
= —e— — n 1—ecos&)"—
pG;(pc) p(n) ; ( "5
where p(n fo cosga 22 and then to neglect terms of order O(g®) after using the relation
=&+ esmf to compute the integral
2 2
al d
/0 (1- ecosf)"% = /0 (I —ecos&)™(1+ ecosf)% (5.22)

In this way one avoids the need of expressing &,6 in terms of /. The result is, if [~](4) denotes
truncation of the series in € to fourth order:

27 (4)
mo(e) = [/O 3—5(1 +ecosé)(1 — 60085)2] p(2) = 3(1 — —é?) (5.23)

™

[In fact mo(e) = 1(1 — $€?) exactly because in (5.10) we only consider the n = 2 term so that the

truncation here is not necessary]. So the final result is (to order £ + e (pc)2 + (pic)3)

K 3@ K 2 2 9./1 _ 2
wp = €— (i) _f25£ (i) 1/1_62:&_“}_6‘ € — 154.67 arcsec

pc \pc) 4 rc \pc) 4/a wy 4 century
(5.24)

It is remarkable that in fact one can get easily the expression for w, to “any order” in e and pic
and to order O(e?)”:

K 12G m 1—ecosé d€dp
wp = —e———0e2 T o
0 (1+p2 (1 —ecos§)? 72 @ (lfecosﬁ)cosgo)

B (e () o5

h>1

(5.25)

however the above expression cannot be taken too seriously because if £ becomes large the function
Ye(l, ©—g), see (5.15),will have many more non vanishing Fourier coefficients and the corresponding
(5.17) will fail or become too close to 0; in other words one will not gain forever by increasing the
precision (i.e. the order) of the eccentricity series.
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The numerical value of (5.24) justifies the name of the above computation as the “computation
of the secular perturbations”.*

The above analysis shows one of the main difficulties in perturbation theory: small divisors
prevent reaching arbitrary precision even if the expansion parameters are small.

I wish to discuss two more corollaries of the ideas involved in perturbation theory as further

examples of its applications.

5.2. Generic non integrability
The first is the following theorem of Poincaré: “Generically” a Hamiltonian system with Hamil-
tonian He = h(A) + ef(A, @) analytic in (V x Te) and with 04 Ah(A) a matriz of rank > 2 is
not integrable by a completely canonical map C. analytic in €, A, @ for small ¢ and tending to the
identity as € — 0.

The reason is simply that if integrability is assumed the generating function of the integrating
map would have the form A’ - 4+ ®.(A’, ) which would have to satisfy

w(A')-0,01(A", ) + f(A, ) = f(A) (5.26)

which implies
fu(A)=0 if w(A)-v=0 (5.27)

but since there is no relation between w(A) and f(A, ) this property will generally not hold so
that ®,, hence ®. does not exist.

5.3. Non existence of reqular constants of motion: Poincaré triviality
Another application involving roughly the same ideas is that generically the Hamiltonian in Sect.
5.2 does not admit constants of motion which depend analytically on (e, A, ) other than the energy
H. itself. T discuss the proof of this well known theorem of Poincaré, [6], in the case in which the
matrix % o h(A) has maximal rank £, i.e. det 9% s h(A) # 0.

Let B(e, A, ¢) be an analytic constant of motion (or, as Poincaré calls it, a “uniform” constant
of motion, meaning that it is single—valued in the non simply connected region V' x Te; analyticity
is implicit in Poincaré’s terminology in this context):

B(e, A, ) = Bo(A, ) +eB1(A, ) +°Ba(A, ) + ... (5.28)

Since B is a constant of motion {B, H.} = 0, i.e.

{h(A)’ BO(A7 CP)} = W(A) ’ a<.¢=BO(Aa 50) =0, {f(A7 90)’ BO(Av CP)} + {h7 Bl} =0 (5'29)

are the conditions of the zero-th and first order in .

4 A byproduct of the calculation is the “zero eccentricity limit” of the precession given by (5.23) with e = 0; to

. .. def
first order in € one obtains, if n = %,
K1, de 1 w3l dep 1
wp = —e——— (17 D2 — 77877) / 5 = = *5w__8n4 5 .
PG 1412 —-2ncose M7 vV 14+n2 -2ncosep

wg

valid if a is such that the (analytic) function of a given by v

is such that :j—; is a Diophantine number.
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The first equation implies that By is ¢—independent: By = By(A): in fact it must be w(A) -
v B, (A) = 0 but the hypothesis det 9 |, 4v(A) # 0 implies that, if v # 0 then on a dense set it is
w(A)-v # 0 so that B,(A) =0 for v # 0.

Hence the second equation (5.29) yields

O ABo(A) -9, f(A, @) —w(A) 8 ,B; =0 (5.30)

which implies that v - 9 A Bo(A) and w(A) - v vanish simoultaneously umless f is very special,
namely unless f,(A) = w(A) - v fu(A). This means that generically 0 o(Bo(A) and w(A) are
parallel, i.e. for some A(A) it is:

OAaBo(A) = A(A)O Ah(A) = MA)w(A) (5.31)

hence A(A) = F'(h(A)) and Bo(A) = F(h(A)) for some F. Then (5.30) implies

Bi(A, ) = f(A, @) F'(h(A)) + C1(A) (5.32)

Summarizing: B has the form

B(A, ) =F(h(A)) +F'(h(A)) f(A, @) +£C1(A) + By + ... =

5 , , (5.33)
=F(h+cf)+eCi(A)+O(") = F(H,)+e(B{+eB1+...)

which implies that B{ 4+ eB{ + ... is another analytic constant of motion.
Repeating the argument we see that also Bj +eBj + ... must have the form Fy(H.) +¢ (Bj +
eBy + ...); conclusion

B=F(H.) +eF(H.)+?F(H) +...+e"F,(H.) + O™ (5.34)
By analyticity B = F.(H:(A, ¢)) for some F, and this completes the proof of Poincaré’s triviality
theorem (i.e. that generically all constants of motion are trivial in the case considered).

6. Bounds on time scales of Arnold’s diffusion. Nekhorossev theorem.

The unperturbed motions of an integrable system are all confined to tori on which the action
variables stay constant. It is natural to ask if a perturbation is such that, even though the perturbed
system is not integrable, the motions stay confined near the original unperturbed tori after the
perturbation is turned on. There is a remarkable theorem which deals with the above question,
“Nekhorossev theorem”, [7]:

Suppose that H. = h(A) + ef(A, ¢) and

O3ah(A) >0  forAeV (6.1)

where h, f are holomorphic in W (A, p; V). Then there exist A, B,0,a,b,6 > 0 such that
|A(t) — A(0)] < Ae?, for all [t]| < gl (6.2)
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The theorem shows that diffusion in phase space can only take place very slowly for small €; so
slowly to be practically unnoticeable for € small enough.

The assumptions on h are far from optimal as one can realize from the following variant of the
theorem (also due to Nekhorossev):

The same conclusions (6.2) hold also in the case

hMA)=w-A and|w-v|™!' <Clv|® forv#0 (6.3)
with C,a > 0.

6.1. Isochronous Nekhorossev estimate
One of the basic ideas of the theorem emerges clearly in the easier of the above two cases, namely
the second. Therefore I start by proving the statement relative to (6.3).

The set V shall be fixed to be the region {|A| < R}. The proof is based on the two Birkhoff
theorems of Sect. 4 and, essentially, can be reduced to them.

Let n be an integer and define ®1, ®o, ..., ®, and hq, hs, ..., h, as described in Birkhoff’s algo-
rithm, see (3.15), (3.16), (4.4). Let

P = c®y + 20y + ...+ Dy, R =chy +e2ho + ... + hn, (6.4)
see (3.15). Then @y, satisfies for some Ng:

w - acp@k(A’, (p) + Nk(A/, (p) = N}C(A/)
and by the dimensional estimates of Sect. 3, given ¢ < £ there is By > 0 so that

BoC —
9 @’ 0 N|,  |N|, < N 6.5
’ P w(AeV) V] IVl < wiAgV) Nl (6.5)
Therefore if we assume, inductively, that for k =1,...,n, it is
‘5«:% R < ABF§ Pk, B=l+a+1 (6.6)

we shall show that we can derive (6.6) for expression n + 1 starting from the (3.15).
If al =107 . f(A’, ) is dimensionally bounded by

1 .. , 1
R 8| < o s, 0AT1 = = e (6.7)

where d =1 — e~% | one finds from (3.15), (6.6), (6.5)

< (6.8)
pe=(m+15 £ (m+1)5

1 al pmgs—m r _
< > 17l s A B > (ITknBocs ™ <

1<[a|<m

’acpq)erl

k(M >0

Zk(l) =m
J
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m!

<\ fll,.eBoC " 67 P2HP AP Bmg—(mFDE__J <

p ; (po)P—t

< [|fllp.e BoCo~ ™02 p 5 (m + 1) '2ZB’"Z (QA)
po

where the step from the first to the second inequality makes use of the relation

ZHjG!SJ! if jo > 1 and Zja:J

{io} ©
Hence if A= 1p8, B > 4 f||,.¢2'BoC, (6.8) implies
< m+1 15— (m+1)B .
‘aw(l)m+l‘pe*(m+1)5,f—(m+1)§ - AB (m + 1) 0 (6 9)

Hence (6.6) holds for all k& such that & — kd > %E, provided it holds for m = 0: the latter relation
says

SpB6" (6.10)

which if B is taken as B = 42/='ByC§ ! I £l is a consequence of (3.28) possibly readjusting By.
The calculation Jequ(6.8) is in practice a bound on N,,+1 and therefore on its average over the
angles N, ;1" it implies

[N&| < KIB*p5 =7 52| £ (6.11)

We now choosen = N(g),§ = and we realize that in the system of coordinates (A’, ¢) associated

with the canonical map generated by ®V(€) the Hamiltonian is h(N(¢) with an error of the order of
o ¢ —(£+a)N(e) 1 . N(e)

eV EIN(e)! (2N(€)) ~ (§§5N(5) ) (6.12)

so that the A’ are constants within a time scale of the order of the reciprocal of the r.h.s. of (6.12).
And the variables A’ are

A=A"+9,0NE (A o) (6.13)
and, therefore, differ from A by at most max |9 ,®V () (A’ )| which by the preceding bounds is

N(e)
max [0 , @(N(E))( |<AZk' Bo~ ﬁ)
k=1

pSy (t+a+1) g (6.14)
Yy [42@ 1BOHfIIpr( ) N(e)***eN(e)| < '
k=1

»J>|>—‘

l+a+1 o
D421 By | e C (2) T N ()

SINE ¢
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provided
_ 2\ t+a+1 o 1
AN Bl 1 () TN e < (6.15)
and with the choice N(¢) such that eN()****! = /2 the (6.2) follows and one can take
1 1
_1 _ 1
=3 U< gmraED (6.16)

6.2. The anisochronous Nekhorossev theorem

The case h(A) = %AQ is more interesting because one needs an extra idea which will also clarify

the notion of “resonance”. Its treatment illustrates also hw to discuss the more general case
0% Ah(A) > 0 which is only trivially different. A resonance of order v, v € Zé, for the Hamiltonian

h(A) is the surface

S(v) = {Al|w(A) v =0} (6.17)

In our paradigmatic case, h(A) = %A2, the surface X(v) is simply an hyperplane orthogonal to v

in C’ because vw(A) = A. In the following discussion we shall take V = { A | iR <|A| < R},
again for simplicity. Let N(g) = e~ for some v > 0 to be fixed later. Let the projection of f on
the Fourier modes of order |v| < N(g) be

}l\(Aa 50) = Z fU(AaQO) e (618)

lv|<N(e)

We also assume for simplicity that £ < 1.
The first remark is that up to a time scale of the order of e~ 2N () one can replace H. by

H. =h(A) +cf(A, o) (6.19)

because if B is such that B¢~¢ > 3 e~ 3¢Vl

A — —t,~1EN(e)
1f = Fllp 3¢ < ( max 17]) | l;( )e < Bg e 3EN (e (6.20)
174 g

Given a parameter o > 0 to be determined later, around each X(v), |v| < N(e) we consider a

“resonant layer” ¥ (v) of width e7|v|~¢~1, i.e. if || = max; || and ||Jv| = (3 v2)?,
e7lv |l
Se(v) = {A||A-y| < IVIM} (6.21)

It is convenient to regard v = 0 as a resonance but to define ¥(0) = X.(0) = 0. Also we fix £ = 3;
the case £ = 2 is “too easy” while the cases ¢ > 3 can be discussed as the ¢ = 3 case up to minor
modifications.

Then the different resonant layers . (v) can only overlap in pairs if o is large and ¢ is small
and v, v’ are not parallel (as our choice of the domain V excludes a ball around the origin, see
comment followin (6.17)). In fact the planes ¥(v) and X(v’) have only one line in common if v is
not parallel to '; such line will be denoted X(v,v’) and called a “double resonance”.
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The regions Y. (v, V') = . (v)NX.(v) are tubes around the double resonance; the tube is cut by
the plane generated by v, v’ in a small parallelepipedal cross section whose diameter is of the order
of €& for some &;. This can be seen by a simple geometric argument evaluating the angle between
non parallel vactors v, v'; since the lengths os such vecr=tors are bounded by N () and they are
on a lattice of mesh 1 their angle 6 can be bounded below by ~ (N(g) —1)7! — N(e)™! ~ N(g)™2
so that § can be bounded below by a quantity of order ¢ ~27. The cross section diameter is then
estimated, from Fig.7, as the distance between the points P, P’ as /0 ~ €27 and we can take
& = o — 27 if o (so far arbitrary) is restricted by

o> 2y (6.22)

Note that the region X(v1,...,vs) is unbounded if s < £ while its intersection with the plane = is
not only bounded but it has a small diameter (¢7-27).

e’
|l,/|€+1

The distance between any pair of double resonance lines is, since we require %R < |A], of the
order of @, i.e. of order ¢&2 with & = 2v: hence if ¢ = 4 and if € is small enough the double
resonance lines (and the corresponding parallelepipedal regions) are disjoint.

Fig.7 The cross section of the double resonance between v and v'.

We now proceed by considering a region X (v1,...,v,) where the resonance is of order s: s =
0,1,2 as we are considering the case £ = 3. We call m = w(v1,...,7,) the plane spanned by the
vectors vy, ..., s which determine the order of the resonance: if s = 0 we define @ = {0}. In the
region A € ¥ (v, ...,vs) we shall apply the resonant perturbation theory developed in Sect. 3.

This time we need estimates of O o ®y as well as of hj which is now defined by (see (3.21))
he(Al )= Y eM? / i g (A', ). (6.23)
’ (27'(')5 k ’
vem,[v|<N(e)

We assume inductively, for pe =20 > %p, Je—ké > %E and ON (e)¢ < 1 and 3, A, B, D > 0 suitably
chosen, that
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< 1AJskk!(s*ﬁk,

0,9
‘ o pekd &~k ~ p (6.24)

< AB*E16=P", ‘aA@k

pe=ko E—ks
|hk|pe*k51§7k5| < Dk'Bk(S_Bk

Proceeding as before one proves the validity of (6.24) for k = 1,..., N(¢g) if § is so small that N(g)d
does ot exceed log, e, 1¢ and 6N (g)¢ < 1 (which still allows us to choose N(¢) as e~7 with v > 0)
and one can take

A = const p§onstgconst (47)
B = const ||f‘|p,£5—const (o+7) 6.25)
D = const p, 8 = const

for suitably chosen constants depending only on the dimension £ if the system and on the parameter
R (in the presnt case ¢ = 3 and R is kept fixed).

The conclusion is that choosing o, v small enough compared to 1 (and proceeding as in the former
case) in the region ¥.(v1,...,V;) one can find a change of variables (A, ¢)«— (A’ ¢’) completely

canonical and generated by e®; + 2Py + ... +VEP N(e) Which puts the Hamiltonian in the form

hZ(A', @) + O(e™c¢) (6.26)

and which differs from the identity by a quantity of order O(¢¢') with £,&" > 0 dependent only on
¢. A detailed determination of the constants is left to the reader.

To roceed to checking (6.2) as an application of the above analytic considerations the idea is to

take, for (A, Bf) € 3.(v1,...,Vs) the system as a Hamiltonian system with Hamiltonian given
exactly by hZ(A’, '), at least as far as the evolution up to times 7 = O(e*s °) of the action
variables A’ is concerned.
" of h¥ lies, by construction in the plane 7 spanned by
vi,...,Vs we see that as long as (A’, ') stays in X, the variables A’ can vary only by moving
within the cross section cut on X(v1) N X(vs) N ... N X(vs) by the plane 7w which by the above
discussion has been shown to have a small diameter O(g7~27.

It may happen that after a while, earlier than T, the point (A’,¢’) gets out of the resonant
region X (v1,...,vs). Since the double resonance regions (we now consider the case ¢ = 3) are

Since the gradient with repect to ¢

pairwise disjoint the point has to enter either a single resonance region (s = 1) or a no resonance
region.

In the second case we can use the new form (6.26) with ¥ = 0; in this case hZ(A’,¢') is ¢’
independent and the point will no longer move before a time which again has length of the order
of T =0(ete ).

In the first case it will enter a single resonance region, say X.(v); and again we could use
(6.26) and repeat the argument: either the pair (A’, ¢’) is blocked inside the X (v) with the A’
variables varying at most by O(s°~27 (note the in this case the parallelpipedal region is just a
one dimensional parallelepiped, i.e. a small sement) or, if it gets out of this region it must enter a
non resonance region (because the resonances are disjoint) where it will remain until a time of the
order of O(357£) for some ¢ > 0. To see that the point cannot reenter the double resonance just
look at Fig.7 and use that the actions of any point in ¥.(v) moves essentially parallel to v.

For a less heuristic argument one should use the fact that one can do the above analysis playing
with two choices of o to discuss the “overlap” of the resonances; also one should not confuse A
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and A’: however the discussion is basically sraightforward and the reader can consult Ref. [8] (or
Ref. [9] for a rigorous discussion along the above lines).

As we shall see implicitly in the discussion, below, about motion near a resonance, see (7.13)
below, further assertions can be made. If a point starts in a resonant region of order s then it stays

3 -0 . . . .
conste ") without moving to lower order resonance regions at all: this

there for a time of order O(e
holds, see Sect. 7, under rather mild extra assumptions.

So the variables A’ can only change by at most O(¢°~27). Simnce the maps putting the Hamil-
tonian in the form (6.26) are close to the identity within O(e¢) with £ > 0 if 7, o are small enough
compared to 1 (and £ can be evaluated in terms of £,v, o) we see that the original A cannot vary
by more than O(g%) for some a > 0 up to a time O(e®"s* "), for some b > 0, and the (6.2) is
proved.

Therefore we can draw the following picture on the qualitative features of quasi integrable sys-
tems. For small € the system behaves as we should expect: with the A variables almost constant
up to a time of order O(e®™*¢~%); during this time the variables A may move from resonating
regions to other resonating regions of lower order [but as remarked above it could even happen
that they stay inside a resonating region of order s during the whole time O(e¢"**¢=%)]. Staying
inside a resonating region of order s < ¢ means that the system in suitable coordinates moves as
if it was driven by a Hamiltonian like hZ(

VA, ') having only Fourier components in the plane 7 (v, ..., v;) spanned by the resoooonance
vectors. By a linear change of coordinates (A’, ¢’)«— (B, ) one can put hZ(
VA’ ') into the form

h2(B) +ef>(B,¢r, ..., ¥s), (6.27)

i.e. the system moves as if it has ¢ — s constants of motion, [9].

After a time of order O(e®"**¢~%) not much can be said about the motion and the point rep-
resenting the state of the system may wander over much larger distances in phase space. This
phenomenon, really occurring in some examples, is called “Arnold diffusion”: for an example see
[10].

We shall see as a simple corollary of the KAM theorem (in Sect. 8) that the case £ = 2, also
covered by the above discussion, has in fact the property that no Arnold diffusion can take place
for € small.

7. Resonances and chaos.

We have seen in Sect. 4 that in general one cannot expect that a perturbation of an integrable
system (i.e. a quasi integrable system in our terminology) cannot be integrable.

Non integrability is closely related to the existence and unavoidability of resonances.

This is clear if 9% 4 is non degenerate (anisochronous systems); it is slightly less clear in the
case when h(A) = w- A with w nonresonating and Diophantine. It is slightly less clear in the case
when h(A) = w - A with w nonresonating and Diophantine. However in this case it is easy to give
explicit counterxamples, see Sect. 3, their analysis shows that perturbation theory may develop
resonances which cause non integrability. In fact a formal summation of the divergent series (4.9),
(4.11) yields
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wep
D(A ) =Y — I

—i(1V2+ (1 +e)w)’ he(A) = A1v2+ (1 + )4, (7.1)
v#0 1 E)V2

which is the correct answer only if ws = v/2,1 + ¢ is nonresonant and, say, Diophantine; we see
that the perturbed system develops resonances for € as close as wished to 0.

7.1. The resonance confining role of energy conservation.

The proper way to look at the resonances is to remark that if w-v = 0 there are s < ell rationally
independent numbers that can be extracted from the components of w; one can then find a linear
change of coordinates (see [9], Sec. 9, lemmas 5,6)

¢’ =Ry (7.2)
where R has integer components such that if C is
A'=R"T'A, ¢ =Re (7.3)

in the new coordinates the Hamiltonian has the form h’(A) such that

dah(A') = (wy,...,0s,0,...,0) (7.4)
at the image points of those A’s which satisfy w(A) = w. In other words one can always sup-
pose that a given resonance w(Ag) has the form (@y,...,w,,0,...,0) with @y,...,© rationally
independent.

We shall consider here the simple case s = 1. In this case if in A there is a resonance (i.e. wg-v =
0 for some v it is not restrictive to suppose

wo(Ag) = (w,0), weR, 0eR! (7.5)

Near such a resonance the motion of the coordinates ¢a, ..., will be entirely dependent on
the perturbation and we cannot expect that the motions which start near the resonance resemble
closely, over a long time scale, those of the independent system.

In fact, near the resonances chaotic motion tend to appear (as well as other types of ordered
motions i.e. still quasi periodic but with periods unrelated to those of the unperturbed motion
possibly aside from one of them close to 27/w). T will illustrate this phenomenon in detail.

Consider for definiteness a system like

1 1 _ _
5A? + 532 +efler,02,AB),  A@ €eRxT, B,p,eR™xT! (7.6)
and the motions starting near the resonance (1,0). If w = 1 we write these motions as
At)=1+Vea(Vet),  ¢i(t) =6(Vet)

B(t) = Veb(Vet),  ¢a(t) =v(Vet).

where a(0) = ag,b(0) = bg,d(0) = do,¥(0) = o are the initial data which we take to be e-
independent. This is a convenient way of looking at motions evolving from data close within /&

(7.7)

to the resonance.
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Substituting (7.7) into the equations of motion one finds

ca(Vet) = —edy, f(0(vVet), v(Vet), 1+ Vea(vet), Veb(Vet)),
eb(VED) = =0, f(3(VED), Y(VED, 1+ VEa(VEt), Veb(VED),

. 7.8
Ved(Vet) +edaf(...) (7:8)
CH(VEL) = VEB(VED) 1 294
i.e. , writing 7 = /£t
a(1) = =04, f(6(7),7(7), 1 + Veal(r), Veb(r)),
b(r) = =04, f(6(7),7(7), 1 + VEa(7), Ve b(7)),
(7.9)

5r) = % +a(r) + VEOAF(3(r), (7). 1 + VEa(r), VEb(T)),

Y(7) =b(7) + VeOBf(6(7),7(7), 1 + Vea(r), Veb(7)),

showing that for € small § rotates very quickly (compared to «) and implying that the limits for
e — 0 of a,b,~ exist at fixed 7 and obey, if a overline denotes the average over y1, i.e. over the
“fast angle”,

a= 78&,@7(77130) :Oa bzfaépzf(VaLO)? 7:b (710)

this shows that on time scales larger than 1//¢ the b and + variable nove very differently from
the unperturbed case( where b = const and 4 — + + /e b T because their motion is described by
the Hamiltonian

%b2 +7(v), byeRTIxT? (7.11)

where f(v) is the average of f(¢1,7,1,0) over ;. Clearly for £ = 2 eq. (7.11) describes a
double pendulum which has a much richer phase space motion than th unperturbed motion with
topologically different types of periodic motions as well as some aperiodic motions). Eq. (7.11)
does not describe the motion correctly on time scales long compared to 1/4/e: to go futher in time
one can no longer eliminate completely the € dependence of the preturbation.

The Nekhorossev therem allows us to describe the motions up to time scales of arbitrarily high
order for data which are within O(¢?) of the resonance, where o cab be taken as small as we please.
The time scale over which such motions can be described is O(ec"st 6717) with b possibly very small
(see [9], appendix A, eqgs. (A.18) and (A.23) for a more detailed analysis of the latter statement).
The motion is described by a Hamiltonian of the form, see Sect. 5)

1 1 ~ ) -

3A”+ 5B'2 e f(@h, A B') + 2 fo(ph, A, B') + O(e=mst= ") (7.12)
where :fv: Py f, ® being the resonance plane. This means that A’ is still a constant of motion,
while A’,B’, ¢, ¢4 are new canonical coordinates related to the priginal ones by a completely
canonical map differing from the identity by a quantity of order O(e'~%), where 6 can be taken
small.
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This means that if the initial datum is closer to the resonance than €7, o < %, ie. it is A =
1++/€ag, Bo = v/zbo, o = d0, ¢20 = Yo then as long as the motion remains closer to the resonance

than O(e?) it will be described by (7.12) or, looking at the motion on scale 1/1/e (t = 7/+/€) by

S+ v, VEao, VEb) + € fuly, VB, V) + Ot (7.13)

Eq. (7.13) allows us to obtain via energy conservation of the motions with Hamiltonian (7.18) an
a priori bound on |b| in erms of bo: hence we see that (7.13) itself implies that it describes the
motion up to times O(ec‘ms’fsib); i.e. the point does not leave the region of resonance where the
motion is described in the coordinates A’, B’ by (7.12),(7.13).

The (7.13) immediately explains how chaotic motions can arise near a resonance. In fact
f('y, V€ ag, \/eb) can be chosen, for the purpose of producing example, essentially arbitrarily and
therefore the motions of the Hamiltonian %bQ + f('y) can be as complicated as we wish if £/ —1 > 1
on a time scale of O(1) in the variable 7 (i.e. on atime scale of order O(1/+/€) in the original time

units) at least for a time span of O(ecnste "),

7.2. The case £ = 2 as an illustration of homoclinic chaos.

Also if ¢ = 2 one can understand from (7.13) that chaotic motions arise near a resonance. This
time the Hamiltonian describing the motion of the one dimensional variables b, is a “pendulum
Hamiltonian” (i.e. one point mass on a circle subject to a conservative force; therefore its ordered
motions are well known. Nevertheless as it becomes clear from (7.1) the pendulum equations
change ove a time scale of O(econ‘f‘“ib) because ag changes on this time scale.

The simplest way in which ag can change is via a periodic motion of very long period. On can
show that a pendulum subject to a periodic force no matter how small exhibits chaotic motions;
therefore this can be used to provide an heuristic explanation of how chaos can arise in systems
with two degrees of freedom.

The mechamism giving rise to chaotic motions in a forced pendulum is the mechanism of “ho-
moclinic intersections”. We describr it in the simple case

1
51)2 —cosy—ebcoswt, (7.14)

with a constant and fixed which represents a forced pendulum:

A +siny=c¢ecosTt (7.15)

The dicussion above would indicate that rather than (7.14) one should consider an equation like
(7.15) with w replaced by w, = O(e~¢°"s€"") This is a more difficult problem and it will not be
considered here; hence the explanation of the onset of chaos for € > 0 through the discussion of
the existence of homoclinic points will have only a heuristic character.

The phase space for (7.15) is three-dimensional but the t—variable appears in a trivial way in
(7.15); therefore we shall study this equation, as it is usually done in cases like this, via its “Poincaré
map” Sc. This map is defined in the plane (v,q) v =%, ¢ =) amps (v, q) into the point in which
it evolves in the time to = 2Z

Se(v,q) = (v, q) (7.16)
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It is easy to descrie the action of Sy. If one draws in the plane (g, v) the solutions of the equations
G + sin g, G = v the map Sy maps a point on such a curve into another point on the same

N

Fig.8 The invariant curves for the map Sg. The fized point is i7r 0

curve, see Fig.8.

The forced pendulum develops chaotic motions near the separatrices:

v(q) = &+ = £+/2(1 4 cosq) (7.17)

Drawn diffrently we see that Fig.8 days that the point pg = (7,0) is a fixed point for Sy and
its stable and unstable manifolds can be drawn more appropriately as in Fig.9 where the g—axis is
drawn as a circle (as it really is).

Fig.g A representation of the separatriz of pg.
In other words the fixed point has a stable and unstable manifolds which merge into each other,
symbolically drawn in Fig.10.

<
—

i

i

.
o

Fig.10 The phase space of the pendulum as a cylinder with pg and the separatrices.

Such a istuation is very unstable and we shall now show that for € > 0 the map S still has a
fixed point p. close to py (by the implicit functions theorem) but that it i s no longer true that the
stable and unstable manifolds of p. coincide (see Fig.11).

Rather they cross each other at a nonzero angle. Of course, if they cross once they cross infinitely
many times. And it would be easy to prove that this implies the existence of chaotic motions near
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the separatrix for € > 0. Since it is well known that existence of homoclinic points leads to chaotic
motions I will not repeat here the arguments.

I now illustrate the technique that can be used to prove existence of one homoclinic point: it
is once more an illustration of perturbation theory. It is however of a different kind as it is a
perturbation around the separatrix, i.e. around a non periodic orbit.

a. >0

~_—homoclinic
point
Fig.11 The splitting pf the stable and unstable manifolds of pe for small e 7 0.

The point py “survives” the perturbation by the inplicit functions theorm: the only thing to
be checked is that the Jacobian of Sy in py does not have 1 among its eigenvalues. One way to
see this, which in fact gives more information, is that the pendulum motion on the separatrix can
be explicitly computed (from the relation ¢ = =+(2(1 + cos q)%). Let Q(t) be the motion of the
unperturbed pendulum with initial data ¢(0) = 0,¢(0) = 2:

Q(t) =7 — 4darctge™". (7.18)

and the curve (£4(q),q) that are described by (Q(t), Q(t)) is the “upper part” of the (coincid-
ing) stable and unstable manifolds of py; the “lower part” is the curve (£-(q),q) described by
(—0), Q).

Then So(£4(q),q) = (£4(¢"),q') where ¢/ = m — darctge 2™/« if ¢ = 7 — 4arctge™t. This
proves that the two eigenvalues of Sy in pg are

Ap = e®2m/w (7.19)

This implies that S, will have a hyperbolic fixed point p.. Physically this means that the penulum
admits a motion in which it stays always near p, isiting it exactly evert 27 /w units of time.

We shall now study the stable and unstable manifolds of p.. On general grounds one can show
that the stable (and unstable) manifolds £4(¢) depend analytically on ¢, [6], so that we can write,
for the “upper part of the manifold”

£(q) = &4(q) +e&ile) + 2 &9 + -, (7.20)
where &1, &3, ... have to be determined.
The conditions to determine &7, &, . .. are:

(i) The set of the points {(g,£-(¢))} must be invariant under S..

e 7.21
() lim 57(0.6(0) = (0 Y p. (721

The first condition is imposed by requiring that (g,£-(¢)) and S”(q,&:(¢q)) lay on the same orbit,
solution of
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0(t) = —sing(t) + ecoswt, ¢(0) =gq

7.22
q(t) =v(t),  v(0) = &(q) 72
We write the solution to (7.22) as
a(t) = qot) +eaqr(t) + e q2(t) + ... (7.23)
and we find, by substitution of (7.23) in (7.22):
bo(t) = —singo(t),  q(0)=g¢ (7.24)
do(t) =vo(t),  vo(0) = &4 (q) .
and
0;\ _ (0 —cosqo(t) v; ;@) .
()= () )+ (7). o o2
where f;(t) is a function of ¢o(t),. .., ¢j—1(t). For instance

1 .
fi(t) = cos wt, f2(t) = 5(]1(15)2 sin go(t) (7.26)
an the initial conditions for (7.25) are
vi(0) =§;(0),  ¢;(0)=0, j>1 (7.27)
where the &; are unknown. We write (7.25) as
i=Lt)x+ f (7.28)

and we note that L(t) can be written as L(t) = Lo(t + t,) where ¢, is the time needed for the
solution of (7.24), i.e. (7.18), with initial data ¢ = 0 v = 2 to reach £ (q),q) and

Lo(t) = ((1) - COEQ(t)) (7.29)

where Q(t) is the solution to (7.24) with initial data ¢ = 0,v = 2, i.e. (7.18).
The solution (7.28) is expressed in terms of the Wronskian, i.e. of the solution of the matrix
equation

Wo = Lo(t) Wy,  W(0)=1 (7.30)
which allows us to write the Wronskian for (7.28) as
W (t) = Wo(t + tg)Wo(ty) ™ (7.31)

and the solution of (7.25) as

(m(g) =Wolt +1g) - (Wo(tq)l (5;'(()(1)) n Ot Wo(r +1,)~! (j}-((;)) dT) (7.32)

)
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We are interested in (7.32) computed at ¢ = ntg = mn - 2r/w. The further condition (see (ii)

above) is to impose that
’Uj(nto)) (v&‘j)
n—oo ’ 7-33
<Qj (nto) G.j (7.33)

which means that (g,£-(¢)) is on the stable manifold of p..
To impose the condition in a meaningful way it is necessary to remark that

mi(t)  ma(t)
Wo(t) = 7.34
0= () N
where z; = [ ! and 2 = ™2 ) solbe & = Lo(t)z with initial data (1) and (0) respectively.
J K1 K9 0 1/
Furthermore there is a linear combination z of x1 and z5 such that

z(t) = az(t) + Bxa(t) 7—=0 (7.35)

t—+oo
The latter property might seem hard to believe beause it means that the Schrodinger operator
q— Haq:
Hqg=—-4—cosQ(t)q (7.36)
)

admits an eigenvalue E ezactly = 0. . The “potential” Q(t
in Fig.12,

in (7.36) however has the form shown

Fig.12 The graph of Q(t) -1
and E = 0 is an eigenvalue because Q(t) satisfies @ + sin @ = 0, so that Q(¢) satisfies

d? . .
L0 + eos Q1] QD) = 0 (7.37)
and form (7.18) one sees that Q(t) = ——2— € L. Note that this is not a “miracle” but it is a very

general property. If Q(t) satisfies Q = —9,V(Q), then the Schrédinger operator —% — 02,V (Q(t))
admits F = 0 as an eigenvalue, if Q(t) € Lo.

Since Q(t) #0, Q(t) # 0, the constants «, 8 in (7.35) are both non zero. Furhermore det Wy = 1
because Tr Lo(t) = 0 so that

_ t) —T9 (t)
Wo(r)t = (2 7.38
0( ) (Hl(t) ﬂ'l(t) ( )
Multiply (7.32) written fot t = ntg = —n - 2rw~! to the left by the vector

(Bo—) Wit +1,) " = (—QQ(E:;Z)) (7.39)

where «, 3 are chosen so that (7.35) holds. Then let n — oo: one finds, using (7.31), (7.32) and
(7.33)
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0=(8,—q) (Wo(tq)—1 (@(()q)) +/OOO Wo(r +t) 7" (fj(()T)) dT) =

- (7.40)
QS+ [ Q) dr
which determines ;(q):

P Q(ty +7) () d 741
&@= [ Dy i) i (7.41)

(note that Q(t,) # 0 from (7.18)).

A similar argument alllows us to determine the equations for the unstable manifold of p.:

o —00 Q(tq +7) (M d 749
b= | TgesR hnar (7.42)

We now study &, §~1, i.e. the stable and unstable maifolds to first order in €. If they cross to first
order in € and in a transverse way, i.e. if

&1(q) = &i(q) (7.43)

admits a solution ¢ with

&(a) # & (a) (7.44)

where the prime denotes g—differentiation. It is clear, by the implicit functions theorem, that there
is a homoclinic point whose location is determined to first order in ¢ by (7.43). It is, in fact,

&(q) — &(q) :/_Oo %cosuﬁm': /_OO %COSW(T‘th)dT:
Q)
(

= Ccos Tt / coswT dr, (a)
—o0 @ tq)

e (@) - Eulg)) = —t, 2D [T () dr—
dq(&(q) &i(q)) = tch(tq)2 [m coswt, coswT Q(7)dr
— tyw sinwt, /OO g((z)) cosw T dr (b)
—oo Q(ty

where in the last step in (7.45) we used that Qo(7) =

(7.45)

2 . . .
SoshF lsevenin 7. Since

o0 . oo 2
/ Q(t) coswt dt = —2/ coswi dt = T #0 (7.46)

- s
oo COsht cosh Jw

we see that the equation for the homoclinic points, to frst order in ¢, is

2k+1
coswty =0 i.e. w_ly =1, (7.47)

and in such points
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&(q) —E(q) = Tt w /_OO Q((T) cosTdr #0 (7.48)

Q(tq)
because t, # 0 implies ¢, # 0.

This completes the proof of the existence of homoclinic points in the forced pendulum; the
technique used is of course much more general and can be applied to a variety of similar problems.

8. Non resonant invariant tori. The KAM theorem.

In the preceding sections we have seen how integrability is a rare event in quasi integrable systems
and how this fact is related to the resonances which inevitably are present in the unperturbed
system or are generated by the perturbation itself.

The theory of resonance in Sect. 6,7 sheds some light on the onset of chaotic motions near
resonances, but it remains to understand in some deeper way what happens “away” from the
resonances.

A typical question isthe following: given an unperturbed system described in action—angle vari-
ables by ho(A), A € V, let Ag be such that wo(Ag) = 6’9—Ah0(]VAO) has the property

lw(Ag) - vt < Co v, Yv#0 (8.1)

i.e. let {Ag} x T’ be a torus in phase space which is traversed quasi—periodically and in a nonres-
onant way by the unperturbed motion: then one asks whether the perturbed Hamiltonian system
H(A, @) =ho(A) + ¢ f(A, @) (82)

admits an invariant torus still traversed quasi—periodically with the same frequencies and close to
the unperturbed torus.
This means asking whether there are two functions o, 3: on T* such that the set

A=Aotac(y).  e=v+p(). el (8:3)
is a torus on which motion is represented by ¥ — ¥ +wo(Ay)t and furthermore |||, [| 3| —=5 0.

Of course one needs some assumptions on hg; e.g. if ho(A) = wg - A it is clear that one cannot
expect the above properties to hold; the unperturbed syste having only one set of frequencies may
well change them under perturbation. For instance the perturbation e w - A leaves the system
integrable but changes its frequencies everywhere in phase space from wg to wy + ew so that no
perturbed mtion will have the unperturbed frequencies although all motions will be trivially quasi
periodic.

A naturalcondition is therefore the anisochrony condition, also called twist condition:

det D4 aho(A) #0 (8.4)

guaranteeing that the unperturbed system has an /-dimensional continuum of frequencies, i.e. that
if w is a set of frequencies for the unperturbed system (equivalently if there is a Ay € V such that
w(Ap) = w) then any w’ is, if |w —w'| is small enough, also a set of frequencies for the unperturbed
system.
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The theorem of Kolmogorov-Arnold-Moser states the following
Let ho, fo be holomorphic in W (pg, &o;{0}) and let

Eo>  sup  [daho(A)
W (po,£0;{0})

> sup  |0Aaho(A)T',

)

"~ W(po,0:{0}) (8.5)
1
€o = sup ’aAf(A,CP)"i‘_’acpf(A,QO)’
W (po.£0;{0}) po
and, for
wo(0) - v|~t < Co v, Vv >0 (8.6).

Then the exist a, B analytic on T and with values in R or, respectively, R’ such that the torus
Tw, defined by

A=a®), ¢=9+BH%), yeT (8.7)
is invariant under the motion generated by Ho(A) + fo(A, @) and the motion on T, is simply, if

wo d;f wo (0) s

¥ — wol (8.8)

provided ¢ is small enoguh; more precisely if

B (£0Co) (Eonopy )™ (EoCo)** &5 < 1 (8.9)

where & < 1 is assumed (for simplicity) and B, a1, a9, a3 are constants depending only on the
dimension £.

The condition (8.9) is easy to interpret: it says that (€9Cp) has to be small compared to the
quantities (Eppy 1770)_1, & and (EoCp)~1; the latter four numbers are the only dimensionless quan-
tities that can be formed starting from the only parameters introduced to formulate the theorem,
namley Eoy, 1o, po,&o,c0. Therefore it is clear that if a theorem like the above holds for o small,
the condition must necessarily take the form (8.9) (leaving aside the problem of finding an optimal
condition). In fact it is easy to see, from the holomorphy assumptiion, that (Eopy 0)~' > 1 and
EoCp > 1 (see (8.6) with v a unit vector) and that the theorem cannot be true if (Eonopy ) = oo
or if E()CO = oo or if 50 =0.

The proof of the above theorem was provided by Kolmogorov in 1955 at the same time when a
paper by Fermi, Pata and Ulam appeared in which the gave numerical evidence that perturbing
integrable systems one would in general obtain systems which in some sense behaved as if they
had several constants of motion, against a rather widespread belief anmong physiscists (inherited
from certain views in the fiundations of Statistical Mechanics).

It has been questioned whether the Kolmogorov proof was really mathematically complete: it is
very short and sketchy on some points. However one can fill in the details as it has been explicitly
shown in Ref. [11], and one is left to pecultate whether Kolmogorov had understood such details
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or not. In my opinion there is no question that Kolmogorov’s proof is complete in the analytic
case he considered.

Later Arnold presented a new proof of the theorem by a rather different method; this method
is the one by which I let myself be inspired in this section and, in modern laanguage, it is a
renormalization group method. Arnold was able to use his method to modify the theorem so that
it could be applied to the three body problem proving for the first time that gravitation is in
principle compatible with stable planetary systems. AT the same time Moser discovered a third
method of proof which allowed him to treat the (harder) differentiable case. This method has also
the advantage of providing much better numerical estimates (as shown by Riissmann, [12],[13],[14].
For more recent developments see also the works of Hermann and De la Llave, [15],[16].

It should be clear from the discussion below that the proof of the theorem is just a clever
organization of all the results and ideas discussed in the preceding sections on perturbation theory.
It really seems that the hardest part of the theorem, at least in the analytic cases, and its originality
is in its formulation; but this is not meant to diminish the importance pf Kolmogorov’s work. On
the contrary it shows that sometimes deep results are not technically hard if placed in the right
cultural context; however they require very deep and daring intuition.

It also shows that one should not be too much influenced by no go theorems: in Mechanics the
theorem of triviality by Poincaré of Sect. §5 seems to have been in some respects an obstacle,
for half a century, to the understanding of the nonperturbative meaning of perturbation theory
in Mechanics. In fact it turns out that the KAM theorem is a nnperturbative result which is
proved by using perturbation theory whose divergence was proved by Poincaré. Here the anal-
ogy with constructive field theory in superrinormalizable and renormalizable asymptotically free
theories is manifest (I believe): the renormalization group approach allows us to use (divergent)
perturbation analysis to construct the theories (see the review paper [17], and the lectures by
Gawedski-Kupiainen in this volume). The proof is as follows (from Ref. [1], p.494, and Ref. [18]).

8.1. Definition of a renormalization transformation T on the Hamiltonians.

One starts by changing coordinates (A, ¢) — (A’ ¢’) in a completely canonical way via a canonical
map Cy defined in the vicinity of the unperturbed torus T,,, = {0} x T* in such a way that in the
new coordinates Hy has the form

hi(A) + f1(A',¢") (8.10)

with hy, fi holomorphic in W (p,&;{0}) and f; of size ~ €2, h1(A’) = ho(A’) + foo(A’) with
foo(A’) defined as the average f,(A’, ) over ¢ of fo(A', p).

This step is achieved simply by perturbation theory by defining Cy via the generating function
®y which is the solution of the linearized Hamolton—Jacobi equation

(&) SN @) + (&)~ To(A) = 0 (811)

Of course for the reasons amply illustrated many time in the previous sections the later equation is
not soluble because, precisely, of the anisochrony condition 779 < +o00 and the fat that, consequently,
wo(A’) - v will vanish too often (near aby A’ there will be pairs A,v with v # 0 such that
w(A)-v=0).

Nevertheless one can easily circumvent the difficulty by recalling the way perturbation theory is
applied in Astronomy or in other applications seen above. Instead of (8.11) one should solve
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0 -
(M) SN @)+ VAL 9) = Fo(A) = 0 (812)
where f; <N°]( )def Div<n, Jv(A)e - and the ultraviolet cut—off Ny is so chosen that
[>No] [>No]
sup (’af S N 7 it ) < €20, (8.13)
W (pe—%0 g0 —b0:{0}) V| OA pol O

where f0[>N“] def fo— fO[SNO} and dp > 0 is conveniently chosen (g < & will be fixed later when its

role in the proof becomes clearer); the r.h.s. in (8.13) is chosen “arbitrarily” to be of O(¢3) and Cy is
introduced to fix the dimensions. £, ! could, of course, replace Cy for the same purpose, but I hope
that the reader will agree that the recurrence time scale Cy is more significantly compared with the
perturbation time scale g, ! than the free time scale Ey ! The constant dy has to be introduced
because, as we shall soon see, we cannot estimate f[>N°] in the whole domain W(p, &y; {0}).

The advantage of (8.12) with respect to (8.11) is that f; [SNol 4g 4 trigonometrical polynomial;
hence (8.12) can be solved in the region where wo(A’)-v # 0 for all 0 < |v| < Np: which contains
a small vicinity of Ag = 0, by (8.6).

The price that one [ays for replacing (8.11) by Jequ(8.12) is that the canonical map generated by
® is adapted to H' = hg + fO<N”] rathe than to Hy = hg + fo; so it will put the Hamiltonia H’
rather than Hy in the form (8.10). However since H' differs from Hy by less than 2Cj (see (8.13))
it is clear that in the coordinates (A’, ¢’) also Hp will take the form (8.10). Hence the ultraviolet
cut—off, so familiar in Astronomy, does not cause problems in addition to those that would already
be present if Hy was replaced by H'.

On the other hand it is clear thta the problems of (8.11) could be just essentially transferred to
lequ(8.12) if Nj is too large. In fact the size of the region in A where

lwo(A) -v|~t <2C v, VO < |v| <Ny (8.14)

can become very small around 0 if Ny is large; the size of this region determines the domain of ®:

(A )= > % (8.15)

0<|v|<No

and the size of ®q itself; hence it determines the domain of definition of the completely canonical
map Cy generated by @y, which we denote W (py, £o; {0}).

To understand what goes on, i.e. how small py, §~0 will turn out to be pone has to find Ny. The
basic inequality is the dimensional bound (already discussed in Sect. 3) following from py |0 , fo| <
€0, see (8.5), and the assumed holomorhy of fo;

| [for (A)] < pogoe™ ! V|A;] < po, v e ZF (8.16)
telling us that for (A,z) € W(pe~ 2%, & — 1605 {0})
[>N0 e —&olv| (Eo—160) v 150N e—i(50|u|
115" (AL 2)] < poso Y e < pogger®No Y " ———
|V|>N0

>0 v (8.17)
< B P0€05a(l+1)€_%60N°

2/settembre/2004; 16:35 46



8.18a

8.18b

8.19

8.20

8.21

8.22

47 Les Houches 1984

so that the Lh.s. of (8.13) is estimated by a dimensional bound® as

||f[>N0] I def . (’ 9 f1>Nol 1 9 f1>Nol ) -

e=%0,60—6 = up - -
0 Po ?f0=00 W (pe=9%0 ,£0—380; {0}) 0A pPo€ % 690 (818)

< Bil Eoéaée—iNoéo
and a similar calculation leads to
15N | pgems0 000 < BYeody (8.19)
Setting the 7.h.s. of (8.18) equal to Cpe3 one gets
4 —L m—1

No = % 10g(Co€0(50 /Bl) (820)

which we assume to be lerger than 1, without loss of generality. In othe words “the exponen-
tial decay of the harmonics of fy implies that the cut—off can be chosen to depend on g¢ only
logarithmaucally’ .

So we see that Ny is not too large, growing only logarithmically with €y provided §y is not too
small. For this reason we take

def &o
= > 8.21
0 log(Coeo)~* ( )
implying
4 _ CoEofe >1
No = — (log(Coe 11o< 0 8.22).
0 €O( g( 0 0) ) g B (log(COEO)_l)é ( )

To avoid carrying along such an involved expression we replace it by defining Ny to equal a slightly
larger (but simpler) quantity
def B N2
Ny = 6_21 (log(C()Eo) 1) (823)
0
where By is a suitable constant: i.e. such that (8.23) implies (8.22), hence that thr r.h.s. of (8.18)
is < 0052.
With the choices (8.21),(8.23) the above bounds yield

>N,
118NN et g0—s0 < Coe?

_ _ _1\?
1SN et 60—s0 < Bieodyt < Baco&y (1og(Coco) ™)

Having determined Ny, dp one can easily find the size of the vicinity of 0 where &y can be defined
via (8.15); this can be chosen to be W(p{, &); {0}) where & = & — dp and C}) is so small that (8.14)
holds.

If ph < 2po and 0 < |v| < Ny, (here wy(0) = wp) and using a dimansional estimate we obtain

(8.24)

5 Dimensional bound = bounding a derivative of a holomorphic function at a point by the ratio of the maximum

of the function and the distance of the point to the boundary of the holomorphy domain.
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wo(A) - ¥| ™" < fwo(0) - |11~ |wo(A) — wo(0)] || ‘71 .

|wo(0) - v|
-1
< Coll (1= Colpl™*! sup |0aw(A)lph) <
lal <1 po (8.25)
E, -1
< Co |V|e(1 = Co Ny — 01 p6) =
PO — 3P0
§200|l/|é, V0<|I/|§N0
if
) def Po
= = 8.26
Po 400E0Ng+1 ( )

and, indeed, pj < %po because Ng > 1, CoEy > 1.
Therefore the function ®g in (8.15) can be defined in the region W (p{, & — do; {0}) and there it
is bounded by (from (8.14),(8.15),(8.16))

6760‘11‘

|I/| S B2p000€050_2€+1 (827)

sup |®o(A', )| <copo Y 2Co|v[f
W (p},£0—60;{0}) |v|<No

Hence by dimensional estimates, for (A’, ) € W(phe=%, & — 260; {0}) we get

1
]aA%hW]ag,ch] <

1 4EoCoNy t+1 et 2
4 /070(; 0) + - — )< (8.28)
Po — P Poe"° e (1 —e%)

< B3(Coeo) 5 2 (CoEo) NiH!

< BapoCoeody 2! (

The dimensional estimate of 0, is slightly bmore involved because J,, has the meaning of ¢z0, and

it is obtained by boundig || by e % and the distance to the boundary by |e~(0=%) — ¢=(f0=2d0),

this explains the factpr €0 /e~ (1—e~%) which is a bound on e =% /e=(€0=%) (1 — =% in (8.28).
In the same way one obtains on W (phe=%, & — 289;{0}) the bound

‘Giw%‘ S B45000 (‘)‘072271 COEO Nngl (829)

In this way the relations

A :A/—f—a‘P@O(A,(p), (.pl = QO+8A/(I)0(AI,<P) (830)

can generate the completely canonical map Cy via the implicit functions theorem used already in
Sect. 3.

The map Cy will be defined iin a region slightly smaller than the one where ®¢ is defined,
i.e. smaller than W (pje =%, £ —260; {0}). To fix the ideas it will be defined in W (3}, & —3d0; {0})
and it will take values in W (phe=%, & — 280; {0}). As discussed in Sect. 3 the concdition for this
is that the Jacobian det 82A<P<I>0 is sufficiently small compared to 1; i.e. , recalling (8.29) for some

large enough B
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§B4]€OCO 5072271 Eoco Ng+1 (831)
It is then convenient to write

A=A"+Z(A, )

o =o'+ A(A, @)’ (A, ) =Co(A, p) (8.32)

and to remark that

E(A @) =0,00(A' ),  AA @) =-0aPo(A p) (8.33)

are bounded by (8.28) which, combined with (8.31) (note that (8.31) contains 5 2~ while (8.28)
only contains the factor d;2%) implies | <]rje %4y, |A| < dy, which guarantee tha

C07 (W(%Ploago - 3507 {0})) C W(ploeftso,go - 2507 {0}) (834)

Similar bounds hold for Cy ! defined by (8.30) through the appropriate inversions.
Heving defined Cy we can compute the Hamiltonian Ho in the coordinates A’ ¢'. Using the
above notations such a function is denoted as H; and

Hi(A' ) = Ho((Co(A', Bf") = In(A) + fi(A", &) (8.35)
where hy is by definition (a natural definition, in fact, on the basis of perturbation theory)
hi(A) = ho(A') + Fo(A) (8.36)

and f; = Hy — hy. Of course hy, f1 are holomorphic in W (4ph,& — 380;{0}). Ther sizes can be
easily estimated on their domain

‘3A/711(A/)’ < Eo+eo
(03 amn(@)) | = (9 achoa) + 03 aTo(a) | =

— [0k arho(&) [1+ (0% acho(4) 03 To(4)] | <

<o (1 + 4nogopy )

_ ‘ - (8.37)

where fo(A’) has been estimated dimensionally (making use of |A’| < 1p{ < 1pg and |9 a+ fo(A., @)|
< gg for |A| < pg), and of course (8.37) holds only if

1

770€0p0_1 < 1 (838)

The estimate of fN’l is slightly longer; we expect it to be roughly of O(e2) by construction; therefore
it is not surprising that

1

m ‘84,,]71‘ S B5 €o (0050) (00E0)2 N0€+1 50—4€ (839)

sup ‘aA,fl‘ +
W (3 p),60—450;{0})
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Let us postpone the proof of (8.39), see Appendix Al, to continue the argument. NOte that (8.39)
has to be expected just by our choice of |Fy,Cy. The only quantities that should be computed are
Bs andthe various exponents of (CyEp), do, No (but not that of &q).

We now look whther tere is an A; close to ]VO where the “new unperturbed Hamiltonian” 711
has frequencies wy; i.e. we write the equation

wo = wO(O) =w; (Al) + aA/TO(Al) (840)

~ def o
where w; = 0 a/hy.
This is again an implicit function problem which can be informally discussed as follows. We look
for a solution of (8.40) with [A1| < f=pf (say), i.e. with |A4] very close to 0, because we want ro

consider H; as defined on

W (3 oh 0 — 400; (A1), (8.41)

i.e. as defined on a rather large polydisk with center at a point A; where @1(A1) = wo. Rewrite
(8.40), by interpolation, as

0 =wo(A1) —wo(0) + I afo(A1) =

=0 awo(0) - Ay + [wo(Al) —wo(0) =9 awo(0) - Ay + 5A70(A1)}’ ve. (8.42)

A ={(oaw©) [ [N 00508 AT+ a7 ]} =0

Denoting by n(A) the function in curly brackets and regarding it as a function defined for |A| <
p < %po one can bound it dimensionally as
E, 1

AE
<o - 2 4+ g), dan| <no- (—=2p% +29)—. 8.43
In[ <o ((p0/2)2p €0) |0 an| <o - ( Falk Eo)po (8.43)

In order to have a solution with A;| < {zp{ one imposes that |n| < f=p{ and |0 an| < 1 for
Al < p < % (“size and Jacobian conditions”). We choose therefore p = %po 7 so that (8.4)
implies

n| < 2050, |0.an| < 2n0c0pp (8.44)

Hence if for some large B§ one has

_ 1 g0 _ Po 1 o
Blnopsteo <1, 2moco < =poy) — < 22— — e if
670Pp €0 Moo 2/)0 E, " 16 4COE0N§“ e 1
Bénopglao <1, 4n050p61( ;—O)_l <1, SQC'OEONOZJA1 / 2—0,01“7 more simply, if (8.45)
0 0

B6 (UopalEo)Q(CoEo)Ng(@rl)EoCo < 1
with a suitable Bg then there will be an A satisfying @1(A;) = wp and
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1 €0 1
A<= — < —py 8.46
A1l = 500\ [ 50 < 1670 (8.46)
For a more detailed discussion of the implicit function theorem used here see Ref. [1] at p. 490
(for instance or “do it yourself” which is easier).
At this point the renormalization transformation is completed as follows: define new coordinates
(A7, ¢") by (A, ) = Co(A",¢") and (A', ') = Lo(A", ¢") where

A = 4—/j()(A' —A;), "= (8.47)
Po
The map Co = CoLo maps W (po, & — 460; {0}) into W (po,&o; {0}) and is the composition of a
map which is a simple translation and rescaling (i.e. Ly) with a map which is “very close” to the
identity together with its derivatives (i.e. Cp).

In fact a derivative of order p with respect to ¢’ and of order ¢ with respect to A’ of Cy — identity
can be estimated dimensionally: recall that Cy is defined and holomorphic in the large domain
W (phe %, & — 380; {0}) and bounded there by (8.33),(8.28); however Cy is only considered inside
the smaller domain W ($pf,& — 4d0; {0}) so that its derivatives can be dimensionally bounded.
And one finds that the p-th ¢’-derivative and the ¢g-th A’-derivative of Cy — identity are bounded
by

(const)Pt4 pg Coeg 50_25 50_pp’07q, for &

_ (8.48)
(const)PT9 Cyeg 60_25 CoEo 6y py *, for A
in W(pp, & — 460; {A1}).
Define \g d;le% (which is, by our choices, > 1) and
0
Hi(A",¢") = Xo (Ho(CoLo(A", ") — Fa(A1))  ha(A”) + fi(A", ") (8.49)

where
h1 (A”) d;f Ao (7L1 (Al + AalAIl) — El(Al)), f1 (A”, QD”) =Xo ‘]Tll(Al + AalAIl, (p”), (850)

and remark that the Cp-image of a motion in W (po, & — 4d0; {0}) described by the Hamltonian
H, is a motion in W (po, £o; {0}) described by the Hamiltonian H.

In fact if A’ = A + Ay A", ¢’ = ¢” the motion with Hamiltonian Hi(A',¢') are describednin
the variables A", " by NoHi (A + /\alA”, ") as it can be immediately realized by writing hte
equations of motion. The addition of the constant term —Xohy (A1) in (8.49),(8.50) does not affect
the equations of motion but it is convenient as it will become clear shortly.

We can define explicitly the renormaliztion transformation IC as a map acting on the space of
the pairs (ho, fo) of holomorphic functions on W(pg, &o; {0}) with hy depending only on A as:

K(ho, fo) = (h1, f1) (8.51)
with values hq, f1 defined on W(po, o — 4d0; {0}) by (8.49), (8.50) and (see also (8.21),(8.23))
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&0 4p0 41 B1 . 9
ol =1 =— =16(FL N, No=—(1 52
60 lOg(Coffo)_l ’ )\0 p6 6( OCO) 0o > 0 é.(2) ( Og(COEO) ) (8 5 )

The domain of definition of K is restricted by the conditins that have been imposed while con-

structing it, namely & > 49 and (8.31) (to define Cy), (8.38) and the stronger (8.45) (to define
A1); all such conditions can be implied by a condition of the form

Bl (20Co) (EoCo)™ (EoT]opal)a/2 & “* (log(Coeg) ™)™ (8.53)

with, for instance, Jaj = 1,04 = 2.04 = oy = 40+ 1 (just substitute in (8.31),(8.45) the expressions
for &g, No in terms of &g, ep).
The new pair (hq, f1) satisfies the following bounds on W (pg, o — 4d0; {0})

-1
|0 a| < Eo + <o, ‘ (52A2h1) ‘ < Xomo (1 + 4mocopg ' (8.54)

obtained by transcription and rescaling from (8.37), and

1 —
‘aA’ + % ‘8¢f1] S B5 €0 (Co&'o) (C()Eo)2 N§+1 (50 e (855)

obtained from (8.39)
It is convenient to simplify the above relations at the expense of assuming a somewhat more
involved condition, like (8.53). In fact if we assume

B CN20042) g
16 (EoCo) Ng ™ (1 + 4mozopy ') < (log(COEO) 1) <X

Bs+/Coeg (CoE0)2 Noé—,—l 50_4€ < 1.

0 (8.56)

And one can define the new parameters E1,n;,e1, p1,&1 for Hy, i.e. for (hy, f1), see (8.5), as

— 4
Ey=Ey+eo, m=xmo, Cie1=(Coc0)*? & =& - W)v p1 = Po
(8.57)
and (8.56) can be imposed by requiring a single (stronger) condition like
2 —1\2( —1 _p) 106
By (20Co) (BoCo)? (Eomopy )* (& og(Cozo) 1) < 1 (8.58)

with By suitably large (depending only on £.

8.2. [teration and fixed point for the renormalization.
We are now in a position to iterate: starting from H; one can apply K to it and define Hy etcln
general H,, can be defined in terms of H,,_; provided condition (8.58) written with the parameters
En—-1, Fn—1,Mn-1,&n—1 instead of ¢, Ey, 9, & holds.

Assuming that such a condition holds we would deduce from (8.57)
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COEn :(Cogo)(3/2)n,

oo

4 1
& 26 [ (1 B (3/2)k10g(0050)—1) 2 5%

k=0

o0 . (8.59)
E, <Ey+Cy! Z(COEO)(B/Q) <2kp
k=0

N =10 (108?(0050)71) >

where the two intermediate inequalities hld if Cyeg is small enough: and we may and shall impose
that the latter condition is already implied by a suitably large choice of Bz in (8.58). So (8.7) will
hold for all n if

2(04+2)n (3) in(n—1)2(£+2)

3

10443
) <1 (8.60)

Bz (enCo) (EnCo)? (Ennnpy ')? (f;l log(Coen) ™!

with By suitably large (depending only on /.
Substituting the bounds (8.59) in (8.60) shows that (8.60) holds eventually in n because the
renormalized perturbation size €, === 0 very fast compared to the speed with which 1, === cc.

Therefore if one imposes (8.60) for sufficiently many values of n one deduces from (8.59) that (8.60)
holds for all n. This means that a condition like

B (£0Co) (EoCo)™ (Eomopg )™ €™ < 1, (8.61)

with B, aq, aa, as conveniently chosen and depending ony on ¢ sufficies to imply (8.59) and (8.60)
for all n.
We conclude that under the condition (8.61) all iterates of K can be applied to (hg, fo). If

N, = Bﬁ;%log(C’osn)’l)Q and \, = 16E,CoN.! (see (8.52)) then the (8.50) yield for some
¢ > 0 (only dependent on /)

ha(A") =M1 (1 (A + A2 A”) — ho(AL)) =

Enfl + |en71
o A Ay T et w0 AT
0 1 pn_1/2 ( 1p0) (862)
Dprarhn(A") s=s wo, Inrhn(A") 55520 Vp > 2
agt% p'a fn (A/Ia ‘Pll) :O(Encoégc_qu_p) =00 0
by dimensional estimates.
The bounds (8.48),(8.49) and (8.59) imply that
C = lim CoC ---C; (8.63)

J—

exists and is a holomorphic map from W (po, £0; {0}) into W (po, &o; {0}) with the property that

\aA,,é(A”, ©")| < const H At =0, (8.64)

=0

2/settembre/2004; 16:35 53



8.63

8.64

sec.9

p.9.1

9.1

54 Les Houches 198/

because Ly, is a contraction by ~ )\,;1. Hence C~(A”, ") is A”-independent and it can be written

A=a(e"), e=¢"+B¥"), (8.65)

defining, therefore, an analytic torus 7, in W(pg, &o;{0}) .

The uniformity of the convergence of (8.63) in W(3po, 1£0; {0}) (implied by the convergence
and analyticity in the larger domain W (po, 3&0; {0})) allows usto infer that, denoting S/ the time
evolution generated by the generic Hamiltonian H,

S (A, @) = Tim §/(CoCr -+ C5(0,6")) =

J—00

= lim CoC; -~ C; (S (0,9")) =

J—00
o (8.66)
= lim CyCy -- 'Cj (0 + O(€j00)5j_1 t, (,0” + wot + O(é‘jCo)(Sj_lt) =
J—00
= lim CoCy ---C;(0,¢" +wot) = C(0,” +Bog t).
J—00

which proves that 7, is invariant and the motion on it is quasi periodic with frequencies wy;
actually, in the parametrization (8.65) it is simply ¢” — " + wyt.

This completes the proof of the theorem, provided one accepts the bound (8.39): the latter bound
is checked in Appendix Al.
Remark: The above analysis can be regarded as a proof that the iteration of he renormalization
map K “drives” any Hamiltonian (hg, fo) close to integrable (in the sense that it satisfies (8.9))
to the harmonic oscillator (wo - A,0) near a Diophantine rotation vector wg: more precisely it
magnifies phase space around an invariant torus with given rotation vector wy and shows that in
the magnified view the Hamiltonian can be identified with that of an harmonic oscillator.

9. Concluding remarks

9.1. An extension of the results in Sect. 8

The following (see [8]) extension shows that the invariant tori although filling a set with an open
dense complement (at least if one only considers the ones that we can prove to exist by interpreting
the result in Sect. 8) nevertheless they can be smoothly interpolated.

There exit positive constants B, B', a1, as, ..., ag depending only on £ which control the following
statements. Let ho, fo be holomporphic in W (pg,&o; V') where V' is a sphere. Then there exists a
completely canonical map C of class C* defined in R x T¢ and with values in R® x T® and a C*
function h on R® such that

(1) For (A’ ") € Vy, x T, with Vi, CV and Vy, suitably chosen, it is

=

Hy(C(A, ¢)) = h(A) (9-1)

where = means that the r.h.s. and the Lh.s. are identical together with all their derivatives on the
set Vi, X T. Note that if Vi, does not contain open subsets this is a non trivial property which in
general does not follow from the simple equality Ho(C(A’, ")) = h(A') on Vj, x T¢.

_ -1
(2) Vi, 2 { A/ ‘8A/h(A’) vl < Cyv|'} for Co >0 given in (9.2) below.
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(3) vol(Vy, x T > (1 — ) vol(V x T¥)
provided ¢ is small enough. The constraints on Cy,eq are

€ —1\—a; cx e %
o S B (Eomopg )™ &7 4,
(9.2)

- € — as - —
Co=B'Ey" (E_(;) 1€8° (Bomopg 1)~

The above theorem says that quasi periodic motions fill most of phase space if the perturbation
is very small; furthermore the invariant tori fill the phase space in a smooth way. In fact they
can be embeddein a smooth foliation (of class C'*°) of tori with parametric equations (A, ) =
C(A' @), ¢ € T*. Such tori are, however, invariant only if A’ € Vi

Furthermore item (2) shows that Vy, as given by the proof in Sect. 8 must be thought of as the
complement of an open dense set whose complement has small measure (by item (3)), [19].

One can prove that the above theorem implies “absence of Arnold diffusion” in the anisochronous
systems considered here if ¢ = 2.

9.2. Extension to perturbations of isochronous systems
A naturally modifed form of the above theorem holds also for systems of the form

wo - A +efo(A,p) (9.3)

i.e. for perturbations of harmonic oscillators, provided |wq - v|7!| < Clv|*, Vv # 0 for some C > 0
and provided ¢ is small compared to A, &, Eonhp, *, where 1f — sup |04 fo, see Ref. [19],[20].

9.3. Integrability conditions for perturbations of harmonic oscillators

Another theorem that can be proved is

Consider the perturbation expansion for (9.3) with wq satisfying the non resonance condition
lwo - |7 < CO|f, Vv # 0. Suppose that to all orders of perturbation theory one finds that
hn(A') depends on A’ only through w - A’, i.e. hp(A') = s, (wp - A') for some s,, i.e. to the n-th
order Hamiltonian of the Birkhoff series depends on A’ only through w - A’. Then the system is
canonically integrable and the Birkhoff series for the Hamiltonian and for the integrating canonical
map converge.

See [21] and, for a proof similar to the ones developed here, see [22].

9.4. Breakdown of invariant tori.
Finally consider a one parameter family of perturbations

ho(A) +ef(A, ¢) (9.4)

with hg,ef = fo satisfying the assumptions of the KAM theorem of Sect. 8. Fix wy = wp(0) as in
Sect. 8. THEN

K:n(hO’ Ef) n—oo’ (wO A, 0) (95)

for € small enough.
It is tempting to hope that there is a non trivial fized point (h*, f*) for K such that for ¢ = .
it is K™ (ho,ef) === (h*, f*) while for 0 < £ < g, it is K" (ho,ef) === (wo - A, 0).
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A discussion of similar problems can be found in Ref. [18]. A somewhat different approach has
been developed in detail to study the transition to chaos near a torus of fixed frequencies wg in
the cases £ = 2, see Ref. [23],[24].

Acknowledgement: I am grateful to Gian Carlo Benettin and Luigi Chierchia for critically
reading some parts of these lectures.

Appendix Al. Check of the bound (8.39)

This is a dimensional bound. Let (A’, ') € W(poe ™%, & — 360; {0}) and

fﬁ’I(A/"p/) :ﬁl(A/ﬂO/) ( )

_ (AL.1)
ho(A'+ E(A', ) + fo(A" + E(A', ¢'), " + A(A',¢)) — ho(A") — fo(A).

The main remark is that the functions =, A satisfy (8.33); hence (8.28) provides bounds for their
size. The (8.33) means that =, A satisfy

wo(A)) - E(A @) + f5= A o+ AA @) ~ To(IVA) =0 (41.2)
Hence (A1.1) can be rewritten, subtracting (A1.2) from it, on W (phe =%, & — 350; {0}) as

FUA @) = [ho(A' + ) — ho(A") —wo(A') - E] +
A+ B, + A)— YA+ A)] — [fPNIA + 5, B+ 4)] =
def [fl] + [fH} + [flll}
(A1.3)
And, denoting ||Z|| the maximum of |Z| in the domain W (poe ™, & — 3dp; {0}) we can bound

FI fII fIII by

1
i :‘ / (1 =X)dAdQsho(A + AE) EBX‘

1=11P.

|f1] —’/ A0 A fIEVN A+ 2, ¢ + A) H‘<31505 L=l

Po —Po/2

(A1.4)

—do|v|
< Y com

|v|>No

2
< poCosgg

having used (8.24), the definition of No and some easy dimensional estimates. Substituting the
bounds on |Z| = 9 ,®o| following (8.28), a bound on f; in W (phe =, & — 380; {0}) of the form

Bé €0 (C()EQ) (COEO) 50_4€ Lo (A15)

is obtained and it immediately yields (8.39) by a dimensional estimate.
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