
Theoretial Mehanis in Italy between 1860 and 1922Giovanni GallavottiFisia, Roma1; The.N.F.N.Abstrat: Extended version of the onferene on the \Development of Celestial Mehan-is in Italy between the end of '800 and the Twenties of the XX entury" at the LineiAademyIstoriaIllustrious predeessors were, for instane, Giuseppe Lodovio Lagrangia, (1736{1813), Franeso Carlini, (1783{1862),Giovanni Plana, (1781{1864),Gabrio Pi-ola, (1794{1850), Giovanni Santini, (1787{1877), Ottaviano Fabrizio Mossotti,(1791-1863): astronomers and theoretiians whose work is onluded at the beginning ofthe period onsidered here.A short and preliminary analysis of the development of Mathematial Physis, disiplinethat I identify with Theoretial Mehanis (point mehanis, n{bodies, ontinuous, sta-tistial, elestial mehanis...), in the period 1860{1922, from the \Uni�ation of Italy"to the \Marh towards Rome" or from Mossotti to Fermi, an begin from fromEnrio Betti, (1823-1892).Well known in Algebra and Geometry he was, in fat, mainly a mathematial physiistdisiple of Mossotti. He did not refrain to start by translating the Treatise of elemen-tary Algebra of Bertrand that ertainly ontributed to draw him muh loser to theEuropean urrents of ideas. He was a soure of inspiration and a ultural referene forhis ontemporaries, among whih Beltrami. Partiularly in the last twenty years of hiswork he dediated his researh to Mehanis: he ontributed to the theory of elastiity byextending the method of images to the biharmoni equation, later followed by Cerruti,Somigliana, as well as the methods employed for studying the Laplae equation.His works ontain detailed and onrete presentations; mini-treatises, very useful evenfor today students who happen to have knowledge of their existene, on potential theory,on apillarity, on the heat equation, on elastiity: always attentive to the eletrostatiinterpretations of the many results.1Among the �rst in Italy to be aware and to apply the ideas (that he attributes toClausius without quoting Boltzmann) at the roots of Statistial Mehanis: he dealswith the problems of mehanial interpretation of heat in an interesting work on the heattheorem and entropy where he derives a \thermodynamial" interpretation of the statesof a system of masses interating with gravitational potential, [Be888℄; or he studiesthe equilibrium of a mass of rare�ed gas isolated in spae, [Be880℄, and more preiselyhe estimates the quantity of heat that an be ontained in a star and how it ouldinrease a beause of gravitational ontration reahing undoubtedly modern results ofastrophysial interest.2 He was Senator of the young kingdom of Italy but he did notreally get involved into politial matters.Franeso Brioshi, (1824{1897).1 It is interesting, from a historial viewpoint, to remark that he deals with the problem known today asthe Dirihlet problem with the variational method by onsidering as obvious that the funtional has aminimum: a statement whih was onsidered intuitive by Riemann and Dirihlet but whih beameimportant to prove after a ounterexample by Weierstrass (1880) and Hilbert's solution (1899)and the suessive theory of Fredholm: it still ontinues to onstitute a main result in the treatises orletures on PDE's, [Be863℄ p. 82 in OP-2.2 \If there has been a time in whih in the unit of mass of the Sun was ontained in average a just 1alory, the radius of the sphere oupied by it was, at the time, equal a 6825 times the distane of theSun from Neptune", (see original quote in the Appendix)7=maggio=2003; 23:31 1



Illustrious mathematial physiist who, however, dediated himself to Analysis, mainlyto the theory of equations, of ellipti funtions and of di�erential equations. But hisvolani prodution, always dediated to tehnially demanding questions, greatly in-uened many young students and formed a generation of analysts and mathematialphysiists. I fration of the his works properly in Mathematial Physis is rather smalland almost exlusively dediated to problems in hydraulis, very onrete and of di-ret interest for engineering, [Br866℄, (unless we onsider the theory of ellipti funtionsas part of the Mehanis, whih would be an easily defensible position). Partiularlyrelevant for Theoretial Mehanis is the paper on the equilibrium on�gurations of arotating uid, [Br861℄, whih is a subjet on whih all Mathematial Physiists of thisperiod were involved (as well as in earlier times, like for instane Plana): this paper wasontinued by Padova who has the merit of having extended the analysis to the ases ofrotating ellipsoidal on�gurations with axes periodially osillating, [Pa871℄. He had im-portant aademi and politial harges (he founded the Milan Polytehni Al Shool, wasPresident of Aademia dei Linei and was Senator). He was teaher and then olleagueofLuigi Cremona, (1830-1903),who inuened Mathematial Physis although he was mostly ontributing to Geom-etry. A trae of his diret involvement in questions of applied Mathematial Physisan be found in his membership in a ommittee for a referee report (together with Be-tohi, Blaserna, Beltrami) for the possible publiation on the Rendionti Lineiof a somewhat strange paper of Mr. Colonel Pietro Conti, whih very likely \had"to be aepted, [Cr875℄.3 His suessor was Valentino Cerruti, (1850{1909), also amathematial physiist who gave important ontributions to elastiity theory. Cremonainuened, together with Brioshi,Eugenio Beltrami, (1835{1900).Around him and Betti gravitated the Italian Mathematial Physiists until the dawn ofthe XX entury, when the exeptional ourishing of Volterra and Levi-Civita tookplae.His most known ontribution has been, perhaps, the realization of a portion of surfaewith onstant negative urvature in a 3 dimensional spae: the pseudosphere, �gure ofrotation assoiated with the tratrix, around 1868, [BGT998℄. The ahievement wasobtained through onsiderations and methods typial of the Mathematial Physis,4, bystudying the onrete question of representing without deformation a surfae on anotherby making use of the instruments provided by Gauss' and Lobahevsky's theories.With an attitude of an experimental physiist he also built paper models to illustrateproperties of non Eulidean geometry and derived from them idea of the possible validityof new properties of suh geometry, yet unknown, whih he proeeded to prove.Beltrami, a mathematiian by formation, also studied quite diverse questions of me-hanis, well beyond the properties of the geodesi motions on urved surfaes and theirinterpretation in terms of the geometri oneptions of Gauss and Lobahevsky, inno-3 \We annot refrain from remarking that from the 135 experiments quoted in the Memory one an wellextrat arguments to asts doubts on the results obtained by Coulomb and by Morin but one andoubt whether they suÆe to onvine on the truth of the laws stated from Sig. Conti, even more soas by his proess it is not evident the possibility of reahing some onlusive result." .... losing by \...it seems desirable to us that the Memory be published, so that a fruitful disussion on it is generatedand more ompetent judges an pronoune an appropriate sentene".4 His quali�ation as a Mathematial Physiist is paradigmatially desribed by a quote from his severalworks on potential theory \thus the generi funtions that we shall meet in the following must alwaysbe assumed to be endowed apart from the expliitly stated properties of all those, like integrability,di�erentiability or other, that are neessary for the legitimay of the operations performed on them,p. 574 of [Be880℄, words that should be kept in mind by ontemporaries who assoiate MathematialPhysis with \weak" or not onstrutive solutions of important equations.7=maggio=2003; 23:31 2



vative at the time: the more than atual importane of the Laplae-Beltrami operatorand of the di�erential parameters of a surfae is a witness. He was an attentive to whatwas being developed in Europe in the domains of Analysis, of Geometry as well as inPhysis. He did not hesitate to even enter into onsiderations on the phenomenologyof eletrodynamis and on Faraday's ideas (in a letter to Ces�aro, [Be889℄). He ded-iated muh time to eletrodynamis and to eletrostatis: solving several problems ofpotential theory and studying uidodynamis in detail trying to larify the onnetionwithMaxwell's equations and reahing negative onlusions about their possible elastinature (a work revisited by Somigliana, [So907℄). I four monographs on uidodynam-is, [Be874℄, an be onsidered a treatise of theory of Euler's uids, with interestingnew exat solutions of uid motions, both planar and not planar (like the Hamiltonianmotions of vorties or the helioidal motions of inompressible uids) and with severalother natural problems posed in a form that still today we would all modern. Elastiityalso attrated his uriosity and he ontributed to the di�usion in Italy of St. Venant'spriniple, for instane, by ritiizing some of its aspets (about the quantity that itwould be neessary to estimate in order to guarantee the ohesion of an elasti material,where his answer di�ers from St. Venant's (the work was revisited by Levi-Civita,[LC901℄): and elastiity, as well as eletromagnetism, attrated his attention also beauseof their relation with the problems about ation at distane (by studying for instane therepresentation of the Newtonian or eletromagneti fores by means of elasti fores).Quite remarkable is his work on entropy, [Be882℄, that shows a deep knowledge of theideas of Clausius and that probably stimulated the interest that also Betti, [Be888℄,showed to the matter. He develops on the basis of the ideas of Clausius andHelmholtza \theorem of the heat" veri�ed by a system of n harged ondutors when one hangesthe \state", i.e. the form, the harge and the spatial position: by assoiating with a eahstate suitable eletrostati quantities to be alled (we use here, for brevity, the notationof Boltzmann instead of his) U , energy, T temperature, p pressure, V volume he showsthat suh quantities have the property that the variations of U and of V , orrespondingto an arbitrary variation of the state, are suh thatdU + pdVT = exat di�erentiali.e. the quantity in the the l.h.s. is the variation of a suitable funtion S of the state. Thisis a\mehanial analogy of heat" and introdues a quantity analogous to the notion ofentropy: it followed an idea that in those years Boltzmann, with a work ulminating in1884 but already begun muh earlier in his youth, [B0866℄, [Bo884℄, along lines followedalso by Clausius and then Helmoltz whih led him to the ergodi hypothesis and tothe theory of statistial ensembles. In Italy, as elsewhere, the theory of Boltzmann hasbeen largely misunderstood or ignored in spite of the developments that led Gibbs toits transformation into the modern statistial mehanis. Hene it interesting to remarkthat Beltrami (and then Betti and to a less extent also Volterra) have been, untilpresent times, among the few to take into a serious onsideration the heat theorem whihfasinated him beause of the mehanial meaning that it ould attah to entropy. It issomewhat surprising, however, that in the paper no referene to Clausius, Helmoltzor Boltzmann appears, although he quotes them in other papers: and it seems ertainthat he knew their work on the subjet.In Mathematial Analysis proper Beltrami gave many ontributions, quite modernin spirit, among whih the development of a funtion in a trigonometrial series withharmonis of frequenies equal to the roots of the �rstBessel funtion or of its derivative,following a work of Abel. He did not get diretly involved in Celestial Mehanis inspite of a brief period at the Brera observatory (1863-64) and his aquaintane withShiaparelli with whom he wrote trigonometri tables for geodesi usage.The personality of Beltrami has been, therefore, very rih and polyhedri although his7=maggio=2003; 23:31 3



inuene did not materialize in a large shool: possibly beause of his repeated movesfrom university to university. Nevertheless he had students in various universities (forinstane Burgatti, f. below). In his youth (1853) he was expelled from the CollegioGhislieri under the ausation of having inited unrest against the Retor (at the timeLombardy was under Austrian rule and many found that not aeptable) so that heould not even �nish his studies. Nevertheless he ould ontinue to work on researhand get, after Uni�ation, a position in the Royal University thanks to the appreiationand interest of Brioshi and Cremona eventually even beoming a Senator (as severalother illustrious mathematial physiists, like Brioshi, Betti, Siai, Volterra)and was given important government tasks.His work has been important for the inuene on Italian researh: perhaps mainlybeause of the dissemination of knowledge of the great themes of Mehanis (from uidsto eletrodynamis to elastiity to theoretial Physis) that followed a large numberof papers in whih he derived, providing remarkable simpli�ations through new andoriginal methods, important results of European sientists. Furthermore we owe to himthe disussion and valorization of Saheri's work, [Be889℄, on non Eulidean Geometry.He was inuened byDomenio Chelini, (1802{1878).Older than Beltrami, he su�ered politially (being an elesiasti) and was �red bythe University of Bologna \not having" attended a religious eremony elebrating the\Statuto" (1860); readmitted (1863) and again �red (1864, having refused an oath ofallegiane to the Kingdom beause of his elesiasti status,, although in fat he waspersonally in favor of Uni�ation of the ountry). Chelini has been an important �gurewho ontributed to the development of Mehanis in various ways and in primis with hisdetailed and expliit onstrutive treatment of Poinsot's motions, whih was studied inthe rest of Europe, [Ch859℄. He therefore ontinued and ontributed to keep alive the in-terest on Analytial Mehanis on the footsteps of Lagrange (and, in Italy, of Plana,Piola, Santini and others that followed Lagrange by applying and developing hismethods in the �rst part of the XIX entury). However in Italy the developments thatmight have been expeted on the theory of rigid motions following Chelini's ontribu-tions, although their study remained at the enter of numerous suessive researhes andof the interests of all mathematial physiists.An important doument on Chelini's stature is his treatise of Rational Mehanis,[Ch860℄, whih seems to me to have remained unequaled until the appearane (1921) ofthe Levi-Civita and Amaldi treatise (whih I would dare say that went beyond onlyin the theory and appliations of anonial maps and variational priniples).5 He appliesthe theory of rigidi motions omputing the terrestrial preession and nutation, that willbe also in Levi-Civita and Amaldi but that is not usually disussed in the Italiantreatises of the period intermediate between the 1860 and the 1921. It is a syndetiexposition, and yet it is very lear, even if judged aording to present day riteria. Hedisusses the theory of fritionless onstraints via the priniples of virtual works (alledvirtual veloities) and of D'Alembert essentially presenting them as a de�nition ofonstraint without frition (and setting frition, when present, among the ative fores)without trying the a proof \on physial basis" whih (quite strangely) was adopted bythe Italian shools of Mehanis (f. the letures of Burgatti or of Levi-Civita andAmaldi): the point of view of Chelini instead has been that of the main treatises5 The letures of Giovanni Battaglini, (1826{1894), [Ba873℄, were also equally interesting. Althoughbeing expliitly based on the treatises of Todhunter and of others they onstitute a ompilationof highest level: they are relevant for Celestial Mehanis as the elementary motions (preessionsand nutations) of Earth and Moon are elegantly disussed. A important earlier treatise was due toSantini, [Sa830℄: also quite remarkable for the attention devoted to suh questions. Several othertreatises appeared between that of Chelini and that of Levi{Civita and Amaldi: for instane thoseof Alessandro Dorna (1825{1866), [Do873℄, Filiberto Castellano, [Ca811℄.7=maggio=2003; 23:31 4



of the time, see for instane the point of view of Appell and of Voigt.6 Chelini'sinterest for matters of priniple and for the foundations is always present in his book andulminates in the interesting Appendix \On the fundamental priniples of Mathematis"where his attention is attrated by the axiomatization needs that in those years pervadedmathematial studies in Europe.He was atively interested in Celestial Mehanis: see for instane his alulation of theephemerides of Hind's omet, [Ch847℄.Therefore Chelini appears as a key �gure, as also proved by Beltrami's appreiationwho, at times, alled him \dear and illustrious friend"; in the exeptional ommemorationthat he wanted to read about him he alls Chelini with the a�etionate expression \ilbuon Chelini".7Franeso Siai, (1839{1907).Contemporary ofBeltrami emigrated from Roma to Torino to partiipate to the Italianuni�ation proess beoming a soldier. He beome professor of Rational Mehanis (atthe Torino university) and of Ballisti (at the Shool of Appliations, Torino). He is aninteresting personality who sueeded in performing also researh in spite of being urgedto work on onrete artillery problems. He revisited the results of Chelini on Poinsotmotions, [Si877℄. In his letures on Rational Mehanis the priniple virtual work ispresented, essentially, as a postulate: he omes bak to the matter in one among hislast papers where he tries a simple proof of the priniple opening with a methodologialstatement that show that he was very attentive to fundamental questions and appreiativeof their relevane.8The ideal suessors of Beltrami and Betti.wereVolterra, a physiist laureate at the Suola Normale of Pisa, student ofBetti andthen suessor to Beltrami's hair, and Tullio Levi-Civita, (1873-1941), mathemati-ian, inuened by Ernesto Padova, (1845-1896), and Gregorio Rii-Curbastro,(1853{1925). Two rather di�erent personalities, both with varied and often ommon in-terests: with their work Italian researh enters in the ow of European siene andompetes with it.Vito Volterra, (1860-1940).His work is initially dediated to Mathematial Analysis under the inuene of UlisseDini, (1845{1918), and undertakes with larity and without refraining from even verysubstantial omputations, that reet his bakground as a physiist, problems of eletro-dynamis, [Vo891℄, with attention to the representation of wave solutions viaKirhoff'spriniple. The papers of the �rst twenty years, until the beginning of the '900, is vast,varied and of of exeptional interest.Well known are his foundational ontributions to Funtional Analysis and to the theoryof integrals equations and of the \hereditary phenomena" that appear already in his �rst6 Although Chelini disussed in a in an earlier paper, [Ch847℄, a \proof" of the priniple of the \ virtualveloities" going bak to Amp�ere (\... it obviously suÆes that the sum of the applied fores is normalnormal to M ..."). In this respet it is onvenient to reall that the lassial treatise of Voigt wasbeen translated, 1894, into Italian with a forward by Beltrami who stresses that the attention to theanalytial mehanis of Lagrange would have perhaps deserved to be larger.7 i.e. \the good Chelini".8 \On the other hand at shool, long and ompliated proofs should be avoided: the ones whih are notrigorous are unaeptable, and should not be given. Not to give them at all ... does not seem tome suitable to a good mathematiian. However this is followed by a proof, [Si905℄, that he himselfimmediately after, in a suessive paper, remarks to be non rigorous: \Where rigor fails it is no longerworth aring and whoever might be urious will be easily able to �nd it on his own.". The non rigorousproof in reality, it seems to me, ontains an error in item 2Æ, p. 605: an error that I do not see in theproof, quite analogous, in the treatise of Chelini.7=maggio=2003; 23:31 5



works, [Vo883℄, [Vo887℄, see also [Vo912℄, [Vo914℄.9 The theory has a rapid developmentwhih makes neessary several review works or papers omparing results with thoseof other authors (Abel, Liouville, Beltrami, Shl�omilh, Dini, Sonine, Levi-Civita, Pinherle), [Vo897℄.Theoretial Mehanis is the subjet of several memoirs among whih I quote the re-markable extension of Hamilton-Jaobi's theory to ases in whih the time variable istwo{dimensional:10 and he �nds in this way properties of families of minimal surfaesalready obtained by Padova. A modern revisitation of the problems that this memorysuggests is ertainly desirable.Celestial Mehanis has been objet of intense study, although onentrated within a fewyears, dediated, unlike Levi-Civita, to questions of applied Astronomy. In partiularhe has been attrated, possibly under the inuene of Padova, [Pa885℄, by the theory ofpolar motion: following Chandler's preession disovery (1891). In a series of papers hedisusses, [Vo895℄, the possibility that the preession is due to motions internal to Earth,marine urrents for instane, that produe a ouple M onstant, or with a slowly varyingdiretion in a earthly frame (with the Earth otherwise regarded as a rigid body). Thepurpose is �nding an explanation of the observed inequality between the Chandler'spreession and Eulerian preession.11 He also disusses alternative hypotheses like theplastiity hypothesis proposed by Shiaparelli (i.e. variability of the inertia tensorwhih, instead, remains onstant in the internal motions theory, favored by Volterra).His bakground as a physiist is manifest in the latter papers whih show hi ability toattak a diÆult and not a priori well de�ned phenomenologial problem by drawinginspiration and methods from the rigorous methods of theoretial mehanis, for boththe de�nition and the treatment of the mathematial model. In this respet one an getan idea of how muh Chandler's disovery had exited the interest of physiists andmathematiians by reading the strong polemis, quite likely not exempt from a prioritydispute, in Volterra's letter, [Vo896℄, to the president of the Aademia dei LineiBrioshi in answer to omments by Giuseppe Peano, [Pe895℄, on his theory.Rigid motions theory, as everyone knows, is a quite ontagious entity: hene alsoVolterra will devote to it a large number of memories after his initial interest forthe physial aspets of the polar preession. Hene he studies various mehanial prob-lems, usually related to Chandler's preession, among whih the theory of polyylisystems (rigid bodies hosts of systems performing periodi motions of di�erent periods)going bak (and developing) Helmoltz' theory of monoyli systems whih had had agreat importane in the foundations of Statistial Mehanis through the Boltzmann'swork, [Bo884℄. It is interesting that suh papers of the founders of Statistial Mehanis,9 An interesting trae of his study of potential theory is also to be found, aside from his early papers, ina series of \exerises" that it would be very useful to =suggest to students, [Vo894℄.10 The generalization is roughly desribed as follows. The oordinates x1; : : : ; xn \motion" (with a two{dimensional time) depend on two parameters u; v that vary in a domain �; the role of the time deriva-tives _x1; : : : ; _xn is played by the determinants �i;j def= �(xi;xj)�(u;v) ; i < j and the \Lagrangian" is now afuntion L(�; x). The problem is to minimize R� L(�; x)dudv under the ondition that x takes givenvalues on the boundary of �. The equations \of motion" beomePk �(�i;k ;xk)�(u;v) � �L�xi = 0 and havingset pi;k def= �L��i;k and H = p � � � L(�; x) one �nds the \Hamiltonian form": i.e. �(pi;k ;xk)�(u;v) = � �H�xi ,�(xi;xj)(u;v) = �H��i;k .11 The model is I _! = (I ! + M ) ^ ! + _M , with M onstant (stationary internal motions) or variable(slowly varying internal motions) and with I the inertia matrix, whih is integrable, by quadratures, if_M = 0 or, if _M is small, approximately; the model allows us to derive the value of M as a funtion ofthe observed motion of the poles. He �nds the remarkable result that the Eulerian period would hangeinto the observed Chandler period if the angular momentum along the Earth axis of the internalmotions was � 10�3 times the total.7=maggio=2003; 23:31 6



known and applied by Beltrami and Betti, as ited above, were known and followed inItaly at the time, unfortunately to be forgotten later. In 1898 he ompletes and reviewshis studies in a monography on the prestigious journal Ata Mathematial, [Vo898℄.To Celestial Mehanis he omes bak with the study of n{bodies �xed on a line anda (n + 1)-th body gravitationally attrated by them: a problem that will be furtherinvestigated by Armellini, see below.To very onrete questions related to the interpretation of experiments and of naturalphenomenaVolterra, as Levi-Civita, Rii-Curbastro and others, has always beenattentive: the interest for the polar preession is not the only example. Papers oneletrolysis and on analogous phenomena, developed as a Student or as an Aademiian,provide other examples, [Vo897℄; in his theory of the \seihes" of Geneva lake where,[Vo898℄, he proposes the study of the analogous phenomena in the italian lakes andin a brilliantly short note in the appendix he shows that the orresponding theoretialproblem an be redued to an eigenvalue problem (\exeptional values problem").His ontinuous interest for the theory of holomorphi funtions keeps him in lose ontatwith Mathematial Analysis and Geometry of the onstant urvature surfaes: an interestalways kept up even in the periods when onrete questions, diretly related to Physisexperiments or Astronomy, seemed should predominate. This is already manifest in theextension of the holomorphy notion of a funtions of several variables, [Vo887℄.12 Atheory that he will develop into the theory of di�erential forms of dimension arbitraryobtaining remarkable extensions of previous partial results of Riemann and Beltrami,among others. And later into the theory of linear di�erential equations in the omplex�eld, [Vo899℄. A really elegant note is his addition theorem for double integrals whihshows that Volterra was in synhrony with the interests and the methods that werebeing developed in Europe (by Piard in this ase), [Vo897℄.Elastiity is the subjet of several important papers extending to waves propagating inelasti isotropi and anisotropi bodies the notion of harateristi lines (whih beomeharateristi surfaes), [Vo894℄. Furthermore he analyzes elasti properties of non simplyonneted bodies and develops a detailed theory showing that, unlike the ase of simplyonneted bodies, a non singular solution of the elastiity equations presenting internaltensions is possible in absene of external fores, [Vo907℄. The wave equation, the heatequation and the elastiity equations ontinue to attrat his attention: and he disussesan appliation of the method of images to the wave equation, [Vo904℄, writes letures onthe equations of Mathematial Physis, [Vo908℄, an interesting appliation of the heatequation is devoted to the rather onrete problem of the temperature inside a mountain,[Vo912℄, he also studies integrodi�erential equations, [Vo912℄, and hereditary phenomena,[Vo913℄.During the war period his sienti� prodution is somewhat a�eted and it is adaptedto his new state of voluntary aeronautis soldier, [Vo916℄: he nevertheless manages toomplete works on the theory of algebras of integral operators, [Vo916℄, whih ontinuehis 1912 Prineton letures and whih will ontinue to attrat his interest, [Vo920℄. Theseare ideas that have had several kinds of developments, for instane the modern theory ofonvergene of the virial series and the \luster expansion" algebrai formalism, [Ru969℄.The theory of population evolution, important for originality and results, has beenmainly developed in the period suessive to the one onsidered here.He has been very ative in shaping sienti� poliies in Italy and, partiularly after1922, abroad. He ahieved important results in the organization of researh and soondeveloped interests for the appliations of Mathematis to biologial and soial sienes.12 A pair of omplex funtions on the regular and losed, or ending on the boundary of a given domain of a3{dimensional surfae, urves de�ned by line integrals of a pair of di�erential forms are Riemann{relatedif the urls of the oeÆients of the forms are everywhere proportional. Like the ase of a bidimensionalsurfae when two omplex funtions of the points of the surfae are Riemann{related if the in�nitesimalvariations with respet to the value taken in a arbitrary point and any of its in�nitesimally loseneighbors have a ratio whih is independent from the variation of the points, [Vo889℄.7=maggio=2003; 23:31 7



As a Senator he exerised strong inuene on Italian siene, at least until the adventof fasism, whih he opposed with �rm oherene until his ousting from the universityand the aademies whih took plae well before the raial laws.13 For an understandingof his are for high shool eduation and researh it is useful to read his relation on theteahing of dynamis in \suole industriali", [Vo921℄, or the slightly later relation on theteahing of Mathematial Physis in the university, [Vo920℄.Tullio Levi-Civita, (1873-1941).With Levi-Civita Analytial Mehanis reeives a boost with the proof of new andoriginal propositions. Among his �rst papers one �nds a lassi�ation of the geodesimotions on surfaes and the problem of isomorphism of ontinuous systems dynamial(as we all it today) is set with larity and studied in some detail, [LC886℄. Soon hisinterest for Analyti Mehanis and his knowledge of Celestial Mehanis problems leadhim to the \Levi-Civita's regularization" of the restrited three body problem in awell known series of papers, whih begin in [LC903℄ with the disovery of the anonialhange of oordinates ating the position oordinates (x; y) of the restrited problem as(x; y)! (�; �) with x+ iy = (�+ i�)2, and whih is aompanied and followed by severalproblems related to Celestial Mehanis whih puts Levi-Civita among the few authorsof the period onsidered here who, in Italy, were involved into theoretial questionsrelative to the tabulation of the perturbation theory funtions. For instane the studyof inversion of Kepler's equation where he shows that the inversion of u � e sinu = �by series, for arbitrary real �, an be ahieved for all eentriities 0 < e < 1 via apower series in the parameter � = e expp1�e21+p1�e2 with radius of onvergene 1, [LC904℄.The study of Kepler's equation has been a reurring theme in Italy sine Lagrange,at least, as in the papers of Carlini or of Chi�o, [Ch846℄, and Levi-Civita's is anoriginal and innovative ontinuation of the earlier studies.. Also his work on impliitfuntions inversion, whih does not seem well known, is likely to have been generated bythe problems that he was attaking on the representation of the perturbing funtion inCelestial Mehanis: he proposes using a summation method of the series expressing animpliitly de�ned funtion; in modern language, this is a \resummation" of a (onvergent)power series, [LC907℄. A method that has been reently adapted and applied to smalldivisors and divergent series problems (resummations of mass diagrams in quantum �eldtheory and in KAM theory).An interesting theorem on \stationary motions",14 allows us to disuss in a uni�ed wayall motions integrable by quadratures known at the time in several systems, relevant forMehanis and mainly for Celestial Mehanis, whih were not ompletely reduible toquadratures, like the heavy rigid body with a �xed point, the three bodies problem andmore.\Mathematiian" by formation, as witnessed by his �rst papers and by his reurringinterest for subtle questions like the prime numbers theory, the in�nitesimals, the trans-�nite numbers or for the absolute di�erential alulus, learned from Rii-Curbastro13 In this respet one often hears that his refusal of the oath of allegiane to the fasist regime took plaewhen he was about to retire, 1932: and one omits to add that Volterra, sine the beginning, 1922,had to su�er the onsequenes of his opposition to the regime and one forgets also that exlusion fromthe soiety of peers at an old age is harder to overome than by people who, like Volterra �fteenyears earlier and at the height of his fores and fame, an hoose to emigrate.14 onsider a n degrees of freedom system with Hamiltonian H(�; �; p; q) where �; � are k anoniallyonjugate oordinates and p; q are the remaining n � k. If Ir(�; �; p; q) def= �r � fr(�; p; q) and Ir =0, r = 1; : : : ; k are \invariant relations", i.e. if they remain zero at all time if they are zero at theinitial time and if furthermore hey are in involution, then setting H0(�; p; q) = H(f(�; p; q); �; p; q) itfollows that also the relations �pH0(�; p; q) = 0 and �qH0(�; p; q) = 0 are invariant relations; expressingthrough them p = P (�); q = Q(�) in terms of � and solving the \only k{dimensional" equations_q = ��(f(�; P (�); Q(�)); �; P (�); Q(�)) one obtains 1k motions. The result was reonsidered andextended by Burgatti, [Bu912℄, and then by Levi-Civita himself.7=maggio=2003; 23:31 8



and then developed in ollaboration with him, [RL900℄, Levi-Civita rapidly beame aTheoretial Physiist through his interests for Mehanis and the Physis of ontinuastarting with elastiity and the theory of uids and, through Geometry and togetherwith Rii-Curbastro, has been among the founders of the mathematis of GeneralRelativity. He remained always lose and grateful to Rii as testi�ed by his ommem-oration at the Aademia dei Linei, [LC925℄, where he attributes almost ompletely thereation of absolute di�erential alulus to Rii, realling also how little Rii hadbeen appreiated during most of his sienti� life .15As a theoretial physiist he has been, beyond doubt, the most prominent in Italy inthe onsidered period: his multiple interests lead him to study with great attention themost varied questions: in a letter to Siai (who was already a Senator, but not yetartillery General) he explains his attempt at explaining resistane met by a body inmotion in an ideal uid that he develops into an ambitious theory of wakes and uidfrition.16 He is strongly interested to onrete eletromagnetism problems, on requestof experimental physiists like Righi, for interpretation of laboratory experiments. Hisrigorous treatment of the (non linear) waves at the free surfae of a bidimensional uid(begun in [LC907℄ and ontinued on several later papers) is still today rightly well known.In other papers he studies problems suggested by industrial enterprises on oaxial ablesonstrution,17 or from ballistis.18He was always partiularly interested by eletromagnetism: both for for speial theo-retial questions and for matters of priniple. His interest ulminates, perhaps, preiselyin the period in whih \Mr. Einstein" was developing the relativisti revolution: thisis witnessed by the analysis, admirable by its luidity and methodologial rigor, of thetheory of eletron and of its eletromagneti mass presented Italian Physial Soiety(S.I.F.) meeting in Pavia in 1901 and rielaborated and published in 1907 stimulated byhis papers on the existene and properties of the motions of a density of harge withoutany inertial mass, [LC907℄.19 Eletrodynamis and the questions related to the eletrons15 The diÆulties met in the aademi arrier, remarkably lagging behind that of other less important ol-leagues, were ertain due to lak of appreiation of his work: as it appears from Beltrami's statementson the oasion of the deision, 1886, of not assigning to him the \Royal prize for Mathematis" andby the statement, analogous and in analogous oasion, 1901, of Bianhi, [Bi902℄: ..."Furthermore wefeel that the algorithmi aspets reeive too muh stress often shadowing the essential geometri on-tents and sometimes leads to state as speial results of the alulus geometrially evident properties.... Rather than in the partiularity of the algorithms employed, in the �eld of ordinary in�nitesimalgeometry, we reognize the true soure of disoveries in the fore of geometri intuition, helped by thatpotent analyti instrument that eah mathematiian will be able to forge one way or another dependingon his individual preferenes or habits... It ought to be reognized that the advantages of the absolutealulus proedures are muh larger in the �eld of di�erential geometry in more dimensions... Theresults ahieved by the Author do not present any substantial novelty. However it seems that the Com-mittee also had to �nd a valid exuse for not assigning the prize that would have had to be given toothers who, for some aident ould not be onsidered (nothing new!).16 He says that the \paradox", [LC901℄, aording to whih in an ideal uid a body in uniform motiondoes not meet resistane an be overome by admitting that the veloity �eld is disontinuous on a(natural) disontinuity surfae: and he derives Newton's frition (frition proportional to veloitysquare). In modern language the solution of Euler's equation that he proposes would not be a weak asolution (in fat the requirement that a solution should be a weak solution does not have a really learphysial meaning in the ase of a perfet uid); he argues that when the veloity is not small this formof frition dominates over a possible frition due to the visosity. It is a proposal that still deserves tobe investigated, [LC901℄, [LC907℄.17 I.e. \from Pirelli's engineer E. Jona": whih leads to a brilliant solution of Dirihlet's problem, ina planar region with usps, to evaluate the largest voltage to whih the insulating material is subjetin a oaxial able as a funtion of the number of onstituent ables, [LC904℄: he expresses the largestvoltage as the value of a suitable hypergeometri funtion.18 I.e. from Tenente ColonnelloCalvi who asks a theoretial explanation of why a projetile shot againsttarget penetrates a distane whih does not inrease with the loseness to the target, but there is insteadan optimal positive distane for the largest penetration, [LC906℄.19 He disusses various theories and supposes that the eletron (i.e. the athodi rays partile)is rigidand onsists of atoms, showing the inonsistene of suh hypothesis. He the analyzes the Abraham'stheory showing its onsisteny with a zero mass assumption for for an eletron whose inertia is purely7=maggio=2003; 23:31 9



eletromagneti mass will ontinue to attrat his attention also in the following years: asa side result he �nds the Hamiltonian formulation for the motion of a harged partilein a eletromagneti �eld (i.e. the form of \minimal pairing "), [LC910℄.??Celestial Mehanis leads him to a general study on the di�erential equations period-ially dependent on time, motivated by the need to provide an existene proof of theaverage motion of the lunar node assuming that the motion of the heavenly body isdesribed by ertain simple models. In modern language establishes the existene of therotation number for the Hamiltonian periodially fored motions that appear in Moontheory. This follows a theorem by Poinar�e, [Po885℄, on the existene of the rotationnumber for maps of the irle whih he improves by eliminating an assumption impliitin the works of Lindstedt, Adams, Hill and Poinar�e himself.20 Furthermore Levi-Civita studies the problem of the form of Saturn rings in the frame of a series of paperson the gravitational properties of thin mass tubes, [LC912℄. And he omes bak on theproblem of a representation of the perturbing funtion by introduing a new system ofanonial oordinates for the n{bodies problem, [LC913℄, and then (after the generalSundman's solution) again on the restrited three bodies problem simplifying, [LC916℄,and ompleting the theory obtaining new results on the regularization of the binaryollisions in the non planar problem, [LC918℄.But the Einsteinian theory is emerging and, naturally, the ative interest of Levi-Civitafor the Geometry omes bak: a never really negleted interest whih reappeard with theintrodution of the notion of parallel transport, [LC917℄, and ontinues with his originalontributions to the new theory, [LC917℄, that will be summarized in the monograph onthe absolute di�erential alulus published after a long are in 1925, [LC925℄. His interestfor Relativity goes well beyond the 1922, but it will by no means exhaust his ontinuousrevisitations of problems studied in earlier times, on Celestial Mehanis, on the uidson elastiity and it will be aompanied and enrihed by a strong interest towards thenew Mehanis (quantum) to whih he will also give ontributions showing ulturallyvast interests that were not to be really imitated by his heirs.21It is interesting to reall here the onlusive words of his Extension and evolution ofMathematial Physis (in the last �fty years, with speial attention to the Italian on-tributions), [LC911℄. Here he omments on the suess of the atomi hypothesis andthe onits that one meets in the theory of eletromagnetism: \We an fear that, asknowledge of the laws of nature advanes, it will no longer suÆe, as it was so far thease, to ask ... but it will beome absolutely neessary to develop more detailed analysis,paying attention to the moleular behavior. If so ... the unknown equations will haveeletromagneti and he evaluates as r � 10�12 m the eletron dimension (i.e. a value of the \lassialeletron radius" whih he dedues as r = 45 e2m2 (in modern symbols)). In the onluding remarkshe says the experimental apparata are already now so developed to exeed in exatitude the domainovered by the various kinematial hypotheses": and proposes the neessity of attaking the problemby introduing a \ut-o�" (as we would all it today) and then removing it at the end of the ompu-tations. A task that he reognizes to be outside the present range of knowledge and to whih furtherparallel diÆulties are added, as the lak of additivity of the eletromagneti mass; and onludes Todedue by suh priniples an eletromagneti explanation of matter does not look enouraging to me;I would rather say that we are lose to irular arguments. Will it be possible to avoid them by somehange in the way of posing the problem?. A question that, sine, has been �rst deferred to quantumeletrodynamis, then to the standard model, then to quantum gravity and to strings without, however,reahing a satisfatory solution yet.20 C.f. footnote 13 in [LC911℄. To say the truth it seems to me that the result is already ontained inPoinar�e's paper where it is obtained with the method that will appear also in [Le911℄: why neitherLevi-Civita nor Levi go bak to the latter paper an possibly be understood if one remarks that onlysomeone familiar with the theorem of Poinar�e through some expert's leture or who had studied indetail the large number of pages of the original paper would have really known it. This does not seemto have been the ase of Levi-Civita nor of Levi nor, later, of Burgatti.21 His sienti� attitude and uriosity is witnessed by an amusing, as muh as learned, paper (that healled an \exerise") on the stability of blakboards, [LC924℄, that opens a window on the aademilife of the time in whih the kind of problems that worried a jury for the exams of Rational Mehanisformed together with Armellini and Bisonini.7=maggio=2003; 23:31 10



to be looked for ... as statistial relations, generated by myriads of di�erent events, andmade eventually manageable thanks to the the law of large numbers." These words appearto indiate that Levi-Civita was onsious of the labor of a Physis that was headingtowards a deep revolution.His treatise of Theoretial Mehanis, in ollaboration with Ugo Amaldi, publishedin 1921 has been an important innovation in Italy with a detailed disussion of theimpliations and appliations of Analytial Mehanis and a set up of several problemsof perturbation theory in the perspetive of its Astronomy appliations.Levi-Civita was hit by the raial laws and therefore he was ousted from university andAademia dei Linei.Contemporary of Levi-Civita and a Beltrami's student has beenPietro Burgatti, (1868-1938).His letures on Rational Mehanis are set up along a very lassial sheme and do notshow a trae of the labor generated by the audaious and novel theories of Poinar�e,although the introdution to the letures begins with the promising remark (still morethan valid today) \It is quite true - unfortunately! - that at present people want to leavethat sienti� base that a long experiene has show very solid, to look for a lower basemore omfortable and more aessible to mediority. But there is only fog, I dare say, andthe wish for Sun will ome bak". Unlike the the texts on Rational Mehanis by Cheliniand Siai, where an attempt to a proof of D'Alembert's priniple is presented whihgoes bak essentially to |Amp�ere, here the priniple is justi�ed by its onsequenes andit is presented as parallel to Newton's laws starting a tradition that shall have a longlife in Italy beause it was adopted also by Levi-Civita: one attempts a justi�ation ofthe priniple that is independent of Newton's laws presenting in this way to the studenttwo theories for the same phenomenon, eah with the proper experimental justi�ation.A tradition that deviates from point of view followed in the main Mehanis treatises ofthe time, like that of Appell or of Voigt (although the latter had been translated intoItalian and supported by a foreword by Beltrami himself) that give up a disussion ofthe priniple and examine only its onsequenes.Burgatti in the interesting onlusive essay of the Rational Mehanis book, the \Dis-ourse on the historial development of Mehanis" he presents a history of Mehanisin whih Aristoteles is presented as thinking that \to be found among the propertiesof the irle all that is shown and admirable in the mehanial phenomena" and he givesno analysis not even super�ial of Greek Astronomy and of Aristarus, Hipparusor Ptolemy (the latter is not even quoted) essentially ignoring the Papers on of an-ient Astronomy of Shiaparelli who had exhaustively lari�ed, [S936℄, the meaningof yles and epiyles in terms of the modern Fourier transform.He is among the last \Meanii Razionali" that I onsider in this brief review: he hadseveral interests ranging from the mehanis of rigid systems, to potential theory wheretakes up works of Beltrami and Volterra, to elastiity to phenomenology of theCelestial Mehanis. He gets remarkable results in the theory of gyrosopes �nding somespeial motions of the Hess' gyrosopes in whih the on�gurations are desribed by adi�erential equation of �rst order for two angles one of whih isohronous: a mathematialproblem already studied by Levi-Civita and Levi in whih the existene of the averagemotion of the not isohronous oordinate is established, [Bu912℄, [LC911℄, [Le911℄.22In elastiity he studies the struture of the boundary potentials neessary to redue theproblem of the deformations of an elasti solid with given boundary stresses to an integralequation for funtions de�ned on the surfae: a problem studied in wide generality and forequations with variable oeÆients in memorable papers by Levi, [Le907℄. In Astronomyhe studies phenomenologial questions: for example he goes bak, [Bu915℄, to a ritique22 The average motion, as already remarked, has been in reality studied by Poinar�e, [Po885℄, who notis quoted here.7=maggio=2003; 23:31 11



by Shiaparelli to Laplae's theory of omets.23 The interest of the paper lies ratherin the (qualitative) disussion of the possibility that a omet inuened from �eld of theSun and of another star penetrates the solar system following afterwards an ellipti orbit;a very diÆult problem, even today, if one wishes to treat it in a mathematially rigorousway.Important ontributors to ontinuum Physis, mainly on elastiity theory, often inspiredby the works of Betti, [Be872℄, were Carlo Alberto Castigliano, (1847{1884), whoalso wrote an interesting monograph, [Ca879℄, mainly devoted to appliative aspetsbut with a e�ort of syntesis and of redution to general priniples (1870{1922), GianAntonio Maggi, (1856{1937), Orazio Tedone, (1870{1922), Carlo Somigliana,(1860-1955), Carlo Somigliana, (1860-1955), and Roberto Marolongo, (1862{1943)), who ontributed with their students and often inspired by Volterra, to thewide development that later Mehanis of ontinua had in Italy.Interest for eletromagnetism and, perhaps lagging somewhat behind the times or per-haps in ontrast with them, the theory of ether has been a (not always hidden) motivationof some papers, [So907℄, in whih Somigliana, tries to overome of exeed the resultsnegative of Beltrami; and in general si dediates himself to the study of the mehanisof the Continua ([So906℄: going bak to Betti he obtains the representation, a by meansof boundary potentials, of the elasti displaements, a\parametri" method that Levi,[Le907℄, will apply to very general equations with variable oeÆients) and produesontinuous and varied studies also on waves theory. Still today \Hoepli manuals" ofMarolongo are useful: among whih I quote the one on elastiity, [Ma904℄, and theone on the three bodies problem, [Ma919℄.Maggi several times (if only shadowy) ritiizes Volterra providing interesting in-terpretations of his results on the exible and inextensible surfaes, [Ma884℄, whih heredues to \lassial" results; or reduing to ertain remarks of himself the analysis ofVolterra on anholonomous systems, [Ma901℄. Later, while expressing admiration forVolterra's famous result on the elasti stresses in not simply onneted bodies, heredues them to little, [Ma905℄.24Tedone studies the motion of a uid an ellipsoidal form, thus following a traditioninspired in last analysis by Celestial Mehanis, [Te893℄, (see [Ch860℄, [Br861℄, [Pa771℄,[Be872℄, [Be880℄, [Vo881℄) and presenting a new version of the motions in whih theangular veloity is a linear funtion of the oordinates, alternative t that of Voigt; veryimportant is his analysis in elastiity theory leading to the extension to elasti vibrationsKirhoff's representation of the wave equation solutions, [Te897℄, [Te902℄.Mathematial Analysis, a �eld that was starting to di�erentiate from MathematialPhysis also in the appliations to the theory ordinary and partial di�erential equations,ontinued to generate remarkable ontributions to problems of Physio-mathematialnature: for exampleErnesto Ces�aro, (1859-1906).23 In fat it seems to me that the ritique and, hene, the defense of Laplae's theory were not are reallyneeded. Nevertheless, as also Armellini will point out, he arrives at an interesting appliation ofthe problem of the two enters of gravitational attration, [Ar920℄, one among the few appliations inAstronomy of this remarkable system integrable by quadratures, if not the only one. The work has beenpraised by Armellini who will use it in his onfutation of a theory that attributed the distribution ofthe aphelia of the ometary orbits to a visous interation with ether, [Ar916℄.24 \It seems to me indeed ... that one ould keep unhanged the lassial theorem that an elasti bodyoupying a �nite region and not being subjet to volume and pressures applied on the boundary willbe found in the natural state." I.e. it would have been suÆient to think to the matter! Howeverthe interesting feature of Volterra's result has been perhaps that a ring of , for instane, ut andstraightened into a ylinder and then wringer on itself and �nally glued again at its extremes an keepthe ring form (among possible others, but not easy to do in pratie). In any event Volterra quoteshim in his review in [Vo907℄.7=maggio=2003; 23:31 12



His interest for Analysis (for instane for questions on divergent series), for numbertheory (his well known \�rst memory of arithmeti" marks is his strong entrane inEuropean Mathematis, [Ce883℄) and for analyti Geometry leaves a not seondary role,and one of inreasing relevane, to questions of Mathematial Physis. A theorem on thezeroes of polynomial equation, for example, is formulated and interpreted in mehanialterms , [Ce886℄. But it is on the elastiity theory and on the heat equation that heonjugates his expertise in Analysis with analyti Geometry: in a series of papers hestudies various questions meant to simplify known results, [Ce901℄ (Beltrami), [Ce902℄(Poinar�e), [Ce906℄ (Volterra), or a remarkable extensions [Ce889℄. His papers onsingular urves, e.g. with no tangent, are examples treated in a very modern fashion asonstrutions of self similar fratals, [Ce905℄. His memoir on non Eulidean Geometry,whih is unfortunately almost his sienti� will, shows his inreasing interest for intrinsiGeometry, [Ce905℄.A further very interesting example is provided byEugenio Elia Levi, (1883-1917),Analyst to list also among the mathematial physiists for his interest for the existeneof the average lunar motion and for his ontributions to the theory of the ellipti andparaboli equations. Like many others he was fasinated by non Eulidean Geometryand from Poinar�e's theory of Fuhsian groups. He gives, in Mathematial Physis,important ontributions to ellipti equations theory. For instane the proof that thefuntions that enjoy the property of the average without being a priori di�erentiableare, instead, suh neessarily and therefore hene are harmoni inaugurates the traditionpartiularly developed in Italy of the study of the regularity properties the solutions ofellipti equations. He revisits the lunar node motion problem extending Levi-Civita'sresult, [LC911℄, on the existene of the average motion and providing a very elegantproof under muh weaker Lipshitzian regularity assumption that prelude to the laterworks of Birkhoff, [Le911℄. Partiularly relevant for Mathematial Physis are also thepapers on the boundary values problems for the ellipti equations of order 2n whih, forinstane, are met in elastiity theory: he redues the problem to the theory of onstantoeÆients equations ombined with an integral equation of Fredholm type, extendingFredholm's method for the Poisson's equation.From Physis and from Astronomy.Important ontributions to Rational Mehanis ame from quite di�erent shools, likePhysis and Astronomy. I mention hereGiovanni Cantoni, (1818{1897).He is among the major Italian physiists of '800s: he ontributed, possibly the �rst,with experimental skillfulness and theoretial intuition to the orret identi�ation ofthe Brownian motion nature, [Ca867℄: \In fat, I think that the daning motion of solidextremely minute partiles inside a liquid, ould be attributed to the di�erent veloitiesthat must be at a given temperature, both in suh solid partiles, and in the moleulesof the liquid that ollide with eah other from every side. I do not know if others havealready attempted suh an explanation of the Brownian motions: : :" In his 1867 paper hepresents a series of experiments, that he performed, in whih he shows evidene for theenergy equipartition between suspended partiles and solvent moleules and onludesthat \And in this way Brownian motion, so manifested, gives us one of the most beautifuland diret experimental proofs of the fundamental priniples of the Mehanial theory ofheat, manifesting the assiduous vibrational state that must be both and in liquids and insolids even when their temperature does not hange".In Italy atomism, perhaps thanks to Avogadro, and later of Piola, Mossotti, andof others like Sehi who wrote an ambitious synthesis of the atomi oneptions and7=maggio=2003; 23:31 13



of the theory of Ether, [Se874℄, has been at the time perhaps more aepted than therest of Europe (we �nd traes also in works of several other authors). This work ofCantoni, suitably disussed and brought to light in [Pa982℄, is partiularly interestingif we take into aount that it was ontemporary of the �rst works of Boltzmann onthe heat theorem and on equipartition, [Bo866℄, and this has been perhaps the highestahievement of the Italian Theoretial Physis after Mossotti and before Fermi.Enrio Fermi, (1901-1954).Just at the end of the period onsidered the work of Fermi begins with his �rst works toeletrodynamis and general relativity (where he rederives unpublished results of Rii),[F923℄. He investigates the validity of the ergodi hypothesis with an important workthat shall have wide inuene (on himself in partiular) and on whih he will ome bakin his last years with a great ontribution to Mathematial Physis, [FPU55℄. Sinethe beginning he imports in Italy ehoes of the new Mehanis, [Fe923℄. His disussionof the adiabati invariants, [Fe923℄, is developed to analyze the Bohr-Sommerfeldquantization rules, and preedes the interest for suh invariants by Levi-Civita who willapply them mainly to Celestial Mehanis problems providing remarkable omplementsto Armellini theory on the problem of two bodies with variable masses. Certainlyit is only in the years following the early twenties that Fermi will emerge as a greattheoretial and, at the same time, experimental Physiist with ontributions that will gowell beyond Mathematial Physis in a strit sense, [BB001℄.In Astronomy the year 1860 marks almost exatly the moment when Italian Astronomybeomes mainly positional or desriptive Astronomy and, by privileging the observationalaspets with respet to the theoretial Celestial Mehanis. Therefore it does not followthe steps of the astronomers of the early 1800's25 and employing Mehanis in a formthat, with respet to the European studies, appears not too tehnial and as auxiliaryapparatus for the quantitative analysis that follow, without innovation, well establishedmethods as, for example, those ofOttaviano Fabrizio Mossotti, (1791-1863).His astronomial work, as his ontribution to Physis, has been instead very innovativeand provided important im[provements to the ephemerides omputation methods, notrefraining from entering into elaborate theoretial omputations, and stimulated Math-ematial Physiists who worked after him (for instane he was teaher to Betti, asalready mentioned). His posthumous paper on the determination of orbital elementsfrom three observations, [Mo866℄, is an interesting memoir whih ompletes a series ofresearhes, begun in his youth, [Mo817℄, and whih has to be ompared with the similarproblem treated by Gauss in the ase of asteroids: the work of Mossotti has beenhighly appreiated in Europe and by Gauss in partiular. UnfortunatelyMossotti hasbeen, for a a long period, 1823-1840, an exile (England �rst and then Argentina andCorf�u) beause of politial reasons. This ertainly deprived, at least in the observatoryBrera where he was working when he had to leave for England, a generation of a teaherand of an example of a proli� attitude towards researh: the onsequenes will be feltin the following deennies.Among the Celestial Mehanis studies of the period around 1860 we must also ountAnnibale De Gasparis, (1819{1892), who has been among the last to study, in the25 Like, to example, Plana, who had attaked in a monumental work, [Pl832℄, questions like the Moonmotion with the methods, then very modern, of Analytial Mehanis, orMossotti who had developedimprovements to Gauss's method for the omputation orbital elements, [Mo866℄, or of Santini andothers who engaged themselves both in observations and also in theoretial questions. See, amongSantini's works, also the lassial and still useful treatise of elementary Astronomy, [Sa830℄, in whihhe performed in detail the omputation of the periods of the fundamental motions of Earth, Moon,planets, asteroids and omets and often applied Mehanis to the omputation of perturbed orbits.7=maggio=2003; 23:31 14



XIX entury, problems of Celestial Mehanis understood in the modern sense of theoryof orbits and omputation of their perturbations. At least until Armellini in Astronomyprevailed attention to observations, aurate but separate from the theory: a tendenyprinipally represented by Sehi and Shiaparelli.Angelo Sehi, (1818{1878).A Jesuit father he was still in full vigor after 1860 although, after 1970, his work wasstrongly a�eted by the government the Italian Kingdom. An illustrious Physiist andAstrophysiist he left, beyond to the tehnial and spei� works, interesting books ongeneral subjets whih beame well know in Europe, like his monograph on the Sun,[Se870℄, aompanied by two other monographs on the Moon and on the Stars, or likethe book on the unity of Physis from Thermodynamis and Eletriity, dediated toproving the unit of the physial fores, [Se874℄: a very high level text remarkable forits preision in spite of a presentation in whih mathematial developments are arefullyavoided. Here he presents a ompletely atomisti oneption of matter together witha luid and deeply believed theory of ations at distane based on \ether", yet opento the possibility of alternative theories.26 In Astronomy he devoted himself mainly toobservations (he was the Diretor of the Collegio Romano observatory). He oordinateda mission for the observation of the 1870 solar elipse formally direted by Santiniwhih is interesting beyond the olleted data also beause �nal relation remains andgives an idea of the attitudes of the astronomers of the timed: some were tehnial andmetiulous observers and others more inlined to ontemplation, [Sa872℄. Certainly hisrelatively premature death marked, perhaps, a halt in the development Astrophysis inthe sense, muh in debt to his pioneering work, ontinued to be in Europe and in theUnited States. Italian Astronomy when he was still alive beame mainly observationaland detahed from Celestial Mehanis. The main suessor of astronomers like Plana,Santini, Mossotti and Sehi has been indeedGiovanni Shiaparelli, (1835{1910).It might seem odd that the work of Shiaparelli did not have a larger impat onMehanis of the time. I think that it has been so beause also Shiaparelli has beenmore of an experimental astronomer than a theoretiian of Mehanis.27 The work ofShiaparelli is however vast: and sine the beginning is devoted to Astronomy ofplanetary observation. First Mars is objet of areful and elebrated studies whih takethe �rst two volumes of his Complete papers. The two following volumes are dediated toomets, meteorites and falling stars. In the �fth volume are olleted imposing CelestialMehanis omputations, and he must have performed quite a few similar ones in severalearlier works (whih remained behind the senes and we only see the results): here I meanthe determination of the orbital parameters of the planet Esperia that he disovered in1861. But the omputations were quite standard, after Gauss, Plana and Mossotti,and the true disovery onsisted in seeing and reognizing to have seen a new errant26 \The purpose of this work is to show how the ommon phenomena of Physis an be redued to thegeneral laws of matter motion, believing however that beyond the matter ommonly alled ponderable wemust admit another matter invisible and not subjet to gravity, whih is alled Ether or imponderable,whose motions aompany in various forms those of ponderable matter.27 A surprising information is legated by Porro in his ommemoration of G. Darwin, astronomer andson of Charles Darwin, in whih he also ommemorates Shiaparelli and Poinar�e writing aboutShiaparelli: \.. he did not want to devote himself to read Les M�ethodes Nouvelles of Poinar�e".I do not know how muh redit ould be given to suh a news, [Po913℄ (p.54), also beause at p. 184of [Bu913℄ Porro laims to know Les M�ethodes Nouvelles saying in this respet \... I have followedduring one year the ourse that in Torino gave a great Italian mathematiian, Vito Volterra, and Ihave therefore seen how, for the speial purpose of Astronomy, the really remarkable results of Poinar�ehad a purely negative importane": a omment that ontrasts with the substane of Poinar�e's om-memoration made by Volterra in partiular when he mentions the inuene Poinar�e's resultson Darwin's ontribution to the theory of satellites formation \a the planet expenses", p.596 of theommemoration .7=maggio=2003; 23:31 15



heavenly body. Shiaparelli disovered the important phenomenon of the slowness ofthe rotation period of Venus and the large \libration" of Merury (that today we knowbe a true rotation but that equally has been the disovery of an interesting anomaly thatwas hiding an even more surprising one, i.e. the resonane 3 : 2). His writings on anientAstronomy are still relevant: there he autely disusses Greek Astronomy reexplainingand reviving the vituperated epyiles theory and making lear its interpretation in termsof the modern Fourier series, [S936℄.Also Lorenzo Respighi (1824-1888), has been, mainly, an astronomer working onobservations (in spite of his important ontributions Mathematial Analysis and hadonrete interests for Mehanis (pendulum with frition), in the years preeding 1860,[Ar948℄). The same an be said of Franeso Porro, (1861{1937), whose moderntreatise on Astronomy is also remarkable for the quantitative and suint disussion ofthe main astronomial periods, [Po920℄.28Hene Shiaparelli and the other astronomers of the time did not play the role thatTisserand, The Verrier, D'Oppolzer, Gyldyn, M. Levy and then Poinar�e hadin Europe; and the absene of a �gure that plaid a similar role generated a serious slowingin the development of Mehanis (and not only of Celestial Mehanis ) whih was notremedied by the, otherwise fundamental, works on Celestial Mehanis by Levi-Civita:who, one would say on the same path as Poinar�e, studies and solves brilliantly variousquestions preparatory to a systemati analysis of perturbation theory without however,quite surprisingly, really getting involved with it.The gap behind European Celestial Mehanis was not �lled either byGiuseppe Armellini, (1887{1958).His work only starts towards the end of the period onsidered here, however preiselyin this period he gives partiularly relevant ontributions to Celestial Mehanis. Hedevelops an aute analysis of the problem of two bodies in whih the enter of attrationhas inreasing mass M(t) and establishing the result that a neessary and suÆientondition in order that the distane between the two bodies ould beome smaller thanan arbitrary pre�xed value is that lim inft!1 M(t)t > 0, [Ar11℄: the theme of the variablemasses will be entral for his interests and he will ome bak on it quite often extendingresults of several authors, as in the review [AR15℄ and the ambitious appliation to theeentriity of Mars.29His studies aim at onrete astronomial appliations: not disdaining major perturba-tive omputations and in partiular omputing the fattening of Jupiter from the veryrapid preession of the apses aused by the planet on the V satellite, obtaining a veryremarkable result and preision, [Ar912℄. The derivation is elaborated as a onsequeneof a general lear perturbation theory, both for mathematial and for astronomial-phenomenologial ontents, designed for ephemerides omputation, [Ar913℄. With the28 He must also be remembered for having written in the ommemoration of Darwin, who is thereompared with Shiaparelli and Poinar�e, [Po913℄ (p.51), \....I only remark that no progress of thephysial and astronomial has been based in an essential way on a work of Poinar�e". The statementson Poinar�e imply also a omparison between the Italian \rae" (si, p. 53) and the Frenh andwere followed by a polemis on the same journal between Porro and Burgatti (and, on anotherjournal, Masart). From the polemial writings, [Po913℄, also emerge remarkable onsiderations onthe interest of Poinar�e's work whih lead Porro to onlude \The fat that a Frenh astronomer doesnot understand me,is natural and legitimate: I would like to be understood by the Italian astronomers,who do not miss models to imitate whih are more onsonant models to genius of our rae"; at the sametime it appears lear that Burgatti instead fully appreiated the work and the �gure of Poinar�e,[Bu913℄, while Porro leaving aside not having grasped the interest Poinar�e's work shows to possessa seriously narrow oneption of the sopes of Celestial Mehanis. Finally Porro's onsiderations onrae may look strange: but they are perhaps a preview of his evolution into a \fasist sine 1919" and ina partiipant to the Marh on Roma (and it would be interesting to �nd news on his politial positionsafter 1926 whih, if known, are not mentioned in his obituary). See also the preeding footnote 27.29 Whih however is not onsistent with what is believed today, fr [La988℄.7=maggio=2003; 23:31 16



same method he analyzes the perturbations a�eting the �rst Neptune satelliteonluding that they annot be due to a seond satellite but they still must be due toa polar attening of Neptune, [Ar918℄, although is was not diretly observable.His interest for theoretial questions leads him to the n bodies problem: �rst with n�1�xed attration enters30 and then with the problem of 3 or more mobile bodies mobilewhere he gets some extension of Sundman's result, [Ar914℄. A remarkable ontribution,[Ar915℄, is the observation that in the three bodies problem the regularized solutionsof Levi-Civita and Sundman an be obtained by imagining that the three bodies arehomogeneous elasti hard spheres of radius r in the limit in whih r ! 0 for all the �nitetime pre�xed intervals thus obtaining a very onrete interpretation of the regularization:the derivation is a quite simple orollary of Sundman's results but, nevertheless, the workis oneptually interesting (as Levi-Civita remarked) and modern.The study on Jupiter and Neptune satellites his results on the n bodies problem areperhaps his greater ontributions for originality and interest.About the omets theory he ontinues the mentioned analysis of Burgatti and Shi-aparelli on why hyperboli orbit omets are not observed, and argument treated byseveral authors sine Laplae.Conlusions.From our point of view it must be reognized that Italian Mathematial Physis (heneMehanis and Celestial Mehanis in partiular), in the period 1860-1922 failed in gen-eral to beome really an element in the development of ideas and of results that prevailedin Europe: personalities like Levi-Civita and Volterra appear as exeptions. Lookingat the works, although monumental, of that period we an spot the germs of a provin-iality that later led Italian Mathematial Physis to a serious risis. There are just weaktraes of the interest for the great debates that were attrating attention of Maxwell,Thompson, Boltzmann, Poinar�e, Erhenfest, Einstein, Plank, Bohr andwere marking the birth of new oneptions and new problems involving the greatestmathematiians and physiists (Painlev�e, Gibbs, Hadamard, Hilbert, Piard,Zermelo, ...) and in Astronomy Tisserand, Le Verrier, Gyldyn, Poinar�e,Painlev�e, Levy, Hill, Newomb, Lindstedt, Adams, to quote only a few. Alsothe attention towards eletromagnetism stays on a purely plane tehnial, although rih ofresults in potential and waves theory; an exeption are the analysis of Beltrami, [Be886℄(negative), and Somigliana, [So907℄ (possiblist), on the interpretation of the equationsMaxwell's equations in terms of elastiity theory (about the ether) and Levi-Civita'sthe disussions on the eletromagneti mass, [LC907℄.With the exeption of a some papers of Betti and Beltrami there traes of interestfor Statistial Mehanis ware not really relevant: whih is also true for the physiists ofthe time although Boltzmann was Aademio Lineo, with the exeption of Cantoni.Astronomy drifted towards observations.31 In Celestial Mehanis the important on-tributions by Levi-Civita were true exeptions to the rule: but he too did not enter the30 Extending remarkably Volterra's result, [Vo899℄, on absene of ollisions when the �xed bodies arealigned while the mobile point has non zero angular momentum with respet to the axis and he �nds away, [Ar913℄, of expressing the solution via a development in a onvergent series for all times. He alsostudies the ase in whih the �xed points are not aligned and ollisions are possible and are regularized,[AR915℄.31 An extreme example of observational Astronomy an be found in the relation of the group direted bySantini and Sehi about the Sun elipse of 1870 in whih together with dry and tehnial relationsof some of the members there are others like the one by Alessandro Serpieri, (1823{1855), wherewe read \allow me to say that I deeply felt the high beauty and poetry of my station, with joyful yingags ..." (p. 199) and then \The sea was painted in greysh green, and had lost its transparene. Andrapidly hanging took a glassy aspet almost taking the image of a solid matter. Waves that reboundedfoaming on the shore gave the shadows a very beautiful azure olor. In the total darkness someoneompared the sea olor to the greenish blak of bottles", [Sa872℄.7=maggio=2003; 23:31 17



�eld (in spite of his very remarkable and well reognized results on Analytial Mehan-is, on the three bodies problem, and on quasi periodi motions) other than marginallytrying the questions posed by Poinar�e's papers or by the new quantum mehanis,although he was open minded and interested in it unlike many of his ontemporaries andsuessors, and although he gave essential ontributions to the development of the Ein-steinian theory and to di�erential Geometry. Volterra gave original and revolutionaryontributions to several problems losely linked to appliations.Others (like Piiati, Padova, Ces�aro, Levi) prematurely disappeared leaving anindelible trae but an unful�lled work. Mehanis splitting from Analysis and Geometrylooked, in Italy, to goals that eventually were not really fertile: towards studies aboutmore and more detailed properties, in the end not very interesting, on rigid motions oron struture of ontinua.Perturbation theory, that Poinar�e had so forefully indiated as bearer of great novel-ties, was not really studied in Italy and pratie of Celestial Mehanisin in the innovativesense of European (and Amerian) sientists was essentially abandoned. This has notbeen a short lived episode but, also for \politial" reasons, went on and inuened the evo-lution in the following half entury and has been ertainly at the origin of the progressiveemargination of Mathematial Physis from university urriula that has grown todayto undeserved ontempt with the onsequent anellation from many majors beause\useless". Mathematial Physis has nevertheless reeived new ideas from TheoretialPhysis thanks to Fermi and his shool and from Mathematial Analysis thanks to theontributions of several outstanding analysts.In onnetion with the above remarks one raises, from time to time, the question of why\In spite of the onentration in Roma of a large part of the best mathematiians of thetime (Roma has been by far the most prestigious university in the �rst half of the XXentury) it was not possible to start the proess that led to the reation of mathematialshool in Pisa. Naturally there have been good mathematiians who were formed in Roma,thanks to the teahing of maestri that worked there, but their number and their qualityannot stand the omparison with those that were formed with Betti and Dini between1860 and 1900: the pisan \mirale" did not ome up again."(http://www.math.uni�.it/matematiaitaliana/pannelli/XII.html)But perhaps the question is a rhetorial one, or has an obvious answer and it is related tothe tragi politial (and onsequently aademi) events that followed 1922. Or perhapsthe problem already preexisted and the politial events were irrelevant? I think thatthey were not at all irrelevant. It is true that the oath of allegiane (1932) and the raiallaws (1938) ame muh later: but it is also true that, muh before the laws on the rae,in the University and in the researh institutions persons like Guglielmo Maroni, asPresident of an \ad ho" ommittee, agreed and deided the ousting of Volterra fromthe instituzions of whih he was a member ontributing to the growth of a suspiion andfear limate.And it is hard to see how suh a limate ould host a shool in whih Levi{Civita andmany others ould reap the fruits of the work developed in the years before 1922 andto inuene the younger generations with the freedom that permeates the aademi andsienti� hoies in the developed soieties.It will be said: \but did we not, in any ase, speak of a proviniality of Italian TheoretialMehanis?": in reality Italy was, still in 1922, a young ountry emerged from about twoenturies during whih it had been divided and weak. A suitable time lapse is neessary toform solid shools: these an be realized in short times only by random utuations (likethe \mirale" of Pisa): in Mathematial Physis appeared Levi{Civita and Volterraand they were at the apex of their sienti� development, and already Fermi was movingthe �rst steps: but the �rst two were emarginated (together with many other) and alsothe third was �nally fored to leave Italy. An authoritarian limate grew up not veryhealthy for researh work by whom was sensitive to what was happening and it is not7=maggio=2003; 23:31 18



surprising that the germs of proviniality prospered. In the ulturally potent Germanymuh less time was needed to develop the onverse proess and then Siene \eased tospeak German" in the brief interval of a few months, [An003℄.Today we an hope, given the ease of motion and of ontats with other shools, ina positive evolution in whih researh in Mehanis ould again to the heights thatit reahed only rarely in the period onsidered here, through personalities like Betti,Beltrami, Levi-Civita, Volterra. String theory promises new ideal links with themore abstrat Mathematis and it will again ome perhaps (?) the happy time whenPhysiists like Betti and Volterra gave very important ontributions to Mathematisor Mathematiians like Beltrami and Levi-Civita gave as important ontributions tothe physial sienes.One should not however hide the hovering severe diÆulties due to a the researhwork being direted by people of a quite di�erent stature than Brioshi, Beltramior Volterra. Who ignore that the blossoming of researh in Physis and Mathematiswas based (and this is just an example by no means isolated) on people like Rii{Curbastro who for his habilitation as a teaher in the high shool presented in 1875 adissertation about a generalization of a problem on hypergeometri funtions studied byRiemann , or in 1877 summarized in a paper on Nuovo Cimento the fores of eletromag-netism disussing and relating works of Neumann, Riemann, Clausius, Maxwell,Betti and with this work he obtained a sholarship to study abroad and, upon his re-turn, �nally obtaining just a non tenured assistantship to the hair of Calulus: a arrierand a series of hoies that today would be onsidered of little interest.I thank professor G. Foder�a for the invitation to present a relation to the meeting \Hun-dred years of Astronomy in Italy, 1860{1960", at the Aademia dei Linei, Roma, 26{28marh 2003 whih gave me the oasion to begin studying (in a neessarily preliminaryfashion) this interesting period for Italian siene. And also for having informed meabout the polemis on Poinar�e that are quoted above, [Po913℄, [Bu913℄.Bibliogra�a: Opere selteArmellini, G.: Seleta. Memorie e note, Aademia Nazionale dei Linei, Roma, 1974.Beltrami, E.: Opere Matematihe di E. Beltrami, Hoepli, Milano, 1902, Volumi 1-4.Betti, E.: Opere, Hoepli, Milano, 1913. Vol. 1-2.Ces�aro, E.: Opere selte, Cremonese, Roma, 1965. Volumi 11, 12, 2.Cremona, L.: Opere Matematihe, Hoepli, Milano, 1914. Volumi 1-3.Somigliana, C.: Memorie selte, Lattes, Torino, 1936.Brioshi, F.: Opere matematihe di Franeso Brioshi, Hoepli, Milano, 1901. Volumi 1-5.Burgatti, P.: Memorie selte, Zanihelli, Bologna, 1951.Levi-Civita, T.: Opere Matematihe. Memorie e note, Zanihelli, Bologna, 1956. Volumi 1-6.Levi, E.E.: Opere, Cremonese, Roma,1959. Volumi 1-2.Maggi, G.A.: Seleta. Raolta di sritti matematii dal 1880 al 1931, E.S.T., Milano, 1932.Siai, F.: Sritti sienti�i, Provveditorato dello Stato, Roma, 1928, Volumi 1-2.Shiaparelli, G.V.: Le opere di Shiaparelli, Hoepli, Milano, 1929. Volumi 1-6.Mossotti, O.F.: Sritti, Domos Galilaeana, Pisa, 1942-1956. Volumi 1,21,22.Tedone, O.: Opere selte, Cremonese, 1956.7=maggio=2003; 23:31 19



Somigliana, C: Opere selte, Lattes, Torino, 1936.Volterra, V.: Opere Matematihe. Memorie e note, Aademia Nazionale dei Linei, Roma, 1954.Volumi 1-5.Fermi, E.: Note e Memorie, Aademia Nazionale dei Linei, 1962. Vol. 1-2.Peano, G.: Opere selte, Cremonese, Roma, 1959. Volumi 1-4.Bibliogra�a: Artioli e monogra�eCon il simbolo OP-n si india il volume n 2 Z1+ della raolta di \Opere" dell'autore itato.[Mo817℄ Mossotti, O.F.: Nuova analisi del problema di determinare le orbite dei orpi elesti, note nelle:Appendii alle E�emeridi Astronomihe, Milano, 1817/18/19. OP-1: p. 1{166.[Pl832℄ Plana, G.: Th�eorie du mouvement de la Lune, Torino, 1832.[Ch846℄ Chi�o, F.: Rierhe sopra la serie di Lagrangia, p. 1{57, Pomba, Torino, 1846.[Sa830℄ Santini, G.: Elementi di Astronomia on le appliazioni alla Geo�sia, nautia, gnomonia eronologia, Tipogra�a del Seminario, Padova, 1830.[Ch847℄ Chelini, D.: Prinipio delle veloit�a virtuali, Raolta Sienti�a di Fisia e Matematihe, III,145{152, 1847.[Ch847℄ Chelini, D.: E�emeride della ometa di Hind, Raolta sienti�a di Fisia e di Matematihe,III, 115{117, 1847.[Mo851℄ Mossotti, O.F.: Lezioni di Meania Razionale, s.e., Firenze, 1851.[Ch859℄ Chelini, D.: Determinazione analitia della rotazione dei orpi liberi seondo i onetti diPoinsot, Memorie dell'Aademia delle Sienze dell'Istituto di Bologna, X, 583{620, 1859.[Ch860℄ Chelini, D.: Elementi di Meania Razionale on appendie sui prinipi fondamentali dellematematihe, Legnani, Bologna, 1860.[Ch861℄ Chelini, D.: Sulla legge onde un ellissoide eterogeneo propaga la sua attrazione, Memoriedell'Aademia delle Sienze dell'Istituto di Bologna, I (serie II), 1861.[Br861℄ Brioshi, F.: D�e veloppements relatifs au x3 des r�eh�erhes de Dirihlet sur un probl�emed'hydrodynamique, Journal f�ur reine und angewandte Mathematik, LIX, 63{73, 1861. OP-5: 293.[Be863℄ Betti, E.: Teoria delle forze he agisono seondo la legge di Newton e sue appliazioni allaelettriit�a statia, 1863, Op-2: 45.[Be866℄ Betti, E.: Sopra la teoria della apillarit�a, Annali delle universit�a tosane, IX, 5{24, 1866. OP-2:161.[Bo866℄ Boltzmann, L.: �Uber die mehanishe Bedeutung des zweiten Haupsatzes der W�armetheorie, in"Wissenshaftlihe Abhandlungen", ed. F. Hasen�ohrl, vol. I, p. 9{33, reprinted by Chelsea, New York.[Mo866℄ Mossotti, O.F.: Sopra la determinazione dele orbite dei orpi elesti per mezzo di tre osser-vazioni, OP-21: 345.[Ca867℄ Cantoni, G.: Su alune ondizioni �sihe dell' aÆnit�a e sul moto browniano, Il Nuovo Cimento,27, 156{167, 1867.[Be868℄ Betti, E.: Sopra la determinazione della temperatura nei orpi solidi omogenei, Memorie dellaSoiet�a ita;iana delle sienze (detta dei XL),I, 165{190, 1868. OP-2: 216.[Be868℄ Beltrami, E.: Saggio di interpretazione della geometria non eulidea, Giornale di matematihe,VI, 284{322, 1868. OP-1: 374.[Se870℄ Sehi, A.: Le Soleil. Expos�e des prinipales d�eouvertes mod�ernes sur la struture de et astre,son inuene dans l'Univers et ses r�elations ave les autres orps el�estes, Gauthiers{Villars, Parigi,1870.[Pa871℄ Padova, E.: Sul moto di un ellissoide uido e omogeneo, Annali della Suola Normale di Pisa,I, 1{88, 1871.7=maggio=2003; 23:31 20



[Be872℄ Betti, E.: Teoria dell'elastiit�a, serie di artioli sul Nuovo Cimento (1972{1973). OP-2: 291.[Sa872℄ Santini, G.: Rapporti sulle osservazioni dell'elisse totale di Sole, Lao, Palermo, 1872.[Do873℄ Dorna, A.: Lezioni di Meania Razionale, Arnaldi, Torino, 1873.[Be874℄ Beltrami, E.: Rierhe sulla inematia dei uidi, Memorie dell'Aademia delle Sienze diBologna, 1871-1874. OP-2: 202{379.[Se874℄ Sehi, A.: L'unit�a delle forze �sihe. Saggio di �loso�a naturale, Treves, Milano, 1874.[Cr875℄ Cremona, L. et al.: Relazione intorno ad una memoria del Sig. Colonnello Pietro Conti aventetitolo \Sulla resistenza d'attrito" della Commissione omposta da Betohi, Baserna, Beltrami e Cre-mona, Atti dell'Aademia dei Linei, Memorie, II, 3{15, 1874/75. OP-3: 369{383.[Si877℄ Siai, F.: Della rotazione dei orpi liberi, Memorie della Soiet�a italiana delle sienze (detta deiXL), III, 1877. Op-2: 171.[Be878℄ Beltrami, E.: Sulle funzioni potenziali di sistemi simmetrii intorno ad un asse, Rendionti delRegio Istituto Lombardo, XI, 13 p., 1878.[Ca879℄ Castigliano, A.: Th�eorie de l'�equilibre des syst �mes �elastique et ses appliations, A.F. Negro,Torino, 1879.[Be880℄ Beltrami, E.: Sulla teoria dell'attrazione degli ellissoidi, Memorie dell'Aademia delle Sienzedell'Istituto di Bologna, p. 573{616, 1880. OP-3: 269[Be880℄ Betti, E.: Sopra l'equilibrio di una massa di gas rarefatto isolata nello spazio, Il Nuovo Cimento,7, 26{33, 1880.[Vo881℄ Volterra, V.: Sul potenziale di un'ellissoide omogenea sopr se stessa, Il Nuovo Cimento, IX,221{229, 1881. OP-1: 1.[Be882℄ Beltrami, E.: Sulla teoria dei sistemi di onduttori elettrizzati, Rendionti del Regio IstitutoLombardo, XV, 400{407, 1882. OP-3: 413.[Be882℄ Beltrami, E.: Sull'equilibrio delle super�i essibili e inestendibili, Memorie dell'Aademiadelle Sienze dell'Istituto di Bologna, III, 217{265, 1882. OP-4: 420.[Vo883℄ Volterra, V.: Sopra aluni problemi di teoria del potenziale, Annali della Suola Normale diPisa, III, 207{270, 1882. OP-1: 140.[Ce883℄ Ces�aro, E.: Sur diverses questions d'arithmetique, M�emoires de la Soiet�e royale des sienes deLi�ege, 10, 1883. Op-11: 10.[Vo884℄ Volterra, V.: Sopra un problema di elettrostatia, Nuovo Cimento, XVI, 49{57, 1884. OP-1:188.[Bo884℄ Boltzmann, L.: �Uber die Eigenshaften monzyklisher und anderer damit verwandter Systeme,in "Wissenshatlihe Abhandlungen", ed. F.P. Hasen�ohrl, vol. III, p. 122{152, Chelsea, New York,1968, (reprint).[Ma884℄ Maggi, G.A.: Sopra l'equilibrio delle super�i essibili e inestendibili, Rendionti dell'IstitutoLombardo, XVII, 1884. OP: 37.[Be885℄ Beltrami, E.: Sulla rappresentazione delle forze newtoniane per mezzo di forze elastihe, Ren-dionti del Regio Istituto Lombardo, XVII, p. 9, 1884.[Pa885℄ Padova, E.: Sul moto di rotazione di un orpo rigido, Atti dell'Aademia delle Sienze diTorino, 38{47, 1885.[Po885℄ Poinar�e, H.: Sur les ourbes d�e�nies par les �equations di�erentielles, Journal de Math�ematiquespures et appliqu�ees, I, 1885. In Oeuvres Compl�etes, 1, lavoro n. 57: si veda p. 156 del lavoro n. 57,Gauthiers{Villars, Paris 1934{1954.[Be886℄ Beltrami, E.: Sull'interepretazione meania delle formole di Maxwell, Memorie dell'Aademiadelle Sienze dell'Istituto di Bologna, VII, 1{38, 1886. OP-4: 190.[LC886℄ Levi-Civita, T.: Sulle rasformazioni delle equazioni dinamihe, Annali di Matematia, XXIV,255{300, 1896. OP-1: 207.7=maggio=2003; 23:31 21



[Vo887℄ Volterra, V.: Sopra una estensione della teoria di Riemann sulle funzioni di variabile omplessa,Rendionti della Aademia dei Linei, III, 281{287, 1887. Op-1: 329.[Vo887℄ Volterra, V.: Sopra le funzioni he dipendono da altre funzioni, Rendionti della Regia A-ademia dei Linei, III, 97{105, 1887. OP-1: 294.[Vo887℄ Volterra, V.: Sopra le funzioni dipndenti da linee, Rendionti della Regia Aademia dei Linei,III, 225{230, 1887. OP-1: 315.[Ce887℄ Ces�aro, E.: Nouveax Annales de Math�ematiques, 6, 36{43, 1887. OP-2: 400.[Be888℄ Betti, E.: Sopra l'entropia di un sistema newtoniano in moto stabile, Rendionti della RegiaAademia dei Linei, IV, 113{115, 1888. OP-2: 488.[Br866℄ Brioshi, F.: Serie di lavori sull'idraulia. Pubbliati si \Il Politenio" fra il 1866 e il 1873.OP-5: 409{510.[Vo889℄ Volterra, V.: Sur une g�en�eralization de la th�eorie des fontions d'une variable imaginaire, AtaMathematia, 12, 233{286, 1889. OP-1: 363.[Be889℄ Beltrami, E.: Lettera a Ces�aro, Rendionti del irolo matematio di Palermo, III, 67{79, 1889.OP-4: 320.[Be889℄ Beltrami, E.: Un preursore italiano di Legendre e Lobahevsky, Rendionti della Regia A-ademia dei Linei, V, 411{448, OP-4: 348.[Ce889℄ Ces�aro, E.: Sulle variazioni di volume nei orpi elastii, Rendionti della Aademia dei Linei,V,259{264, 1889.[Vo890℄ Volterra, V.: Sopra una estensione della teoia di Jaobi-Hamilton del alolo delle variazioni,Rendionti della Aademia dei Linei, VI, 127{138, 1890. Op-1: 464.[Vo891℄ Volterra, V.: Sopra le equazioni fondamentali dell'elettrodinamia, Nuovo Cimento, XXIX,147{154, 1891. OP-1: 496.[Vo892℄ Volterra, V.: Sur les vibrations lumineuses dans les milieux bir�efrangents, Ata Mathematia,16, 153{215, 1892. OP-1: 514.[Si892℄ Siai, F.: Meania Razionale, Torino, 1892.[Te893℄ Tedone, O.: Sul moto di un uido ontenuto in un involuro ellissoidio, Rendionti della RegiaAademia dei Linei, II, 123-130, 1893. OP: 1.[Vo894℄ Volterra, V.: Sur les vibrations des orps elastiques isotropes, Ata Mathematia, 18, 161{232,1894. OP-2: 19.[Vo894℄ Volterra, V.: Eserizi di Fisia Matematia, Rivista di Matematia, IV, 1{14, 1894. OP-2: 74.[Vo895℄ Volterra, V.: Sulla teoria dei movimenti del polo terrestre, Astronomishe Nahrihten, 138,33{52, 1895. OP-2: 87.[Vo896℄ Volterra, V.: Replia ad una nota del Prof. Peano, Rendionti dell'Aademia dei Linei, V,4{7, 1896. OP-2: 213.[Pe895℄ Peano, G.: Il priipio delle aree e la storia di un gatto, Rivista di matematihe, V, 31{32, 1895.OP-3: 285.[Pe895℄ Peano, G.: Sopra lo spostamento del polo e della Terra, Atti dell'Aademia delle Sienze diTorino, XXX, 515{523, 1895. OP-3: 288.[Pe895℄ Peano, G.: Sul moto di un sistema nel quale sussitstono moti interni variabili, Rendiontidell'Aademia dei Linei, IV, 280{282, 1895. OP-3: 304.[Pe896℄ Peano, G.: Sul moto del polo terrestre, Rendionti dell'Aademia dei Linei, V, 163{168, 1896.OP-3: 309.[Te897℄ Tedone, O.: Sulle vibrazioni dei orpi solidi omogenei e isotropi, Memorie della Reale Aademiadelle Sienze di Torino, XLVII, 181{258, 1897. OP: 16.[Vo897℄ Volterra, V.: Sopra alune questioni di inversione di integrali de�niti, Annali di Matematiapura e appliata, XXV, 139{178, 1897. OP-2: 279.7=maggio=2003; 23:31 22



[Vo897℄ Volterra, V.: Sulla saria elettria nei gas e sopra aluni fenomeni di elettrolisi, Rendiontidell'Aademia dei Linei, VI, 389{401, 1897. OP-2: 317.[Vo897℄ Volterra, V.: Un teorema sugli itegrali multipli, Atti dell'Aademia delle Sienze di Torino,XXXII, 859{868, 1897. OP-2: 329.[Vo898℄ Volterra, V.: Sul fenomeno delle \seihes", Conferenza al ongresso SIF di Torino del 1898,OP-2: 370.[Vo898℄ Volterra, V.: Sur la th�eorie des variations des latitudes, Ata Mathematia, 22, 201-357, 1898.OP-2: 452.[Vo899℄ Volterra, V.: Sui fondamenti della teoria delle equazioni di�erenziali lineari, Memorie dellaSoiet�a italiana delle sienze (detta dei XL), 1899, OP-2: 383.[Vo899℄ Volterra, V.: Sopra alune appliazioni della rappresentazione analitia delle funzioni del Prof.Mittag{Le�er, Atti dell'Aademia delle Sienze di Torino, XXXIV, 492{494, 1898-99. OP-3: 591.[RL900℄ Levi-Civita, T., Rii-Curbastro, G.: M�ethodes de alul di��erentiel absolu et leurs appliations.Mathematishe Annalen, IV, 125-201, 1900. OP-1: 479.[Ma901℄ Maggi, G.A.: Di alune nuove forme delle equazioni della dinamia appliate ai sistemianolonomi, Rendionti dell'Aademia dei Linei, X, 1901. OP: 64.[Te902℄ Tedone, O.: Saggio di una teoria generale delle equazioni dell'equilibrio elastio per un orpoisotropo, Memorie della Reale Aademia delle Sienze di Torino, VIII, 129{180, 1902. OP: ??.[Bi902℄ Bianhi, L., Dini, U., Cerruti, V., D'Ovidio, E., Veronese, G.: Relazione sul onorso al premioreale, del 1901, per la Matematia, Rendionti delle adunanze solenni dell'Aademia dei Linei, 142{151,1902.[LC901℄ Levi-Civita, T.: Sul massimo imento dinamio dei sistemi elastii, Il Nuovo Cimento, II,188{196, 1901. OP-2: 145.[LC901℄ Levi-Civita, T.: Sopra la determinazione di soluzioni partiolari di un sistema anonio quandose ne onose qualhe integrale o relazione invariante, Rendionti dell'Aademia dei Linei, X, 1{9,1901 e X, 35{41, 19011. OP-2: 87.[LC901℄ Levi-Civita, T.: Sulla resistenza dei mezzi uidi, Rendionti dell'Aademia dei Linei, X, 3{9,19012. OP-2: 129.[Ce901℄ Ces�aro, E.: Sopra un'equazione funzionale trattata da Beltrami, Rendionti dell'Aademia delleSvienze di Napoli, 7, 284{289, 1901. OP-2: 432.[Ce902℄ Ces�aro, E.: Intorno ad una limitazione di ostanti nella teoria analitia del alore, Rendiontidell'Aademia delle Svienze di Napoli, 8, 31{38, 1902.[LC903℄ Levi-Civita, T.: Condition de ho dans le probl�eme restreint des trois orps, Comptes rendude l'Aadmie des Sienes de Paris, CXXXV, 221-223, 1903. OP-2: 275.[LC904℄ Levi-Civita, T.: Sopra l'equazione di Kepler, Rendionti dell'Aademia dei Linei, XIII, 260{268, 1904. OP-2: 321.[LC904℄ Levi-Civita, T.: Sopra un problema di elettrostatia he si �e presentato nella ostruzione deiavi, Rendionti del Cirolo Matematio di Palermo, XIII, 173{228, 1904. OP-2: 339.[Ma904℄ Marolongo, R.: Teoria matematia dell'elastiit�a, Hoepli, Milano, 1904.[Vo904℄ Volterra, V.: Note on the appliation of the method of images to problems of vibrations, Pro-eedings of the London Mathematial Soiety, 2, 327{331, 1904. OP-3: 55.[Si905℄ Siai, F.: Sul prinipio dei lavori virtuali, Rendionti della Regia Aademia delle Sienze Fisihee Matematihe di Napoli, 11, 1905. OP-2: 601.[Ma905℄ Maggi, G.A.: Sull'interpretazione del nuovo teorema di Volterra sulla teoria dell'elastiit�a,Rendionti dell'Aademia dei Linei, XIV, 1905. OP: 255.[Ce905℄ Ces�aro, E.: Remarques sur la ourbe e Von Koh, Atti della Aademia delle Sienze di Napoli,12, 1905. OP-2: 464.[Ce905℄ Ces�aro, E.: Fondamento intrinseo della pangeometria, Memorie dell'Aademia dei Linei, 5,155{183, 1905. OP-2: 341.7=maggio=2003; 23:31 23



[LC906℄ Levi-Civita, T.: Sulla penetrazione dei proiettili nei mezzi solidi, Atti dell'IStituto Veneto diSienze, Lettere ed Arti, LXV, 1149{1158, 1905-06. OP-2: 505.[Ce906℄ Ces�aro, E.: Sulle formole del Volterra fondamentali nella teoria delle distorsioni elastihe,Rendionti dell'Aademia delle Sienze di Napoli, 12, 311{321, 1906.[So906℄ Somigliana, C.: Sulla teoria Maxwelliana dell'azione a distanza, Rendionti dell'Aademia deiLinei, XVI, 1907. OP: 325.[LC907℄ Levi-Civita, T.: Sie e legge di resistenza, Rendionti del Cirolo Matematio di Palermo,XXIII, 1-37, 1907. OP-2: 519.[LC907℄ Levi-Civita, T.: Sur le mouvement de l'�eletriit�e sans liaisons ni fores �ext�erieures, ComptesRendus de l'Aademie des Sienes, CXLV, 417-420, 1907. OP-2: 583.[LC907℄ Levi-Civita, T.: Sulla massa elettromagnetia, Nuovo Cimento, XIV, 387-412, 1907. OP-2: 587.[LC907℄ Levi-Civita, T.: Sullo sviluppo delle funzioni impliite, XVI, 2{12, 1907. OP-2: 573.[LC907℄ Levi-Civita, T.: Sulle onde progressive di tipo permanente, Rendionti dell'Aademia dei Linei,XVI, 777{790, 1907. OP-2: 615.[Le907℄ Levi, E.E.: Sulle equazioni lineari totalmente ellittihe alle derivate parziali, Rendionti delCirolo Matematio di Palermo, XVI, 1907. OP-2: 28.[So907℄ Somigliana, C.: Sopra alune formole fondamentali della dinamia dei mezzi isotropi, Serie dinote. OP: 273,298,307.[Vo907℄ Volterra, V.: Sur l'�equilibre des orps �elastiques multiplement onnexes, Annales sienti�quesde l'�Eole Normale Superieure, XXIV, 401{518, 1907. OP-3: 153.[Vo908℄ Volterra, V.: Drei vorlesungen �uber neuere fortshritte der mathematishen physik, Arhiv dermathematik und Physik, XXI, 97{181, 1908. OP-3: 389.[Pe908℄ Peano, G.: Sul livro V di Eulide, Bollettino di matematihe (Conti), Bologna, V, 87{91, 1908.OP-3: 377.[Ca911℄ Castellano, F.: Lezioni di Meania Razionale, G.U. Cassone, Torino, 1911.[LC910℄ Levi-Civita, T.: Sur les �equations g�en�erales du mouvement d'un orpusule dans un hampmagn�etique et un hamp �eletrique superpos�es, Arhiv for Mathematik og Naturvidesnskab, XXXI, 3{7,1910. OP-3: 199.[LC911℄ Levi-Civita, T.: Sur les �equations lin�eaires �a oeÆients periodiques et sur le mouvement moyendu noeud lunaire, Annales de l'�Eole Normale Superieure, 28, 325{376, 1911. OP-3: 205.[LC911℄ Levi-Civita, T.: Estensione ed evoluzione della Fisia Matematia (nell'ultimo inquantennio,on speiale riguardo al ontributo italiano), Atti della Soiet�a italiana per il progresso delle sienze, V,237{254, 1911. OP-3: 275.[Le911℄ Levi, E.E.: Sur les �equations di��erentielles p�eriodiques, Comptes Rendus de l'Aademie desSienes, 153, 1911. OP-1: 224.[Ar911℄ Armellini, G.: Il problema dei due orpi nell;ipotesi di masse variabili, Rendionti dell'Aademiadei Linei, XX, 682{687, 1911. OP-1: 107.[LC912℄ Levi-Civita, T.: Sulla gravitazione di un tubo sottile on appliazione all'anello di Saturno,Rendionti del Cirolo Matematio di Palermo, XXXII, 354{374, 1907. OP-3: 294.[Vo912℄ Volterra, V.: Sulle temperature nell'interno delle montagne, IV, 111{126, 1912. OP-3: 471,[Vo912℄ Volterra, V.: L'appliazione del alolo ai fenomeni di eredit�a, OP-3: 554{568.[Vo912℄ Volterra, V.: Sur les equations int�egro-di�erentielles et leurs appliations, Ata mathematia,35, 295{356, 1912. OP-3:487.[Bu912℄ Burgatti, P.: Osservazioni sul moto dei girosopi, Aademia delle Sienze del-l'Istituto diBologna, IX, 281{296, 1911-12.[Ar912℄ Armellini, G.: Determinazione matematia dello shiaiamento polare di Giove, Rendiontidella Aademia dei Linei, XXI, 334{341, 1912. OP-1: 285.7=maggio=2003; 23:31 24



[Bu913℄ Burgatti, P.: Giudizi su Poinar�e, Rivista di Astronomia e Sienze aÆni (Bollettino della Soiet�aAstronomia Italiana), VII, p. 180{182, 1913. Seguito da replia di Porro, p. 182{184.[Vo913℄ Volterra, V.: Sui fenomeni ereditari, Rendionti dell'Aademia dei Linei, XXII, 529{539,1923.[Ar913℄ Armellini, G.: Teoria delle perturbazioni (appliazioni a satelliti, omete e pianeti), Memoriedella Soiet�a italiana delle Sienze (detta dei XL), XVIII, 3{41, 1913. OP-1: 201.[Ar913℄ Armellini, G.: Sul moto di un punto attratto da pi�u entri �ssi, Rendionti dell'Aademia deiLinei, XXII, 70{76, 1913. OP-1: 71.[LC913℄ Levi-Civita, T.: Nuovo sistema anonio di elementi ellittii, Annali di Matematia, XX, 1{17,1913. OP-3: 341.[Po913℄ Porro, F.: Giorgio Darwin, e Un'ultima parola su Enrio Poinar�e e sui suoi apologisti, Rivistadi Astronomia e Sienze aÆni (Bollettino della Soiet�a Astronomia Italiana), VII, p. 50{64 e p. 327-334,1913.[Ar914℄ Armellini, G.: Un th�eor�eme g�eneral sur le probl�eme des n orps, Comptes rendus de l'Aademiedes Sienes de Paris, 158, 680{684, 1914. OP-1: 43.[Vo913℄ Volterra, V.: Sulle equazioni alle derivate funzionali, Rebdionti dell'Aademia dei Linei,XXIII, 393{399, 1914. OP-4: 5.[Ar915℄ Armellini, G.: Sul moto di un punto attratto da pi�u punti �ssi, Memorie della Soiet�a italianadelle Sienze (detta dei XL), XIX, 1{23, 1915. OP-1: 84.[Ar915℄ Armellini, G.: Estensione della soluzione del Sundman dal aso di orpi ideali, al aso di sferetteelastihe omogenee, Rendionti dell'Aademia dei Linei, XXIV, 184{190, 1915.[Bu915℄ Burgatti, P.: Osservazioni sull'origine delle omete, Atti dell'Aademia delle Sienze dell'Isti-tuto di Bologna, 2, 3-10, 1914-15. OP-1: ???.[Ar915℄ Armellini, G.: Il problema dei due orpi di massa variabile, Memorie della Soiet�a italiana delleSienze (detta dei XL), XIX, 3{24, 1915. OP-1: 121.[Vo916℄ Volterra, V.: Metodi di alolo degli elementi di tiro per artiglieria aeronautia, RendiontiIsituto entrale aeronautio, V, 1916. OP-4: 200{248.[Vo916℄ Volterra, V.: Teoria delle potenze e dei logaritmi delle funzioni di omposizione, Memoriedell'Aademia dei Linei, XI, 167{250, 1916. OP-4: 118.[Ar916℄ Armellini, G.: Sopra un'ipotesi del Pikering relativa alla frequenza degli afeli delle orbiteometarie nelle viinanze dell'antiapie, Rendionti dell'Aademia dei Linei, XXV, 622{627, 1916.OP-1: 273.[LC916℄ Levi-Civita, T.: Sopra due trasformazioni anonihe desunte dal moto parabolio, Rendiontidell'Aademia dei Linei, XXV, 446{458, 1916. OP-3: 573.[LC917℄ Levi-Civita, T.: Nozione di parallelismo in na variet�a qualunque e onseguente spei�azionegeometria della urvatura riemanniana, Rendionti del Cirolo Matematio di Palermo, XLII, 173{215,1917. OP-4: 1.[LC917℄ Levi-Civita, T.: Sulla espressione analitia spettante al tensore gravitazionale nella teoria diEinstein, Rendionti dell'Aademia dei Linei, XXVI, 381{391, 1917. OP-4: 47.[Ma919℄ Marolongo, R.: Il problema dei tre orpi da Newton ai nostri giorni, Hoepli, Milano, 1919.[LC918℄ Levi-Civita, T.: Sur la regularization du probl�eme des trois orps, Ata Mathematia, 42,99{144, 1918. OP-4: 211.[Ar918℄ Armellini, G.: Sur les perturbations du satellite de Neptune, M�emoires du Bullettin astronomi-que, XXXV, 97{101, 1918. OP-1: 259.[Vo920℄ Volterra, V.: Funtions of omposition, The Rie Institute Pamphlet, VII, 181{251, 1920. OP-4:312.[Vo920℄ Volterra, V.: Sur l'enseignement de la Physique Math�ematique et de quelques points d'analyse,Comptes rendus du Congr�es International des Math�ematiques, p. 81{97, 1920. OP-4: 370.7=maggio=2003; 23:31 25



[Vo921℄ Volterra, V.: Relazione sull'insegnamento della dinamia nelle suole industriali, Rivista d'otti-a e meania di preisione, 1, 4{31, 1921. OP-4: 478.[Ar920℄ Armellini, G.: Osservazioni sopra le omete seolari, Rendionti dell'Aademia dei Linei,XXIX, 183{186, 1920. OP-1: 279.[Po920℄ Porro, F.: Trattato di Astronomia, Zanihelli, 1920.[Fe923℄ Fermi, E.: Sul peso dei orpi elastii, Memorie dei Linei, 14, 114{124, 1923. OP-1: 61.[Fe923℄ Fermi, E.: Beweis, dass ein mehanishes normalsystem im allgemeinen quasi{ergodish ist,Physikalishe Zeitshrift, 24, 261{265, 1923.OP-1: 79.[Fe923℄ Fermi, E.: Il prinipio delle adiabatihe ed i sistemi he non ammettono oordinate angolari,Nuovo Cimento, 25, 171{175, 1923. OP-1: 88.[LC925℄ Levi-Civita, T.: Lezioni di Calolo di�eenziale assoluto, Stok, Roma, 1925.[LC925℄ Levi-Civita, T.: Sulla stabilit�a delle lavagne a avalletto, Periodio di Matematihe, IV, 59{73,1925. OP-4: 333.[LC925℄ Levi-Civita, T.: Commemorazione del Soio Nazionale Prof. G. Rii-Curbastro, Memoriedell'Aademia dei Linei,I, 556{564, 1925. OP-4: 391.[Bu935℄ Burgatti, P.: Sopra un metodo per studiare l'azione prodotta da un mezzo resistene sul motodei orpi elesti, Rendionti delle sessioni della Regia Aademia delle Sienze dell'Istituto di Bologna,3{12, 1934-35.[S936℄ Shiaparelli, G.: Sritti sulla storia dell'astronomia antia, Zanihelli, Bologna, 1926.[Ar948℄ Armellini, G.: Lorenzo Respighi nel sessantesimo della morte, Quanderni di ROma, 1948. OP-1:483.[FPU55℄ Fermi, E., Pasta, J., Ulam, S.: Studies of nonlinear problems, Los Alamos report LA-1940,1955, printed in E., Fermi, Colleted papers, p. 978{988, vol. 2, 1965.[Ru969℄ Ruelle, D.: Statistial Mehanis, Benjamin, 1969.[Pa982℄ Pais, A.: Subtle is the Lord, Oxford, 1982.[La988℄ Laskar, J.: Seular evolution of the solar system over 1 million years, Astronomy and astro-physis, 198, 341{362, 1988.[BGT998℄ Boi,L., Giardi, L., Tazzioli, R.: La d�eouverte de la g�eometrie non eulidienne sur la pseu-dosph�ere, Blanhard, Paris, 1998.[BB001℄ Bernardini, C., Bonolis, L.: Conosere Fermi, nel entenario della nasita, Compositori, Bologna,2001.[An003℄ Antoi, S.: Quando la Fisia parlava tedeso, INDAM-CNR, Firenze, 2003.CommemorazioniDomenio Chelini: (1802{1878, Beltrami), Della vita e delle opere di Domenio Chelini, estratto dalvolume in ommemorazione di Domenio Chelini, Hoepli, Milano, 1881.Ottaviano Fabrizio Mossotti: (1791{1863, Betti) Giornale di matematihe ad uso degli studenti, I, 92,1863. OP-2: 154.Enrio Betti: (1823-1892, Volterra), Nuovo Cimento, 32, 5{7, 1892. OP-1: 600.Eugenio Beltrami: (1835{1900, Cremona), OP-3: 470.Giuseppe Piiati: (1868-1908, Levi-Civita) Nuovo Cimento, XV 363{368, 1908. OP-3: 15.Valentino Cerruti: (1850-1909, Levi-Civita) Rendionti dell'Aademia dei Linei, XVIII, 565{575, 1909.OP-3: 135.Gregorio Rii-Curbastro: (1853-1925, Levi-Civita) Memorie dell'Aademia dei Linei,I, 556{564, 1925.OP-4: 391.7=maggio=2003; 23:31 26



Henri Poinar�e: (1854{1912, Volterra) OP-3: 578.Lorenzo Respighi: (1824-1888, Armellini) Quaderni di Roma, 1948. OP-1: 483.Franeso Porro de Somenzi, (1861-1937, Barbieri), in Annuario dell'Universit�a di Genova, p. 397{399,1936-1937.
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