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Abstract: FEztended version of the conference on the “Development of Celestial Mechan-
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Istoria

Ilustrious predecessors were, for instance, GIUSEPPE LoDoOVICO LAGRANGIA, (1736-
1813), FRANCEScO CARLINI, (1783-1862), GIOVANNI PLANA, (1781-1864), GABRIO PI-
OLA, (1794-1850), GIOVANNI SANTINI, (1787-1877), OTTAVIANO FABRIZIO MOSSOTTI,
(1791-1863): astronomers and theoreticians whose work is concluded at the beginning of
the period considered here.

A short and preliminary analysis of the development of Mathematical Physics, discipline
that I identify with Theoretical Mechanics (point mechanics, n—bodies, continuous, sta-
tistical, celestial mechanics...), in the period 1860-1922, from the “Unification of Italy”
to the “March towards Rome” or from M0SSOTTI to FERMI, can begin from from

ENRICO BETTI, (1823-1892).

Well known in Algebra and Geometry he was, in fact, mainly a mathematical physicist
disciple of M0ssOTTI. He did not refrain to start by translating the Treatise of elemen-
tary Algebra of BERTRAND that certainly contributed to draw him much closer to the
European currents of ideas. He was a source of inspiration and a cultural reference for
his contemporaries, among which BELTRAMI. Particularly in the last twenty years of his
work he dedicated his research to Mechanics: he contributed to the theory of elasticity by
extending the method of images to the biharmonic equation, later followed by CERRUTI,
SOMIGLIANA, as well as the methods employed for studying the LAPLACE equation.

His works contain detailed and concrete presentations; mini-treatises, very useful even
for today students who happen to have knowledge of their existence, on potential theory,
on capillarity, on the heat equation, on elasticity: always attentive to the electrostatic
interpretations of the many results.!

Among the first in Italy to be aware and to apply the ideas (that he attributes to
Crausius without quoting BOLTZMANN) at the roots of Statistical Mechanics: he deals
with the problems of mechanical interpretation of heat in an interesting work on the heat
theorem and entropy where he derives a “thermodynamical” interpretation of the states
of a system of masses interacting with gravitational potential, [Be888]; or he studies
the equilibrium of a mass of rarefied gas isolated in space, [Be880], and more precisely
he estimates the quantity of heat that can be contained in a star and how it could
increase a because of gravitational contraction reaching undoubtedly modern results of
astrophysical interest.? He was Senator of the young kingdom of Italy but he did not
really get involved into political matters.

FRANCESCO BRIOSCHI, (1824-1897).

114 is interesting, from a historical viewpoint, to remark that he deals with the problem known today as
the Dirichlet problem with the variational method by considering as obvious that the functional has a
minimum: a statement which was considered intuitive by RIEMANN and DIRICHLET but which became
important to prove after a counterexample by WEIERSTRASS (1880) and HILBERT’S solution (1899)
and the successive theory of Fredholm: it still continues to constitute a main result in the treatises or
lectures on PDE’s, [Be863] p. 82 in OP-2.

“If there has been a time in which in the unit of mass of the Sun was contained in average a just 1
calory, the radius of the sphere occupied by it was, at the time, equal a 6825 times the distance of the
Sun from Neptune”, (see original quote in the Appendix)
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Ilustrious mathematical physicist who, however, dedicated himself to Analysis, mainly
to the theory of equations, of elliptic functions and of differential equations. But his
volcanic production, always dedicated to technically demanding questions, greatly in-
fluenced many young students and formed a generation of analysts and mathematical
physicists. I fraction of the his works properly in Mathematical Physics is rather small
and almost exclusively dedicated to problems in hydraulics, very concrete and of di-
rect interest for engineering, [Br866], (unless we consider the theory of elliptic functions
as part of the Mechanics, which would be an easily defensible position). Particularly
relevant for Theoretical Mechanics is the paper on the equilibrium configurations of a
rotating fluid, [Br861], which is a subject on which all Mathematical Physicists of this
period were involved (as well as in earlier times, like for instance PLANA): this paper was
continued by PADOVA who has the merit of having extended the analysis to the cases of
rotating ellipsoidal configurations with axes periodically oscillating, [Pa871]. He had im-
portant academic and political charges (he founded the Milan Polytechnic Al School, was
President of Accademia dei Lincei and was Senator). He was teacher and then colleague
of

Luict CREMONA, (1830-1903),

who influenced Mathematical Physics although he was mostly contributing to Geom-
etry. A trace of his direct involvement in questions of applied Mathematical Physics
can be found in his membership in a committee for a referee report (together with BE-
TOCCHI, BLASERNA, BELTRAMI) for the possible publication on the Rendiconti Lincei
of a somewhat strange paper of Mr. Colonel PIETRO CONTI, which very likely “had”
to be accepted, [Cr875].2 His successor was VALENTINO CERRUTI, (1850-1909), also a
mathematical physicist who gave important contributions to elasticity theory. CREMONA
influenced, together with BRIOSCHI,

EUGENIO BELTRAMI, (1835-1900).

Around him and BETTI gravitated the Italian Mathematical Physicists until the dawn of
the XX century, when the exceptional flourishing of VOLTERRA and LEVI-CIVITA took
place.

His most known contribution has been, perhaps, the realization of a portion of surface
with constant negative curvature in a 3 dimensional space: the pseudosphere, figure of
rotation associated with the tractriz, around 1868, [BGT998]. The achievement was
obtained through considerations and methods typical of the Mathematical Physics,?, by
studying the concrete question of representing without deformation a surface on another
by making use of the instruments provided by GAUsS’ and LOBACHEVSKY’s theories.
With an attitude of an experimental physicist he also built paper models to illustrate
properties of non Euclidean geometry and derived from them idea of the possible validity
of new properties of such geometry, yet unknown, which he proceeded to prove.

BELTRAMI, a mathematician by formation, also studied quite diverse questions of me-
chanics, well beyond the properties of the geodesic motions on curved surfaces and their
interpretation in terms of the geometric conceptions of GAUSS and LOBACHEVSKY, inno-

3 “We cannot refrain from remarking that from the 135 experiments quoted in the Memory one can well
extract arguments to casts doubts on the results obtained by COULOMB and by MORIN but one can
doubt whether they suffice to convince on the truth of the laws stated from Sig. CONTI, even more so
as by his process it is not evident the possibility of reaching some conclusive result.” .... closing by “...
it seems desirable to us that the Memory be published, so that a fruitful discussion on it is generated
and more competent judges can pronounce an appropriate sentence”.

His qualification as a Mathematical Physicist is paradigmatically described by a quote from his several
works on potential theory “thus the generic functions that we shall meet in the following must always
be assumed to be endowed apart from the explicitly stated properties of all those, like integrability,
differentiability or other, that are necessary for the legitimacy of the operations performed on them,
p. 574 of [Be880], words that should be kept in mind by contemporaries who associate Mathematical
Physics with “weak” or not constructive solutions of important equations.
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vative at the time: the more than actual importance of the LAPLACE-BELTRAMI operator
and of the differential parameters of a surface is a witness. He was an attentive to what
was being developed in Europe in the domains of Analysis, of Geometry as well as in
Physics. He did not hesitate to even enter into considerations on the phenomenology
of electrodynamics and on FARADAY’s ideas (in a letter to CESARO, [Be889]). He ded-
icated much time to electrodynamics and to electrostatics: solving several problems of
potential theory and studying fluidodynamics in detail trying to clarify the connection
with MAXWELL’s equations and reaching negative conclusions about their possible elastic
nature (a work revisited by SOMIGLIANA, [S0907]). I four monographs on fluidodynam-
ics, [Be874], can be considered a treatise of theory of EULER’s fluids, with interesting
new exact solutions of fluid motions, both planar and not planar (like the Hamiltonian
motions of vortices or the helicoidal motions of incompressible fluids) and with several
other natural problems posed in a form that still today we would call modern. Elasticity
also attracted his curiosity and he contributed to the diffusion in Italy of ST. VENANT’s
principle, for instance, by criticizing some of its aspects (about the quantity that it
would be necessary to estimate in order to guarantee the cohesion of an elastic material,
where his answer differs from ST. VENANT’s (the work was revisited by LEVI-CIVITA,
[LCI01]): and elasticity, as well as electromagnetism, attracted his attention also because
of their relation with the problems about action at distance (by studying for instance the
representation of the Newtonian or electromagnetic forces by means of elastic forces).
Quite remarkable is his work on entropy, [Be882], that shows a deep knowledge of the
ideas of CrAusIUs and that probably stimulated the interest that also BETTI, [Be888],
showed to the matter. He develops on the basis of the ideas of CLAUSIUS and HELMHOLTZ
a “theorem of the heat” verified by a system of n charged conductors when one changes
the “state”, i.e. the form, the charge and the spatial position: by associating with a each
state suitable electrostatic quantities to be called (we use here, for brevity, the notation
of BOLTZMANN instead of his) U, energy, T temperature, p pressure, V' volume he shows
that such quantities have the property that the variations of U and of V', corresponding
to an arbitrary variation of the state, are such that

dU + pdV
T

i.e. the quantity in the the 1.h.s. is the variation of a suitable function S of the state. This
is a“mechanical analogy of heat” and introduces a quantity analogous to the notion of
entropy: it followed an idea that in those years BOLTZMANN, with a work culminating in
1884 but already begun much earlier in his youth, [B0866], [Bo884], along lines followed
also by CrAUsIUS and then HELMOLTZ which led him to the ergodic hypothesis and to
the theory of statistical ensembles. In Italy, as elsewhere, the theory of BOLTZMANN has
been largely misunderstood or ignored in spite of the developments that led GIBBS to
its transformation into the modern statistical mechanics. Hence it interesting to remark
that BELTRAMI (and then BETTI and to a less extent also VOLTERRA) have been, until
present times, among the few to take into a serious consideration the heat theorem which
fascinated him because of the mechanical meaning that it could attach to entropy. It is
somewhat surprising, however, that in the paper no reference to CLAUSIUS, HELMOLTZ
or BOLTZMANN appears, although he quotes them in other papers: and it seems certain
that he knew their work on the subject.

In Mathematical Analysis proper BELTRAMI gave many contributions, quite modern
in spirit, among which the development of a function in a trigonometrical series with
harmonics of frequencies equal to the roots of the first BESSEL function or of its derivative,
following a work of ABEL. He did not get directly involved in Celestial Mechanics in
spite of a brief period at the Brera observatory (1863-64) and his acquaintance with
SCHIAPARELLI with whom he wrote trigonometric tables for geodesic usage.

The personality of BELTRAMI has been, therefore, very rich and polyhedric although his

= exact differential

7/maggio/2003; 23:31 3



influence did not materialize in a large school: possibly because of his repeated moves
from university to university. Nevertheless he had students in various universities (for
instance BURGATTI, cf. below). In his youth (1853) he was expelled from the Collegio
Ghislieri under the accusation of having incited unrest against the Rector (at the time
Lombardy was under Austrian rule and many found that not acceptable) so that he
could not even finish his studies. Nevertheless he could continue to work on research
and get, after Unification, a position in the Royal University thanks to the appreciation
and interest of BRIOSCHI and CREMONA eventually even becoming a Senator (as several
other illustrious mathematical physicists, like BRIOSCHI, BETTI, SIACCI, VOLTERRA)
and was given important government tasks.

His work has been important for the influence on Italian research: perhaps mainly
because of the dissemination of knowledge of the great themes of Mechanics (from fluids
to electrodynamics to elasticity to theoretical Physics) that followed a large number
of papers in which he derived, providing remarkable simplifications through new and
original methods, important results of European scientists. Furthermore we owe to him
the discussion and valorization of SACCHERI’s work, [Be889], on non Euclidean Geometry.
He was influenced by

DoMENICO CHELINI, (1802-1878).

Older than BELTRAMI, he suffered politically (being an ecclesiastic) and was fired by
the University of Bologna “not having” attended a religious ceremony celebrating the
“Statuto” (1860); readmitted (1863) and again fired (1864, having refused an oath of
allegiance to the Kingdom because of his ecclesiastic status,, although in fact he was
personally in favor of Unification of the country). CHELINI has been an important figure
who contributed to the development of Mechanics in various ways and in primis with his
detailed and explicit constructive treatment of POINSOT’s motions, which was studied in
the rest of Europe, [Ch859]. He therefore continued and contributed to keep alive the in-
terest on Analytical Mechanics on the footsteps of LAGRANGE (and, in Italy, of PLANA,
ProLA, SANTINI and others that followed LAGRANGE by applying and developing his
methods in the first part of the XIX century). However in Italy the developments that
might have been expected on the theory of rigid motions following CHELINT’s contribu-
tions, although their study remained at the center of numerous successive researches and
of the interests of all mathematical physicists.

An important document on CHELINT’s stature is his treatise of Rational Mechanics,
[Ch860], which seems to me to have remained unequaled until the appearance (1921) of
the LEVI-CIVITA and AMALDI treatise (which I would dare say that went beyond only
in the theory and applications of canonical maps and variational principles).’ He applies
the theory of rigidi motions computing the terrestrial precession and nutation, that will
be also in LEVI-CIVITA and AMALDI but that is not usually discussed in the Italian
treatises of the period intermediate between the 1860 and the 1921. It is a syndetic
exposition, and yet it is very clear, even if judged according to present day criteria. He
discusses the theory of frictionless constraints via the principles of virtual works (called
virtual velocities) and of D’ALEMBERT essentially presenting them as a definition of
constraint without friction (and setting friction, when present, among the active forces)
without trying the a proof “on physical basis” which (quite strangely) was adopted by
the Italian schools of Mechanics (cf. the lectures of BURGATTI or of LEVI-CIVITA and
AMALDI): the point of view of CHELINI instead has been that of the main treatises

5 The lectures of GIOVANNI BATTAGLINI, (1826-1894), [Ba873], were also equally interesting. Although
being explicitly based on the treatises of TODHUNTER and of others they constitute a compilation
of highest level: they are relevant for Celestial Mechanics as the elementary motions (precessions
and nutations) of Earth and Moon are elegantly discussed. A important earlier treatise was due to
SANTINI, [Sa830]: also quite remarkable for the attention devoted to such questions. Several other
treatises appeared between that of CHELINI and that of LEVI—CIVITA AND AMALDI: for instance those
of ALESSANDRO DORNA (1825-1866), [Do873], FILIBERTO CASTELLANO, [Ca811].
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of the time, see for instance the point of view of APPELL and of VoIGT.® CHELINT's
interest for matters of principle and for the foundations is always present in his book and
culminates in the interesting Appendix “On the fundamental principles of Mathematics”
where his attention is attracted by the axiomatization needs that in those years pervaded
mathematical studies in Europe.

He was actively interested in Celestial Mechanics: see for instance his calculation of the
ephemerides of Hind’s comet, [Ch847].

Therefore CHELINI appears as a key figure, as also proved by BELTRAMI’s appreciation
who, at times, called him “dear and illustrious friend”; in the exceptional commemoration
that he wanted to read about him he calls CHELINI with the affectionate expression “il
buon CHELINT.”

FRANCESCO Siaccr, (1839-1907).

Contemporary of BELTRAMTI emigrated from Roma to Torino to participate to the Italian
unification process becoming a soldier. He become professor of Rational Mechanics (at
the Torino university) and of Ballistic (at the School of Applications, Torino). He is an
interesting personality who succeeded in performing also research in spite of being urged
to work on concrete artillery problems. He revisited the results of CHELINT on POINSOT
motions, [Si877]. In his lectures on Rational Mechanics the principle virtual work is
presented, essentially, as a postulate: he comes back to the matter in one among his
last papers where he tries a simple proof of the principle opening with a methodological
statement that show that he was very attentive to fundamental questions and appreciative
of their relevance.®

The ideal successors of BELTRAMI and BETTI.

were VOLTERRA, a physicist laureate at the Scuola Normale of Pisa, student of BETTI and
then successor to BELTRAMI’s chair, and TULLIO LEVI-CIVITA, (1873-1941), mathemati-
cian, influenced by ERNESTO PADOVA, (1845-1896), and GREGORIO RiIcci-CURBASTRO,
(1853-1925). Two rather different personalities, both with varied and often common in-
terests: with their work Italian research enters in the flow of European science and
competes with it.

VITO VOLTERRA, (1860-1940).

His work is initially dedicated to Mathematical Analysis under the influence of ULISSE
DinI, (1845-1918), and undertakes with clarity and without refraining from even very
substantial computations, that reflect his background as a physicist, problems of electro-
dynamics, [Vo891], with attention to the representation of wave solutions via KIRCHOFF’s
principle. The papers of the first twenty years, until the beginning of the ’900, is vast,
varied and of of exceptional interest.

Well known are his foundational contributions to Functional Analysis and to the theory
of integrals equations and of the “hereditary phenomena” that appear already in his first

6 Although CHELINI discussed in a in an earlier paper, [Ch847], a “proof” of the principle of the “ virtual
velocities” going back to AMPERE (“... it obviously suffices that the sum of the applied forces is normal
normal to M ...”). In this respect it is convenient to recall that the classical treatise of VoiaT was
been translated, 1894, into Italian with a forward by BELTRAMI who stresses that the attention to the
analytical mechanics of LAGRANGE would have perhaps deserved to be larger.

i.e. “the good CHELINI”.

“On the other hand at school, long and complicated proofs should be avoided: the ones which are not
rigorous are unacceptable, and should not be given. Not to give them at all ... does not seem to
me suitable to a good mathematician. However this is followed by a proof, [Si905], that he himself
immediately after, in a successive paper, remarks to be non rigorous: “Where rigor fails it is no longer
worth caring and whoever might be curious will be easily able to find it on his own.”. The non rigorous
proof in reality, it seems to me, contains an error in item 2°, p. 605: an error that I do not see in the
proof, quite analogous, in the treatise of CHELINI.
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works, [Vo883], [Vo887], see also [Vo912], [Vo914].? The theory has a rapid development
which makes necessary several review works or papers comparing results with those
of other authors (ABEL, LIOUVILLE, BELTRAMI, SCHLOMILCH, DINI, SONINE, LEVI-
CiviTA, PINCHERLE), [Vo897].

Theoretical Mechanics is the subject of several memoirs among which I quote the re-
markable extension of HAMILTON-JACOBI’s theory to cases in which the time variable is
two—dimensional:'® and he finds in this way properties of families of minimal surfaces
already obtained by PADOVA. A modern revisitation of the problems that this memory
suggests is certainly desirable.

Celestial Mechanics has been object of intense study, although concentrated within a few
years, dedicated, unlike LEVI-CIVITA, to questions of applied Astronomy. In particular
he has been attracted, possibly under the influence of PADOVA, [Pa885], by the theory of
polar motion: following CHANDLER’s precession discovery (1891). In a series of papers he
discusses, [Vo895], the possibility that the precession is due to motions internal to Earth,
marine currents for instance, that produce a couple M constant, or with a slowly varying
direction in a earthly frame (with the Earth otherwise regarded as a rigid body). The
purpose is finding an explanation of the observed inequality between the CHANDLER’S
precession and Eulerian precession.!! He also discusses alternative hypotheses like the
plasticity hypothesis proposed by SCHIAPARELLI (i.e. variability of the inertia tensor
which, instead, remains constant in the internal motions theory, favored by VOLTERRA).
His background as a physicist is manifest in the latter papers which show hi ability to
attack a difficult and not a priori well defined phenomenological problem by drawing
inspiration and methods from the rigorous methods of theoretical mechanics, for both
the definition and the treatment of the mathematical model. In this respect one can get
an idea of how much CHANDLER’s discovery had excited the interest of physicists and
mathematicians by reading the strong polemics, quite likely not exempt from a priority
dispute, in VOLTERRA’s letter, [Vo896], to the president of the Accademia dei Lincei
BRIOSCHI in answer to comments by GIUSEPPE PEANO, [Pe895], on his theory.

Rigid motions theory, as everyone knows, is a quite contagious entity: hence also
VOLTERRA will devote to it a large number of memories after his initial interest for
the physical aspects of the polar precession. Hence he studies various mechanical prob-
lems, usually related to CHANDLER’s precession, among which the theory of polycyclic
systems (rigid bodies hosts of systems performing periodic motions of different periods)
going back (and developing) HELMOLTZ’ theory of monocyclic systems which had had a
great importance in the foundations of Statistical Mechanics through the BOLTZMANN’s
work, [Bo884]. Tt is interesting that such papers of the founders of Statistical Mechanics,

9 An interesting trace of his study of potential theory is also to be found, aside from his early papers, in
a series of “exercises” that it would be very useful to =suggest to students, [Vo894].

10 The generalization is roughly described as follows. The coordinates z1,...,zn “motion” (with a two—

dimensional time) depend on two parameters u,v that vary in a domain A; the role of the time deriva-
. . . d PVT

tives &1,...,2n is played by the determinants &ij gf E)l,g?;—’zg)
function £(¢,z). The problem is to minimize fA L(€, 2)dudv under the condition that z takes given

Ok \Tr) _ HL _
O(u,v) Oz;

, i < j and the “Lagrangian” is now a

values on the boundary of A. The equations “of motion” become Zk 0 and having

d .
set p; ef BCZL;C and H = p - £ — L(£,2) one finds the “Hamiltonian form”: i.e. % = 7%,
O(ziz;) _ _OH
(u,v) 01"

11 The model is Tw = (Tw + M) A w + M, with M constant (stationary internal motions) or variable
(slowly varying internal motions) and with I the inertia matrix, which is integrable, by quadratures, if
M = 0 or, if M is small, approximately; the model allows us to derive the value of M as a function of
the observed motion of the poles. He finds the remarkable result that the Eulerian period would change
into the observed CHANDLER period if the angular momentum along the Earth axis of the internal
motions was ~ 10™3 times the total.
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known and applied by BELTRAMI and BETTI, as cited above, were known and followed in
Italy at the time, unfortunately to be forgotten later. In 1898 he completes and reviews
his studies in a monography on the prestigious journal Acta Mathematical, [Vo898].

To Celestial Mechanics he comes back with the study of n—bodies fixed on a line and
a (n + 1)-th body gravitationally attracted by them: a problem that will be further
investigated by ARMELLINI, see below.

To very concrete questions related to the interpretation of experiments and of natural
phenomena VOLTERRA, as LEVI-CI1vITA, R1cCI-CURBASTRO and others, has always been
attentive: the interest for the polar precession is not the only example. Papers on
electrolysis and on analogous phenomena, developed as a Student or as an Academician,
provide other examples, [Vo897]; in his theory of the “seiches” of Geneva lake where,
[Vo898], he proposes the study of the analogous phenomena in the italian lakes and
in a brilliantly short note in the appendix he shows that the corresponding theoretical
problem can be reduced to an eigenvalue problem (“exceptional values problem”).

His continuous interest for the theory of holomorphic functions keeps him in close contact
with Mathematical Analysis and Geometry of the constant curvature surfaces: an interest
always kept up even in the periods when concrete questions, directly related to Physics
experiments or Astronomy, seemed should predominate. This is already manifest in the
extension of the holomorphy notion of a functions of several variables, [Vo887].12 A
theory that he will develop into the theory of differential forms of dimension arbitrary
obtaining remarkable extensions of previous partial results of RIEMANN and BELTRAMI,
among others. And later into the theory of linear differential equations in the complex
field, [Vo899]. A really elegant note is his addition theorem for double integrals which
shows that VOLTERRA was in synchrony with the interests and the methods that were
being developed in Europe (by PICARD in this case), [Vo897].

Elasticity is the subject of several important papers extending to waves propagating in
elastic isotropic and anisotropic bodies the notion of characteristic lines (which become
characteristic surfaces), [Vo894]. Furthermore he analyzes elastic properties of non simply
connected bodies and develops a detailed theory showing that, unlike the case of simply
connected bodies, a non singular solution of the elasticity equations presenting internal
tensions is possible in absence of external forces, [Vo907]. The wave equation, the heat
equation and the elasticity equations continue to attract his attention: and he discusses
an application of the method of images to the wave equation, [Vo904], writes lectures on
the equations of Mathematical Physics, [Vo908], an interesting application of the heat
equation is devoted to the rather concrete problem of the temperature inside a mountain,
[Vo912], he also studies integrodifferential equations, [Vo912], and hereditary phenomena,
[Vo913].

During the war period his scientific production is somewhat affected and it is adapted
to his new state of voluntary aeronautics soldier, [Vo916]: he nevertheless manages to
complete works on the theory of algebras of integral operators, [Vo916], which continue
his 1912 Princeton lectures and which will continue to attract his interest, [V0920]. These
are ideas that have had several kinds of developments, for instance the modern theory of
convergence of the virial series and the “cluster expansion” algebraic formalism, [Ru969].

The theory of population evolution, important for originality and results, has been
mainly developed in the period successive to the one considered here.

He has been very active in shaping scientific policies in Italy and, particularly after
1922, abroad. He achieved important results in the organization of research and soon
developed interests for the applications of Mathematics to biological and social sciences.

12 A pair of complex functions on the regular and closed, or ending on the boundary of a given domain of a
3—-dimensional surface, curves defined by line integrals of a pair of differential forms are Riemann—related
if the curls of the coefficients of the forms are everywhere proportional. Like the case of a bidimensional
surface when two complex functions of the points of the surface are Riemann—related if the infinitesimal
variations with respect to the value taken in a arbitrary point and any of its infinitesimally close
neighbors have a ratio which is independent from the variation of the points, [Vo889].
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As a Senator he exercised strong influence on Italian science, at least until the advent
of fascism, which he opposed with firm coherence until his ousting from the university
and the academies which took place well before the racial laws.!® For an understanding
of his care for high school education and research it is useful to read his relation on the
teaching of dynamics in “scuole industriali”, [Vo921], or the slightly later relation on the
teaching of Mathematical Physics in the university, [V0920].

TurLrio LEVI-CIviTA, (1873-1941).

With LEVI-CIvITA Analytical Mechanics receives a boost with the proof of new and
original propositions. Among his first papers one finds a classification of the geodesic
motions on surfaces and the problem of isomorphism of continuous systems dynamical
(as we call it today) is set with clarity and studied in some detail, [LC886]. Soon his
interest for Analytic Mechanics and his knowledge of Celestial Mechanics problems lead
him to the “LEVI-CIVITA’s regularization” of the restricted three body problem in a
well known series of papers, which begin in [LC903] with the discovery of the canonical
change of coordinates acting the position coordinates (x,y) of the restricted problem as
(z,y) — (&,n) with z +iy = (£ +in)?, and which is accompanied and followed by several
problems related to Celestial Mechanics which puts LEVI-CivIiTA among the few authors
of the period considered here who, in Italy, were involved into theoretical questions
relative to the tabulation of the perturbation theory functions. For instance the study
of inversion of KEPLER’s equation where he shows that the inversion of u — esinu = (
by series, for arbitrary real {, can be achieved for all eccentricities 0 < e < 1 via a

power series in the parameter n = % Vli;;z with radius of convergence 1, [LC904].

The study of KEPLER’s equation has been a recurring theme in Italy since LAGRANGE,
at least, as in the papers of CARLINI or of CHIO, [Ch846], and LEVI-CIVITA’S is an
original and innovative continuation of the earlier studies.. Also his work on implicit
functions inversion, which does not seem well known, is likely to have been generated by
the problems that he was attacking on the representation of the perturbing function in
Celestial Mechanics: he proposes using a summation method of the series expressing an
implicitly defined function; in modern language, this is a “resummation” of a (convergent)
power series, [LC907]. A method that has been recently adapted and applied to small
divisors and divergent series problems (resummations of mass diagrams in quantum field
theory and in KAM theory).

An interesting theorem on “stationary motions”,'# allows us to discuss in a unified way
all motions integrable by quadratures known at the time in several systems, relevant for
Mechanics and mainly for Celestial Mechanics, which were not completely reducible to
quadratures, like the heavy rigid body with a fixed point, the three bodies problem and
more.

“Mathematician” by formation, as witnessed by his first papers and by his recurring
interest for subtle questions like the prime numbers theory, the infinitesimals, the trans-
finite numbers or for the absolute differential calculus, learned from Ricci-CURBASTRO

In this respect one often hears that his refusal of the oath of allegiance to the fascist regime took place
when he was about to retire, 1932: and one omits to add that VOLTERRA, since the beginning, 1922,
had to suffer the consequences of his opposition to the regime and one forgets also that exclusion from
the society of peers at an old age is harder to overcome than by people who, like VOLTERRA fifteen
years earlier and at the height of his forces and fame, can choose to emigrate.

consider a n degrees of freedom system with Hamiltonian H(r, k,p,q) where =,k are k canonically

conjugate coordinates and p,q are the remaining n — k. If Ir(7, &,p,q) dif mr — fr(k,p,q) and Iy =
0, » = 1,...,k are “invariant relations”, i.e. if they remain zero at all time if they are zero at the
initial time and if furthermore hey are in involution, then setting H'(x,p,q) = H(f(k,p,q), &, p,q) it
follows that also the relations c’)pH'(n,p, ¢) =0 and c’)qH'(n,p, ¢) = 0 are invariant relations; expressing
through them p = P(k),¢ = Q(x) in terms of x and solving the “only k—dimensional” equations
i = ox(f(r, P(k), Q(x)), k, P(k), Q(x)) one obtains oo motions. The result was reconsidered and
extended by BURGATTI, [Bu912], and then by LEVI-CIVITA himself.
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and then developed in collaboration with him, [RL900], LEVI-CIvITA rapidly became a
Theoretical Physicist through his interests for Mechanics and the Physics of continua
starting with elasticity and the theory of fluids and, through Geometry and together
with RicCcI-CURBASTRO, has been among the founders of the mathematics of General
Relativity. He remained always close and grateful to Riccr as testified by his commem-
oration at the Accademia dei Lincei, [LC925], where he attributes almost completely the
creation of absolute differential calculus to RIcci, recalling also how little Riccr had
been appreciated during most of his scientific life .15

As a theoretical physicist he has been, beyond doubt, the most prominent in Ttaly in
the considered period: his multiple interests lead him to study with great attention the
most varied questions: in a letter to Stacci (who was already a Senator, but not yet
artillery General) he explains his attempt at explaining resistance met by a body in
motion in an ideal fluid that he develops into an ambitious theory of wakes and fluid
friction.'® He is strongly interested to concrete electromagnetism problems, on request
of experimental physicists like RIGHI, for interpretation of laboratory experiments. His
rigorous treatment of the (non linear) waves at the free surface of a bidimensional fluid
(begun in [LCI907] and continued on several later papers) is still today rightly well known.
In other papers he studies problems suggested by industrial enterprises on coaxial cables
construction,” or from ballistics.18

He was always particularly interested by electromagnetism: both for for special theo-
retical questions and for matters of principle. His interest culminates, perhaps, precisely
in the period in which “Mr. EINSTEIN” was developing the relativistic revolution: this
is witnessed by the analysis, admirable by its lucidity and methodological rigor, of the
theory of electron and of its electromagnetic mass presented Italian Physical Society
(S.ILF.) meeting in Pavia in 1901 and rielaborated and published in 1907 stimulated by
his papers on the existence and properties of the motions of a density of charge without
any inertial mass, [LC907].1® Electrodynamics and the questions related to the electrons

The difficulties met in the academic carrier, remarkably lagging behind that of other less important col-
leagues, were certain due to lack of appreciation of his work: as it appears from BELTRAMI’s statements
on the occasion of the decision, 1886, of not assigning to him the “Royal prize for Mathematics” and
by the statement, analogous and in analogous occasion, 1901, of BiaNcHI, [Bi902]: ...” Furthermore we
feel that the algorithmic aspects receive too much stress often shadowing the essential geometric con-
tents and sometimes leads to state as special results of the calculus geometrically evident properties.

. Rather than in the particularity of the algorithms employed, in the field of ordinary infinitesimal
geometry, we recognize the true source of discoveries in the force of geometric intuition, helped by that
potent analytic instrument that each mathematician will be able to forge one way or another depending
on his individual preferences or habits... It ought to be recognized that the advantages of the absolute
calculus procedures are much larger in the field of differential geometry in more dimensions... The
results achieved by the Author do not present any substantial novelty. However it seems that the Com-
mittee also had to find a valid excuse for not assigning the prize that would have had to be given to
others who, for some accident could not be considered (nothing new!).

He says that the “paradox”, [LC901], according to which in an ideal fluid a body in uniform motion
does not meet resistance can be overcome by admitting that the velocity field is discontinuous on a
(natural) discontinuity surface: and he derives NEWTON’s friction (friction proportional to velocity
square). In modern language the solution of EULER’s equation that he proposes would not be a weak a
solution (in fact the requirement that a solution should be a weak solution does not have a really clear
physical meaning in the case of a perfect fluid); he argues that when the velocity is not small this form
of friction dominates over a possible friction due to the viscosity. It is a proposal that still deserves to
be investigated, [L.LC901], [LCY07].

Le. “from Pirelli’s engineer E. JONA”: which leads to a brilliant solution of DIRICHLET’s problem, in
a planar region with cusps, to evaluate the largest voltage to which the insulating material is subject
in a coaxial cable as a function of the number of constituent cables, [LC904]: he expresses the largest
voltage as the value of a suitable hypergeometric function.

Ie. from Tenente Colonnello CALVI who asks a theoretical explanation of why a projectile shot against
target penetrates a distance which does not increase with the closeness to the target, but there is instead
an optimal positive distance for the largest penetration, [LC906].

He discusses various theories and supposes that the electron (i.e. the cathodic rays particle)is rigid
and consists of atoms, showing the inconsistence of such hypothesis. He the analyzes the ABRAHAM’S
theory showing its consistency with a zero mass assumption for for an electron whose inertia is purely
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electromagnetic mass will continue to attract his attention also in the following years: as
a side result he finds the Hamiltonian formulation for the motion of a charged particle
in a electromagnetic field (i.e. the form of “minimal pairing ”), [LC910].7?

Celestial Mechanics leads him to a general study on the differential equations period-
ically dependent on time, motivated by the need to provide an existence proof of the
average motion of the lunar node assuming that the motion of the heavenly body is
described by certain simple models. In modern language establishes the existence of the
rotation number for the Hamiltonian periodically forced motions that appear in Moon
theory. This follows a theorem by POINCARE, [Po885], on the existence of the rotation
number for maps of the circle which he improves by eliminating an assumption implicit
in the works of LINDSTEDT, ADAMS, HILL and POINCARE himself.2° Furthermore LEVI-
C1viTA studies the problem of the form of Saturn rings in the frame of a series of papers
on the gravitational properties of thin mass tubes, [LC912]. And he comes back on the
problem of a representation of the perturbing function by introducing a new system of
canonical coordinates for the n—bodies problem, [LC913], and then (after the general
SUNDMAN'’s solution) again on the restricted three bodies problem simplifying, [LC916],
and completing the theory obtaining new results on the regularization of the binary
collisions in the non planar problem, [LC918].

But the Einsteinian theory is emerging and, naturally, the active interest of LEVI-CIVITA
for the Geometry comes back: a never really neglected interest which reappeard with the
introduction of the notion of parallel transport, [LC917], and continues with his original
contributions to the new theory, [LC917], that will be summarized in the monograph on
the absolute differential calculus published after a long care in 1925, [LC925]. His interest
for Relativity goes well beyond the 1922, but it will by no means exhaust his continuous
revisitations of problems studied in earlier times, on Celestial Mechanics, on the fluids
on elasticity and it will be accompanied and enriched by a strong interest towards the
new Mechanics (quantum) to which he will also give contributions showing culturally
vast interests that were not to be really imitated by his heirs.2!

It is interesting to recall here the conclusive words of his Ezxtension and evolution of
Mathematical Physics (in the last fifty years, with special attention to the Italian con-
tributions), [LC911]. Here he comments on the success of the atomic hypothesis and
the conflicts that one meets in the theory of electromagnetism: “We can fear that, as
knowledge of the laws of nature advances, it will no longer suffice, as it was so far the
case, to ask ... but it will become absolutely necessary to develop more detailed analysis,
paying attention to the molecular behavior. If so ... the unknown equations will have

012

electromagnetic and he evaluates as r ~ 1 em the electron dimension (i.e. a value of the “classical

electron radius” which he deduces as r = %rs; (in modern symbols)). In the concluding remarks
he says the experimental apparata are already now so developed to exceed in exactitude the domain
covered by the various kinematical hypotheses”: and proposes the necessity of attacking the problem
by introducing a “cut-off” (as we would call it today) and then removing it at the end of the compu-
tations. A task that he recognizes to be outside the present range of knowledge and to which further
parallel difficulties are added, as the lack of additivity of the electromagnetic mass; and concludes To
deduce by such principles an electromagnetic explanation of matter does not look encouraging to me;
I would rather say that we are close to circular arguments. Will it be possible to avoid them by some
change in the way of posing the problem?. A question that, since, has been first deferred to quantum
electrodynamics, then to the standard model, then to quantum gravity and to strings without, however,
reaching a satisfactory solution yet.

C.f. footnote 13 in [LCI911]. To say the truth it seems to me that the result is already contained in
POINCARE’s paper where it is obtained with the method that will appear also in [Le911]: why neither
LEVI-CIVITA nor LEVI go back to the latter paper can possibly be understood if one remarks that only
someone familiar with the theorem of POINCARE through some expert’s lecture or who had studied in
detail the large number of pages of the original paper would have really known it. This does not seem
to have been the case of LEVI-CIVITA nor of LEVI nor, later, of BURGATTI.

His scientific attitude and curiosity is witnessed by an amusing, as much as learned, paper (that he
called an “exercise”) on the stability of blackboards, [LC924], that opens a window on the academic
life of the time in which the kind of problems that worried a jury for the exams of Rational Mechanics
formed together with ARMELLINI and BISCONCINI.
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to be looked for ... as statistical relations, generated by myriads of different events, and
made eventually manageable thanks to the the law of large numbers.” These words appear
to indicate that LEVI-CIVITA was conscious of the labor of a Physics that was heading
towards a deep revolution.

His treatise of Theoretical Mechanics, in collaboration with UGo AMALDI, published
in 1921 has been an important innovation in Italy with a detailed discussion of the
implications and applications of Analytical Mechanics and a set up of several problems
of perturbation theory in the perspective of its Astronomy applications.

LEVI-CIVITA was hit by the racial laws and therefore he was ousted from university and
Accademia dei Lincei.

Contemporary of LEVI-C1VITA and a BELTRAMI’s student has been

P1ETRO BURGATTI, (1868-1938).

His lectures on Rational Mechanics are set up along a very classical scheme and do not
show a trace of the labor generated by the audacious and novel theories of POINCARE,
although the introduction to the lectures begins with the promising remark (still more
than valid today) “It is quite true - unfortunately! - that at present people want to leave
that scientific base that a long experience has show very solid, to look for a lower base
more comfortable and more accessible to mediocrity. But there is only fog, I dare say, and
the wish for Sun will come back”. Unlike the the texts on Rational Mechanics by CHELINI
and STACCI, where an attempt to a proof of D’ALEMBERT’s principle is presented which
goes back essentially to —AMPERE, here the principle is justified by its consequences and
it is presented as parallel to NEWTON’s laws starting a tradition that shall have a long
life in Italy because it was adopted also by LEVI-CIVITA: one attempts a justification of
the principle that is independent of NEWTON’s laws presenting in this way to the student
two theories for the same phenomenon, each with the proper experimental justification.
A tradition that deviates from point of view followed in the main Mechanics treatises of
the time, like that of APPELL or of VOIGT (although the latter had been translated into
Ttalian and supported by a foreword by BELTRAMI himself) that give up a discussion of
the principle and examine only its consequences.

BURGATTI in the interesting conclusive essay of the Rational Mechanics book, the “Dis-
course on the historical development of Mechanics” he presents a history of Mechanics
in which ARISTOTELES is presented as thinking that “to be found among the properties
of the circle all that is shown and admirable in the mechanical phenomena” and he gives
no analysis not even superficial of Greek Astronomy and of ARISTARCUS, HIPPARCUS
or PTOLEMY (the latter is not even quoted) essentially ignoring the Papers on of an-
cient Astronomy of SCHIAPARELLI who had exhaustively clarified, [Sc936], the meaning
of cycles and epicycles in terms of the modern FOURIER transform.

He is among the last “Meccanici Razionali” that I consider in this brief review: he had
several interests ranging from the mechanics of rigid systems, to potential theory where
takes up works of BELTRAMI and VOLTERRA, to elasticity to phenomenology of the
Celestial Mechanics. He gets remarkable results in the theory of gyroscopes finding some
special motions of the HESS’ gyroscopes in which the configurations are described by a
differential equation of first order for two angles one of which isochronous: a mathematical
problem already studied by LEVI-C1viTA and LEVT in which the existence of the average
motion of the not isochronous coordinate is established, [Bu912], [LC911], [Le911].22
In elasticity he studies the structure of the boundary potentials necessary to reduce the
problem of the deformations of an elastic solid with given boundary stresses to an integral
equation for functions defined on the surface: a problem studied in wide generality and for
equations with variable coefficients in memorable papers by LEVT, [Le907]. In Astronomy
he studies phenomenological questions: for example he goes back, [Bu915], to a critique

22 The average motion, as already remarked, has been in reality studied by POINCARE, [P0o885], who not
is quoted here.
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by SCHIAPARELLI to LAPLACE’s theory of comets.23 The interest of the paper lies rather
in the (qualitative) discussion of the possibility that a comet influenced from field of the
Sun and of another star penetrates the solar system following afterwards an elliptic orbit;
a very difficult problem, even today, if one wishes to treat it in a mathematically rigorous
way.

Important contributors to continuum Physics, mainly on elasticity theory, often inspired

by the works of BETTI, [Be872], were CARLO ALBERTO CASTIGLIANO, (1847-1884), who
also wrote an interesting monograph, [Ca879], mainly devoted to applicative aspects
but with a effort of syntesis and of reduction to general principles (1870-1922), GIAN
ANTONIO MAGal, (1856-1937), OrRAZIO TEDONE, (1870-1922), CARLO SOMIGLIANA,
(1860-1955), CARLO SOMIGLIANA, (1860-1955), and ROBERTO MARCOLONGO, (1862-
1943)), who contributed with their students and often inspired by VOLTERRA, to the
wide development that later Mechanics of continua had in Italy.

Interest for electromagnetism and, perhaps lagging somewhat behind the times or per-
haps in contrast with them, the theory of ether has been a (not always hidden) motivation
of some papers, [S0907], in which SOMIGLIANA, tries to overcome of exceed the results
negative of BELTRAMT; and in general si dedicates himself to the study of the mechanics
of the Continua ([S0906]: going back to BETTI he obtains the representation, a by means
of boundary potentials, of the elastic displacements, a“parametric” method that LEVI,
[Le907], will apply to very general equations with variable coefficients) and produces
continuous and varied studies also on waves theory. Still today “Hoepli manuals” of
MARCOLONGO are useful: among which I quote the one on elasticity, [Ma904], and the
one on the three bodies problem, [Ma919].

Macat several times (if only shadowy) criticizes VOLTERRA providing interesting in-
terpretations of his results on the flexible and inextensible surfaces, [Ma884], which he
reduces to “classical” results; or reducing to certain remarks of himself the analysis of
VOLTERRA on anholonomous systems, [Ma901]. Later, while expressing admiration for
VOLTERRA’s famous result on the elastic stresses in not simply connected bodies, he
reduces them to little, [Ma905].24

TEDONE studies the motion of a fluid an ellipsoidal form, thus following a tradition
inspired in last analysis by Celestial Mechanics, [Te893], (see [Ch860], [Br861], [Pa771],
[Be872], [Be880], [Vo881]) and presenting a new version of the motions in which the
angular velocity is a linear function of the coordinates, alternative t that of VoiaT; very
important is his analysis in elasticity theory leading to the extension to elastic vibrations
KIRCHOFF’s representation of the wave equation solutions, [Te897], [Te902].

Mathematical Analysis, a field that was starting to differentiate from Mathematical
Physics also in the applications to the theory ordinary and partial differential equations,
continued to generate remarkable contributions to problems of Physico-mathematical
nature: for example

ERNESTO CESARO, (1859-1906).

In fact it seems to me that the critique and, hence, the defense of LAPLACE’s theory were not are really
needed. Nevertheless, as also ARMELLINI will point out, he arrives at an interesting application of
the problem of the two centers of gravitational attraction, [Ar920], one among the few applications in
Astronomy of this remarkable system integrable by quadratures, if not the only one. The work has been
praised by ARMELLINI who will use it in his confutation of a theory that attributed the distribution of
the aphelia of the cometary orbits to a viscous interaction with ether, [Ar916].

“It seems to me indeed ... that one could keep unchanged the classical theorem that an elastic body
occupying a finite region and not being subject to volume and pressures applied on the boundary will
be found in the natural state.” I.e. it would have been sufficient to think to the matter! However
the interesting feature of VOLTERRA’s result has been perhaps that a ring of , for instance, cut and
straightened into a cylinder and then wringer on itself and finally glued again at its extremes can keep
the ring form (among possible others, but not easy to do in practice). In any event VOLTERRA quotes
him in his review in [V0o907].
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His interest for Analysis (for instance for questions on divergent series), for number
theory (his well known “first memory of arithmetic” marks is his strong entrance in
European Mathematics, [Ce883]) and for analytic Geometry leaves a not secondary role,
and one of increasing relevance, to questions of Mathematical Physics. A theorem on the
zeroes of polynomial equation, for example, is formulated and interpreted in mechanical
terms , [Ce886]. But it is on the elasticity theory and on the heat equation that he
conjugates his expertise in Analysis with analytic Geometry: in a series of papers he
studies various questions meant to simplify known results, [Ce901] (BELTRAMI), [Ce902]
(POINCARE), [Ce906] (VOLTERRA), or a remarkable extensions [Ce889]. His papers on
singular curves, e.g. with no tangent, are examples treated in a very modern fashion as
constructions of self similar fractals, [Ce905]. His memoir on non Euclidean Geometry,
which is unfortunately almost his scientific will, shows his increasing interest for intrinsic
Geometry, [Ce905].

A further very interesting example is provided by

EuGEnio ELIA LEvI, (1883-1917),

Analyst to list also among the mathematical physicists for his interest for the existence
of the average lunar motion and for his contributions to the theory of the elliptic and
parabolic equations. Like many others he was fascinated by non Euclidean Geometry
and from POINCARE’s theory of Fuchsian groups. He gives, in Mathematical Physics,
important contributions to elliptic equations theory. For instance the proof that the
functions that enjoy the property of the average without being a priori differentiable
are, instead, such necessarily and therefore hence are harmonic inaugurates the tradition
particularly developed in Italy of the study of the regularity properties the solutions of
elliptic equations. He revisits the lunar node motion problem extending LEVI-CIVITA’s
result, [LC911], on the existence of the average motion and providing a very elegant
proof under much weaker Lipschitzian regularity assumption that prelude to the later
works of BIRKHOFF, [Le911]. Particularly relevant for Mathematical Physics are also the
papers on the boundary values problems for the elliptic equations of order 2n which, for
instance, are met in elasticity theory: he reduces the problem to the theory of constant
coefficients equations combined with an integral equation of FREDHOLM type, extending
FREDHOLM’S method for the POISSON’s equation.

From Physics and from Astronomy.

Important contributions to Rational Mechanics came from quite different schools, like
Physics and Astronomy. I mention here

GTOVANNIT CANTONT, (1818-1897).

He is among the major Italian physicists of '800s: he contributed, possibly the first,
with experimental skillfulness and theoretical intuition to the correct identification of
the Brownian motion nature, [Ca867]: “In fact, I think that the dancing motion of solid
extremely minute particles inside a liquid, could be attributed to the different velocities
that must be at a given temperature, both in such solid particles, and in the molecules
of the liquid that collide with each other from every side. I do not know if others have
already attempted such an explanation of the Brownian motions...” In his 1867 paper he
presents a series of experiments, that he performed, in which he shows evidence for the
energy equipartition between suspended particles and solvent molecules and concludes
that “And in this way Brownian motion, so manifested, gives us one of the most beautiful
and direct experimental proofs of the fundamental principles of the Mechanical theory of
heat, manifesting the assiduous vibrational state that must be both and in liquids and in
solids even when their temperature does not change”.

In Italy atomism, perhaps thanks to AVOGADRO, and later of PIoLA, MOSSOTTI, and
of others like SECCHI who wrote an ambitious synthesis of the atomic conceptions and
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of the theory of Ether, [Se874], has been at the time perhaps more accepted than the
rest of Europe (we find traces also in works of several other authors). This work of
CANTONT, suitably discussed and brought to light in [Pa982], is particularly interesting
if we take into account that it was contemporary of the first works of BOLTZMANN on
the heat theorem and on equipartition, [Bo866], and this has been perhaps the highest
achievement of the Italian Theoretical Physics after MOSSOTTI and before FERMI.

ENrICcO FERMI, (1901-1954).

Just at the end of the period considered the work of FERMI begins with his first works to
electrodynamics and general relativity (where he rederives unpublished results of Riccr),
[F923]. He investigates the validity of the ergodic hypothesis with an important work
that shall have wide influence (on himself in particular) and on which he will come back
in his last years with a great contribution to Mathematical Physics, [FPU55]. Since
the beginning he imports in Italy echoes of the new Mechanics, [Fe923]. His discussion
of the adiabatic invariants, [Fe923], is developed to analyze the BOHR-SOMMERFELD
quantization rules, and precedes the interest for such invariants by LEVI-CIvITA who will
apply them mainly to Celestial Mechanics problems providing remarkable complements
to ARMELLINI theory on the problem of two bodies with variable masses. Certainly
it is only in the years following the early twenties that FERMI will emerge as a great
theoretical and, at the same time, experimental Physicist with contributions that will go
well beyond Mathematical Physics in a strict sense, [BB0O01].

In Astronomy the year 1860 marks almost exactly the moment when Italian Astronomy
becomes mainly positional or descriptive Astronomy and, by privileging the observational
aspects with respect to the theoretical Celestial Mechanics. Therefore it does not follow
the steps of the astronomers of the early 1800’s2® and employing Mechanics in a form
that, with respect to the European studies, appears not too technical and as auxiliary
apparatus for the quantitative analysis that follow, without innovation, well established
methods as, for example, those of

OTTAVIANO FABRIZIO MOSSOTTI, (1791-1863).

His astronomical work, as his contribution to Physics, has been instead very innovative
and provided important im[provements to the ephemerides computation methods, not
refraining from entering into elaborate theoretical computations, and stimulated Math-
ematical Physicists who worked after him (for instance he was teacher to BETTI, as
already mentioned). His posthumous paper on the determination of orbital elements
from three observations, [Mo866], is an interesting memoir which completes a series of
researches, begun in his youth, [Mo817], and which has to be compared with the similar
problem treated by GAUSS in the case of asteroids: the work of MOSSOTTI has been
highly appreciated in Europe and by GAUSS in particular. Unfortunately MOSSOTTI has
been, for a a long period, 1823-1840, an exile (England first and then Argentina and
Corfi) because of political reasons. This certainly deprived, at least in the observatory
Brera where he was working when he had to leave for England, a generation of a teacher
and of an example of a prolific attitude towards research: the consequences will be felt
in the following decennies.

Among the Celestial Mechanics studies of the period around 1860 we must also count
ANNIBALE DE GASPARIS, (1819-1892), who has been among the last to study, in the

25 T1ke, to example, PLANA, who had attacked in a monumental work, [P1832], questions like the Moon
motion with the methods, then very modern, of Analytical Mechanics, or M0SSOTTI who had developed
improvements to GAUsS’s method for the computation orbital elements, [Mo0866], or of SANTINI and
others who engaged themselves both in observations and also in theoretical questions. See, among
SANTINI’s works, also the classical and still useful treatise of elementary Astronomy, [Sa830], in which
he performed in detail the computation of the periods of the fundamental motions of Earth, Moon,
planets, asteroids and comets and often applied Mechanics to the computation of perturbed orbits.
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XIX century, problems of Celestial Mechanics understood in the modern sense of theory
of orbits and computation of their perturbations. At least until ARMELLINI in Astronomy
prevailed attention to observations, accurate but separate from the theory: a tendency
principally represented by SECCHI and SCHIAPARELLI.

ANGELO SECCHI, (1818-1878).

A Jesuit father he was still in full vigor after 1860 although, after 1970, his work was
strongly affected by the government the Italian Kingdom. An illustrious Physicist and
Astrophysicist he left, beyond to the technical and specific works, interesting books on
general subjects which became well know in Europe, like his monograph on the Sun,
[Se870], accompanied by two other monographs on the Moon and on the Stars, or like
the book on the unity of Physics from Thermodynamics and Electricity, dedicated to
proving the unit of the physical forces, [Se874]: a very high level text remarkable for
its precision in spite of a presentation in which mathematical developments are carefully
avoided. Here he presents a completely atomistic conception of matter together with
a lucid and deeply believed theory of actions at distance based on “ether”, yet open
to the possibility of alternative theories.2® In Astronomy he devoted himself mainly to
observations (he was the Director of the Collegio Romano observatory). He coordinated
a mission for the observation of the 1870 solar eclipse formally directed by SANTINI
which is interesting beyond the collected data also because final relation remains and
gives an idea of the attitudes of the astronomers of the timed: some were technical and
meticulous observers and others more inclined to contemplation, [Sa872]. Certainly his
relatively premature death marked, perhaps, a halt in the development Astrophysics in
the sense, much in debt to his pioneering work, continued to be in Europe and in the
United States. Italian Astronomy when he was still alive became mainly observational
and detached from Celestial Mechanics. The main successor of astronomers like PLANA,
SANTINI, M0OSsSOTTI and SECCHI has been indeed

GIOVANNI SCHIAPARELLI, (1835-1910).

It might seem odd that the work of SCHIAPARELLI did not have a larger impact on
Mechanics of the time. I think that it has been so because also SCHIAPARELLI has been
more of an experimental astronomer than a theoretician of Mechanics.?2” The work of
SCHTAPARELLI is however vast: and since the beginning is devoted to Astronomy of
planetary observation. First Mars is object of careful and celebrated studies which take
the first two volumes of his Complete papers. The two following volumes are dedicated to
comets, meteorites and falling stars. In the fifth volume are collected imposing Celestial
Mechanics computations, and he must have performed quite a few similar ones in several
earlier works (which remained behind the scenes and we only see the results): here I mean
the determination of the orbital parameters of the planet Esperia that he discovered in
1861. But the computations were quite standard, after GAUSS, PLANA and MOSSOTTI,
and the true discovery consisted in seeing and recognizing to have seen a new errant

“The purpose of this work is to show how the common phenomena of Physics can be reduced to the
general laws of matter motion, believing however that beyond the matter commonly called ponderable we
must admit another matter invisible and not subject to gravity, which is called Ether or imponderable,
whose motions accompany in various forms those of ponderable matter.

A surprising information is legated by PORRO in his commemoration of G. DARWIN, astronomer and
son of CHARLES DARWIN, in which he also commemorates SCHIAPARELLI and POINCARE writing about
SCHIAPARELLL: “.. he did not want to devote himself to read Les Méthodes Nouvelles of POINCARE”.
I do not know how much credit could be given to such a news, [P0913] (p.54), also because at p. 184
of [Bu913] PorRO claims to know Les Méthodes Nouvelles saying in this respect “... I have followed
during one year the course that in Torino gave a great Italian mathematician, Vito Volterra, and I
have therefore seen how, for the special purpose of Astronomy, the really remarkable results of Poincaré
had a purely negative importance”: a comment that contrasts with the substance of POINCARE’S com-
memoration made by VOLTERRA in particular when he mentions the influence POINCARE’s results
on DARWIN’s contribution to the theory of satellites formation “a the planet expenses”, p.596 of the
commemoration .
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heavenly body. SCHIAPARELLI discovered the important phenomenon of the slowness of
the rotation period of Venus and the large “libration” of Mercury (that today we know
be a true rotation but that equally has been the discovery of an interesting anomaly that
was hiding an even more surprising one, i.e. the resonance 3 : 2). His writings on ancient
Astronomy are still relevant: there he acutely discusses Greek Astronomy reexplaining
and reviving the vituperated epycicles theory and making clear its interpretation in terms
of the modern FOURIER series, [Sc936].

Also LORENZO REsSPIGHI (1824-1888), has been, mainly, an astronomer working on
observations (in spite of his important contributions Mathematical Analysis and had
concrete interests for Mechanics (pendulum with friction), in the years preceding 1860,
[Ar948]). The same can be said of FRANCESCO PORRO, (1861-1937), whose modern
treatise on Astronomy is also remarkable for the quantitative and succinct discussion of
the main astronomical periods, [P0920].28

Hence SCHIAPARELLI and the other astronomers of the time did not play the role that
TISSERAND, THE VERRIER, D’OPPOLZER, GYLDYN, M. LEVY and then POINCARE had
in Europe; and the absence of a figure that plaid a similar role generated a serious slowing
in the development of Mechanics (and not only of Celestial Mechanics ) which was not
remedied by the, otherwise fundamental, works on Celestial Mechanics by LEVI-CIVITA:
who, one would say on the same path as POINCARE, studies and solves brilliantly various
questions preparatory to a systematic analysis of perturbation theory without however,
quite surprisingly, really getting involved with it.

The gap behind European Celestial Mechanics was not filled either by

GIUSEPPE ARMELLINI, (1887-1958).

His work only starts towards the end of the period considered here, however precisely
in this period he gives particularly relevant contributions to Celestial Mechanics. He
develops an acute analysis of the problem of two bodies in which the center of attraction
has increasing mass M (t) and establishing the result that a necessary and sufficient
condition in order that the distance between the two bodies could become smaller than
an arbitrary prefixed value is that liminf; .., MT(t) > 0, [Ar11]: the theme of the variable
masses will be central for his interests and he will come back on it quite often extending
results of several authors, as in the review [AR15] and the ambitious application to the
eccentricity of Mars.2?

His studies aim at concrete astronomical applications: not disdaining major perturba-
tive computations and in particular computing the fattening of Jupiter from the very
rapid precession of the apses caused by the planet on the V' satellite, obtaining a very
remarkable result and precision, [Ar912]. The derivation is elaborated as a consequence
of a general clear perturbation theory, both for mathematical and for astronomical-
phenomenological contents, designed for ephemerides computation, [Ar913]. With the

28 He must also be remembered for having written in the commemoration of DARWIN, who is there
compared with SCHIAPARELLI and POINCARE, [P0913] (p.51), “....I only remark that no progress of the
physical and astronomical has been based in an essential way on a work of Poincaré’. The statements
on POINCARE imply also a comparison between the Italian “race” (sic, p. 53) and the French and
were followed by a polemics on the same journal between PORRO and BURGATTI (and, on another
journal, MASCART). From the polemical writings, [P0913], also emerge remarkable considerations on
the interest of POINCARE’Ss work which lead PORRO to conclude “The fact that a French astronomer does
not understand me,is natural and legitimate: I would like to be understood by the Italian astronomers,
who do not miss models to imitate which are more consonant models to genius of our race”; at the same
time it appears clear that BURGATTI instead fully appreciated the work and the figure of POINCARE,
[Bu913], while PORRO leaving aside not having grasped the interest POINCARE’s work shows to possess
a seriously narrow conception of the scopes of Celestial Mechanics. Finally PORRO’s considerations on
race may look strange: but they are perhaps a preview of his evolution into a “fascist since 1919” and in
a participant to the March on Roma (and it would be interesting to find news on his political positions
after 1926 which, if known, are not mentioned in his obituary). See also the preceding footnote 27.

29 Which however is not consistent with what is believed today, cfr [La988].
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same method he analyzes the perturbations affecting the first Neptune satellite
concluding that they cannot be due to a second satellite but they still must be due to
a polar flattening of Neptune, [Ar918], although is was not directly observable.

His interest for theoretical questions leads him to the n bodies problem: first with n —1
fixed attraction centers3? and then with the problem of 3 or more mobile bodies mobile
where he gets some extension of SUNDMAN’s result, [Ar914]. A remarkable contribution,
[Ar915], is the observation that in the three bodies problem the regularized solutions
of LEVI-C1vITA and SUNDMAN can be obtained by imagining that the three bodies are
homogeneous elastic hard spheres of radius r in the limit in which r — 0 for all the finite
time prefixed intervals thus obtaining a very concrete interpretation of the regularization:
the derivation is a quite simple corollary of SUNDMAN’s results but, nevertheless, the work
is conceptually interesting (as LEVI-CIVITA remarked) and modern.

The study on Jupiter and Neptune satellites his results on the n bodies problem are
perhaps his greater contributions for originality and interest.

About the comets theory he continues the mentioned analysis of BURGATTI and SCHI-
APARELLI on why hyperbolic orbit comets are not observed, and argument treated by
several authors since LAPLACE.

Conclusions.

From our point of view it must be recognized that Italian Mathematical Physics (hence
Mechanics and Celestial Mechanics in particular), in the period 1860-1922 failed in gen-
eral to become really an element in the development of ideas and of results that prevailed
in Europe: personalities like LEVI-CIVITA and VOLTERRA appear as exceptions. Looking
at the works, although monumental, of that period we can spot the germs of a provin-
ciality that later led Italian Mathematical Physics to a serious crisis. There are just weak
traces of the interest for the great debates that were attracting attention of MAXWELL,
THOMPSON, BOLTZMANN, POINCARE, ERAENFEST, EINSTEIN, PLANCK, BOHR and
were marking the birth of new conceptions and new problems involving the greatest
mathematicians and physicists (PAINLEVE, GIBBS, HADAMARD, HILBERT, PICARD,
ZERMELO, ...) and in Astronomy TISSERAND, LE VERRIER, GYLDYN, POINCARE,
PAINLEVE, LEVY, HILL, NEWCOMB, LINDSTEDT, ADAMS, to quote only a few. Also
the attention towards electromagnetism stays on a purely plane technical, although rich of
results in potential and waves theory; an exception are the analysis of BELTRAMI, [Be886]
(negative), and SOMIGLIANA, [S0907] (possiblist), on the interpretation of the equations
MAXWELL’s equations in terms of elasticity theory (about the ether) and LEVI-CIVITA’s
the discussions on the electromagnetic mass, [LCIO7].

With the exception of a some papers of BETTI and BELTRAMI there traces of interest
for Statistical Mechanics ware not really relevant: which is also true for the physicists of
the time although BOLTZMANN was Accademico Linceo, with the exception of CANTONI.

Astronomy drifted towards observations.?! In Celestial Mechanics the important con-
tributions by LEVI-CIVITA were true exceptions to the rule: but he too did not enter the

Extending remarkably VOLTERRA’s result, [Vo899], on absence of collisions when the fixed bodies are
aligned while the mobile point has non zero angular momentum with respect to the axis and he finds a
way, [Ar913], of expressing the solution via a development in a convergent series for all times. He also
studies the case in which the fixed points are not aligned and collisions are possible and are regularized,
[ARO15].

An extreme example of observational Astronomy can be found in the relation of the group directed by
SANTINI and SECCHI about the Sun eclipse of 1870 in which together with dry and technical relations
of some of the members there are others like the one by ALESSANDRO SERPIERI, (1823-1855), where
we read “allow me to say that I deeply felt the high beauty and poetry of my station, with joyful flying
flags ...” (p. 199) and then “The sea was painted in greysch green, and had lost its transparence. And
rapidly changing took a glassy aspect almost taking the image of a solid matter. Waves that rebounded
foaming on the shore gave the shadows a very beautiful azure color. In the total darkness someone
compared the sea color to the greenish black of bottles”, [Sa872].
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field (in spite of his very remarkable and well recognized results on Analytical Mechan-
ics, on the three bodies problem, and on quasi periodic motions) other than marginally
trying the questions posed by POINCARE’s papers or by the new quantum mechanics,
although he was open minded and interested in it unlike many of his contemporaries and
successors, and although he gave essential contributions to the development of the Ein-
steinian theory and to differential Geometry. VOLTERRA gave original and revolutionary
contributions to several problems closely linked to applications.

Others (like P1cciaTi, PADovA, CESARO, LEVI) prematurely disappeared leaving an
indelible trace but an unfulfilled work. Mechanics splitting from Analysis and Geometry
looked, in Italy, to goals that eventually were not really fertile: towards studies about
more and more detailed properties, in the end not very interesting, on rigid motions or
on structure of continua.

Perturbation theory, that POINCARE had so forcefully indicated as bearer of great novel-
ties, was not really studied in Italy and practice of Celestial Mechanicsin in the innovative
sense of European (and American) scientists was essentially abandoned. This has not
been a short lived episode but, also for “political” reasons, went on and influenced the evo-
lution in the following half century and has been certainly at the origin of the progressive
emargination of Mathematical Physics from university curricula that has grown today
to undeserved contempt with the consequent cancellation from many majors because
“useless”. Mathematical Physics has nevertheless received new ideas from Theoretical
Physics thanks to FERMI and his school and from Mathematical Analysis thanks to the
contributions of several outstanding analysts.

In connection with the above remarks one raises, from time to time, the question of why
“In spite of the concentration in Roma of a large part of the best mathematicians of the
time (Roma has been by far the most prestigious university in the first half of the XX
century) it was not possible to start the process that led to the creation of mathematical
school in Pisa. Naturally there have been good mathematicians who were formed in Roma,
thanks to the teaching of maestri that worked there, but their number and their quality
cannot stand the comparison with those that were formed with Betti and Dini between
1860 and 1900: the pisan “miracle” did not come up again.”

(http://www.math.unifi.it /matematicaitaliana/pannelli/XII.html)

But perhaps the question is a rhetorical one, or has an obvious answer and it is related to
the tragic political (and consequently academic) events that followed 1922. Or perhaps
the problem already preexisted and the political events were irrelevant? I think that
they were not at all irrelevant. It is true that the oath of allegiance (1932) and the racial
laws (1938) came much later: but it is also true that, much before the laws on the race,
in the University and in the research institutions persons like GUGLIELMO MARCONI, as
President of an “ad hoc” committee, agreed and decided the ousting of VOLTERRA from
the instituzions of which he was a member contributing to the growth of a suspicion and
fear climate.

And it is hard to see how such a climate could host a school in which LEVI—-CIvITA and
many others could reap the fruits of the work developed in the years before 1922 and
to influence the younger generations with the freedom that permeates the academic and
scientific choices in the developed societies.

It will be said: “but did we not, in any case, speak of a provinciality of Italian Theoretical
Mechanics?”: in reality Italy was, still in 1922, a young country emerged from about two
centuries during which it had been divided and weak. A suitable time lapse is necessary to
form solid schools: these can be realized in short times only by random fluctuations (like
the “miracle” of Pisa): in Mathematical Physics appeared LEVI-CIVITA and VOLTERRA
and they were at the apex of their scientific development, and already FERMI was moving
the first steps: but the first two were emarginated (together with many other) and also
the third was finally forced to leave Italy. An authoritarian climate grew up not very
healthy for research work by whom was sensitive to what was happening and it is not
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surprising that the germs of provinciality prospered. In the culturally potent Germany
much less time was needed to develop the converse process and then Science “ceased to
speak German” in the brief interval of a few months, [An003].

Today we can hope, given the ease of motion and of contacts with other schools, in
a positive evolution in which research in Mechanics could again to the heights that
it reached only rarely in the period considered here, through personalities like BETTI,
BeELTRAMI, LEVI-CIVITA, VOLTERRA. String theory promises new ideal links with the
more abstract Mathematics and it will again come perhaps (?) the happy time when
Physicists like BETTI and VOLTERRA gave very important contributions to Mathematics
or Mathematicians like BELTRAMI and LEVI-CIVITA gave as important contributions to
the physical sciences.

One should not however hide the hovering severe difficulties due to a the research
work being directed by people of a quite different stature than BRIOSCHI, BELTRAMI
or VOLTERRA. Who ignore that the blossoming of research in Physics and Mathematics
was based (and this is just an example by no means isolated) on people like Ricci—
CURBASTRO who for his habilitation as a teacher in the high school presented in 1875 a
dissertation about a generalization of a problem on hypergeometric functions studied by
RIEMANN , or in 1877 summarized in a paper on Nuovo Cimento the forces of electromag-
netism discussing and relating works of NEUMANN, RIEMANN, CLAUSIUS, MAXWELL,
BETTI and with this work he obtained a scholarship to study abroad and, upon his re-
turn, finally obtaining just a non tenured assistantship to the chair of Calculus: a carrier
and a series of choices that today would be considered of little interest.

I thank professor G. Foderd for the invitation to present a relation to the meeting “Hun-
dred years of Astronomy in Italy, 1860-1960”, at the Accademia dei Lincei, Roma, 26-28
march 2003 which gave me the occasion to begin studying (in a necessarily preliminary
fashion) this interesting period for Italian science. And also for having informed me
about the polemics on Poincaré that are quoted above, [Po913], [Bu913].
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