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Abstract: The Luttinger model owes its solvability to a number of pecu-

liar features, like its linear relativistic dispersion relation, which are absent

in more realistic fermionic systems. Nevertheless according to the Luttinger

liquid conjecture a number of relations between exponents and other phys-

ical quantities, which are valid in the Luttinger model, are believed to be

true in a wide class of systems, including tight binding or jellium one di-

mensional fermionic systems. Recently a rigorous proof of several Luttinger

liquid relations in non solvable models has been achieved; it is based on exact

Renormalization Group and methods coming from Constructive Quantum

Field Theory and its main steps will be reviewed below.

0.1 Introduction

The crucial observation that the low energy excitations of one-dimensional

metals are well described in terms of 1 + 1 massless Dirac fermions dates

back to Tomonaga [1] and it was one of the earliest examples of emerging

Quantum Field Theory (QFT) description in condensed matter physics; an

idea which, later on, found several applications including the recent one

to graphene (which is described by Dirac fermions in d = 2 + 1). The

QFT description of 1D metals in [1] is based on several unproven assump-

tions and, in order to separate approximations from exact results, Luttinger
[2] proposed a model, nowadays called Luttinger model, incorporating the

Tomonaga approximations in it; the quasi-particle excitations are described

in terms of two kinds of spinless fermions with linear dispersion relation,

and a Dirac sea is introduced filling the infinite states with negative en-

ergy. The Luttinger model looks quite similar to the Thirring model [3]

proposed a little earlier, as it was noted by Luttinger himself; both models

describe massless Dirac fermions in d = 1 + 1 with an interaction quar-

tic in the fermionic fields. There are however important differences: while

in the Thirring model the quartic current-current interaction is local, the
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Luttinger interaction is short ranged; moreover the ultraviolet cut-off (to

be removed) is only on the momenta and not on the energies. As a con-

sequence, the Thirring model is plagued by ultraviolet divergences and is

Lorentz invariant, while the Luttinger model has no ultraviolet divergences

and Lorentz invariance is lost.

Luttinger correctly observed that his model should be solvable, but

unfortunately the solution he proposed was not correct. Curiously, the

fate of the Luttinger model was then somewhat similar to the one of the

Thirring model, whose exact solution was anticipated by several uncorrect

attempts, including the one of Thirring himself; the solution of the Thirring

model was finally found by Johnson [4] assuming the validity of anomalous

commutators as functions of two parameters which are fixed by a self-

consistence argument.

The solution of the Luttinger model was found by Mattis and Lieb [5]

showing that the density operators verify anomalous commutation rela-

tions, a crucial point which was missed by Luttinger, and showing that

the fermionic Luttinger hamiltonian can be mapped in a quadratic boson

hamiltonian; this allows the determination of all the correlations functions

and of several physical quantities. It was found that the interaction rad-

ically alters the physical behavior. The occupation number, which has a

discontinuity in the absence of interaction, becomes continuous and the

wave function renormalization diverges at the Fermi points with a critical

exponent non trivial function of the coupling. By the solution in [5] one

can compute the n-point functions and the response functions, whose large

distance behavior have also anomalous exponents.

The exact determination of all its correlations makes the Luttinger

model rather unique with respect to other solvable fermionic models, like

the Hubbard model, in which only the ground state energy or the energy

of some excited states can be computed. On the other hand, the Luttinger

model has been proposed as a caricature of a true many body fermionic

hamiltonian, and owes its exact solvability to certain peculiar features (for

instance the linear dispersion relation and the introduction of a Dirac sea)

which are surely unrealistic. It is then natural to ask which features of the

Luttinger model are still true in a realistic hamiltonian.

It is reasonable to expect, according to [1], that anomalous critical ex-

ponents are generically present (at least in the absence of the spin) in 1D

metals. The exponents will depend on the model details and of course

differ from the Luttinger model ones; moreover for generic models there

is in general no exact solution, or even if it is (as by Bethe ansatz in the
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XXZ chain) only certain eigenvalues of the energy can be computed and

not the exponents. It is then clear the importance of the Luttinger liquid

conjecture proposed by Haldane [6], [7] (see also [8]), according to which

a number of exact simple relations between exponents and other physical

quantities, which are valid in the Luttinger model, are still true in a wide

class of more realistic one dimensional models. In particular, according to

such conjecture, one can determine all the exponents in terms of a single

one, or in terms of (say) the Fermi velocity and the susceptibility.

The validity of the Luttinger liquid conjecture is a non trivial statement,

connected with the extended scaling relations proposed by Kadanoff [9] for

two dimensional classic statistical mechanics models like the Eight vertex

or the Ashkin-Teller model. A justification of the Luttinger liquid conjec-

ture is sometimes considered the fact that, according to a Renormalization

Group (RG) analysis, interacting 1D fermionic systems with non linear dis-

persion relation differ from the Luttinger model through irrelevant terms in

the RG sense. However this simple argument is not correct; the irrelevant

terms change the exponents and break a number of symmetries which are

instead true in the Luttinger model and which are essential for its solvabil-

ity. Therefore, one has to prove that the symmetry-breaking effects due to

the lattice or non linear bands, while changing the exponents, do not change

the relations between exponents and other physical parameters. Usual ap-

proximate RG methods neglect the irrelevant terms so that they are not

suitable to face this problem. In recent years the methods developed in con-

structive Quantum Field Theory have been applied to many body theory.

Such methods are exact (that is the irrelevant terms are taken into account)

and rigorous, as the physical observables can be written in terms of renor-

malized expansion, whose convergence can be proved at least if the coupling

is not too large. Using this approach several Luttinger liquid relations in a

wide class of models in generic fermionic one dimensional models has been

recently proven, and here we will review the main ideas behind such proof.

In the second section we recall the Luttinger model and its solution. In the

third section we introduce a generic model for 1D fermions on a lattice and

we recall the Luttinger liquid conjecture. In the fourth section we review

the exact Renormalization Group analysis of a generic (non solvable) 1D

lattice fermionic system, leading to a convergent expansion of the physical

obervables in terms of running coupling constants. In the fifth section we

will show that such running coupling constants do not increase under RG

iterations as consequence of Ward Identities. In order to do that, one has

to face and solve a well known problem, which is present in any Wilso-
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nian RG approach; the momentum cut-off breaks the local symmetries and

produces additional terms in the Ward identities which must be taken into

account. In the sixth section we will derive emerging Ward Identities for

the lattice model related to the validity of asymptotic symmetries (broken

by irrelevant terms) which will be used in the seventh section for proving

the Luttinger liquid relations for non solvable lattice models.

0.2 The Luttinger model exact solution

The Luttinger model hamiltonian is

H = H0 + V =

∫ L

0

dx
∑

ε=±

: ψ̃+
x,εε∂ψ̃

−
x,ε : + (0.1)

λ

∫
dxdyv(x − y)[

∑

ε=±

q1,ε : ψ̃+
~x,εψ̃

−
~x,ε :][

∑

ε=±

q2,ε : ψ̃+
~y,εψ̃

−
~y,ε :]

where if ε = ±

ψ±
x,ε = e±iεpF xψ̃±

x,ε =
e±iεpF x

√
L

∑

k

e±ikxâ±k,ε (0.2)

and ψ̃±
x,ε is a fermionic field with periodic boundary conditions, pF is the

Fermi momentum, v(x− y) is a short range potential |v̂(p)| ≤ Ce−ζ|p| with

ζ > 0 a constant, and the Wick ordering is defined rearranging the order

so that a+
−k,+, a

−
k,+, a

+
k,−, a

−
−k,−, k ≥ 0 are always to the right of the other

operators, and the new product is multiplied by the parity sign necessary

to produce it. Finally qi,ε are charges, and for definiteness we will follow

the original choice of [2]

q1,+ = q2,− = 1 (0.3)

and zero otherwise; this choice is done only for definiteness and the model

is solvable for a wide class of charges qi,ε. With this choice of the charges

the Hamiltonian can be rewritten as

H0 =
∑

ε,k>0

k(â+
εk,εâ

−
εk,ε + â−−εk,εâ

+
−εk,ε) (0.4)

V =
λ

L

∑

p>0

v̂(p)[ρ+(p)ρ−(−p) + ρ+(−p)ρ−(p)] +
λv̂(0)

L
N1N−1

where

ρε(p) =
∑

k

â+
k+p,εâk,ε Nε =

∑

k>0

(â+
εk,εâ

−
εk,ε − â−−εk,εâ

+
−εk,ε) (0.5)
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The regularization which is implicit in the above Hamiltonian is the sup-

pression of the modes |k| ≥ Λ for the fermion with momentum k, where Λ

is a momentum cut-off to be removed Λ → ∞; that is ρε(p) has be thought

as
∑
k χΛ(k + p)χΛ(k)â+

k+p,εâ
−
k,ε where χΛ(k) = 1 for |k| ≤ Λ and zero

otherwise.

The Hamiltonian (0.2) can be regarded as an operator defined on the

Hilbert space H constructed as follows. If |0 > is a state (the ”Dirac sea”

state) such that â+
k,−|0 >= 0 and â+

−k,+|0 >= 0 for k ≥ 0, H0 is the

linear span of all the states obtained applying finitely many creation or

annihilation operators on |0 > and H is the completion of H0. Note that

H is a bounded operators over H provided that v̂(p) verifies the stability

condition |λv̂(p)| ≤ 2π. The crucial observation of Mattis and Lieb was that

the density operators verify the following anomalous commutation relations

[ρε(−p), ρε(p′)] = ε
pL

2π
δp,p′ p > 0 (0.6)

This follows noting that the commutator when p = p′ is equal to

−
Λ∑

k=−Λ+p

â+
k,εâ

−
k,ε +

Λ−p∑

k=−Λ

â+
k,εâ

−
k,ε =

−Λ+p∑

k=−Λ

â+
k,εâ

−
k,ε −

Λ∑

k=Λ−p

â+
k,εâ

−
k,ε (0.7)

which on any state in H is, in the limit Λ → ∞, equal to ε pL2π . Other

important relations are, for p > 0

[H0, ρε(p)] = −εpεε(p) [ρε(p),
∑

ε,p>0

ρε(εp)ρε(−εp)] = −εp L
2π
ρε(p) (0.8)

and ρε(−εp)|0 >= 0. We can write

H = H1 +H2 (0.9)

where, if T = 2π
L

∑
ε,p>0 ρε(εp)ρε(−εp)

H1 = H0 − T +
λv̂(0)

L
N+N− (0.10)

H2 = T +
λ

L

∑

p>0

v̂(p)[ρ+(p)ρ+(−p) + ρ−(−p)ρ−(p)]

and [H1, ρε(±p)] = 0 for p > 0, while H2 can be easily diagonalized; if

S = 2π
L

∑
p6=0 p

−1ρ+(p)ρ−(−p)

eiSH2e
−iS =

2π

L

∑

p>0

ε(p)[ρ+(p)ρ+(−p) + ρ−(p)ρ−(−p)] +E0 (0.11)
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where E0 is a constant and

ε(p) = sech(2φ(p)) tanh 2φ = −λv̂(p)
2π

(0.12)

The above formula (0.12) refers to the specific choice (0.3) of the qi,ε, but

a general formula can be easily obtained. The set of states |j, n1, n2 >

obtained applying operators ρ+(p), ρ−(−p) an arbitrary number of times

on the state in which all the levels are filled up to n1 with fermions of type

+ and down to level n2 is complete [10; 6] and H1 is a constant in the

subspace with fixed n1, n2, from the fact that [H1, ρε(±p)] = 0. Therefore

e−iS |0 > is the ground state of H as H1 is constant on the subspace with

n1 = n2 = 0 while

H2e
−iS |0 >= e−iS(eiSH2e

−iS)0 >= E0e
−iS |0 > (0.13)

Defining ψ̃x,ε = eHtψ̃x,εe
−Ht, x = (t, x) the n-point function is given by

< ψ̃σ1
x1,ε1 ...ψ̃

σn
xn,εn

>≡< 0|eiST (ψ̃σ1
x1,ε1 ...ψ̃

σn
xn,εn

)e−iS |0 > (0.14)

where T is the time ordering. In [5] only the case n = 2, t1 = t2 = 0 was

studied, but it is only a matter of algebra to deduce from the exact solution

the explicit form of the time-dependent n-point correlation; this was done

in [11] for the 2-point and in [12], [13] for the n-point function. It is found

< ψ̃σ1
x1,ε1 ...ψ̃

σn
xn,εn

>=< ψ̃σ1
x1,ε1 ...ψ̃

σn
xn,εn

>0 e
−Qn (0.15)

where < ψ̃σ1
x1,ε1 ...ψ̃

σn
xn,εn

>0 is the non-interacting λ = 0 (imaginary time)

n-point function (expressed by the Wick rule in terms of the 2-point free

function) and

Qn =
2π

L

∑

p>0

∑

ε=±

{s2(p)[n
2

+
∑

i,j∈Iε ,i<j

σiσje
−p|tj−tj |ε(p) cos p(xi − xj)]

−c(p)s(p)
∑

i∈Iε,j∈I−ε

σiσje
−p|tj−tj |ε(p) cos p(xi − xj)

−
∑

i,j∈Iε,i<j

[e−|ti−tj | − e−p|ti−tj |ε(p)] cos p(xi − xj)

−iε
∑

i,j∈Iε,i<j

σiσj
tj − tj
|ti − tj |

[e−|ti−tj | − e−p|ti−tj |ε(p)] sin p(xi − xj)} (0.16)

where

s(p) = sinhφ(p) c(p) = coshφ(p) (0.17)
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In particular the 2-point function is given by

< ψ̃−
x,εψ̃

+
0,ε >=

1

2π

1

iεx+ t
e−Q2(x) (0.18)

Q2(x) =

∫ ∞

0

dp

p
[2s2(p)(1 − e−pε(p)|t| cos px) +

(cos px− iε
t

|t| sin px)(e−p|t| − e−pε(p)|t|)] (0.19)

From the above expression is easy to see that the non locality of the two

body potential is essential to have a finite 2-point function; if we consider

a local potential then v̂(p) = 1 and the above expression is diverging. Note

also that (0.19) has the same ultraviolet divergence at x = 0 than the free

2-point function as Q2(0) = 0. On the contrary the large distance behavior

is different with respect to the non interacting case and given by

< ψ̃−
x,εψ̃

+
0,ε >∼|x|→∞

1

iεx+ vF t

A(λ)

|x2 + v2
F t

2|η/2 (0.20)

with A(λ) a suitable constant and

vF = ε(0) =
√

1 − (λv̂(0)/2π)2 (0.21)

η = 2 sinh2 φ(0) =
1

2
[K +K−1 − 2] K = e2φ =

√
1 + λv̂(0)/2π

1 − λv̂(0)/2π

From (0.22) we see that the interaction not only modifies the Fermi ve-

locity but also changes qualitatively the asymptotic infrared behavior of

the 2-point function, producing an anomalous dimension with exponent

1 + η, with η > 0 and non trivial function of the coupling. The presence

of anomalous exponents is one of the most interesting feature of the Lut-

tinger model, and implies a rather different physical behavior with respect

to the non interacting system; for instance the occupation number is not

discontinuous as in the λ = 0 case, but it becomes continuous and such

that nk+pF
− npF

∼ |k|η for small k.

It is also important to compare the the 2-point function of the Luttinger

model with the 2-point function Sth(x) of the Thirring model, as computed

in [4]

Sth(x) =
1

2π

1

iεx+ t

1

|x2 + t2|η (0.22)

Despite the similar long distance behavior, there are important differ-

ences; the ultraviolet short distance behavior is different with respect the

the free one, and the light velocity is not changed due to Lorentz invariance.



April 27, 2012 0:14 World Scientific Book - 9in x 6in kk2

8 Book Title

From (0.15) we can write the response function; if we defined the to-

tal density ρCDWx = limα→0

∑
ε e

2iεpF xψ̃+
x,t+αεψ̃

−
x,−ε then, using a point-

splitting procedure from (0.15), for |x| → ∞, if T denotes truncation

< ρCDWx ρCDW0 >T∼ (1 +A(λ))
cos(2pFx)

2π2(v2
F t

2 + x2)X+
(0.23)

with X+ is a critical exponent given by

X+ = K (0.24)

Similarly we can introduce the Cooper pair density

ρcx = lim
α→0

∑

ε,σ

ψσx,t+α,εψ
σ
x,x0,−ε (0.25)

and one gets

< ρcxρ
c
0 >T∼ (1 +A(λ))

1

2π2(v2
F t

2 + x2)X−
(0.26)

with

X− = K−1 (0.27)

Note that (0.22),(0.24),(0.27) relates the exponents by simple relations;

while the exponents depend from the details of the model (0.2) (for instance

from the charges qi,ε) such relations are true for any choice of the charges for

which the solvability holds. For instance if qi,ε = 1
2 then (0.22),(0.24),(0.27)

are still true even if K has a different expression

K =

√
1 +

λv̂(0)

2π
(0.28)

As we will see in the following section such relations between exponents

have been proposed to be true in a wide class of models, even when an

exact solution is lacking.

Defining the density and current operators as

ρx =
∑

ε=±

ρx,ε jx =
∑

ε=±

ερx,ε (0.29)

we get, as an immediate consequence of the commutation rules (0.2)

∂ρ̂t,p
dt

= eHt[H, ρ̂p]e
−Ht = pvN (p)ĵt,p

∂ĵt,p
dt

= eHt[H, ĵp]e
−Ht = pvJ(p)ρ̂t,p

with

vJ(p) = (1 − λv̂(p)

2π
) vN (p) = (1 +

λv̂(p)

2π
) (0.30)
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and we have used that, from the commutation rules (0.2), [V, ρp] = λbv(p)
2π ρp,

[V, ρp] = −λbv(p)
2π ρp. As a consequence, the following Ward Identities [14]

can be derived

−iω〈ρ̂pψ̂−
k,εψ̂

+
k+p,ε〉T + (0.31)

εvJ〈ĵpψ̂−
k,εψ̂

+
k+p,ε〉T = 〈ψ̂−

k,εψ̂
+
k,ε〉 − 〈ψ̂−

k+p,εψ̂
+
k+p,ε〉

and

−iω〈̂jpψ̂−
k,εψ̂

+
k+p,ε〉T + (0.32)

εvNp〈ρ̂pψ̂−
k,εψ̂

+
k+p,ε〉T = 〈ψ̂−

k,εψ̂
+
k,ε〉 − 〈ψ̂−

k+p,εψ̂
+
k+p,ε〉

The quantities vN (p) and vJ (p) are velocities associated with the charge

and current excitations; they appear also related to the Drude weight D

and the susceptibility κ [7] (see below) by the relations D = vJ (0)
π and

κ = π
vN (0) so that

D

κ
= v2

F (0.33)

0.3 Non solvable lattice models and the Luttinger liquid

conjecture

The exact solvability of the Luttinger model is due to certain peculiar fea-

tures, like its linear ”relativistic” dispersion relation, which are lost in more

realistic models of one dimensional metals. It is then natural to ask which

features of the Luttinger model are still true in more realistic lattice hamil-

tonian like the following tight-binding model

H = H0 + V (0.34)

H0 = −1

2

L−1∑

x=1

[a+
x a

−
x+1 + a+

x+1a
−
x ] + µ

L∑

x=1

(a+
x a

−
x − 1

2
)

V = λ
∑

1≤x,y≤L

v(x− y)(a+
x a

−
x − 1

2
)(a+

y a
−
y − 1

2
)

where a±x , x = 1, 2, .., L, are fermionic creation or destruction operators,

ρx = a+
x a

−
x µ is the chemical potential, and |v(x−y)| ≤ e−κ|x−y|. Contrary

to what happens in the Luttinger model, the hamiltonian of the chain

model (0.34) cannot be rewritten as a quadratic boson Hamiltonian. An

exact solution by Bethe ansatz [18] exists in the special case (XXZ model)

v(x− y) = δ|x−y|,1/2 µ = 0 (0.35)



April 27, 2012 0:14 World Scientific Book - 9in x 6in kk2

10 Book Title

The solution provides the excitation spectrum and several thermodynamic

properties but not an explicit form for the correlations.

We define Ox,ε = eHtOxe
−Ht, x = (t, x) and

< Ox1 ...Oxn
>β=

Tre−βHT Ox1 ...Oxn

Tre−βH
|T (0.36)

where T is the time ordering operator and T denotes truncation (the label

T is understood in the l.h.s. of (0.36)); we call limβ→∞ < Ox1 ...Oxn
>β=<

Ox1 ...Oxn
>. In addition to the density ρx it is convenient to introduce the

current

Jx =
1

2i
[a+
x+1a

−
x − a+

x a
−
x+1] . (0.37)

From the continuity equation

∂ρx
∂t

= eHt[H, ρx]e
−Ht = −i(Jx,t − Jx−1,t) (0.38)

where we have used that [V, ρx] = 0, we can derive the following Ward

Identity

−iω < ρ̂pâ
−
k â

+
k+p > −i(1 − eip) < Jpâ

−
k â

+
k+p >=

< â−k â
+
k > − < â−k+pâ

+
k+p > (0.39)

The l.h.s. of the above Ward Identity coincides with the one of the free

λ = 0 case, as consequence of [V, ρx] = 0, while in its analogue for the

Luttinger model (0.32) there is an explicit dependence from the coupling.

The fact that the Luttinger model has an extra Ward Identity (0.33) is

related to chiral gauge invariance which is absent in the model (0.34).

Other Ward Identities for the model (0.34) are

−iω < ρ̂pρ̂−p > −i(1 − e−ip) < ρ̂pĴ−p >= 0

−iω < ρ̂pĴ−p > −i(1 − e−ip) < ĴpĴ−p >= i(1 − e−ip)∆ . (0.40)

where ∆ =< ∆x > and ∆x = − 1
2 [a+

x a
−
x+1 + a+

x+1a
−
x ]. Note the last term

in the second of (0.40), coming from the fact that [ρx, Jy] = −iδx,y∆x +

iδx−1,y∆y; it is called Schwinger term and is related to the diamagnetic

part of the current ∆x, whose mean value < ∆x > is indeed independent

of x.

The susceptibility is defined as, if p = (ω, p)

κ = lim
p→0

lim
ω→0

< ρ̂pρ̂−p > (0.41)

while the conductivity is

σ(ω) =
D(iω, p)

iω + 0+
D(p) = −∆− < ĴpĴ−p > (0.42)
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while the Drude weight is limω→0D(p) = D; a finite Drude weight implies

an infinite dc conductivity.

The WI (0.40) and the fact that < ρpJ−p >=< Jpρ−p > implies that

< ρpρ−p > |ω,0 = 0 , D(0, p) = 0 . (0.43)

The fact that κ and D are not vanishing is related to the fact that <

ρpρ−p > and D(p) are not continuous, a fact which can be easily checked in

the non interacting case. Indeed if λ = 0 the 2-point function < a−x a
+
y >0≡

g(x − y) is given by

g(x,y) =

∫
dk

eikx

−ik0 + cos k − cos pF
=

∫
dkeikxĝ(k) (0.44)

with cos pF = µ; ĝ(k) is singular at k0 = 0 and k = ±pF and close to each

one of the two Fermi points ±pF the 2-point function is identical, up to

small correction, to the Luttinger model non interacting two point function

ĝ(k′ ± pF ) =
1

−ik0 ± sin pF k′
(1 +O(k′)) (0.45)

for small k′, where pF = (0, pF ). The density-density correlation in the

non interacting case λ = 0 is

< ρpρ−p >0=

∫
dk

2π

1

−ip0 + cos k − cos(k + p)
[nF (k) − nF (k + p)] (0.46)

where nF (k) is the Fermi distribution; therefore for small p

< ρpρ−p >0=
1

π

sin pF p
2

ω2 + sin2 pF p2
(1 +O(

p3

|p|2 ) (0.47)

In the presence of interaction it is reasonable to expect, following [1], the

presence of critical exponents but there is no reason to expect that they

coincide with the Luttinger model ones. On the other hand, the exponents

in the Luttinger model verify (0.22),(0.24),(0.27) and the content of the

Luttinger liquid conjecture [8], [7],[6] is that the same relations are true in

a wide class of models, including models with non linear bands like the

model (0.34). In particular according to such conjecture there exists a

(model dependent) function K such that

η =
1

2
[K +K−1 − 2] X+ = K X− = K−1 (0.48)

and K can be obtained from thermodynamic functions by the relations

κ =
K

πvF
D =

vFK

π
(0.49)
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where vF is the interacting Fermi velocity.

As the validity of (0.48), (0.49) in the Luttinger model relies on its

exact mapping in a system of free bosons (a property which is true only

for its linear dispersion relation), their validity in the model (0.2), with a

sinusoidal dispersion relation, is far from to be obvious. A very important

test came from the exact solution of the XXZ; indeed by the Bethe ansatz

solution it is found [18], [7],[46], if cos µ̄ = λ

vF =
π

µ̄
sin µ̄ κ =

1

2π(π/µ̄− 1) sin µ̄
(0.50)

and

D =
π

µ̄

sin µ̄

2(1 − µ̄/π))
(0.51)

Even if such expressions are different (as functions of the interaction) from

the Luttinger ones, the relation (0.33) follows. Moreover in [17] the cor-

relation length exponent ν in the XYZ model has been computed finding

ν = π
2µ̄ ; therefore using the scaling relation ν = (2 −X−1

+ ) proposed in [8]

we can computed the other exponents, for instance

X+ = K = (2 − 2µ̄

π
)−1 = 1 +

2λ

π
+ O(λ2) (0.52)

The same values is found by the value of vF and D using (0.49), and this

provides a check of the Luttinger liquid conjecture, as stressed in [7].

In the model (0.34) with a generic short range interaction there is no

exact solution. To give support to the validity of the Luttinger liquid

relations (0.48), (0.49) in a wide class of models, including non solvable

ones, in [6] a perturbation of the Luttinger model was considered in which

the linear dispersion relation is replaced by

ε±(k) = ±k +
1

2m
k2 +

λ

12m2
k3 (0.53)

with λ ≥ 3
4 . While such model reduces to the Luttinger model as m→ ∞,

for finite m non quadratic terms appear in the boson hamiltonian; however

remarkably the Luttinger liquid relations (0.48), (0.49) still holds. This

provides evidence in support of the conjecture, but on the other hand the

Luttinger liquid relations could be checked up to O(m−2) and the model

with dispersion relation (0.53) is still only an approximate effective descrip-

tion for the model (0.34).

Instead of using boson variables, one could try to prove the Luttinger

liquid relations (0.48), (0.49) using an expansion in Feynman graphs, see
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e.g. [20]; its use is however problematic for 1D interacting fermions as the

expansion is plagued by infrared divergences. Dzylaloshinski and Larkin [21]

considered 1D fermions with bandwidth cut-off; contrary to the Luttinger

model this model, called Tomonaga model, is not solvable. They performed

a resummations of the perturbative expansions finding the anomalous de-

cay of correlations, but at the price of several (uncontrolled) approxima-

tions. The use of (multiplicative) Renormalization Group methods for the

Tomonaga model dates back to Solyom [22]; irrelevant terms are simply dis-

carded and the presence of anomalous exponents results from a property,

called vanishing of beta function, which was proved only at lowest orders

in perturbation theory. Metzner and Di Castro [14] pointed out that the

vanishing of the Beta function in the multiplicative RG follows from the

Ward Identities (0.32), (0.33), which are however true only in the Luttinger

and not in the Tomonaga model.

With respect to multiplicative RG, exact Wilsonian [23] RG method,

used by Polchinski [24] and Gallavotti [25] for the renormalization of φ4

models and therefore applied by to non relativistic interacting fermions

in d = 1, 3 by Benfatto and Gallavotti [26], has two main advantages.

They are : (i) exact, in the sense that it does not need any relativistic

approximation or continuum limit and it allow us to keep the full lattice

structure of the problem; (ii) non-perturbative, in the sense that it involves

expansions whose convergence can be mathematically proved. The fact that

such methods are exact and can take into account the irrelevant terms is a

crucial feature: the Luttinger or the lattice model (0.34) differ for irrelevant

terms and the proof of the Luttinger liquid relations (0.48), (0.49) consists

essentially in showing that such irrelevant terms, while contributing to the

exponents or other physical quantities, leave unchanged the Luttinger liquid

relations.

Such exact RG methods have been used in Constructive Quantum Field

Theory to prove the existence of the continuum limit of Quantum Theory

model at d = 1 + 1 dimensions, like the massless Gross-Neveu model with

N > 1 colors [27], [28] or the massive Yukawa model [29]. The main extra

difficulty in analyzing a model like (0.2), with respect to QFT model like

the Gross-Neveu model analyzed in [27], is that the theory is not asymp-

totically free; it belongs to a class of models with vanishing beta function.

Such models can be constructed only exploiting non trivial cancellations

at all orders in the renormalized expansion; this is a crucial difference

with respect to the asymptotically free models in which a second order
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computation is enough for establishing the nature of the flow of the ef-

fective coupling. The first example of rigorous construction of a model

with vanishing beta function was in [30] and it regards the Jellium model

in 1D, describing interacting non relativistic fermions in the continuum.

The crucial property of vanishing of Beta function was proved using an

indirect argument based on comparison with the exact solution of the

Luttinger model [12]. The construction of models with vanishing Beta

function without any use of exact solutions was finally realized in [31; 32;

33] solving the well known technical problem related to the basic conflict

between Wilsonian Renormalization Group and Ward Identities; the de-

composition in momentum space necessary in Wilson scheme breaks the

local gauge invariance necessary to establish Ward Identities.

In the following sections we will resume the main achievements of the

application of such exact Renormalization Group methods to systems like

(0.34) and the main steps of the proof of the Luttinger liquid relations

(0.48), (0.49) for non solvable models, finally achieved in [34; 35; 36; 37;

38].

0.4 Exact Renormalization Group analysis

The starting point of the exact Renormalization Group analysis is the ex-

pression of the correlations of the lattice model (0.34) in terms of Grass-

mann integrals. We introduce a set of Grassmann variables ψ±
x such that

{ψ±, ψ±} = {ψ±, ψ∓} = 0 and
∫
dψ±

x = 0

∫
dψ±

x ψ
±
x = 0 (0.54)

The integral of any analytic functions can be obtained by (0.54) by linearity.

The correlations of a model like (0.34) can be written by suitable derivatives

of generating functional expressed by the following Grassman integral

eW(A,φ) =

∫
P (dψ)e−V(ψ)+B(A,ψ)+

R
dx[φ+

x
ψ−

x
+ψ−

x
ψ+

x
] (0.55)

where φ±x are Grassmann variables,
∫
dx is a shortcut for

∑
x

∫ β/2
−β/2

dx0,

P (dψ) is a Grassmann Gaussian measure in the field variables ψ±
x with

covariance (the free propagator) given by

g(x− y) =
1

βL

∑

k

eik(x−y)

−ik0 + (cos pF − cos k)
, (0.56)
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with

cos pF = −λ− µ− ν (0.57)

and the interaction is

V(ψ) = λ

∫
dxdyv(x − y)ψ+

x ψ
+
y ψ

−
y ψ

−
x + ν

∫
dxψ+

x ψ
−
x (0.58)

with e1 = (0, 1), v(x − y) = δ(t− s)v(x − y) while the source is

B(A,ψ) =

∫
dx

{
ψ+

x ψ
−
x A0(x) +

1

2i
[ψ+

x+e1
ψ−

x − ψ+
x ψ

−
x+e1

]A1(x)
}
. (0.59)

Contrary to what happens in the Luttinger model, the value of the Fermi

momentum is modified by the interaction; it is convenient to analyze (0.55)

considering pF as a parameter, choosing ν as a function of λ and pF so

that the singularity of the Fourier transform of the interacting two-point

function is fixed at k = (±pF , 0). Finally from (0.57) we get the Fermi

momentum pF as function of λ and µ.

We briefly describe the exact Renormalization Group analysis of (0.55),

as developed in [31]; for a tutorial introduction to the properties of Grass-

man integrals, we refer to [39]. The starting point is to use the addition

property for a gaussian Grassmann measure saying that
∫
P (dψ)F (ψ) =

∫
P (dψ(1))

∫
P (dψ(2))F (ψ(1) + ψ(2)) (0.60)

where P (dψ), P (dψ(1)), P (dψ(2)) are Grassmann gaussian measures respec-

tively with propagator g, g(1), g(2) and g = g(1) + g(2). We can introduce

the following smooth decomposition of the unity

1 =
∑

ε=±

χ(k − εpF , k0) + f1(k) (0.61)

where χ(k′, k0) is a smooth compact-support function such that χ(k′, k0) =

1 for |k′|T 1 ≤ t0 and χ(k′, k0) = 0 for |k′|T 1 ≥ γt0, if t0, γ > 1 are suitable

constants; in other words, χ(k − εpF , k0) is a compact support function

non-vanishing around the two Fermi points (0,±pF ). We can decompose

the propagator as

ĝ(k) =
∑

ε=±

χ(k−εpF , k0)ĝ(k)+f (1)(k)ĝ(k) ≡
∑

ε=±

ĝ(≤0)
ε (k)+ĝ(1)(k) (0.62)

leading, according to (0.60), to a decomposition of the Grassmann field of

the form

ψx =
∑

ε=±

eiεpF xψ(≤0)
x,ε + ψ(1)

x (0.63)
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where ψ
(≤0)
x,ε , ψ

(1)
x are independent Grassmann fields with propagator

eiεpF (x−y))ĝ
(≤0)
ε (x − y) and ĝ(1)(x − y) respectively. Note that, while the

propagator of the fields ψ
(≤0)
x,ε has a slow O(|x − y|−1) decay for large dis-

tances, the propagator of ψ
(1)
x decays faster than any power; that is for any

N

|g(1)(x − y)| ≤ CN
1 + |x − y|N (0.64)

Using (0.60) we can rewrite (0.55) in the following way (in the φ = 0 case

for simplicity)

eW(A,0) =

∫
P (dψ≤0)

∫
P (dψ(1))e−V(ψ(0)+ψ(1))+B(A,ψ(≤0)+ψ(1)) (0.65)

where P (dψ≤0) and P (dψ(1)) have re-

spectively propagator
∑

ε=± e
iεpF (x−y)g

(≤0)
ε (x − y) and g(1(x − y). The

integration of the ”high energy” degrees of freedom can be done using the

invariance of exponential property
∫
P (dψ)eX(ψ+φ) = exp[

∞∑

n=0

1

n!
ET (X(.+ φ;n))] = eX

′(φ) (0.66)

where ET (X(. + φ;n)) are the fermionic truncated expectation, which are

given by the sum over all the possible connected Feynman graphs (see Fig.

0.1). By using (0.66) we get

eW(A,0) =

∫
P (dψ≤0)e−V(0)(ψ(0))+B(0)(A,ψ(≤0)) (0.67)

where V(0)(ψ(≤0)) and B(0)(A,ψ(≤0)) is sum of monomials of any degree

multiplied by suitable kernels; in particular V (0)(ψ(≤0)) is given by

V(0)(ψ(0)) =

∞∑

n=2

W (0)
n (x1, ...,xn)

n∏

i=1

ψσi
xi,εi

(0.68)

and a similar expression holds for B(0)(A,ψ(≤0)) with kernels W
(0)
n,m with n

ψ and m A fields.

The kernels W
(0)
n,m are analytic functions of λ and ν in a complex disk,

and we describe briefly how such a non-perturbative property is obtained.

According to (0.66), the kernels W
(0)
n can be written as power series in

λ, ν, and each order k can be written as sum of connected Feynman graphs

with λ and ν vertices and propagators g(1)(x); by (0.64), it is easy to check

that each Feynman graph at order k is bounded by k!−1[max(λ, ν)]kCk,

for a suitable constant C. This is however not enough for proving the
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Fig. 0.1 An example of connected Feynman graph contributing to ET

convergence of the expansion for W
(0)
n , as the number of graphs contribut-

ing to order k are O(k!2) so that the k-order contribution is bounded by

k![max(λ, ν)]kCk. The presence of such k! apparently prevent the con-

vergence of the series. While in the case of bosonic models such facto-

rial is really there, in the case of fermionic systems cancellations between

Feynman diagrams (ultimately related to the fermionic anticommutativity

properties) have the effect that the real final bound is much better and

convergence of the series for W
(0)
n can be finally achieved [40]. Indeed the

fermionic expectation can be written as a determinant
∫
P (dψ)ψ−(1)

x1
...ψ−(1)

xn
ψ+(1)

y1
...ψ+(1)

yn
= DetG (0.69)

where Gi,j = g(1)(xi − yi); writing g(1)(xi − yi) in the form

g(1)(x − y) =

∫
dzA(1)(x − z)B̄(1)(y − z) = (A,B) (0.70)

then, if (A,A) and (B,B) ≤ C by the Gram inequality

|DetG| ≤ Cn (0.71)

Note that, even if DetG is expressed by n! terms, in the final bound no n!

appear. This fact is however still not enough; in order to integrate over
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the coordinates one needs to exploit the decay properties of the propagator

(0.64), which are lost in the bound (0.71). One needs to extract from the

truncated expectation a minimal set of propagators ensuring the connection

between vertices (which allow the integration over coordinates) leaving all

the other fields grouped in determinants, so that they can be bounded by

the Gram bound. This is made possible by the Battle-Brydges-Federbush

formula [41] (see for instance again [39] for a derivation); the truncated

expectation is written not as sum of Feynman diagrams, but sum of trees

of propagators times determinants (represented in the Fig.0.2 as uncoupled

lines). The trees of propagators are used to perform the integration over

the coordinates and the determinants are bounded by Gram bounds, so

that the convergence of the expansion for the kernels W
(0)
n for λ, ν not too

large follows.

Fig. 0.2 One of the term in the Battle-Brydges-Federbush formula

The integration of the high energy fields ψ(1) says that the generating

function on the model (0.34), namely (0.55), can be exactly rewritten as

(0.67), that is in terms of two kinds of fermions with a band-width cut-off

around the two Fermi points. The Tomonaga approximation corresponds to

neglecting in V(0) the irrelevant terms with n ≥ 4 in V (0) and in replacing

cos(k′+±pF )−cospF with ±(sin pF )k′; the exact RG analysis below allows

to take such terms into account. It is natural to continue the analysis of

(0.67) again integrating the momenta closer and closer to the Fermi points.
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We can write

χ(k − εpF , k0) =
0∑

j=−∞

fj(k
′) (0.72)

where k′ = k − εpF , fj(k
′) (see Fig.0.3) is a compact support function

with support in t0γ
j−1 ≤ |k′|T 1 ≤ t0γ

j+1, pF = (0, pF ) and t0, γ > 1 are

suitable constants. We can write the propagator ĝ
(≤0)
ε as

ĝ(≤0)
ε (k′) =

0∑

j=−∞

ĝ(j)
ε (k′) (0.73)

where ĝ
(≤0)
ε (k′) is a propagator living at momentum scales O(γj) close

one of the two Fermi points. The above decomposition of the propagator

induced an analogous decomposition of the fermionic fields as sum of fields

ψ(≤0) =
∑0
h=−∞ ψ(h).

0 t0γ
j−1 t0γ

j+1 |k|

1

fj(k)

Fig. 0.3 The function fj(k)

After the integration of the fields ψ
(0)
ε , ψ

(−1)
ε , .., ψ

(h+1)
ε by the reiterate

application of (0.66) we get

eWL,β(A,0) =

∫
PZh−1,δh−1

(dψ(≤h))eV
(h)(

√
Zh−1ψ

(≤h))+B(h)(
√
Zh−1ψ

(≤h),A) ,

(0.74)

where PZh,δh
(dψ(≤h)) is the Gaussian Grassmann integration with propa-

gator

ĝ(≤h)
ε (k′) =

χh(k
′)

Zh

1

−ik0 + (1 + δh)(cos pF − cos(k′ + εpF ))
(0.75)

with χh(k
′) a smooth compact support function non vanishing for |k′| ≤

t0γ
h, Zh is the wave function renormalization and vh = sin pF (1 + δh) is

the effective Fermi velocity; finally the effective interaction V (h)(ψ) is a

sum over monomials in the Grassmann variables

V(h)(ψ) = γhνhF
(h)
ν + λhF

(h)
λ +Rh , (0.76)
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where

F (h)
ν =

∑

ε=±

∫
dxψ(≤h)+

x,ε ψ(≤h)−
x,ε

F
(≤h)
λ =

∫
dxψ

(≤h)+
x,+ ψ

(≤h)+
x,− ψ

(≤h)−
x,+ ψ

(≤h)−
x,− (0.77)

and R(h) is sum over monomials with n ψ fields with negative scaling di-

mension D, defined by

D = 2 − n

2
. (0.78)

In the same way (for A(1) = 0 for definiteness)

B(h)(
√
Zh−1ψ

(≤h), A) = (0.79)
∑

ε

[

∫
dxZ

(1)
h−1A

(0)
x ψ+(≤h)

x,ε ψ−(≤h)
x,ε + Z+

h−1A
(0)
x e2iεpF xψ+(≤h)

x,ε ψ
−(≤h)
x,−ε ] + R̄h ,

and R̄h is sum over monomials with n ψ fields and m A fields with negative

scaling dimension D = 2 − n
2 − m. A similar expression holds setting

A(0) = 0, and the corresponding renormalization constants will be called

Z
(2)
h−1, Ẑ

(+)
h−1.

It is natural the interpretation of λh in (0.77) as the effective coupling

of the model and of νh is the renormalization of the chemical potetntial. In

the Renormalization Group language, the terms with positive or vanishing

dimension are called relevant or marginal terms, respectively; the terms in

Rh or R̄h, having negative scaling dimension, are irrelevant. The kernels

W
(h)
n,m are expressed by expansions in the effective couplings λj , νj , j =

1, 0,−1..., h which are convergent, by the Gram bound, provided that λj , νj
are not too large; from them an expansion for the correlations and the

other physical observables in terms of λj , νj is obtained. Such renormalized

expansions in the effective couplings λj , νj should not be confused with the

naive perturbative expansion of the correlations in λ, ν; while the latter

is plagued by infrared divergences the renormalized one is finite and even

convergent provided that λj , νj are not too large uniformly in j. One has

then to analyze the flow of the effective parameters.

Note first that νj is a relevant coupling and it is possible to choose

the parameter ν, by a fixed point argument, so that νj = O(γj); one

can also prove, due to symmetry cancellations in the flow equation, that

δj →j→−∞ δ−∞ = O(λ). In order to study the flow of λj one first notices

that the single scale propagator can be decomposed, for h ≤ 0, as

g(h)
ρ (x,y) = g

(h)
T,ε(x,y) + r(h)

ε (x,y) , (0.80)
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where

g
(h)
T,ε(x,y) =

1

L2

∑

k

e−ik(x−y) 1

Zh

1

−ik0 + εvF k
, (0.81)

with vF = sin pF (1 + δ−∞) and for any N

|r(h)
ε (x − y)| ≤ CN

γ2h

1 + (γh|x − y|N )
. (0.82)

Note that g
(h)
T,ε(x,y) verifies bound similar to (0.82) with γ2h in the nu-

merator replaced by γh; this means that we can rewrite the propagator as

a Dirac propagator at scale h plus a correction r(h) whose size is O(γ2h)

instead of O(γh), that is much smaller. The above decomposition induces

a similar decomposition in the flow equation; we can write

λj−1 = λj + β̄
(j)
λ (λj ; ...;λ) +O(λ2γj) (0.83)

where in the last term we have included all the irrelevant contributions,

containing at least an r
(k)
ε or a νk or a RV(0), and it is asymptotically van-

ishing for dimensional reasons. The flow of λj is then driven by β̄
(j)
λ with is

expressed by a convergent series with each term sum of O(1) renormalized

Feynman graphs. A lowest order computation shows that such graphs can-

cel out; this is true to all orders (but of course it cannot be checked by an

explicit computation) as a consequence of the following non-perturbative

property, called vanishing of the beta function

|β̄(j)
λ (λj , ..., λj)| ≤ Cλ2

jγ
j . (0.84)

We will briefly resume the main steps of the proof of (0.84), which is the

key of all the Renormalization Group analysis, in the following section.

Assuming (0.84), it follows that the sequence λj converges, as j → −∞, to

an analytic function

λ−∞(λ) = λ[v̂(0) − v̂(2pF )] +O(λ2) (0.85)

such that |λj−λ−∞| ≤ Cλ2γj . The effective wave function renormalization

Zj verifies the following equation

Zj−1

Zj
= 1 + β̄(j)

z (λj , ..., λ0) +O(λγj) (0.86)

where again the last term in the r.h.s. includes the irrelevant terms and

Zj ∼ Aj(λ)γ
ηj η = logγ(1 + β̄(−∞)

z (λ−∞, ..., λ−∞) (0.87)
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and Aj →j→−∞ A as O(λγj). Note that the exponent η is written as power

series in the variable λ−∞/vF and it depends only from β̄
(j)
z and not from

the irrelevant term; on the contrary A(λ) depends also on the irrelevant

part of the flow equation. Similarly, Z
(i)
j , i = 1, 2 appearing in (0.79)

Z
(i)
j−1

Zj
= 1 + β̄

(j)
1 (λj , ..., λ0) +O(λγj) (0.88)

and β
(j)
1 is asymptotically vanishing

|β̄(j)
± (λj , ..., λj)| ≤ Cλ2γj . (0.89)

with

Z
(1)
j ∼ A1,j2

ηj Z
(2)
j ∼ A2,j2

ηj (0.90)

Note that, while the exponents of Z
(1)
j and Z

(2)
j are the same (and equal to

η), the amplitudes A1 and A2 are different. Finally Z
(2)
j ∼ γη2j with again

η2 is written as power series in the variable λ−∞/vF .

By taking derivatives with respect to the external fields φ± we get that

the 2-point function can be written as

〈a−x a+
0 〉 = [

0∑

h=−∞

∑

ε=±

eiεpF (x−y)g(h)
ε (x−y) + g(1)(x−y)](1 +O(λ)) (0.91)

The above expression says that the 2-point function is sum of single scale

propagators, each one with its wave function renormalization Zh and an

effective fermi velocity vh = sin pF (1 + δh). From the above expression one

can derive the large distance decay

〈a−x a+
0 〉T ∼ g0(x)

1 + λf(λ)

(x2
0 + v2

Fx
2)(η/2)

, (0.92)

where f(λ) is a bounded function, η = bλ2 +O(λ3), with b > 0, and

g0(x) =
∑

ε=±

eiεpF x

−ix0 + εvFx
, (0.93)

vF = sin pF +O(λ) pF = cos−1(µ+ λ) +O(λ) . (0.94)

In momentum space, the meaning of (0.91) is even more transparent; it

simply says, due to the compact support properties of the propagator, that

for momenta close to the Ferm points k′ ∼ t0γ
j , k = k′ + εpF , j ≤ 0 the

2-point function is essentially given by |k′|η

−ik0+εvF k′
, while for momenta far

from the Fermi point the 2-point function is essentially given by ĝ(1)(k),
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that is it has the same behavior of the non interacting one. A similar

expansion holds for the density-density correlation which is given by

〈ρxρ0〉T ∼ cos(2pFx)Ω
3,a(x) + Ω3,b(x) , (0.95)

Ω3,a(x) =
1 +A1(x)

2π2[x2 + (vFx0)2]X+
, (0.96)

Ω3,b(x) =
1

2π2[x2 + (vFx0)2]

{x2
0 − (x/vF )2

x2 + (vFx0)2
+A2(x)

}
, (0.97)

with |A1(x)|, |A2(x)| ≤ C|λ| and X+ = 1 − a1λ+O(λ2) with

X+ = 1− η+ + η = 1 − a1λ+O(λ2) (0.98)

and

a1 = [v̂(0) − v̂(2pF )]/(π sin pF ) (0.99)

Note that while the exponent of the oscillating part is anomalous, the

exponent of the non oscillating part is equal to the non interacting one,

as a consequence of the vanishing of the Beta function (0.89); note also

that the above result is in agrement reduces to (0.47) when v̂(k) = eik

pF = π/2, in agreement with the exact solution of the XXZ model. Fi-

nally the Cooper pair density correlation, that is the correlation of the

operator ρcx = a+
x a

+
x′ + a−x a

−
x′ , x′ = (x+ 1, x0), behaves as

〈ρcxρc0〉T ∼ 1 +A3(x)

2π2(x2 + v2
Fx

2
0)
X−

, (0.100)

with X− = 1 + a1λ+ O(λ2), a1 being the same constant appearing in the

first order of X+.

The above formulas give a rather explicit expression for the correla-

tions can be found. They were derived assuming the vanishing of the beta

function (0.84),(0.89), whose proof will be recalled below.

0.5 Emerging symmetries and vanishing of Beta function

The above Renormalization Group analysis relies on two non perturbative

properties, namely (0.84) and (0.89); they can be checked at lowest orders

in the renormalized expansion, but the cancellations are so complex that

an explicit check at all orders is essentially impossible. The cancellations

expressed by (0.84) and (0.89) are related to gauge symmetries which are

however only asymptotic and not exact in the model (0.34). The key obser-

vation is to introduce a continuum model, related to the scaling limit of the
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lattice model (0.34), regularized by a non local interaction and an ultravi-

olet γN , N >> 1 and infrared γh, h << 0 cut-offs, to be finally removed.

The beta function of this continuum model coincides, up to asymptotically

vanishing O(λγj) terms, with the one of the model (0.34); we will then

show that gauge symmetries imply the vanishing of the Beta function of

this model and consequently of the model (0.34). This strategy provides

a rigorous way of implementing the ideas of emerging symmetries in the

model (0.34).

We consider the following Grassman integral, which is the generating

function of a system of massless Dirac fermions in the continuum with a

non local current-current interaction.

eW (J,φ) =

∫
P (dψ)eV

(N)(ψ)+
R
dxJµ,xjµ,x+

P
ε=±[ψ+

x,εφ
−
x,ε+ψ−

x,εφ
+
x,ε] (0.101)

with x = (x0, x) ∈ R
2
, ψ, ψ̄ are Euclidean d = 1 + 1 spinors, ψ̄ = ψ+γ0,

ψ± = (ψ±
+ , ψ

±
−), P (dψ(≤N)) is the fermionic gaussian integration with prop-

agator

g(h,N)(k) = i
χh,N(k)

6 k (0.102)

6 k = γ0k0 + cγ1k1, which in components appear to be equal to g
(≤N)
T,ε (x)

(0.81), and

V (N)(ψ) =
1

4
λ̃∞

∫
dxdyv(x − y)jµ(x)jµ(y) (0.103)

with jµ(x) = ψ̄xγµψx and v(x − y) a short range symmetric interaction

v̂(0) = 1; moreover

γ0 =

(
0 1

1 0

)
, γ1 =

(
0 −i
i 0

)

Finally the cut-off function χh,N (k) is = 1 for γh−1 ≤
√
k2
0 + c2k2 ≤

γN+1 and zero otherwise (see Fig. 0.4). γN plays the role of an ultraviolet

cut-off, and at the end the limit N → ∞ must be taken, while γh acts as

an infrared cut-off. Note that the propagator of the ψε fields is

g(h,N)
ε (k) =

χh,N (k)

−ik0 + cεk
=
χh,N(k)

Dε(k)
(0.104)

where Dε(k) = −ik0 + εck and the interaction is

V (N)(ψ) = λ̃∞

∫
dxdyv(x − y)ψ+

+,xψ
−
+,xψ

+
−,yψ

−
−,y (0.105)
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|k|

γ

γhγh−1 γN+1γN

Fig. 0.4 The cut-off function χh,N (k)

Therefore if we replace v(x − y) with v(x − y)δ(x0 − y0) and we replace

χN (k) with χh,N(k) we obtain, in the limit −h,N → ∞, the Luttinger

model.

Contrary to what happens in the model (0.34), in which the lattice im-

poses an ultraviolet cut-off, the model (0.101) poses either an infrared and

an ultraviolet problem. The fields is written as ψ =
∑N

j=h ψ
(j), where ψ(j)

has propagator with support in γj−1 ≤
√
k2
0 + c2k2 ≤ γj+1. According to

power counting based on dimensional considerations, also in the ultraviolet

region (h > 0) the scaling dimension is 2−n/2−m, but one can take advan-

tage from the non-locality of the potential to improve the scaling dimension

and show that indeed the dimension is always negative; in other words the

theory is superrenormalizable in the ultraviolet while is renormalizable in

the infrared region. The integration of the ultraviolet region is discussed in

detail in [34; 35] and is related to a previous analysis in [29] for the Yukawa2

model. The main idea of the power counting improvement can be grasped

from the following picture Fig. 0.5. Let us consider the kernels W
(k)
2,1 with

k > 0, with one external fields J and two fermions fields ψ; the scaling

dimension is apparently vanishing by power counting. Such kernels can be

decomposed (without loosing the determinant bounds which are essential

for convergence) in a sum of two kind of terms, as shown in Fig. 0.5.

Note that the scaling dimension 2−n/2−m in the ultraviolet region is

obtained integration over all the interactions v(x − y); however the terms

represented by the second graph in Fig. 0.4 remain connected cutting the

wiggly line representing the non local interaction v(x − y), so that we can

simply bound v by a constant and use one of the two propagators to perform

the integral over the coordinates; this gives a gain γ−2k in the bound, so

that the dimension becomes negative for such terms. More explicitly, the
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+ +

Fig. 0.5 Decomposition of W
(k)
2,1 : the gray blobs represent respectively W

(k)
2,1 and W

(k)
2,2 ,

the paired wiggly lines represent v, the paired line g(k,N)

second term in Fig. 0.4 can be bounded by

C|λ̃∞||v|L∞ |W (k)
2,2 |L1

∑

k≤i′≤j≤i≤N

|g(j)|L1 |g(i)|L1 |g(i′)|L∞ ≤ Cλ̃2
∞γ

−2k

(0.106)

On the other hand the first kind of terms in Fig. 0.4 becomes disconnected

cutting the internal wiggly line; however the local part of the first term is

vanishing by symmetry as∫
dx[g(k,N)

ε (x − z)]2 = 0 (0.107)

so that the bound in the first term has an extra γ−k. A similar power

counting improvement can be repeated for the other terms to show that

the dimension is always negative in the ultraviolet region. Note that in this

analysis is essential that the interaction is short ranged, and it cannot be

repeated for a local interaction in which |v|L∞ is not bounded.

After the integration of the ultraviolet fields ψ(N), ψ(N−1), ..., ψ(0), we

get a Grassman integral very similar to (0.67), with the difference that

Grassman fields have propagators g
(h,0)
T,ε (x − y) (0.81) with c replacing vF ;

the integration of the infrared scales is similar to the one for the model

(0.34) but by symmetry νj = δj = 0, Z̃
(1)
j = Z̃

(2)
j and the single scale

propagator is given by g
(h)
T,ε(x − y) with vF replaced by c. In the chain

model, as we have seen, Lorentz symmetry is broken so that δj 6= 0 (the

velocity is renormalized) and Z
(1)
h−1 6 Z(2)

h−1 = 1 + O(λ) (ρ and J are not

component of the relativistic current). The effective coupling verify a flow

equation

λ̃j−1 = λ̃j + β̄
(j)
λ (λ̃j , ...λ̃0) +O(λ̃2

∞γ
ϑj) , (0.108)

where β̄
(j)
λ (λ̃j , ...λ̃j) is the same as function of λ̃j of the one appearing in

(0.83) for the model (0.101), provided that we choose c = vF ; the same is
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true for β̄
(j)
1 (0.88). Moreover

Z̃j ∼ γηj η = logγ(1 + β̄(−∞)
z (λ̃−∞, ..., λ̃−∞)) (0.109)

where β̄
(−∞)
z is the same as appearing in (0.86)

We have then seen that the dominant part of the beta function for the

effective coupling λ̃j and for Z̃1
j /Z̃j coincides with the one of the chain

model (0.34). We will take now advantage from the fact that the model

(0.101) verify extra symmetries, which at the end will lead to the proof

of (0.84) and (0.89). Note first that, denoting 〈...〉h,N the averages in the

model (0.101) with infrared cut-off γh and ultraviolet cut-off γN , for mo-

menta k ∼ γh we get, if Dε(k) = −ik0 + εck

〈ρ̂pψ̂−
2k,εψ̂

+
−k,ε〉h,N = − Z̃

(1)
h

Z̃2
hDε(k)2

(1 +O(λ̃2
h)) (0.110)

〈ψ̂−
k,εψ̂

+
k,ε〉h,N =

1

Z̃hDε(k)
(1 +O(λ̃2

h)) (0.111)

〈ψ̂−
k,+ψ̂

+
−k,+ψ̂

−
k,−ψ̂

+
−k,−〉h,N =

−λ̃h +O(λ̃2
h)

Z̃2
hD+(k)2D−(k)2

(0.112)

From the above equations we see that the value of the effective renormaliza-

tions Z̃
(1)
h , Z̃h and of the effective coupling λ̃h are related to the value of the

two, three and four point functions with an infrared scale γh, computed for

momenta close to the infrared cut-off scale. On the other hand, the value

of Z̃
(1)
k , Z̃k, λ̃k for k ≥ h in a theory with infrared cut-off at scale γh are

the same as in a theory with no infrared cut-off, as a consequence of the

compact support properties of the single scale propagators. Therefore, we

can consider a sequence of models varying the value of the infrared cut-off

scale; if we can derive a set of Ward Identities relating the correlations and

we compute them at the infrared scale, we get, from (0.110),(0.111),(0.112),

relations between the effective renormalizations and couplings. In order to

do that one has to face a well known problem, which is present in any Wilso-

nian RG approach; the momentum cut-off breaks the local symmetries and

produces additional terms in the Ward identities.

In order to understand the idea let us start considering the functional

integral (0.101) in which the cut-off function χh,N is replaced by 1; the

Grassmann integral is therefore only formal (to be well defined it requires

a regularization) but let us for the moment ignore this fact. We can now

perform the change of variables

ψ±
x,ε → e±iαε,xψ±

x,ε (0.113)
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and perform a derivative with respect to αx,ε and to the external fields we

get the following Ward Identity, if Dε(p) = −ip0 + εcp

Dε(p)〈ρ̂p,εψ̂−
k−p,ε′ ψ̂

+
k,ε′〉 = δε,ε′

[
〈ψ̂−

k−p,ε′ψ̂
+
k−p,ε′〉 − 〈ψ̂−

k,ε′ ψ̂
+
k,ε′〉

]
(0.114)

This relation says that the two and three point function are not independent

and it suggests, using (0.110),(0.111), that Z̃
(1)
h ∼ Z̃h, that is the current

renormalization and the wave function renormalization diverges with the

same exponent. However, the above Ward Identity is not true in presence

of the cut-off function χh,N .

If we repeat the above computation in presence of the cut-off function

χh,N we get that the Ward Identity acquires a correction term; the true

Ward Identity for the model (0.101) is

Dε(p)〈ρ̂p,εψ̂−
k−p,ε′ψ̂

+
k,ε′〉h,N =

δε,ε′
[
〈ψ̂−

k−p,ε′ψ̂
+
k−p,ε′〉h,N − 〈ψ̂−

k,ε′ ψ̂
+
k,ε′〉h,N

]
+ ∆̂ε,ε′(p,k) (0.115)

with

∆̂ε,ε′(p,k) =
1

L2

∑

k′

Ch,N (k′,k′ − p) < ψ̂+
k′,εψ̂

−
k′−p,ε; ψ̂

−
k,ε′ψ̂

+
k−p,ε′ >

(0.116)

where

Ch,N(k,k−p) = (χ−1
h,N (k−p)−1)Dε(k−p)−(χ−1

h,N(k)−1)Dε(k) (0.117)

With respect to the (0.114), the presence of the infrared and ultraviolet cut

Dε(p)

k q

p = k − q

=

q

q

−

k

k

+ ∆̂ε,ε′

k q

p

Fig. 0.6 Graphical representation of the Ward identity (0.115)
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off produce the extra term ∆εε′ (p,k) in (0.115); its presence can be easily

checked at lowest order in perturbation theory starting from the following

(trivial) identity for the propagator (0.104)

Dε(p)
χh,N (k)

Dε(k)

χh,N (k − p)

Dε(k − p)
=
χh,N(k − p)

Dε(k − p)
− χh,N (k)

Dε(k)
+

Ch,N (k,k − p)
χh,N (k)

Dε(k)

χh,N(k − p)

Dε(k − p)
(0.118)

Following the previous formal computation, one could be tempted to

conclude that ∆ε,ε′ is vanishing in the limit −h,N → ∞; this con-

clusion is however false and the following formula holds, proved in [34;

35]

∆ε,ε′ (p,k) = (0.119)

λ̃∞
4πc

v(p)D−ε(p)〈ρ̂p,−εψ̂−
k−p,ε′ψ̂

+
k,ε′〉h,N +Dε(p)Rε,ε′ (p;k)

and, for h ≤ 0 , N large enough and |p|, |k| ∼ γh

|Rε,ε′(p;k)| ≤ C|λ̃∞|γ
−2h

Zh
(0.120)

Again the proof of (0.120) is technical, but the main ideas can be under-

stood qualitatively. The term ∆ε,ε′ can be written as the derivative of a

Grasmman integral, similar to (0.101) but in which
∫
dxJµ,xjµ,x is replaced

by
∫
dkdpJpCh,N (k,k + p)ψ̂+

k,εψ̂
−
k+p,ε (0.121)

The analysis of the ultraviolet scales is similar to the one of (0.101); the

+ +

Fig. 0.7 Decomposition of fW
(k)
1,2

terms with two external fermionic fields and a J external field W̃
(h)
2,1 are
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again dimensionally marginal and one needs a dimensional improvement

produced by the decomposition. The second term in Fig. 0.7 represents

the terms which remain connected cutting the wiggly line representing the

non local interaction v(x−y), so that we can simply bound v by a constant

and use one of the two propagators to perform the integral over the coordi-

nates; this gives a gain γ−2k in the bound, so that the dimension becomes

negative for such terms. There is however an extra gain due to the fact that

necessarily at least one of the two fields in (0.121) must have scale N ; this

is a consequence of the definition (0.117) (1−χN has to be non vanishing).

Therefore, the second term in Fig. 0.7 can be bounded by

C|λ̃∞||v|L∞ |W̃ (k)
2,2 |L1

∑

k≤i′≤j≤i≤N

|g(N)|L1 |g(i)|L1 |g(i′)|L∞ ≤ Cλ̃2
∞γ

−N−k

(0.122)

so that its contribution is now vanishing as N → ∞. Another crucial

difference with respect to the analysis in (0.4) is the fact that the local part

of the bubble in the first term is non vanishing and given by

lim
N→∞

λ̃∞

∫
dk

(2π)2
CN (k,k − p)g(≤N)

ε (k)g(≤N)
ε (k − p)|p=0 (0.123)

= − λ̃∞
4πc

D−ε(p)

∫ ∞

0

dρχ′
0(ρ) =

λ̃∞
4πc

D−ε(p)

This explain the presence of the first term of the r.h.s. of (0.120).

By inserting (0.120) in (0.115), computing the resulting expression at

the cut-off scale γh and using (0.110)a and (0.111) we get that

Z̃
(1)
h

Z̃h
= 1 +O(λ̄2

h) (0.124)

Comparing this with (0.88) we get, by a contradiction argument, the asymp-

totic vanishing of the beta function (0.89).

A similar argument can be repeated for proving (0.84). One writes a

Schwinger-Dyson equation for the model (0.101), that is

−〈ψ−
k1,+

ψ+
k2,+

ψ−
k3,−

ψ+
k4,−

〉h,N = λ̃∞ĝ
(h,N)
− (k4)

[
v(k1 − k2)

〈ψ−
k1,+

ψ+
k2,+

ρk1−k2,+〉h,N 〈ψ−
k3,−

ψ+
k3,−

〉h,N
+

1

L2

∑

p

λ̃∞v̂(p)〈ρp,+ψ−
k1,+

ψ+
k2,+

ψ−
k3,−

ψ+
k4−p,−〉h,N

]
(0.125)

The l.h.s is proportional to λh when ki ∼ γh by (0.112) and one writes

in the first term in the r.h.s. the function 〈ψ−
k1,+

ψ+
k2,+

ρk1−k2,+〉 in terms
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of the 2-point function by using the Ward Identity (0.120) and (0.115).

Similarly we can use for the second term in the r.h.s. a Ward identity

for 〈ρp,+ψ−
k1,+

ψ+
k2,+

ψ−
k3,−

ψ+
k4−p,−〉h,N ; now one gets a term involving the

integral of the correction R in the Ward Identity and the main technical

problem, discussed in [33],[42], is to bound such a term uniformly in h; the

conclusion is that the r.h.s. is proportional to λ̃∞ + O(λ̃2
∞) and this im-

plies the vanishing of the beta function in (0.108) and consequently (0.84);

therefore λ̃−∞ is analytic in λ̃∞ and

λ̃−∞ = λ̃∞ +O(λ̃2
∞) (0.126)

0.6 Ward Identities and anomalies

In the previous section we have considered a fermionic model (0.101) with

linear dispersion relation, a momentum infrared and ultraviolet cut-off and

a non-local interaction; the infrared behavior of this model is the same as

the one of the chain model (0.34) but it verifies extra symmetries allowing to

deduce Ward Identities. The momentum cut-off produces corrections with

respect to the naive Ward Identities which are not small at all, and are

not vanishing even when cut-offs are removed. Indeed (0.115) and (0.120)

acquire a simpler form in the limit −h,N → ∞ at fixed momenta where

they can be rewritten as

Dε(p)〈ρ̂p,εψ̂−
k−p,εψ̂

+
k,ε〉 =

〈ψ̂−
k−p,εψ̂

+
k−p,ε〉 − 〈ψ̂−

k,εψ̂
+
k,ε〉 +

λ̃∞
4πc

D−ε(p)〈ρ̂p,−εψ̂−
k−p,εψ̂

+
k,ε〉

D−ε(p)〈ρ̂p,−εψ̂−
k−p,εψ̂

+
k,ε〉 =

λ̃∞
4πc

Dε(p)〈ρ̂p,εψ̂−
k−p,εψ̂

+
k,ε〉 (0.127)

or, using the relativistic notation jµ = ψ̄γµψ jµ,5 = ψ̄γµγ5ψ and using that

j0 = −ij5,1 = ρ1 + ρ−1, j1 = ij5,0 = i(ρ1 − ρ−1) and calling pµ = (ω, cp)

−ipµ < jµ,pψkψ
+
k+p >= A[< ψkψ

+
k > − < ψk+pψ

+
k+p >] (0.128)

−ipµ < j5,µ,pψkψ
+
k+p >= Āγ5[< ψkψ

+
k > − < ψk+pψ

+
k+p >]

with

A(p) =
1

1− τ v̂(p)
Ā(p) =

1

1 + τ v̂(p)
(0.129)

and

τ =
λ̃∞
4πc

(0.130)
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In the same way the Ward Identities for the density operators in the

model (0.101) are, in the limit of removed cut-off −h,N → ∞

D+(p) < ρp,+ρ−p,+ > −τD−(p) < ρp,−ρ−p,+ >=
1

4πc
D−(p)

D−(p) < ρp,−ρ−p,+ > −τD+(p) < ρp,+ρ−p,+ >= 0 (0.131)

from which we get

< j(0))p j
(0)
−p >= − 1

4πc

1

1 − τ2
[
D−(p)

D+(p)
+
D+(p)

D−(p)
− 2τ ]

< j(1))p j
(1)
−p >= − 1

4πc

1

1 − τ2
[
D−(p)

D+(p)
+
D+(p)

D−(p)
+ 2τ ] (0.132)

Finally we can write the Schwinger-function for the 2-point function in

the model (0.101)

〈ψ−
k,εψ

+
k,ε〉h,N = g[h,N ]

ω (k) +

λ̃∞g
[h,N ]
ε (k)

1

L2

∑

p

v̂(p)〈ρp,−εψ−
k,−ψ

+
k−p,−〉h,N

]
(0.133)

We can now insert in the last term the Ward Identity (0.115) and (0.120);

it turns out that the integral of the correction is vanishing so that in the

limit −h,N → ∞

Dε(k)〈ψ̂−
k,εψ̂

+
k,ε〉 = 1 + λ̃∞

∫
dp

(2π)2
[A(p) − Ā(p)]

v(p)

D−ε(p)
〈ψ̂−

k−p,εψ̂
+
k−p,ε〉
(0.134)

Passing in Fourier transform we get a PDE whose solution is given by

〈ψ−
x ψ

+
y 〉 ∼ gε(x − y)

1

|x − y|η (0.135)

with

η =
λ̃∞
4πc

[
1

1 − τ
− 1

1 + τ
] (0.136)

In the same way we can consider the limit of removed cut-off of (0.125) and

we get

〈ψ+
x,εψ

−
x,−εψ

+
y,−εψ

−
y,ε〉T ∼ C

|x− y|2X+
(0.137)

and

〈ψ+
x,εψ

+
x,−εψ

−
y,−εψ

−
y,ε〉T ∼ C

|x − y|2X−
(0.138)
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so that

X+ = 1 − Ā(0)(λ∞/2πc) = 1 − (λ̃∞/2πc)

1 + (λ̃∞/4πc)

X=1 +A(0)(λ∞/2πc) = 1 +
(λ̃∞/2πc)

1− (λ̃∞/4πc)
; (0.139)

The exponents in the model (0.101) verify the relations (0.48), even if the

exponents are of course different with respect to the Luttinger model ones

(0.22).

The Grassmann integral (0.101) (with no infrared cut-off) can be rewrit-

ten, via an Hubbard-Stratonovich transformation, in the following way if

λ̃∞ = e2

WN (J, φ) = (0.140)

log

∫
P (dψ(≤N))P (dA)e

R
dx[eψ̄x(Aµ,xγµ)ψx+Jµ,xAµ,x+φxψ̄x+φ̄xψx]

in which the bosonic propagator is given by < Aµ,xAν,y >= δµ,νv(x − y).

Therefore, the model (0.101) can be equivalently written as a Quantum

Field Theory model in d = 1 + 1 in which massless Dirac fermions interact

with a vector boson field. The WI (0.130) can be rewritten as

−iγµpµ < j5,µ,pψk,ωψ̄k+p >= (0.141)

[< ψkψ̄k > − < ψk+pψ̄
−
k+p >] +

τ

e
εµ,ν < Aν,pψk,ωψ̄k+p >

where we have used that

εµ,ν < Aν,pψk,ωψ̄k+p >= ev(p) < j5,µ,pψk,ωψ̄k+p > (0.142)

where τ
e = e

4πc is the chiral anomaly. The anomaly is linear in e, a prop-

erty called anomaly non renormalization; it was first proved by Adler

and Bardeen as an identity in perturbation theory [44] in QED4 and

(0.141) is the form it acquires in d = 1 + 1, see [45]. The results in [44;

45] are however true order by order in the expansion, while (0.141) is a non

perturbative statement (it makes no use of the loop cancellation or on any

graphs arguments) obtained by a rigorous analysis of Grassmann integrals,

and its validity relies on (0.120).

The model (0.101) can be also considered a regularization of the

massless Thirring model [4]; more exactly, if v(x) is a regularized delta

and limK→∞ v(x) = δ(x), the Thirring model can be constructed tak-

ing the limits K,N → ∞. Such limit gives a non trivial limit only if
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we perform the change of variables ψ →
√
Zψ and we choose Z diverg-

ing in the limit K,N → ∞. If the limit K → ∞ is removed after

the limit N → ∞ one has to choose Z = γ−ηK and it is found [34;

42] that the WI is given by (0.129), (0.129),(0.130) with v(p) replaced

by 1. This Ward Identity, obtained by the analysis of the Grassman in-

tegral (0.101), coincides with the one derived by Johnson [4] postulating

the validity of anomalous commutation rules

[ψ(x), j0(y)] = aδ(x− y)ψ(y) [ψ(x), j05 (y)] = āδ(x − y)ψ(y) (0.143)

and fixing the value of a, ā by a self consistence argument.

On the other hand, if one performs the limit in the opposite order, that

is the N → ∞ limit is taken after K → ∞ choosing Z = γ−ηN one finds

again the Ward Identity (0.129), (0.129) but now τ is given by [43]

τ =
λ̃∞
4πc

+ bλ̃2
∞ +O(λ̃3

∞) (0.144)

that is the anomaly acquires higher orders corrections. The validity of the

anomaly non renormalization in the Thirring model depends then on how

the cut-offs are removed. Having higher orders correction in the anomaly

would prevent to get simple expressions of the exponents like (0.137),

(0.138) and would prevent the possibility of checking the scaling relations.

The Ward Identities (0.129) for the lattice model (0.34) are different

with respect to the Luttinger model ones (0.32), (0.33). However a Renor-

malization Group analysis similar to the one for the model (0.101) could

be repeated also for the Luttinger model; in such case, the cut-off χN (k)

should be replaced by a cut-off involving only the spatial momenta, that is

χN (k) depending only from the spatial momentum. The ultraviolet fields

can be integrated [46] and the Ward Identities acquire a correction given

by (0.115) with

lim
−h,N→∞

∆ε,ε′(p;k) =
λ̃∞
2π

v̂(p)p〈ρp,−εψ̂−
k−p,ε′ ψ̂

+
k,ε′〉 (0.145)

The computation is analogue to (0.123) with χN (k) replaced by χN (k).

Therefore (0.127) is replaced by

Dε(p)〈ρ̂p,εψ̂−
k−p,εψ̂

+
k,ε〉 =

〈ψ̂−
k−p,εψ̂

+
k−p,ε〉 − 〈ψ̂−

k,εψ̂
+
k,ε〉 +

λ̃∞
2π

p〈ρ̂p,−εψ̂−
k−p,εψ̂

+
k,ε〉

D−ε(p)〈ρ̂p,−εψ̂−
k−p,εψ̂

+
k,ε〉 =

λ̃∞
2π

p〈ρ̂p,εψ̂−
k−p,εψ̂

+
k,ε〉 (0.146)
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from which (0.32), (0.33) are recovered. In this case the anomaly produces

two different velocities in the Ward Identity, related to charge and current

excitations; on the contrary, this phenomenon cannot appear in (0.101)

due to Lorentz invariance, and the anomaly produces the asymmetry of the

renormalization of the current and chiral current A 6= Ā.

0.7 Proof of the Luttinger liquid relations in non solvable

models

The conclusion of the above analysis is that the exponents of the chain

model (0.34) can be written in terms of convergent expansions; such series

allow to compute the indices with arbitrary precision (with explicit compu-

tation of lowest orders and a rigorous bounds of the rest), but their extreme

complexity makes impossible the explicit verification of the Luttinger liquid

relations (0.48) and (0.49) from them.

We have seen that the critical exponents η, X+, X− can be represented

as power series in the variable λ−∞/vF and we can choose λ̃∞(λ) and

c = vF (λ) in the model (0.101) so that, by using (0.126) and (0.85)

λ−∞(λ) = λ̃−∞(λ̃∞) (0.147)

As a consequence of (0.109), with this choice of c, λ̃∞ the exponents of the

model (0.101) and (0.34) are the same. In addition it is a corollary of

the RG analysis the validity of rigorous relations between the correlations

of the model (0.34) and (0.101); that is, for |k|, |k + p| ≤ κ (in the l.h.s

are correlations for the chain model (0.34) and in the r.h.s. for the model

(0.101))

< ρ̂pâ
+
k+εpF

â−k+εp+pF
>=

Z(3)

Z2
< ĵ0,pψ̂

+
k,εψ̂

−
k+p,ε > (1 + r1)(0.148)

< Ĵpâ
+
k+εpF

â−k+p+pω
F
>=

Z̃(3)

Z2
< ĵ1,pψ̂

+
k,εψ̂

−
k+p,ε > (1 + r2)

with |r1|, |r2| ≤ Cκϑ where

Z̃(3)

Z(3) sin pF
= 1 + 2a1λ+O(λ2) (0.149)

with

a1 =
1

2πvF
[v̂(0) − v̂(2pF )] . (0.150)

In order to prove (0.148)we note that the models (0.34) and (0.101) differ

by irrelevant terms in the infrared region, and we can tune the (finite) value
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of the wave function renormalization and of the vertex or current renormal-

ization at scale h = 0 so that the corresponding running renormalizations

are asymptotically coinciding as h → −∞. Note also that Z (3) and Z̃(3)

are different, as a consequence of the fact that in the lattice model (0.34)

Lorentz symmetry is broken by the irrelevant terms; this can be explicitly

checked at lowest order computing the two graphs in fig 0.8 for the lattice

model (0.34).

k

k − p

pp

k̃

k̃− p p

k

k − p

k − k̃

k̃

k̃ − p

Fig. 0.8 The first order contributions to Z(3) and eZ(3), giving the value is ±a1

Similarly the current-current or the density-density renormalizations are

related by the following relations

< ρ̂pρ̂−p >= [
Z(3)

Z
]2 < ĵ0,pĵ0,−p > +Âρ,ρ(p) (0.151)

< ĴpĴ−p >= [
Z̃(3)

Z
]2 < ĵ1,pĵi,−p > +Âj,j(p)

with

|Aρ,ρ(x)|, |Aj,j(x)| ≤ C

|x|2+ϑ (0.152)

Therefore Aρ,ρ(p), Aj,j(p) are continuous (and with a nonvanishing limit

in p = 0), while < ρ̂pρ̂−p >,< ĴpĴ−p > are not continuous; this regularity

improvement is a consequence of the fact that such terms are generated by

the presence of the irrelevant terms.

With the above choice of λ̃∞ and c = vF the exponents of the chain

model (0.34) coincides with the exponents of (0.101), which are expressed

by (0.136) and (0.139), so that the expoents verify Luttinger liquid relations

(0.48) with

K =
1 − (λ̃∞/4πvF )

1 + (λ̃∞/4πvF )
(0.153)

. and

λ̃∞ = λ[v̂(0) − v̂(2pF )] +O(λ2) vF = sin pF +O(λ) (0.154)
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depending from all the model details. It remains to prove (0.49). Note first

that the Ward Identies of the model (0.101), namely (0.129), implies the

following Ward Identities for the model (0.34), for |k|, |k +p| ≤ κ, through

(0.148)

−ip0 < ρ̂pâ
+
k+εpF

â−k+p+εpF
> +εpvF

Z(3)

Z̃(3)
< Ĵpâ

+
k+εpF

â−k+p+εpF
>=

Z(3)

Z

1

(1 − τ)
[〈â+

k+εpF
â−k+εpF

〉 − 〈â+
k+p+εpF

â−k+p+εpF
〉](1 +O(κϑ))(0.155)

and

−ip0 < Ĵpâ
+
k â

−
k+p > +εpvF

Z̃(3)

Z(3)
< ρ̂pâ

+
k â

−
k+p >=

Z̃(3)

Z

1

(1 + τ)
[〈â+

k â
−
k 〉 − 〈â+

k+pâ
−
k+p〉](1 +O(κϑ))

The first Ward Identity must coincide with the exact Ward Identity

found for the model (0.34), obtained by the continuity equation; we see

then that the finite renormalizations are not independent but are related

by the following exact relations

Z(3)

(1 − τ)Z
= 1 vF

Z(3)

Z̃(3)
= 1 (0.156)

from which

K = 1 − 1

πvF
[v̂(0) − v̂(2pF )]λ+O(λ2) (0.157)

By (0.156) and calling Jp = vF jp we get

−ip0 < ρ̂pâ
+
k+εpF

â−k+p+εpF
> +εpvF < ĵpâ

+
k+εpF

â−k+p+εpF
>=

[〈â+
k+εpF

â−k+εpF
〉 − 〈â+

k+p+εpF
â−k+p+εpF

〉](1 +O(κϑ)) (0.158)

and

−ip0 < ĵpâ
+
k â

−
k+p > +εpvF < ρ̂pâ

+
k â

−
k+p >=

K[〈â+
k â

−
k 〉 − 〈â+

k+pâ
−
k+p〉](1 +O(κϑ)) (0.159)

The first Ward Identity (0.158) for the chain model (0.34) was derived by

the continuity equation, while the second follows from emerging chiral sym-

metry and cannot be derived directly by the symmetries of the hamiltonian.

From (0.132) and (0.151) we get, if Dε(p) = −iω + εvF p

< ρ̂pρ̂−p >= [
Z(3)

Z
]2

1

4πvF

1

1 − τ2
[
D−(p)

D+(p)
+
D+(p)

D−(p)
−2τ ]+Âρ,ρ(p) (0.160)
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As we noticed Âρ,ρ(p) is continuous and its value at p = 0 is determined

by the condition (0.43), that is < ρ̂pρ̂−p >0,p= 0; with this value of Âρ,ρ(0)

we het

< ρ̂pρ̂−p >= [
Z(3)

Z
]2

1

4πvF

1

1 − τ2

v2
F p

2

ω2 + v2
F p

2
+O(p) (0.161)

Finally, using (0.153) and (0.156) we get

< ρ̂pρ̂−p >=
K

πvF

v2
F p

2

ω2 + v2
F p

2
+O(p) (0.162)

and the conclusion is that

κ = lim
p→0

lim
ω→0

< ρ̂pρ̂−p >=
K

πvF
(0.163)

In the same way we get

< ĴpĴ−p >= [
Z̃(3)

Z
]2

1

4πvF

1

1 − τ2
[
D−(p)

D+(p)
+
D+(p)

D−(p)
+2τ ]+Âj,j(p) (0.164)

and using (0.153) and (0.156) we get

D(p) =
KvF
π

ω2

ω2 + v2
F p

2
+O(ω) (0.165)

so that

D = lim
ω→0

lim
p→0

D(p) =
KvF
π

(0.166)

This concludes the proof of (0.48) (0.49) for the a generic non solvable

chain model (0.34) and coupling not too large.

0.8 Conclusions

We have reviewed a recent approach to one dimensional systems of in-

teracting fermions based on exact Renormalization Group and Construc-

tive Quantum Field Theory methods. The exponents and several physi-

cal quantities can be written in terms of convergent expansions and sev-

eral Luttinger liquid relations are rigorously established, via a combination

of regularity results and emerging Ward Identites related to asymptotic

symmetries. Such relations are true in the Luttinger model, whose lin-

ear dispersion relation allows an exact solution, but their validity in more
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realistic fermionic models with non linear dispersion relation (as lattice

or Jellium models), even if widely accepted, was unproven except in cer-

tain particular solvable cases. The approach reviewed above proves the

validity of the Luttinger liquid conjecture, in the Euclidean region and

for coupling not too large (the analytic estimate of the convergence ra-

dius could be improved by computer assisted analysis, as for KAM se-

ries), for generic 1D systems solvable or not solvable; we have focused to

spinless lattice fermions for definiteness, but the proof holds for contin-

uum Jellium models or spinning Hubbard models with repulsive interac-

tion in the non half filled band case. A similar approach has been applied

also to classical bidimensional spin models like the Ashkin-Teller or the

Eight vertex or any models of coupled spins with a quartic interaction [47;

43], where a proof of several of the Kadanoff relations between critical ex-

ponents [9] has been achieved. An important feature of this approach is

that the irrelevant terms are fully taken into account: the analysis is per-

formed at Euclidean times but the irrelevant terms are expected to play an

even more important role at real times. Therefore, it would be important

to extend such exact methods to the computation of the dynamic responses

at real frequencies.
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