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Abstract

Motivated by the problem of long time stability vs. instability of KAM tori of the
Nonlinear cubic Schrédinger equation (NLS) on the two dimensional torus T? := (R/27Z)?,
we consider a quasi-periodically forced NLS equation on T? arising from the linearization of
the NLS at a KAM torus. We prove a reducibility result as well as long time stability of the
origin. The main novelty is to obtain the precise asymptotic expansion of the frequencies
which allows us to impose Melnikov conditions at arbitrary order.

1 Introduction and main results
The nonlinear cubic Schrédinger equation on the two dimensional torus T? := (R/277Z)?
00 = —Av + [v]*v, 2 €T? (1.1)

is one of the fundamental equations in mathematical physics. The pioneering work by Bourgain
[TT] ensures that the equation is locally well-posed for any data in H*(T?) for all s > 0, where

[ullfrs = (Z (1+ Inl)zslﬂn2> :

n€ez?

Much less is known on the long time behaviour of the solutions, and in the last ten years a rich and
diverse dynamics has been discovered for . Such dynamics comprise both “regular” dynamics,
such as periodic [25], quasiperiodic [16] 26] [38], almost-periodic [13] [10] trajectories contained in
invariant tori, and more “irregular” one, such as weakly turbulent trajectories undergoing energy
cascade phenomena [14], 24 22] 27], 21].

A particularly interesting long term goal is to understand the interplay of these two behaviours,
in particular whether there are weakly turbulent trajectories connecting distinct invariant tori.

An important intermediate step is to understand the local dynamics close to these invariant
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sets, namely if one takes an initial datum close to an invariant torus, for how long does its
trajectory stay close to the torus? The next step is to show that, beyond the stability times,
unstable phenomena occur, and one may explicitly construct orbits which start J-close to an
invariant torus and then slowly drift away by a finite but arbitrarily large factor. A convenient
way of ensuring that trajectories do not stay close to a given torus is to show that they exhibit
a Sobolev norm explosion, namely that after some (very long) time their Sobolev norm, in some
fixed H*(T?) with s # 0, 1, becomes larger than an arbitrary number K (recall that on a given
invariant torus the Sobolev norms are essentially constant).

The simplest invariant object is clearly the fixed point v = 0. In this case stability results
were proved for example in [5], [17, O 4, [6], while instability results in [12], 32} 33 [34], the landmark
result in [14] and subsequent generalizations [24 28] [22]. For these problems a fundamental role
is played by the linearized frequencies at v = 0 of , namely

=% jez? (1.2)

and the interest is either to avoid resonances between them to prove stability results or to exploit
them to create instability phenomena.

A much more challenging problem is to study stability /instability of more complicated invari-
ant objects. The simplest nontrivial invariant objects are the invariant tori of dimension 1 filled
with plane wave solutions of the form u(t, x) = pe!U*=%" ' = |j|2 + p?. Their long time stability
was proved in [I8], whereas their instability in H?®, s € (0,1), in [27]. Again a fundamental role is
played by the resonance properties of the linearized frequencies at plane waves solutions, which
are easily computed to be

" " . (& .
Q; = VIjl* + 20520 = i + fj((;), j€Z\{0} . (1.3)

Here it is important to notice how the correction to the unperturbed frequencies decays in
7], namely whatever is the direction of the vector j € Z2.

The next studied invariant objects have been the so-called finite gap solutions, which are
solutions for the integrable 1d cubic NLS. In particular, they are solutions of depending only
on 1 variable, say x1, but they are quasi-periodic in time and fill invariant tori of finite dimension
d € N. Their long time stability has been studied in [35] (see also [29]) whereas their instability,
again in H® with s € (0,1) in [2I]. As the reader might guess, again a fundamental role is played
by the linearized frequencies at finite gap solutions. In this case it is quite involved to compute
their expression, and it requires partial Birkhoff normal form, a sort of “1d pseudodifferential
normal form” and KAM reducibility techniques. The final result is that they expand as
a(m R; .
<T(n>2) + ﬁ j=(m,n)eZ*\ {0}, (1.4)
where p(j) has a finite number of possible values while a, R are of size e. Note the first difference
with and (1.3)): the correction to the unperturbed frequencies depends on the direction of
the vector j = (m,n) € Z2.

Q; = 1j1* + u(j) +

Towards stability /instability of KAM tori. The next natural step is to study the long time
stability vs instability of more general (truly bidimensional) quasiperiodic tori of Procesi-Procesi
[38]. There are a number of very serious difficulties to overcome in order to deal with this more
general case. Again the main challenge is to obtain the correct asymptotic expansion of the
linearized frequencies at KAM tori, namely the analogous of formulas , . This is a very
hard problem which requires new ideas with respect to the finite gap case.



The goal of this paper is to settle the machinery to obtain such asymptotics and to apply
them to study a simplified NLS-like equation which, despite not having a particular physical
interest, contains the main difficulties to be overcome in order to tackle the full problem of
stability /instability of KAM tori.

In order to justify the model and the simplifications that we will introduce, let us first give
a brief description of how the KAM-solutions appear. The first step is to choose an appropriate
approximate solution, typically a solution of the linearized equation at v = 0, which is the starting
point of a quadratic algorithm which converges to a true solution. The idea in [26] 37 43] is to
fix a finite set S = {k™M ... k(D) C Z? (of maximal rank), look for solutions of close to

vlin(ta (E) _ Z /Sj eij»w-&—imﬂ7

JES

and show that for most choices of S and many choices of £ € ]Rff_ (in some small ball of radius ¢)
there exists a true solution ¢ of (|1.1)) essentially supported on the Fourier modes in S which is
quasi-periodic in time with frequency

w= ()i,  wi= kPP +0().

Since the NLS equation is Gauge and translation invariant it turns out that the solutions in [38]
have the form of covariant quasi-periodic traveling waves, according to the following definition:

Definition 1.1 (Quasi-periodic traveling waves). Let K € Matyx2(Z) (of mazimal rank) with
k" k@
K=" Wl - 1.5
<k(21> kW (1-5)
A function q(p, x) is called a quasi-periodic traveling wave if it has the form

q(p, ) :== Q¢ + Kz)

where Q: T4 — C is a real analytic function.
We say that a traveling wave is Gauge covariant if Q is a function with Fourier coefficients
supported in the set {€: £-1 =1}, i.e.

Qo+t =e'Q(p), T1=(1,...,1)ezt. (1.6)

We say it is Gauge invariant if supported in the set {£: £ - 1= 0}. Finally we set

a d
Q12 =Y ™ Q)*(0)*® < oo, for a>0,p> 3 (L.7)
‘
Note that Gauge covariant, quasi-periodic traveling waves satisfy
4(p + K¢, o) = 1ealp, ), V¢ € R? (1.8)
g(p+1t1,) =e'q(p,-), VEER, (1.9)

where 7¢ is the translation operator (r¢u)(x) := u(x + ¢). In this sense, the solutions in [38] are
covariant quasiperiodic traveling waves of the form

¢ (wt, ) = 4% (p, 7)]p=ur = Qwt + Kz) (1.10)



where w € R? belongs to a Cantor-like set of positive measure and K as in (L.5)).
Linearizing (|1.1)) at ¢P, one gets the equation

i0u = —Au + A(wt)u + N (wt, u) (1.11)

with ) )
A(p)u = 2|¢ (¢, )[*u + ¢ (¢, )"u ,
N(p,u) = 2¢% (¢, ) ul* + 7% (¢, )u® + [ul*u .

As the original equation (|1.1)) is gauge and translation covariant and ¢9P (¢, x) is a gauge covariant
quasi-periodic traveling wave, the linear operator A(p) and the nonlinearity A (¢, u) fulfill the
following covariant properties, as we show in Appendix [C} for any (¢,¢,t) € T? x R?2 x R

(1.12)

Alp 1) o c = o Aly), A+ KO or = 72 0 Al), (113)
N(p +t1,etu) = el o N(p,u), N(p+ K, meu) = 7e o N (i, u) (1.14)

The fact that one may reduce to constant coefficients the operator A(p) was already discussed
in [37, B8] (and is actually simpler to prove than in the case of finite gap solutions [35]). On
the other hand the methods of [37, [38] do not give any information on the asymptotics of the
frequencies, and actually one can prove that an expansion as the one in cannot hold. Then
one is not able to prove that the non-resonance conditions hold and one may not prove neither
the stability result nor the successive instability one.

The results. As we already mentioned, the goal is this paper is to initiate the analysis of
stability /instability of the general case by studying the nonlinear stability problem for a simplified
non-resonant model, which contains only the difficulties related to the Melnikov conditions and
avoids the further algebraic complications (which one expects to deal with exactly as in [37] and
[35]). To this purpose we study the following simplified model:

iuy — Au+ ¥ (wt, z)u + 05 2(t, x,u,u) =0, reT?. (1.15)
We make the following assumptions on ¥ and £:

(HY) ¥ (wt,z) is the multiplication operator by an analytic gauge invariant traveling wave (see
Definition [1.1)), namely

YV (wt,x) =V(wt+Kz), V()= Z V(0)el?, (1.16)
Lezd

with the constraint that

d
V() =0 Yl:a(t)=0, or Y £i#0. (1.17)
i=1
(HZ?) The non linear term Z(t,x,y1,y2) = P(wt + Kz, y1,y2) with P an analytic function on
Td X Bro (O)a

il diy d £|_.di+d
P,y v2) = Y Prayan€ uiy5*, [Pllaxe = Y [Pray.an|e?ri ™ < o0,
é,d1,d2 €7d11d2

with a zero of order at least two and satisfying the invariance property

P(p+t1, ey, e ys) = P(p,y1,92) -



Remark 1.2. We model ¥ on the first term of the operator A(y) in (1.12)), namely the multipli-
cation operator by ¢ (wt, x)[?, which is a gauge invariant traveling wave with [ |q9 (wt, )|*dzx
constant in time. So we assume that the same applies to V.

Remark 1.3. The operator ¥ (p,-) and the nonlinearity (o, -) fulfill (1.13), (1.14).

For any p > 0 we introduce the space P = $P(Z?) := (*(Z?) N hP(Z?) endowed with the
norm
llullp := llullez2) + |ullhez2)-

Note that, by Young inequality, the space $P is an algebra with respect to the convolution
product, i.e.
lu vllp < 2275 ully v, (1.18)

We are now ready to state our stability result.

Theorem 1.4. Fiz p > 0 and consider the equation (1.15). Assume (HY') and (HZ). Let
R:= [~1,1]%. There exist v, €. > 0 and for any v € (0,7.), and any potential V satisfying

€= [V]ap <&, (1.19)

there exist a Cantor-like set C with measure meas(R\ C) < Cv, and r,Tx > 0 such that for
anyw € C, v € (0,r,) the following holds true. For any u € HP, with |u(0)||, < r, the solution
u(t) € H7 of (L.15)) fulfills

T
lu(t)||, < 2r, vt < =R (1.20)

As already mentioned, the proof of Theorem follows the same general scheme of [35] based
on the three steps: 1. Reducibility, 2. Non-resonance conditions, 3. Order three Birkhoff Normal
Form. Since the last step is standard (it is briefly discussed in Section @ we concentrate on the
first two.

We start by studying the reducibility for the Schrédinger operator

A=ig, £=-A+7, (1.21)

in the space $? := (*(Z%) N h?(Z?), where p > 0 is given, which amounts to prove that the
following property holds:

Definition 1.5 (Reducibility). We say that a time dependent Schrédinger operator £ is reducible
on HP if there exists a quasi-periodic in time bounded and invertible linear operator G such that

G.L:= —iG71G + G71 LG = diag(Q?;), Q; €R. (1.22)

In [I5], Eliasson and Kuksin have proven in the analytic setting the existence of an invertible
and time quasi-periodic linear operator G such that G,.£ as in is reduced to a time
independent, block diagonal operator ), under smallness assumptions on € as in and for
a Borel set of frequencies w of asymptotically full measure in e, without the constraint that 7#
is a quasi-periodic traveling wave. Furthermore, it is well known (see for instance [41]) that if
£ is covariant in the sense of (1.13)), then @ is diagonal. However, the reducibility result of [15]
does not provide an asymptotic expansion of the frequencies {£2;};cz2. Thus here we proceed to
prove a more refined result, from which we obtain an asymptotic expansion for {€2;};cz> that
generalizes the one found in [2I] in the finite gap case (see (1.4))). To state our result we first
need two definitions.



Definition 1.6 (Generators). A vector v = (vi,vs) € Z2\ {0} shall be called a generator if
ged(vi,v2) =1 and vy >0 or v=(0,1). (1.23)
We shall denote by V C Z2 \ {0} the set of generators.

From now on, we fix
0<dkl, and pu:=1-26. (1.24)

Definition 1.7. Given j € Z*\ {0}, we define v(j) € V as the first vector w.r.t. the lexicographic
ordering that attains the minimum in

v e 0] (1.25)
and set b(j§) := 7 -v(j). This means that |b(j)| =min{|v-j| | v eV :|v| <|j|°}.

With these notations, we prove the following:
Theorem 1.8. There exist Vi, € > 0 and for any v € (0,7.), any potential V' satisfying ,
there exist a Cantor-like set C with measure meas(R\C) < Cv, a sequence of Lipschitz functions

R 3w~ Qj(w) and a bounded linear operator G, close to the identity and with quasi-periodic
dependence on time, such that for any w € C

G.L = diag(Q;), (1.26)
with
(W) = Qs — L2 @ (v(J), (j)’w)e—n\v(j)\ 0l (,w) 0¥ (j,w)
Rite) =95 =+ =52 oo o T
sup sup (|=(6(7). v(3). )| + [0V (.)| + 0D (G.)]) < 2V .

WER je72

with £ > 0 depending on a and on the matrix K only. Moreover, for any integer N > 3, there
exist Ty > 0,¢y > 0 and a Cantor set Cy C C, such that meas(R\Cn) < ¢}y, and Vw € Cn,
V(¢,L) € Gn, where

gN;:{(E,L)edeZZ2:if€:0, then > [jI*L; #0

JEZ?
d d _
L= 1Ll < N, Y+ Y L=0, Y ak®+ S L, :0}, (1.28)
JEZ? =1 JEZ? =1 JEZ?
one has
lw-€+Q-L|>~()7~. (1.29)

The major step in proving non-resonance conditions ([1.29) is to show that the final frequencies
{Q;}jez> satisfy the asymptotic expansions (1.27)). Actually the problem of exhibiting asymptotic
expansions for the eigenvalues of a linear Schrédinger operator

L=—A+W

on T, n > 1, has been widely investigated already in the case of a time independent W (see for
instance [19, 20}, 42| B0}, BT} B9, [40L 7, [8]). Roughly speaking, in such works one partitions the



spectrum of £ into two subsets: the stable spectrum, which is composed by the eigenvalues such

that )
_ 1412
=[iF+0 (m%) , (1.30)

and the unstable one, namely the set of eigenvalues for which (1.30) does not hold. We point
out that with our notations, stable eigenvalues correspond to those such that

(b(5)) = ()" (1.31)

Refined asymptotic expansions were available in the time independent case also for eigenvalues
in the unstable spectrum, and in [8] it was proven that all the eigenvalues of £ on T? are of the

form
N . N .
iy @, (4) 0,0) 1
Qj - |]|2 +n;1 <b<]>>2n + Z <j>2nu + o <<b(])>2N) ) (132)

n=1

using techniques based on pseudo-differential calculus and a geometric decomposition of the space
of indexes j a la Nekhoroshev (see [36, 23]). However, an expansion of the form would
not suffice in order to show non-resonance conditions (1.29)) at any order IN: this is the reason
why we use a slightly different approach, based on a structure which we refer to as quasi-T6plitz
(see Definition below), and prove expansions . Remark that the major difference with
respect to the expansions is represented by the functions w(b(j), v(j)), namely by the fact
that the terms which decay with (b(j)) depend on the vector j through v(j) and b(j) only and
decay exponentially in v(j). This is the key to proving the non-resonance conditions
Indeed, rewriting
wl+Q L=w-LE£Q; £Q;, £---£Q;,

the asymptotic expansion guarantees that if all the |j;| > [€]%, and either all the |b(j;)| > [£]*2
or |[v(j;)| > |€|, then (1.29) follows by imposing Diophantine conditions on w of the form

w L+ K[> T VA0, VKeZ

(and it is well known that such conditions hold for a positive measure set of w provided that
is small enough).

Following this line of reasoning in (|1.29) we can ignore all the terms ® ? ))>(<jj )> @;))(i}) where
the |j;| are sufficiently large. Similarly we can ignore all the terms % —#lvG)l where

either v(j;) or b(j;) is large. This means that, for |[L| < N, the expression w - £ + Q) - L assumes
(up to a negligible error) only a finite number of distinct values (of cardinality bounded only by
¢) which are small.

In turn this means that one can surely impose conditions of the type provided that 7 is
sufficiently large.

2 Functional setting

2.1 Time-dependent momentum preserving operators.

We shall consider quasi-periodic time dependent operators ¢ — M (wt) € L($HP) with frequency
w € R?, where

M(p) =Y M)e*", M(l) € L(®P), (2.1)
Lezd

that are analytic and momentum preserving according to the following definition:



Definition 2.1 (Momentum preserving operators). Here and in the following we shall define
the linear map 7 : Z¢ — 72

d

(f) L Ek(z) -1 ._ |7T(£)‘ (2 2)

T .—g i , ¢ .—31;13 T .
=1

We say that a time dependent linear operator M (wt) is momentum preserving if
J=g#ml) = M (0= (M), e7) =0 . (2.3)
For any a > 0 we define the norm
(Mo = sup [Muull,, (Mp)j:= > e (o)].
lullp<1 tem()=j—5"

We denote the space of time dependent momentum preserving operators with finite norm as

L,(9P).

Definition 2.2 (Gauge covariant operators). We say that M as above is Gauge covariant if
Z?Zl i # 0 dmplies M7 (£) = 0.

A convienent way of envisioning such operators is as normally analytic maps from a thickened
torus
T?:={peC?: Re(p) e RY/(27Z)%, |Im(p)| <a} — L(H). (2.4)
Remark 2.3. If M € L,(HP), then M(p) € L(HP) for all p € T? and the operator norm satisfies
M (@) 2or) < [M]a-
One may easily verify (see Lemma [2.14) that £,(H?) is in fact an algebra with respect to

composition. Then it is standard to define the commutator and the adjoint action as follows:

Definition 2.4. For M,S € L,($HP), we set adS[M](p) := [M(p),S(¢)] := M(p)S(p) —
S(e)M (), which in matriz form reads

(SO = S0 M) ST () — ST ()M (8).
by +Llo=4

Definition 2.5. We say that M € L,($HP) is self-adjoint if it satisfies

j—m (£ 7 N
M) = M, (=0 (2.5)

so that M(p) is self-adjoint for all ¢ € T?. As is standard, we say that a bounded operator
G € L,(HP) is symplectic if G = 4 with A € L,(HP) self-adjoint.

Remark 2.6. If A, B are self-adjoint, then so isi[A, B]. Consequently, anti self-adjoint operators
form a Lie algebra. Moreover, if M is self-adjoint and G = e is symplectic (i.e., iS is self-
adjoint) then G*MG = exp(ad(S))Mis self-adjoint. Similarly Gauge covariant operators form
a Lie algebra, so if S, M are Gauge covariant, so is G and G~ MG.



Time-dependent changes of variables Given the linear PDE u; = iLu, where £ is a time
dependent Schrodinger operator as in with P € L,(9?P), let G € L,(HP) be a quasi-
periodic in time bounded invertible change of variables of the form G = e with S € L,(HP).
Then, defining u =: Gv, one has v; = i(G.£)v, with G.£ as in . The Lie exponentiation
formula gives a nice representation of G, £ in terms of the adjoint actions:

a - (adS)F o~ (adS)*
Sr=G =iy a8, e¥e=) e (2.6)
k=1 k=0
Remark 2.7. Note that, by Remark if £ is self-adjoint and G is symplectic (or equivalently
iS is self-adjoint) then £, is self-adjoint. The same holds for the Gauge covariance.

Symplectic structure As we have already explained in the introduction, time dependent
Schrédinger operators have a natural Hamiltonian structure on the phase space T¢ x R? x $P,
equipped with the symplectic form dY Adp +1i Zj du; A du; . To this purpose we associate to £
as in , with P self-adjoint, the Hamiltonian

. j—m(l ie. _
He=w-Y+ 3 il + > PO 0 u;_ya;, (2.7)
J Jit
with Hamilton equations ¢ = w, @ = ifu, Y= —(u, Pyu)g,(cy- Accordingly, to a symplectic map

G = ¢ we associate the generating function

j—7 (€ il- _
Alp,u) =Y A0 Pu;_ iy,
gl

whose time one flow ®Y gives the symplectic change of variables (u,¢,Y) = G(v,¢',Y) =
D (v,¢",))

p=¢", Y=YV +iGv,Gov)ne), u=G(pv. (2:8)
Note that (by the Lie exponentiation formula) ®; conjugates (). He = {4 Hg = Hg,, with
£ defined in (2.6). Finally if P, A are Gauge covariant then so is £;.

Basic properties of £,(H?). We now list some useful properties of the space L,($?).

Remark 2.8. We shall systematically use the fact that the norm |- |, of Deﬁm’tion 18 ordered.

Indeed, if M (), N(p) are such that (Ma);/ < (ﬂa,)gl for any 7,5, then |M|q < |Nlar.

Lemma 2.9. Let M be a momentum preserving operator according to Definition [21 If there
exist 0, A > 0 such that

(M) < Ae9'1 v i € 72,
then there exists C(p) > 0 such that
M, < C(p)AB2.

Proof. We remark that ||M ull, < ||f * ull, where f = (f;);ez> has components f; := e 9.
Then one uses (1.18)) and the bound follows. O

Lemma 2.10. Let ¥ be a traveling wave as in Definition with ||V]|ap < oco. Then the
multiplication operator My : u — ¥u belongs to L,($HP) for any a € [0,2a) and

Myl < Cp,p) (a—a)" P2 ||V

a,p -



Proof. The multiplication operator is represented by the matrix

V(O) ifj— g =n(0)

: : (2.9)
0 otherwise

<Mwﬂaw¢f{

where we used the fact that V' is a traveling wave, see ( 1.16: . Hence My is momentum preserving.
To compute its norm, remark that |j — j'| = |7(¢)| < c~!|¢| hence, setting § = c(a — a),

My, = D0 el <e TRy (o)

L:j—j'=m(L) L
o 1 .
—0]j—5'| all —0]j—5'|
<e ,/ZL; e \/26262 IV ()[2(0)% < A(p)e™ V[V ||ap -
Then use Lemma [2.91 O

We now want to define the "order" of a momentum preserving operator (see Definition m
below). On the one hand, an operator of order —m is standardly defined as a linear map
HP — HPT™ V¥p: on the other hand, if HP represents a space of functions of two variables,
9P (Z?) = HP(Z) @ HP(Z), one can define a "vectorial order" such that an operator of order
—(n1,mn2) maps

H(Z) @ HP(Z) — H*™(Z) @ H" " (Z)

(see for instance [35]). Here actually the main novelty is that we use a "non standard" set of
coordinates, which we define in the following.
2.2 A non-linear coordinate set on Z*

In this section we prove some properties of the quantities b(j), v(j) defined for all j € Z? in

Definitions

Lemma 2.11. Let v,w € V be distinct generators with max(|v|, |w|) < R. If x € Z? satisfies
max(|z - v, |z - w|) < A, then |z| < 2AR.

Proof. Denoting by a := (x - v,z - w)T, z is the solution of the linear system Mz = a where M
is the matrix with rows v and w”. Then one estimates M ~! by Cramer’s rule. O
We shall denote by By (0) the ball of radius K and center 0 in Z2.

Lemma 2.12. There exists Js > 0 with the following property. For any j ¢ B, (0) such that
[b(7)| < 2[j|* (see (1.24])), the following holds true:

(i) For all w € V with |w| < |j]° and w # v(j)
lw-jl = 2()" > [v(5) - Jl,
namely v(j) is the unique vector attaining the minimum in (1.25)).
(i3) If there exists h € Z2 with |j — h| < 2max(|5],|h])? and v(h) # v(j), then

) 1 s
> — .
lv(4)] 2|J|

10



Proof. (i) Assume by contradiction that there exists another generator w € V such that |w-j| =
[v(4) - 7] = 1b(5)| < 2|j|*. Then, we apply Lemma with A = 2|j|*, R = ||’ and we deduce

. a1 — . 1
<4l = il <48

and item (i) follows provided J5 > 47.
(i1) We claim that, by taking Js large enough, one has

1. .
§|J| < |h| < 2[j]. (2.10)

Indeed if || > 2|j|, then by triangular inequality one deduces that |h| < 4|h|?, so in particular,
being § < 1, one has |h| < Rs, same for |j|. Then just take J5 > Rs to get a contradiction. The
other inequality is analogous.

By the definition of v(-) we have |v(j)| < [j]°, [v(R)] < |h]®>. We distinguish two cases. If
[v(j)| > |h|° then the thesis follows by (2.10). If |v(j)| < |h[°, then using the bounds on b(j),
|7 — k| and again (2.10) we get

[o(h) - bl < v(5) - hl = |v(5) - (G + k= )| < 2131 +2]j|° max(|j], [A])° < 4|n|*

provided Js is sufficiently large and § sufficiently small.
Then we apply Lemma with z = h, v = v(j), w = v(h) R = |h|® and A = 4|h|*. We
deduce || < 8|h|'~?, which leads to a contradiction for Js large. O

Next we define the order of a momentum preserving operator.

Definition 2.13 (Order). Given N = (n,m) with n,m > 0 and an operator M € L,(H?), we
define the following norm:
|M|0«;*N ‘= sup HMa;fNu”ZN (Ma;fN)j‘ = Z eam |MJJ (£)| <j>un <b(J)>m7 (211)

llullp<1 0: j—j'=m(0)

where Vi € Z2, b(j) is the quantity in Deﬁm'tz'on and p in (1.24). We denote by L, _n the
subspace of L, with finite | - |4, —N norm.

These operators form an algebra, as the next lemma shows. Let

C(p,0) :=c Psupe ""kP ~ 7P, (2.12)
keN

Lemma 2.14 (Algebra property). Given two operators M, N, with |M|s._n~,, |N
we have

a;—No < o0 )

|MNla;—n, < [Mla;—n, ‘N|a;6- (2.13)

Moreover, let N1 = (n1,m1) and No = (ng, ma); then we have for any a’ < a

|MN‘a’;—(n1+n2,0) <282 | Mo, —ny [N ar-N, + Cp(na +n2)/d,a — a/)|M|a;7N1|N|a’;71E12 . )
2.14

The proof, being quite technical, is postponed to Appendix [A]

Remark 2.15. We note that if M € L,(9HP) is time independent, then (by formula (2.3), and
recalling that w(0) = 0) it is necessarily diagonal, namely there exists a sequence {M;};cz2,
M; € C, with M = diag(M;)jez2. Moreover one has sup,czs |M;| = |[M|,, Va.
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2.3 Quasi-Toplitz norm

The purpose of this section is to define, for a fixed m > 0, a decomposition of operators in L, ($P)
into a sum of terms of order —IN = —(m — k, k) for all k = 0, ..., m. We shall further require an
invariance property on the term of order —(0,m), which we will refer to as line-T6plitz.

Definition 2.16. An operator M € L,($H?P) is said to be:
e Line-Toplitz if there exists a map Z¢ x V x Z — C, (£,v,b) = M(L,v,b), such that
oy Ny d ;o o2
M (0) = M(L,0()),b(7), VEeZf, j,j €L
We denote by Ty := To(HP) the set of line-Toplitz operators in L, (HP).
e Line-To6plitz of order —m, m > 0, if

|M|T_ = sup Z eelPIFaltlion (e, v, b)| (b)™ < +o0 (2.15)
' veEV, bEL ;T

where c is defined in (2.2). We denote by To,—m, m > 0, the set of line-Tdplitz operators
of order m.

e Quasi-Toplitz of order —m, m € N, if there exist a line-Téplitz operator M € T, _,, and
m operators M) ¢ La(HP),i=1,...,m such that
M=M"+> MY, MY €Ly Gmi - (2.16)
i=1

We denote by £ the set of quasi-Toplitz operators of order m of Lo(HP) , which we

a,—m
endow with the norm

|M|3’f—m = inf {|MT 'crz,—m + Z |M(i)|%;—(i,7n—i) M = MT + Z M(l) } .
i=1 i=1
Lemma 2.17. The line-Toplitz operators are bounded, more precisely for all o’ € (0,a) one has
|M|a’;f(0,m) < C(c,p)(a - a/)_p_2|M|£’7m
Proof. We haveEI

My om)i = 3 0™ ML, v(5), b()le =N < ML, em<lemaDli=dl,
tj—j'=m(l)

Let gj = efc(afa/)‘j‘ and g = {gj}jezz = fjp. We have
lglp == \/Z e=2ela=anlil ()20 4 3" emee=il < (a — o) P2
J J

It follows from the algebra property of $P w.r.t. convolution that

|M|a/;—(0,m) S ‘g|p|M‘T,—m gc’p (a - a/)_p_2|M|£,—m .

O

1As is conventional we write A < B if there exists a universal constant C' > 0 such that A < CB. Similarly
we write A Scp B if there exists C' > 0 depending only on ¢, p such that A < CB.
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We shall need to keep track of Lipschitz dependence on the parameter w € R?. To this
purpose, given a compact set O C R?, we fix v > 0 and define the following norm on the space
of Lipschitz maps f : O — E (E a Banach space)

fw) = f(w
119 = sup [f@lp+7 swp [Auufle,  Auuf = TOZIW)
weO w#w’ €O ‘w - |
Definition 2.18. Let O C R? be compact. We denote by ﬁf’_(in the set of Lipschitz maps
M: 0O — LT with the | - |3 © norm.

MITS, = sup M, 47 sup 1B MIT,
w wWFHwW

Given a momentum preserving operator M € £,($HP) and K > 0, we define the projections
Myg<x M, Hjg>x M by

j—(€) .
MITTOW) i < K

. H|€\>KM =M — HWSKM' (2.17)
0 otherwise

My <pe M = {

These projections obviously map the space L, ($?) to itself. Moreover, since the symbol M (¢, v(j), b(j))
of a line-T&plitz operator has no conditions on ¢, they are also well-behaved with respect to the
line-T6plitz structure. By direct inspection one then gets the following Lemmata.

Lemma 2.19. The projections Il <k (and Iy~ k) preserve the spaces ’To EZT_(ZW and they
are continuous. In particular, if M is quasi-Toplitz then so is its time average <M>']Td =1l oM.

For all a’ < a, one has the bounds:

e 1,0
Mg < M5, < |M[3C,,, My M9, < |M|q

My M5, < e @ ORIMEC, - Mg MTC, <e”
Lemma 2.20. Given a time independent (and hence diagonal) operator A = diag(A;) € EZTgn,
there exists a decomposition of the eigenvalues
Aj = a(v(j),b(3) + Yy
k=1
so that .
aclv m k . N\ — ,
sup [a(v, b)[ %)™ + 3 " sup r{ O G () < 24, (218)

vEV,bET 1 J
Moreover, if A; € R, then also a7r )eR fork=1,.

Proof. Since A € EZT’S,L there exists a decomposition
o T,0
A=A"4+> AW such that [AT[39,, + Z JADND sy < 214155,

k=1

Recalling that A is time-independent, we have

A= (A)pa = (A)pa + Z<A(k)>1rd

13



Now, the operators (AT)qa, <A(k)>jrd are all time-independent and hence diagonal; moreover,
(AT)qa is still line Toplitz. The bounds follow from Remark The reality condition follows
by taking the real part in both sides of the equality above. O

We now discuss the algebra properties of L’qT o . Our purpose is to get a result analogous to

the one in Lemma@ With this in mind, we glve two propositions on the product of operators
EqT O

Proposition 2.21. Let M; € EZT’_O and My € L3 and set m = min{my,ma}. Then we

mi a,—mo’
have My M € EZT;Om, with the bound
| My M| TS, < Ca= 0| My |9 | Mo 309 (2.19)

Moreover, setting m1 = mo = 1, one also has V0 < a’ < a that M1 Ms € [Z o, with

My M| S0, < Cla— a') = My |20 [ Mo T (2.20)

a,—1 a,—1
Here C, qg,q1 are positive constants depending only on mq,mso, 14,9, C, p.

The proof, being quite technical, is postponed to Appendix

. . T,0
Corollary 2.22 (Exponentials). Given a,m >0 and A € L3,

are defined in Proposition

such that (the constants C,~

q0
A0 <5.= 2.21
A8 m < 0= 15 (2.21)

one has for any sequence ¢y € Lo, and for all M € £f’3n

o] | |qT ,O
> erad(A) MIES, < 2l (5 ) (2.22)
k=d
Proof. 1t follows directly by iterating the bounds in Proposition [2.21 O

Remark 2.23. Estimate of Proposition and Corollary ensure that the well
known fact that smoothing operators generate bounded changes of variables holds also in the
quasi- Toplitz context. On the other hand, estimate shows that the product of two operators
of order —1 is actually of order —2, up to a small loss of analyticity.

3 The homological equation
We consider a diagonal operator

D = diag(Q))jezz, Q= liIP+Q;, Q= diag(®) € £IT, . (3.1)

Recalling Lemmam we have flj = a(v(y), b(j))—i—rj(-l) —|—7“§-2), with a(v, b), r), () satisfying
[2.18) for m = 2. For all 0 < |¢| < K, all j € Z* and all v € V such that 7(¢) || v we define

d(&j) =w- L+ Q - Qj_ﬂ(g) (32)
0(l,v,b) := €+2|7T|(|)|b 17(0)]* + a(v,b) — a(v,b—v - 7(¢)) (3.3)

14



We define the (possibly empty) sets for v > 0, K € N

W =chlp()={we0: [dEH =07, Vo< |l <K, jez?} (3.4)
P =Y () ={we0: P =AW T, Vo< <K, veVstal)|v}, (35)
Op k(7)== Chhe (M NCH (7). (3.6)

Proposition 3.1. Fiz v,a > 0, K € N and a compact set O C Oy C R. Consider a diagonal
operator D as in with 16|Q\3Tf2 < v. Consider the sets CV), C?) defined in ,
and set

Oy =0pk(7) - (3.7)

For all P € EqT , there exists S € Eq * solving the homological equation
—i$ + [D, 8] = Ho<jp<x P, (3.8)
fulfilling the estimate
SIS < Cload e)aP T K¥TH|PITS, (3.9)
If P is self-adjoint, then so is iS; if P is Gauge covariant, then so is S.
The solution S of the homological equation is given, in components, by

ijﬂ(f) (0)

(4
S] ()() w€—|—Q —Q w(€)

if0<|f <k, S7TTYU) =0 otherwise.  (3.10)

Note that .S is well defined for w € Cg) and it is well known that S € L£,($?). Moreover if P
is self-adjoint, one verifies that iS is so (just use the characterization ), same for the Gauge
covariance.

Next we show that S € £3"9" | namely it has a decomposition (cfr. (2.16]))

a,—2

S@ ¢ 9+

— ST+ 8MW £ 9@ with ST e 794, g ¢ 9+
§=8+8"V+ S8 with " €T, 5, S eﬁgﬁ(l,l)’ 3:—(2,0) *

By assumption also P is admissible of order —2, hence it has the same decomposition. In
particular we shall denote the line-T6plitz part of P by

[P0 = (e 0(5), b)) - (3.11)
We then decompose S as follows

P10 ) PO POL O

S] 7"(5) .
() w - €+Q —Q w(£) w-€+Qj—Qj,ﬂ(5) (JJ'E—FQj—Qj,ﬂ(@)

(3.12)

:;[§(1)];—"<“ :;[§<2)]§—"<“>

We further need to decompose the first term in the r.h.s. above, which is the most delicate one
because of the divisor. We introduce the following sets

Ao :={(t,j) €2\ {0} x Z*: 7(l)=0, || <K}

(£)
Ay ={(6,§) € Z°\{0} x Z*: w() £0, || <K, v(j) | =(0)} (3.13)
Ay = {(6,5) € Z\{0} x 22 m(0) £0, [f <K, v(j) fm(0), €] <c(j)’} '
A= {(6,5) € Z\{0} x 2% w(t) £ 0, v(j) fm(0), (i)’ <] < K}
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and note that {(¢,7): 0 < |[{| < K} = U3_yA;. Further denote by §4 :=d4(¢,j) = 1 if (£,5) € A,
d4(¢,7) = 0 otherwise. Starting from (3.12]) we further decompose

PN Ui PSRN ) I O
R VA TN O 10
T1—7(£) 1 . 1 [PT];_ﬂ(Z) () S(1)1i—7(L)
0 (35 st et B
i =7 (6) (3.15)
+ [P } (Z) 5A3 [5(2)]§_W(€). (3.16)

(¢, 5)

In the next lemmata we shall prove the line (3.14]) gives a line-T6plitz operator, line (3.15)) gives
+ ; ; +
an operator in E ~1,1) and line (3-16) one in Lo (50
25—(2,

Lemma 3.2. The operator in the r.h.s. of line (3.14), which we denote by ST, is line-Tdplitz
and

1

1STI29% < K2 PN, (3.17)
o ,

Proof. Recalling (3.11)), (3.3)), one checks that the elements of ST are actually given by (ST)TW(D () :=
S(£,v(j),b(5)) with

%@3@, it w(0)=0, (£0,](<K
S(L,v,b) mg::) if w(0)#0, [f| <K, vl n(f)
0 otherwise

so ST is line-T6plitz. To study the Lipschitz variation we remark that, since

Ay wd(lv,b)] < 0] +2/QI0G <2K Vw#u €0y,

one has

< 9y 2T

’Aw 1 ’:‘( A wd(t,0,b)

<2l bY| |00, v,b)(w) a0, v, b) (W)
It follows that |Ay, . ST|L o <Y 'KT|Ay o PT|L o + 2y 2K*"H P[] _,. Estimate (3.17) fol-
lows using the small divisor estimates in (3.4)), (3.5). O

Lemma 3.3. The operator in line , which we denote by S, belongs to L’ —a,n and
there exists C = C(p, p,0,¢c) > 0 such that

_ - o
|S(1)|a/2_(1 ) S CyTTKPTHPITS (3.18)

Proof. We bound first the operator §(1), defined in (3.12)). Using w € Cg), we know that
(SO O @) < 4 KTI(PD) " (6)]. Thus, by Remark g we get [0,z <
7_1KT|P(1)|G/2;,(171). To study the Lipschitz norm we proceed as in the previous Lemma and

we conclude that o
|S(1)|a/+2;—(171) < 2771K27+1\P(1)|$/2;—(1,1) - (3.19)

Regarding the remaining operator in line (3.15)), which we denote by S (1), it has matrix elements
given explicitly by
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(P70
at.j)
(P (o)

it 7(0) £0, |¢] <min(K,c(j)?), v(j) fn(0)
1

a(l,5)  o(Lv(j),b(5))
0 otherwise.

(SO0 =

), i w(@) A0, [l <K, () || w()

First line of S : We claim that there exists C = C(d, pt,y) such that

. @
sup ()" ’
JEZ? Lz w4 Q5 = Q5 _rep)
e1<e(5) . m (O (s)

< Cy tKETL (3.20)

Indeed if (j) < J5 (with Js the constant of Lemma [2.12), then the bound follows trivially using
also that w € C(V).

Consider now the case (j) > Js. Then by , in order for the denominator to gain the term
()", we need 7(¢) - j to be large. This is what we show to happen. In particular we claim that

G) =35, [l <c(i)’, w0 o) = |j-w(0)]>2()" (3.21)

and then ((3.20) still holds. To prove (3.21)) we distinguish 2 cases.
Case 1: |b(4)] > 2(j)*. Let w € V be the direction parallel to 7(¢), then (being w a generator),

lw| < |7(0)] < 7 < <j)5. As v(4) is the vector realizing min{|v - j|: v € V, |v] < |§|°}, we
have

() - ] = [w- j| = [o(5) - 5] = b()] > 2(5)"
and in this case (3.21)) follows.
Case 2: |b(j)] < 2(j)*. Then as |w| < <j>6 and w # v(j), Lemma [2.12] (i) gives again |w - j| >
2 (j)*, proving (3.21]) also in this case.
Now, recalling that

Al ) =w-C+2m(0) - j— 7O + Q5 — Q) s (3.22)

and using (3.21)) we obtain that |d(¢, j)| > 2(j)* — (Jw|c + 1)(j)? — 1 > C {4)". Hence (3.20) is
proved in case of the sup norm. The Lipschitz norm is estimated by the same case analysis.

We deduce that
~ 19, a\"P72 . o
18Vb a0y < OV KPP O o) < (5) Cy KPR, (3.23)

where in the last inequality we used Lemma
Second line of S™): Again we consider two cases.

Case 1: [b(j)] > 2(j)* or (v(j)) > 5(j)° or [£] > c(j)°. In this case we exploit the decay of (PT)TW(E)
and get that for w € Op K (7)

1b(3)] ()" |<PT>§?‘”“)<€><d(gl DG v(; G
< b)) [P, (o) (I A 3 vJ) b(m")

(4, 4)
< Ca§y KT e FIDI= 1 prO (3.24)

17



Case 2: [b(j)| < 2(j)* and (v(j)) < 3(5)° and |[¢| < c(j)°. In this case we exploit the decay of

d(¢,7)~t —0(¢,v(5),b(4)) " . Precisely we note that

A, 5) =w b+ |2 = f—m@OP + Q= Y rpy =w - L+ 21() -5 — 7O+ — Q_r() »

so decomposing €2 as in Lemma and using that v(j) || w(¢) we arrive at

a(,j) = e+2'”“)' b(5) — Im(O) + a(o(j), b(3)) — a(w(i — 7(£)), b(j — 7(0)))

lv(7)]
m @ @
TT T e T T e

Since [b(7)| < 2(j)*, (v(j)) < 4(j)° and also |7 (£)| < (j)°, Lemma [2.12] (ii) implies that v(j) =
v(j — w(f)) and then one has also b(j — 7 (¢)) = b(j) — (]) 7(¢). We deduce that

a(t. j) = 0(6,0(7), b)) + 15 =i 4P

and thus we estimate

. 1 1 2 2
- = )= |<J>H(rﬂ(' L T )
d(4,5)  a(4,v(5),b(4)) (¢, )a(,v(4), b(4))
< |Q|3?L(920V72K2T§771K27‘

We reason in the same way for the Lipschitz variation and obtain the bound

O
<Oy PR (3.25)

semgs 9" (553~ se07))

[e| <K, m(O)]lv(5)

Thus we obtain the same kind of estimate as in (3.24), with 7 ~ 37 + 1.
In both cases, using Lemma [2.9] we finally get

8D, o 1qy < Oy EFHHPTRE, (3.26)

Then estimate (3.18]) follows from (3.19)), (3.23), (3.26])). O

Lemma 3.4. The operator in line , which we denote by S, belongs to £ _(2,0) and
there exists C = C(p, u,0,¢c) > 0 such that

1SN o0y < CTTHEIH (IPD|95 o 0y + a2/ PT|2) (3.27)

Proof. We need to estimate two contributions. The operator S, given in (3.12), is estimated
similarly as S™) in the previous lemma, obtaining the estimate

o - T
5@ |a/+2 —(20) =7 s +1|P(2)‘¢?/2;_(2,o)~ (3.28)

Regarding the first operator in , which we denote by § & it has elements only supported in
the region |[¢| > c (j > Then the small divisor estimate in and Lemma give the bound

o O s B B i
ISP 20) < Cpy11,8,€) a™ /0|80 < 571C(p, ) a2 KT PT|D. O
Proof of Proposition[3.1} Estimate (3.9)) follows from Lemmata and O
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4 The KAM reduction scheme

In this section we shall study the linear Schrédinger operator in and prove that, pro-
vided that V in is sufficiently small, then £ is reducible with sufficient knowledge on the
asymptotics of the eigenvalues. As explained in the introduction, the reducibility of Schrédinger
operators is by now well-known, the novelties in this result are the fact that the reducing change
of variables is quasi-ToOplitz of order —1 and the asymptotics of the eigenvalues.

Theorem 4.1 (Reducibility). Consider a Schridinger operator as in with a travelling
wave potential ¥V as in . There exist €.,7. > 0 such that the following holds. For all
v € (0,7) and for any potential satisfying the smallness condition there exist:

a sequence of Lipschitz functions R := [—1,1]¢ 3 w — Q,;(w), a positive measure set Os, C R and
a sympletic change of variables G such that

G.L=diag(), G-Ide L%, with a' =a/s. (4.1)
Moreover ) )
Q; = > + a(v(5), b(5)) + i +rl? (4.2)

with the bounds

sup a(v,0)[e> <P 10)2 + sup [r B (0()) + sup [rP P )2 < 2V lap -
veEV,bEZ J J

Finally if V is Gauge invariant then G is Gauge covariant.

We can be more explicit regarding the set On,. For £ € Z%, j € Z? and all v € V such that
7(€) || v we consider d(¢,5),0(¢,v,b) defined as in (3.2]) with Q; defined in (4.2]).

Proposition 4.2. Under the Hypotheses of Theorem there exists T > 0 such that the set
O contains the set Oy := Op(y) NCH (v, 7) NCP) (v, ) where

Op=0p(y):={weR: |w- L4k >29(") v k)ezitt: 1#£0}, (4.3)

cH =cW(y,r)i={weR: [d(lj)| >29€]", VL£0, jeZ?}, (4.4)

C® =CH(y,7):={weR: [Plv,b)| > 44|77, VL#£0, vEV st.a(l)|v}. (45)

We defer the proof of this proposition to the end of the section.

The first step. In the first step in the reduction scheme we exploit the structure of the
Schrédinger operator in (T.21)) and perform a change of variables Gy = e°° which conjugates £
to —A + Py, with Py quasi-T6plitz of order —2.

Lemma 4.3. Fiz ag = a/4 , v > 0 and consider a Schrédinger operator as in (1.21) satisfying

(1.19). Then there exist positive constants C, g2, qs, depending on §, p, T, ¢, p only, and operators
So € E%T?f and Py € EqT’OOQ (with O defined in (4.3))) satisfying the bounds

ao,—

o 1
|a,pa |]30|qT7 5 SC’Y 1a q4HV||2

ap,—2 a,p’

So|TO0 < Oy ~La—e2||V
37 1 ’Y

such that £9 := (Go).£=—-A+ F.
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The proof is performed in several steps. We start by defining Sy as the solution of the
homological equation (see (2.9))

40, :
. - _ ) fr(f) £ 0
S0+ A8 = My = (SO0 ={ wtxP-li—m@F 070
0 otherwise
(recall that, by (L.I7), V(¢) = 0 if =(¢) = 0).
Note that Sy is well defined for w € Oy and
e ds. h—1
(Go)o (A + My) = 50 (A + My) =1y %SO (4.7)
h=1 ’
dS h—1 .
— Aty + Z OO (Cavamy s)-iS) (@8)

>, (adS,
=8+ S+ Y eSO (aty ) - M),

so for w € Oy

=, h(adSp)"

(adS,
PO - [MV750 +Z#([MV7SO (h+1

V .
h=1

In Appendix [B] we prove that there exist positive constants C, g, ¢3, depending on 6, 1, 7, ¢, p
only, such that the following holds.

Lemma 4.4. Let Sy be the solution of the homological equation (4.6). Then for 24’ < a we have

C
o
S0l =% < m“vﬂa,p' (4.9)

Moreover the commutator [So, My is quasi-Toplitz of order —2 with the bounds
S0, My]|&%5 < CyH(a—2a) ||V, (4.10)

Proof of Lemma[{.3 We need to bound |(adSo)th|22 9 forall b > 1. If h = 1, this is achieved
through (4.10) with @’ = ao.
If h = 2, then by (2.20)) of Proposition (and recalling that | - [I Qo <. ¢ )

(150, [So, My Il 2% < Ca=1So| T[S0, My]|§Sy < CPamnmamey =2 V|I3 )

Otherwise if A > 3, then we set A = (adSy)"~2[Sy, My ] so that, by ([2.19) and possibly taking C
larger,
AT < (Cam™ S0l )" 2 [0, Mv]IT S

Then we apply (2.20]), which reads
1S, AJ|E 2% < Ca=® (Ca=|Sol$0) " [So, MVIIT S < 1(Cr"a™ % [[V]|ap)"

ag, -2 =

with g4 = 2(q0 + ¢1 + g2 + ¢3). We deduce that

h 07—1a—L4 Vs, _
R0 < 3 MO el ot
h>1 :

provided that Cy~'a=%||V||,, < . This amounts to fixing e, < 2C~'a% in (L.19). O

a,p’
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The iterative scheme. After the first step we have conjugated £ to an operator of the form
—A + Py where Py € EZT (32 is appropriately small. Now we apply a slight modification of a
standard KAM scheme in order to reduce to constant coefficients. As before the main novelty is
that through the iteration we are able to control the quasi-T6plitz norm. The KAM reduction
scheme is based on the iteration of the following lemma.

Lemma 4.5 (KAM step). Fiz 'y > 0 and K € N. Consider a Schrédinger operator D + P with

D defined in and P € Eq 5 satisfying

16|Q\3T§2 <5, 16/P|TG < K371 (4.11)

7

Let O be the set defined in . There exists S € EqT O* and a time independent operator
Ot e ﬁqT R2 such that, setting G =e5, for allw € O one has

G.(D+P)=Dy+Py, D, =diag(j+Q)jez

where Py € £qT ?* for all 0 < @’ < a with the estimate

P05 < Clp, 6)a= 20y KT (| PTG 4 e %3 (4.12)
and
Q- QF IR, < |PITG (4.13)
Proof. We start by defining S as the solution of the homological equation
j 7]3;_”(@ © if0<|f| <K
~i$+[D,8] = MocjqexP <= 8" ={""a@, ) 0 <l =< (4.14)
0 otherwise

Note that S is well defined for w € C") (defined in (3.4)) and, by Proposition one has
S € £+, with the bound (3.9). Then

G.(D + P) = ¢*5(D + P) —ii %S (4.15)
h=1 ’
=(D+P)+ i (adSP

h=1

([D + P, S] —iS)

. Jj > (adS)h_l
= D +diag(P}(0)) + TP+ [P, 8] + Y ([P 8] = Tocjj<xc P) ;
h=2 ’

so for w € CM we put

(adS)"~

Py :=T.gP +[P,S] +Z o

h=2

([P, S] = Mocig<xP), Dy =D+ diag(P/(0));ezz -

By construction P = PT + P(Y) 4+ P as in (2.16). Now by Lemmas and
PJ(0) =B(0,0(5),b(7)) + (PD);(0) + (PE)](0).

So in order to define D, on all of R we just extend each (0,v,b), (P® )g( ) by Kirszbraun

theorem preserving its weighted Lipschitz norm |- |Y. The bound (4.13) follows. The bound
(4.12) follows by Corollary and Lemma [2.19] O
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Proposition 4.6 (Iteration). Let £y be a Schrodinger operator of the form
~A+ Py, —A=diag(|j|*), Poe L, o=y P < K;2 (4.16)

ag,—2 ap,—2

where Ky is large enough. Set
n—1
an=ao(1—Y 27572 K, := K", e, =g 3"+ (4.17)
k=0

For all n > 1, there exist
(i)n A sequence of time-independent operators
Dy =—-A+QM  where QM eI with QM) — QDR < ye 0 (4.18)

(we have set Q) :=0).
Following Lemma [2.20 we denote the eigenvalues as

Q" = ™ (0(4), b)) + 1y + 0" (4.19)
and define the nested sequence of compact sets (recall (3.4), (3.5)))
1 2
O =0, NCY) o (NNC (7). (4.20)
.. qT,0n qT,0n

(i4)n A sequence of operators P, € L ", Sp € L, """ _5 such that
(%), (Dn-1+ Poc1) =Dy + P, Yw € O, (4.21)
'7_1|Pn|31,£712 < En, |Sn|21’27:—2 < Kgﬁffn—l- (4.22)
Proof. The lemma is proved by standard iterative estimates. O

Corollary 4.7. Given a Schrédinger operator £o satisfying (4.16) there exist a time independent
operator Q0 € L3F a Cantor-like set Oy and a symplectic change of variables G with G—1d €

a0/2,—27
KZZ’/%’“;Q such that ]
GiLo=—-A4+Q, VYweDy. (4.23)
Proof. The proof of this lemma is also standard and follows from the fast convergence of the
Q™) in Proposition We put Oy =N, O0,. O]

Proof of Theorem[{.1 The thesis follows from Lemma [£.3] and Corollary [4.7] except from the
fact that Ou, has positive measure. In order to show this, we shall prove Proposition [1.2] which
gives a cleaner characterization of the set Q.. Then, the measure estimates are deferred to the
next section. O

Proof of Proposition[{.4 We need to show that Og, C NSOy, i.e. we have to verify conditions

(13-4)-(3.5) for w € Ogy. Proving (3.4) is standard (see for instance [I]). Regarding (3.5)), by (4.5

one has, for w € Ogy,

|- €+ 2|”|ff|)b — |7 (O + a™ (v, b) — a™ (v,b— v - 7(0))| >

491077 = [a"™ (v, b) — a(v,b)| — [a™ (v,b— v -7 (£)) — a(v,b—v-7(L))].

The estimate follows by recalling that |[(| < K, using (2.18) to bound |a™ (v,b) — a(v,b)| in
terms of |Q(™) — Q|Z:’12 and then exploiting the bounds (4.18) (see e.g. the proof of Lemma 7.6
of [35] for details). O
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5 Measure estimates

The purpose of this section is to prove that the set of frequencies w for which the non-resonance
conditions ([1.29) hold up to order N has positive measure.
Recalling the notations of Theorem [4.1] and denoting

Q, = [j? + a(v(i). b() + RG) . RG) = +r?,

we have

sup e IP1(b)2|a(v, b)[* + sup [R() M) < 2ev. (5.1)
v, J

Denote by
vi= (het,..n €EVY b= On)het, N €ZY, = () a=12 € {-1,0,1}2

and for (¢, K,v,b,n) € Ax 1= Z% x Z x VN x ZN x {~1,0,1}2N, consider an expression of the

form
N N

d((,K,v,b,n) :=w - L+ K + anh a(vn, by) + ZU% R(jk) (5.2)
h=1 k=1

We shall prove the following result:

Lemma 5.1. Given N € N, N > 2, there exist Vs, €4, TN > 0 such that for any 0 < v < v, and
€ < €, the set

C«(N,v,7n) :=Cy := {w ER: |d(¢, K,v,b,n)| > V¢, K,v,b,n) €An: ({,K) # (0,0)}

(5.3)

<£>TN b
has positive measure. More precisely there exists a constant c, > 0 such that
meas(R\ Cy) < cuy .

Proof. We first notice that for all L > 0, we can ensure that

||z<€>71+17 (¢, K) #(0,0), (<L

just by taking e, = €,(L) small enough. So we choose L > 0 (to be fixed later). Next we note
that, for £ # 0, if | K| > 2|/| then (for €, small enough) one has |d(¢, K,v,b,n)| > > 7.

So from now on we restrict to [¢| > L and |K| < 2]¢|.
We prove the claim by finite induction on the number of 7, ,, different from 0. More precisely
for every 0 < n < 2N we shall show that for v small enough, there exist a sequence of increasing
7, and a sequence of nested sets C" = C"™(v, 7,,) such that, provided

[l + -+ |n2sl = n

then for any w € C™ one has

B 2 s VLK) £(0,0) (5.4)
and moreover
meas(R\ C%) < C , meas(C™ \ C") < Cy (5.5)
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for some C' > 0. Then the lemma follows by taking C, := C?" and ¢, := (2N + 1)C. Then , is
fixed so that (2N + 1)Cy, < meas(R), and the measure of C, results positive.

Case n = 0. In this case (5.2)) reduces to w - £ + K, so the set C° coincides with the set Og
defined in (4.3)), with 79 := d + 1. It is well known that meas(R \ Oy) < C~ for some C > 0.

Casen ~» n+1. Assume that holds for any possible choice of (1qp) 8.t. |n11|++ - - +|n23] =
n,1 <n <2N-1, for some (7,)q=1,....n. We can assume that [¢| > L and |n11|+- - -+]|n23| = n+1.
We further divide two subcases.

Case I: At least one of the following conditions holds:

La There exists b = 1,..., N such that 1y, # 0 and either ca’|vy| > [¢] or |by| > |¢|™/2.

Lb There exists h = 1,..., N such that 7y, # 0 and (j,) > |[¢|™/".

In Case L.a, assume w.l.o.g. that n;5 # 0 then

N-1 N
BB 2 ko 0+ K+ 3 maa(vaba) + 3 aRGa)| — laon, by)
a=1 a=1
gl —2 —ca’lun]| Y
> ——— — 2ve(b e N>
= <€>n 7<N> <€>7'n+1

which is true provided €, is small enough and L sufficiently large. In Case I.b, assume w.l.o.g.
that non # 0 then

N N-1
[(6.2)| > |w- £+ K+ Zmaa(va,ba) + Z M2aR(ja)| — |R(iN)|
a=1 a=1

Y 1 Y
o T = e

Case II: For all k = 1,2 and h = 1,..., N such that ng, # 0 one has ca’|vy| < |¢| and
lbn| < |€|™/? if k = 1 and one has (jj,) < |[¢|™/* if k = 2. Now for |¢| > L, |K| < 2|¢| and v,b,n
as in Case II we define

>

Rekvon(Tni1,7) = {w €R: [d(4 K, v, b,g)[ < A[f]7T ]
Now (recall |¢| > L and the Lipschitz estimates on a(v,b) and R(j))

4

|d|w‘d(EaKaV7b7n)| 2> M' —2Ne >1

so meas (Re, i v,by) < 27|€|” ™+ and

Y 1,2 .
meas U Rexvby | < E § s < Cy Z |€|2N+1+(2+H)N7n Tnt1
n
le|>L, |K|<2[¢| |¢|>L |KI<2[4], |vp|<|e] l¢|>L
v,bneCase 11 Lo <1e1Tn /2, {3y ) <|eimm/m

which is finite provided

5 2
Tn+1 > (§+;)NTn+d+1
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Then we put
crtlti=cm\ U Re,Kvby
le[>L, |K[<2|¢|
v,bpeCase II
and clearly it fulfills (5.5). This concludes the proof of the inductive step.
O

We are now ready to discuss the measure of the non-resonant w. Let us start by discussing
the set Og, of Proposition

Proposition 5.2. There exist Y., €+, 7 > 0 such that for any 0 < v < 7. and € < €, the set Ogy,
of Proposition [[.3 has positive measure, in particular

meas(R \ Og,) < Cv .

Proof. We show that the set C, defined in with N = 2 is contained in Og,. Indeed C)
defined in contains Cy, just taking j1 = j, jo = j — 7w(€), (vi, b;) = (v(4s),b(j;)) for i = 1,2,
K =|j1]* = 2>, m1=n21 = 1, ma = no2 = —1.

Also C®? defined in (£.5) contains C,, setting vy = vo = v, by = b, by = b —v-7({), K =
27 O1y _17(0)|? (note that %b € Z as 7({) || v) and taking 911 = —n12, 721 = 122 = 0.

[v]

O
We finally prove Theorem [T.8}

Proof of Theorem[I.8 Reducibility is a consequence of Theorem [£.I] It only remains to prove
that VN € N Melnikov conditions of order N are satisfied, namely that C, C Gy, with Gy as in
(1.28) and C, as in (5.3). First we observe that, since L as in ([1.28) satisfies |L| < N, it has at

most N non vanishing components L;,,...,L;,. Then it is sufficient to set
V= (v(j1)7"‘7U(j1)7‘"7v(jN)a"~7U(jN))7 b= (b(]1)77b(]1)77b(]N)77b(]N))7
|Lj, | times [Ljy | times |Lj, | times |Ljy| times
n= (Sign(Lj1)7 R Sign(le)v s 7Sign(LjN)7 s 7Sign(LjN)) , K= Z |J|2LJ : (56)
ic72
|Lj, | times |Ljy| times €L

Then the result follows by Lemma observing that the set Gy is defined in such a way that,
with K as in (5.6, one always has (¢, K) # (0,0). O

6 Nonlinear stability results

In order to prove stability we apply a classical Birkhoff normal form procedure, see for instance
Theorem 8.1 of [35]. We start by recalling some standard notions on time dependent Hamiltoni-
ans.

One works in the extended phase space (p,Y,u) € T? x R? x §P with the symplectic form
dY A dyp +idu A du.

In this context we shall consider real on real analytic functions on the complex domain

d

D(a,r) :=T¢ x D(r), D(r):= {y cC: Y| = ZDM <r’, wefH”: ||ul, < r} ,

i=1
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with T¢ defined in (2.4). Given a real analytic function F(¢p,),u) we consider its Taylor-Fourier
series

F(p,Y,u) = Z Fapree?V'ua’, Fopio=Fpau—o, u*t’=Tepuf ’UB’

a,ﬁGNZz
7% 1eN?

Correspondingly we expand vector fields in Taylor Fourier series (again well defined and pointwise
absolutely convergent):

X(w)(go, V,u) = Z Xéwg, L eile YLy gh
o, BENZ? (€74 1ENe
where w denotes the components ¢;, V; or u;, u;. To a vector field we associate its majorant
X “’)D),u] — Z |X(w)l | e alf| Yy ab . (6.1)
0€74,1€NY, o, BENZ?
Then we have the following

Definition 6.1. A vector field X : D(a,r) — C? x C? x HP will be said to be majorant analytic
in D(a,r) if X, defines an analytic vector field D(r) — C% x C? x HP.

Since Hamiltonian functions are defined modulo constants, we give the following definition of
regular Hamiltonian and its norm:

Definition 6.2. A real valued Hamiltonian H will be said to be regular in D(a,r) if its Hamil-
tonian vector field Xy is majorant analytic in D(a,r). We define its norm by

(X XY IX®
Hlop = sup  |(Xu) (Vo) X = [X P + 5= + + - (6.2)

(Yu)eD(r) " r "
Note that the norm |F|,, controls the norm | Xr|,. in D(a,r).

If F(w;¢,Y,u) = F(w) depends on the frequency w € O, where O is some compact set, we
define the weighted Lipschitz norm:

Fwa' wa,~ a,r
FI9, 5= sup [F oy 7 sup )= o
we

6.3
w1 AW €O w1 — wel (6.3)

Definition 6.3. We say that a regular Hamiltonian H is Gauge and Momentum preserving if

+Z —B)#0 or Z€+Z -Bj)#0 = Hapie=0

JEZ2 jez2

By convention we define the scaling degree of a monomial ¢ Y u® @ as deg(l, o, B) := 2|l| +
lal 4+ |B] — 2, and define the projection on the homogeneous components of scaling degree d as

d il- l —
H( ) = E H%QJJ e Wy u® uﬁ 5
re7d,1eNd o, fENE?

20U+ o|+]8]=d+2

similarly for H(SY and HEY . One easily verifies that {H@) | H(@2)} has scaling degree dy + ds.
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Proof of Theorem A direct computation ensures that the NLS equation (1.15]) is Hamil-
tonian

H :wy+z |j|2|’U/]‘2+(U,V((p)u)g2(zz)—f—P(gD,u), P= - P(cp—i—Kx,u(x),ﬂ(a:))dw (64)
J

By assumptions P is a Gauge and Momentum preserving regular Hamiltonian of scaling > 1,
with norm
[Pl <Cr, ¥Vr<r,.

We now fix 0 < v < 7, and assume that [|[V|[apy™' < €. so that we may apply Theorem
The time dependent symplectic change of variables G defined in Theorem gives rise
to the simplectic trasformation G defined in on the extended phase space. By definition,
G preserves the scaling degree and maps D(a/8,7) — D(a/8,pr) for all r > 0, where p — 1 <
[V]apy™'. Thus for all regular F of scaling > 1 one has that F o G is still regular, of scaling
> 1, and satisfies

|FoGlapr <2|Flayr, VYa<a/s.

Finally, since V' is Gauge invariant then G is Gauge covariant. By construction G reduces the
Hamiltonian H to the diagonal form

H, :Hog:o.)~y-i-ZQj|uJ~|2-i-lC(c,@u)7 IKlajs,r < Cr, Vr<r,,

J

where I is a Gauge and Momentum preserving regular Hamiltonian of scaling > 1. We note
that, thanks to Theorem with N = 3, we can impose third order Melnikov conditions of
the formula for any (¢, L) € G3. Since K is a regular Gauge and momentum preserving
Hamiltonian, we can eliminate all of its monomials of scaling degree 1. Precisely, as H; fits the
hypotheses of Theorem 8.1 of [35] (with e = 1), there exists a symplectic change of variables
which cancels the terms of scaling degree one in K and conjugates Hy to

H2 :wy+ZQ]|U]|2+E(QD,U), ‘E|a/8,r SCT’2, VTST* )
J

where K has scaling > 2. Then the stability times in Theorem follow by a standard contraction
mapping Lemma argument, see for instance Corollary 5.1 of [9].

A Technical lemmas

Lemma A.1 (Bony). Given M € L,($P) and setting

. NG
WY (0= O >0y (A1)
J M7 (¢) otherwise

we have that M) ¢ Lo —p for any n >0 and any 0 < a’ < a with the quantitative estimate

M|
(R)|, < ‘7a
|M |a =N ~P,0 (CL _ a/)y/n/(s

(A.2)
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Proof. Exploiting the definition (2.11) we have

R i’ n n a —(a—a' n i’
W = N e )|y < et ST eolllemtamald gras/d g (g))
R ti—g'=r(f)

< Clun/é,a—a')(ML,)7
with C(p, o) defined as in (2.12) for p,o > 0. O
Proof of Lemma[2.1]} To prove (2.13)), we just use the fact that one has

j’ a j—m (€ n my
(MN, )} = > ealft el | NI () Gy (b() ™ INT L (€2
41,42'j*j’:7f(f1+42)

-/
E J
< —a —N1 —a 0)]1

For the second statement we divide M = MB) + M) as in (A1), then

i’ a j—m (£ ni+n
( (B)Na (n1+n270))§' = Z € [+t |MJJ (1)(61)|< > plnatna) |N] w(ly) (62)|

£1,02:5—j'=m(L1+42),
leyl<c(s)d

< Z a|€1|‘M] Tf(el)(g )| (G)rn a\€2\< m(ly))Hn |N W(Zl)(&” - (J) :
( 1))

-
0100255 =m (L1 +£2), J (
[£11<c(4)®
-/

< Hme Z(Ma;le );1 (ﬂa;ng );1 .
Ji

Moreover by ([2.13) with M ~» M and estimate (A.2)) we have

|M|a|N|ar

(a _ a/) u(n15+"2) :

|M(R)N|a/;—(n1+nz,0) < |M( ‘ —(n1+n2,0)|N‘ .0 N

B Proof of Proposition [2.21| and Lemma

Before proving Proposition we give the following auxiliary result:

Lemma B.1. Given ny,mi,mg € N, let Ny = (ny,mq), R € La. N, and T € To,—m,- Then
RT € Lg; Ny, and TR € La.—(ny,my), with the bounds

|RT|3:-n, S a P 2Ry, T o (B.1)
TRl g (ny,m2) S @ *" Rl gi—(n0,0) TG~y - (B.2)

Proof. Bound (B.1]) follows directly from Lemma and Lemma Analogously, to prove
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(IB.2|) one observes that

- a0 40, i—mw(l i’ . 1 . 2
(TRs. () = Y 31T ()[R, (6] G b(5)|™

2
09,00
J—j’=m(t1+L2)

—un 3, j—7 (61 Ny & . n i’
S a7 Y AAGTITTED () 1p(g) 2 £V (G — ()P R, (62)
PR A

Sﬂ,nl a”Hm Z(I%a,o,—mg );1 (E%,—nl,o);l y
J1
and the result follows by Lemma[2.14] by Remark [2.8] and by Lemma [2.17 O
Proof of Proposition[2.21] We start by proving estimate (2.19)).
As M, € A, _m,, ¢t = 1,2, there exist operators MLT,ML1 ,...7ML(mL) such that M, = MT +
> MY and
|M;r 'tl;,fmi + Z ‘ML(i)|%§*(i,mL7i) < 2|ML|qT7mL . (B3)
i=1

To each M} we may associate the symbol T, (¢, v,b) . First of all we define the line-T6plitz part
of M Ms by setting (M; M3)T := T with

(T)7(0) == T(4,0(5),b()), T(L,0,b) = > T, 0,b) Tyl v,b—v-7(lh)).
l1+0a=0

We estimate its |T|} _,, norm, given by (2.15)), with m = min(m1,ms):

IT)G < sup 7 e CHDIT(E 0, b)) )™

UEV,bEZeezd
< sup Zealm\il(ﬁl,v,bﬂ(b)ml sup Ze“(’:'”,“lb')ﬂg(ﬁg,v’,b’)| < IMI[G M35
vev,bezélezd U/eV,b/eZ&ezd ’ s

Then we set

mi mo my1 m2
Ro=MM,—T =Y MM+ MIM{P + 3 N M M + (MT M5 -T). (Ba)
i=1 i=1 i1=14p=1
We start with estimating the first summand. To each term in the sum we apply Lemma
with R = Ml(l) € La. (iymy—q and T = M3 € Ty _m,, deducing that

T
—m1 |M2|q,—TYL2 *

- 4
—p— —p— T
M) Mg im0 S P2 IM g (imy ) IMB|D g S @ P2,

The second summand in (B.4) is estimated analogously using Lemma with R = MQ(i) €
Lo (imy—iy and T = M] € T —m,, getting

) . B3)
T (9 —pi | r(®) T|T - qT qT
‘Ml M2 |%;—(i7m1) Sj»ml a #Z‘MQ |%,—(i70) |M2|a,—m1 §m1,m2 a #m2|M1| ,—m1|M2|a,—m2 :
Furthermore, by Lemma [2.14] one has that Vi; = 1,...,m; and Vies = 1,...,mg

i) sl in i B3 T T
|M1( )MZ( 2)|%;—(i1,m1—il) < |M1( )|%;—(i1,m1—i1) ‘MQ( 2)|%;(0,0) ? 4‘M1 2,—m1|M2‘q,—m2 .
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Remark that, since m = min{my, ms}, in particular Vi; = 1,...,mq, Vie = 1,...,mq
M(il) MIecr ) ) MT M(i2) L . M(il) M(iz) L ) .
1 2 €La(iy,m—iy) > 1Mo € La (iy,m) 1 2 € Lgi(iim—ir) -

Thus it only remains to estimate the last summand in (B.4)). In particular, we are going to prove
that M'lr Mg —-Te€ ,C%;_(m)o).
Recalling that j — j' = 7(¢), we have:

(MEME-T)] () = 3" Tallr,v(5),b(3)) (F2lay (), b)) ~a (b, 0(5), b(5)—0() w(12) )

£y 4Lo=t

j1=j—m(£1)
Now if v(j) = v(j1) then b(j1) :==v(j1) - j1 = v(4) - (j — 7(€1)) = b(j) —v(j) - 7(¢1), and thus the
term in the parenthesis above disappears. Consequently we can restrict the sum to the indexes
g1 fulfilling v(j1) # v(j).

For these remaining terms, using that [j — j'| = |7(¢)] < c7!|¢], we set m’ < my + mg and
estimate
7’ api_jt 3 N g . . -
(Miag -1, o) et ST A (0, 0(). b)) [T (2, o) b))
' T 01,0
jr=jor(t),
v()#v (1)
oot AT (1, 0(), b)) T2l v(),b) — 0() - ()G
44,62
Ji=j—m(t1),
v(§)#v(d1)
(B.5)

If we show that the two sums above are uniformly bounded, then Lemma will give us the
needed boundedness. Let us start with the first sum. We distinguish two cases.
Case 1: (j) < J5 (given by Lemma [2.12)). Then trivially

3 ettt (0, 0(5), b)) T2 (ls v(in), b)) G Ss IMTIE o IMETE -
01,42

ji=j—m(€1),

v(7)#v(j1)

Case 2: (j) > Js5. We further distinguish 4 subcases:
(A) [6a] > <(3)°s (B) [a] < c(j)* and [v(j1)| > 3(5)%  (C) 1] < <(5)°, [o(in)] < 5(j)° and
b)) > ()5 (D) ] < c(G)’s o)l < 50)° and [b(7)] < ()*.

In case (A) we have

(4)

S et (0, 0()), b)) T2 (b2 v(n), ()| ()F
01,42
Jri=j—n(£1),
v(j)#v(j1)
/_mn/

3 pm! . . _
Seay_ et 55Ty (01, 0(7), bG) M35 o Seous ™%
£

’

[M{[a01Msa0-
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In case (B) we get

(B)

346, . . . . \um
3o et (0, 0(7), () Ta (b2 v(n), ()| ()"
£y ,0o

ji=j—n(¢1),

v(g)#v(j1)

E . . N _um!
Sis | MY (Tz,oze“ |Z2|‘52(€277}(31)ab(11))| ()| 7 Spse a s | M7 ¢T1,0 | M3 (Tz,o~
Lo

/

In case (C) we start by remarking that [b(j1)| > 3(j)* provided Js is large enough. Indeed

assume by contradiction that [b(j1)| < £ (j)*. Then, by the definition of b(j), we have that

1G] < Jo(ir) -1 < [o(in) - dal + o) - w(@)] < )]+ ()P < S0+ G < ()",
where in the last inequality we have used (j) > 2ﬁ, contradicting the hypotheses. Now, as
w <1, we bound

(@)
Z 1O TE T, (01, 0(5), b)) T2 (Ca, v(G1), b(1))| ()™ () ™2k
L1,
ji=j—m(t1),
v(g)#v(j1)
< Rl (41, 0(), bGN G ™ Y el 1To (6, v(1), (i) (b(jr))™
Zl 62
_ p(myt+ma)
SP«#S a 15 : ‘Mg ;rz,fml |Mir|£,fm2'

Concerning (D), we claim that in this case v(j) = v(j1), so there is no contribution to the sum.
Indeed if v(j1) # v(j), Lemma |2.12| (74) (which we can apply as |j — j1| < <j>6) would imply
(i) > 3 (j)°, getting a contradiction. This concludes the proof of [219).
Proof of : Let M} € T, 1 and Mi(l) € L4;—(1,0) be quasi-Toplitz decompositions of the
M.
BHH

ila,

A M a0y < (14 )M T, .

Arguing as in the proof of Proposition [2.21} to each M we associate the symbol T;(¢,v,b). We
set
{3(67 v, b) = Z % (617 v, b)TQ(E% v,b—v- 7r(Zl)) ’ (T)il (6) = T(f, ”U(j), b(])) )
b1+Llo=1

and we define the line-Toplitz part of M; My as (MyM3)" = T. Then T is by definition line-
Toplitz, moreover to estimate |T|}, _, Va' < a we only need to control:

sup Z ea/(clv\Hf\) Z ‘Il (Ela v, b)‘IQ(‘g?’ v, b—wv- 7(((1)) <b>2

veEV ,bEZ

(€74 l1+Lla=1
S sup 3 e CPHADIT (0 0 b)) (v w(0)) sup S e DT, (0,0, 1) (1)
veV ’bezzlezd v eV b EL tyezd

< sup Y edllalreleDig (1) v, b)|(b)e(@aelI=@adll ) oy T,
vEV ,bEZ trezd )

Se (a—a)72[M]

~C

T T|T
a,fl‘MQ a’,—1"
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We are left with estimating
MMy —T = MIMSY + MO ME + MO MY + (MIME - T). (B.6)
We will actually prove the following:

1) 1 1 1
MIMGD € Loy (s MPME € Lo #Luw 50 MM +H(MIMI-T) € Lur 5

The estimate of the last two terms in is straightforward: by Formula (2.14) in Lemma
one has M(l) ler i (2,0) with

1 1 -2 1 !
MMy, (o) S (@ = ) F P51 M 5510

while arguing as in the proof of Proposition [2.21] formula (B.4) with m’ = 2, one obtains that

there exists v = vy(p, d,p) > 0 such that /Ty, — T € EL’~,(2 0y’ with
- —(2,
|M1TM2 T|a (=2,0) Sibep @ V‘M |a71|M2T|£,71~

Concerning M7 M, (1) , one has:

WMD) S D Q)T @)1 - m () () NI (M), (£2)]

£9,89:
J—j'=m(€1+L2)
!

Su @S (M) 3005 (M) 1))
71
which implies
IMEMGY o) S MG MY
by Lemma [2.14] and by Lemma

In order to conclude the proof, we now estimate M1( )MQT . Recalling that one has

4—(1,0)

./ j—m (41
AU (0 = YT (M) @) (MY, (), B-7)
0, 0s b Lo=0

with (M(l)MT) # 0 only if j — j/ = w({), we decompose Ml(l)Mér as follows:
1 1 1 1 1 1
My M = (MY MW+ (VM5 )+ (M ME) D+ (MM + (M MEE (B.8)

where the summands in (B.8) respectively corresponds to the cases:

) > Js, with Js given by Lemma [2.12) and \€1| > c(j>5;

(i- 7T(fl)> sand [b(j—7(€1))] > (j—m(£1))";

)

)

) > 35, ] < c<j>‘5, o= ()| < 3

) > 35, 6] < (i), [o(i—m(0))] < $(G—m(61))® and [b(j —7(£1))] < (G—m(l2))¥;
)
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Concerning (Ml(l)MQT)(A), using |¢1| > c(j)° one obtains

A -/ 24 -1 -/
<<M<“M2>< o Sews (a=a) TS (M) 0.0) (M) 000, -
—_— —(2,0)

Ji
For (Ml(l)Mg)(B), we define 6 := c~!(a — a’)/2 and we observe that

(G Ss (= m(€2)) + (w(£1))° S5 (5 — 7(6r))° Ss (G — 7 ()]
from which one obtains

-/
J

(MDD Sens @ ¥ eV M1y 0,001 o

5,0
Then the estimate on (Ml(l)MQT)(B) follows by Lemma. The estimate of (Ml(l)Mg)(C) simply

follows observing that, since

" S (G =m0 + (m(b)" S (G = m(€))" Sy [0 = (&)1,

one has

C i’ a'|b14+4s] j—m (41
@) )7 Y e G ) ) ), (82)]

£1,80:5—j' =m(£14£2) ,
[b(G—m (1)) =GP

< 3 e TG b(j — () |(MD YT @) (MFY . ()]

Zl,ég:jfj':ﬂ'(fl+€2)
<SS AMMY) o o)D) s 013

and applying Lemma m and Lemma 2 In order to estimate (M (I)Mz)(D ), we start with
recalling that, by Item 2 of Lemma [2.12] w1th j replaced by j — w(¢1) and h replaced by j, one

has v(j — 7(¢1)) = v(j). Then one has

b)) =17 -v(G —7(l)] |G —7(61)) - v(G —7(D)] + |w(C2)[|v(j — 7 (€1)]
< (b(F = 7(r))) + el (G — 7 (6)]
Se (0(F = 7(61))) + < 1) {v(j —m(f))) -

This in turn, setting o := (a — a’)/2 and 0 := ¢~ 1o, enables to deduce

((M(l)Mz)(D) o 1))]
Se >0 eFIRl I (0) ()R — (e DIllo( — m(E)I(MFYT ) ()]

J—i'=m(L1+L2)

Se (a0) e MM .y )| ME]T

a,—1 -

Finally, using that (j)%* <, (j — 7(¢1))2* 4 (x(¢1))** < p, 8, cI2*|1]|** , one obtains

o
(MOME)E o)) Saen (@ =)~ 32O 50007 (M) 70,00

J1

-/
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Proof of Lemma[{.J} We set (recall that V(¢) = 0 if 7(¢) = 0) (S(T))?(é) =G4, v(j),b(j)) with

-V
) it w0 £0, v ()
S(l,v,b) = q w- £+ 2570 — |7 (€))? . (B.9)
0 otherwise
One has ) )
S5l 1< sup e S (e,0,0)[(0)!
vEV,bEZlezd
/ / 14
= sup e® clv|+a’ |2 I%(”)‘ <b>1 )
veV beL [ lw-€+2 W b~ |7 (€)]2]
We estimate * = () by distinguishing two cases. If [b| > |w - £ — |7 (£)|?
Li0]]
|w - € —|w(0)]2 + 25|

[v]

then (recalling that Iﬂlgﬁ)l is a non-zero integer) one has * < 2. Otherwise if |b| < |w - £ — |7 (£)|?|

then, by (4.3) and recalling that |7 (¢)] < c71}¢|,

# < (jw- L= |m(OP[+ D)y Sy
In conclusion,
R HAEE D DI 14O R
05 —j'=m ()70

Sy Z el |V(€)||f|(7+2) Sey (@ — 2a’)‘(f+2)||v
L:j—j'=m(£)#0

(B.10)

,p -

Recalling that, if 7(¢) || v(j), j-7(¢) = \foifb(ﬂ% we have

40 o |
(So— S () =L w-t+2j-n(t) —x@OF T~ =€), w(6) #0, =(0) v (i),

0 otherwise .

Accordingly, we divide the indexes j, ¢ which contribute to Sy — S following the two conditions:
i) One ecither has |¢] > c(j)° or (j) < jmin := 225 ; ii) One has |¢| < c(j)°, (j) > jmm and
7w(€) [ v(j). We decompose accordingly Sy — S{ = R + P.

First, by applying Lemma to Sp — SF and setting Ry = (So — S3)®), we deduce

|Rilo .

2

2
@20 S5 2 [[Vllap-

To deal with the case |j| < jmin, We set (Rg)gl(Z) = (So);/ (0) if 5 < jmin -
Since if || < jmin We have

by <A G (B.11)
W €1 2)-7(f) — [(O)7] =
defining R := Ry + Ry, we get that
2
Rlar, 50y Sora” ™V ] (B.12)
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To deal with case ii), we define

Pl0) =

] w-l+25-7wl)—|n(f)

0 otherwise

{ '_V(E) 5 if 7> dmin, [0 <c(5)° and 7(0) [fo(5),

Now we claim that if (j) > 225, [¢| < c(j)° and 7(¢) [f v(j), then |j - 7(£)] > (j)*
Indeed, [¢] < c(j > implies that |T(¢)] < {4)°. Fixing w € V to be the direction parallel to 7(¢)
one has |w| < (j)° hence

w(l)-j| > |w- 7| > 1b(4)] == min Y
7051 2 w5 2 BG) = min i

Then, if |b(5)] > (j)* our claim follows. Otherwise, we prove the claim by contradiction. Recall
that v(j) attains the minimum above and by ii) v(j) |fw. If |w - j| < (j)* then, by Lemma [2.11]
(j) < v/2(j)*~%, which contradicts (j) > 225.

As a consequence if (j) > 225, |¢] < c¢(j)0 and 7 (€) [ v(j), then

) Gy Gy
o 042 70— OF] = 2 7@~ w L~ = OP] = 20)" — (@] + < D) |

provided that (j) > jmin. Therefore we have

1P| SV lap- (B.13)

a/
§f§"(110)

Recalling that Sy = ST + P + R, estimates (B.10), , (B.13)) then imply that S is quasi-
Toplitz of order —1. We now prove estimate (4.10]). We start with explicitly computing [Sy, My ].
Setting h = j — mw(¢), one has

7 (L (e
(IS0, MyDE(0) = 3 V() ((S0)) ™ (02) — (S0)I 2700, (£2)
by +Lo=/

1 1
zlJ%;:eV(El)V(EQ) (W by +2(j —m(lr)) - w(l2) — |7 (L2)|? Cw- by +2j - m(l2) — 7r(€2)|2)
3 —2(m(ly) - m(l2)) V(£1)V (£2)
(W by +2j-m(la) — [m(l2)P)(w - lo +2(j — m(lr)) - 7w(l2) — |7 (L2)[?)

O1+L4a=C

We then split the above sum into two terms, according to whether m(¢2) || v(j) or not. In the
first case, we set

— (27 (4) - 7(le)) V(L) V (£2)

T\j—7(£) L
S0, TS 00 = D T )~ )P G + 20 — () )~ R

£y 4o=2
() [[v()
_ Z — (27 (4y) - w(£l2)) V(E1)V (L)
oo (@ o+ 20()) Tl — () [2)(w - €2 + 2b(5) FBL — 2m(01) - () — |m(6)[2)
(B.14)
and we are going to prove that its symbol
T(l,b,v) = o — @n(ly) - m (52))‘/‘(”5(@) (52)
oimee (@ b+ 26(5) T — [ (6) ) (w - o + 2612 — 2m(01) - w(£) — | (£)[?)

m(£2)lv
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is of order —2. In the second case, we set

hipy . — (27 (6y) - 7(€2)) V(£1)V (£2)
)= a;;ﬂ (W Lly+2j-m(ly) — [w(l2)[2)(w - b+ 2(j — w(€r)) - w(la) — |7 (€a)]?) (B.15)
(L) v (d)

with h = j — w(¢), and we shall prove that R € £ 20
We start with exhibiting estimates on |[Sq, My |* |a, _o. Let

(b1, 4s) = w - by — |m(be)|* = 2em(£y) - 7(ly), €€ {0,1}, (B.16)
so that the denominators appearing in have the form
(27 - m(l2) + O (1, 02)) (25 - (L) + f1 (61, 62))
arguing as to obtain estimates (B.10]), we observe that Ve € {0,1}, if (b) > |f¢(¢1,£2)|, one has

2{b

[T (£2)] o 2 <2, (B.17)

(- £+ 26() T 2em(0y) - m(ta) — |m(t2)[2)

while if (b) < |f€(¢1,42)], one has
2(5) §
(@ to+20() B — 2em(b) - m(£) — | (t2)[2) |~ s
2|f6(€1a€2>| < |£2‘2|£1| < ,y—1|g2|r+2|€1‘.
(- b2+ 20() B — 2em(01) - m(tz) — [m(ta)2)| ~ Ml

Let now 0 := (a — 2a’)/2. Combining (B.17) and (B.18]) and recalling that, since 7(¢3) || v and
v is a generator, one has c|v| < c|m(£3)| < |¢2|, one obtains

1[0, MyI™ar _y S 3 e el N v () V (6)]| 62T+ ey P
¢

£1+Lo=0
(L) lv
<Ze ST e () V() |[6 2Ty B
1 +lo=t
w(£2)|lv

< Z a’ltr]|+2a |E2||g ‘2(T+2 +1|€1| V()||V(£2)] Ser (a—2d))" 2(T+2)— 4||V||2
1,02

ap’

provided 2a’ < a.
We now turn to prove that R defined as in (B.15]) belongs to £,
5

decompose R = R; + Ry + R3 as follows:
(R0 = RO if max{|fl, 1], |6al} > <(j)®, (R)M€) =0 otherwise;
(B2)'(0) = RYO) i () < Juins  (R2)2() =0 otherwise;
(Re)(6) = RE(0) it max{)l], 1], al} < o(j)®  and (j) > juin, (Rs)(€) =0 otherwise.
for any V € N. We

—(2,0)° Letting jmin == 22*15, we

Arguing as to prove estimate (B.12)), one easily sees that Ry, Ry € Lo
o

—(N,0)
now prove that R3 € L/ —(2,0)°
PR >
First of all, we claim the following;:
(Rs)j(O) #0 = |j-m(la)] > ()" (B.19)
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Indeed, if (R3)"(£) # 0, then by definition of Rg and R one has (j) > jmin, [f2] < c(j)° and
7(€2) fv(j). But then |[fo] < c(5)° implies that |w(f2)| < (4)°. Fixing w € V to be the direction
parallel to m(¢3) one has |w| < {5)?, hence

w(la) - 7| > |w-j| > 16(4)| ;=  min j v

w(E) 51 2 03| 2 bG)| = _ min 15+
Then, if |b(j)| > (j)* our claim follows. Otherwise, we prove the claim by contradiction. Recall
that v(j) attains the minimum above and, since m(¢2) } v(j), v(j) W w. If Jw - j| < (j)* then, by
Lemma 2.17]

() < V20)'7

which contradicts (j) > 225. This proves that (B.19) holds. 4
As a consequence, taking f€(¢1, ¢2) as in (B.16)), one has that, if (R3)§-(£) # 0, then Ve € {0,1}

()" _ ()"
|w -l +2j - w(l2) — €2m(ly) - w(l2) — |m(L2) ] (25 - 7(l2) + fe(£,L2)]
()" ()"
< — < — - <1,
20 — [wl|l2] = ¢ T2l = 2¢ 72|01 [€a] T 2(j)* — (Jw| +2c72)c2(5)
since (§) > jmin- This proves that
(B)ar )i = D0 e# MR 010)>
L:j—h=m ()
Se X e ST V)V () lIr () In(e)] Se a2 @M Y)2
L:j—h=m (L) f1+Lla=t
m(€2)Hv(5)
and thus estimate (4.10) follows. O

C Covariant properties
Assume that H is an Hamiltonian function which is invariant by translation and gauge:
Hor: = H, Hoe'=H, Y¢eR, VteR. (C.1)
Its Hamiltonian vector field Xy thus fulfill
T Xu(u) = Xg(reu), A Xp(u)=e'Xp(u), VeeR, VEER. (C.2)
Consider now a quasi-periodic traveling wave ¢(p, z) fulfilling , . Denote by

A(p)u = dX g (q(e,-))u

and
N(p,u) = Xpu(q(e,-) +u) — Xu(q(e, ") —dXu(q(p,-))u

Following [2], B, Section 3.4], now we prove the following lemma.

Lemma C.1. For any (¢,(,t) € T? x R? x R one has

Alp+ Kot =1c0A(p), Alp+ tT) o€l =€l o A(p), (C.3)
N(p+ K¢, 1eu) = 7c o N, u), N(p+tI,etu) = e o N(p,u). (C.4)
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Proof. We prove just the first identities in both line, the second one being similar. We start with
the first identity of ((C.3]). Differentiating the first of (C.2)) at ¢(¢, ) in direction w we get

7 [dXu(q(p,))w] = dXu(1eq(p, ) Tcw - (C.5)
Then the covariance property (1.9) implies immediately
Alp +K() oe = 7¢ 0 A(p) (C.6)

To prove ((C.4]) just use again that, by (C.2), (C.5) and the covariance properties (1.9) of the

quasi-periodic traveling wave,

T¢ © N(‘)Dv u) = XH(TCq((p’ ) + TCU) - XH(TCq(@7 )) - dXH(TCQ(<)O7 '))TCw
= Xu(q(p + K¢, ) + 7cu) — Xu(q(e + K(, ) — dXu(q(p + K¢, ) ew
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