AN ABSTRACT BIRKHOFF NORMAL FORM THEOREM AND EXPONENTIAL TYPE
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ABSTRACT. We study stability times for a family of parameter dependent nonlinear Schrodinger equations on
the circle, close to the origin. Imposing a suitable Diophantine condition (first introduced by Bourgain), we
prove a rather flexible Birkhoff Normal Form theorem, which implies, e.g., exponential and sub-exponential time
estimates in the Sobolev and Gevrey class respectively.
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1. INTRODUCTION AND MAIN RESULTS
We consider families of NLS equations on the circle with external parameters of the form:
(1.1) i + Upe — Vo u+ f(z,|ul?)u=0,
where i = v/—1 and V* is a Fourier multiplier

— RYPPR YL ; 00
Vieu=3 Vigd®, (V) €w,
JEZ
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living in the weighted ¢>° space
v =V =(Vj)jez €07 | [Vig= sup Vil{)* <o},  q20,
where (j) := max{|j|,1}, while f(z,y) is 27 periodic and real analytic in = and is real analytic in y in a

neighborhood of y = 0. We shall assume that f(x,y) has a zero in y = 0. By analyticity, for some a, R > 0 we
have

(1.2) Fla,y) => D@y, flar =Y [f DR < 0,
d=1 d=1

where, given a real analytic function g(z) = Zgjei”, we se | |9‘12ra = Z \gj|262a|j| . Note that if f is indepen-
jez jez

dent of = (1.2 reduces to

o0
(1.3) fle =Y If PR < 00.

d=1
Equation is at least locally well-posed (say in a neighborhood of u = 0 in H', see e.g. Lemma and has
an elliptic fixed point at u = 0, so that an extremely natural question is to understand stability times for small
initial data. One can informally state the problem as follows: let £ C H' be some Banach space and consider
(1.1) with initial datum ug such that |ug|p < 6 < 1. By local well posedness, the solution u(t, ) of with
such initial datum exists and is in H'.
We call stability time T = T(d) the supremum of the times ¢ such that for all |ug|g < ¢ one has u(t,-) € E
with |u(t,)|g < 20.
Computing the stability time 7'(J) is out of reach, so the goal is to give lower (and possibly upper) bounds.
A good comparison is with the case of a finite dimensional Hamiltonian system with a non-degenerate elliptic
fixed point, which in the standard complex symplectic coordinates u; = %(qj + ip;) is described by the
Hamiltonian

n
(1.4) ij|uj|2 +O(u®), where w; € R are the linear frequencies.
j=1

Here if the frequencies w are sufficiently non degenerate, say diophantineﬂ then one can prove exponential lower
bounds on T'(§) and, if the nonlinearity satisfies some suitable hypothesis (e.g. convexity or steepness ), even
super-exponential ones. This was proved in [MG95] (see also the recent paper |BFN15| and references therein).
The strategy for obtaining exponential bounds is made of two main steps. The first one consists in the so-called
Birkhoff normal form procedure: after N > 1 steps the Hamiltonian is transformed into

n

(15) ZWj|Uj‘2+Z+R,

j=1
where Z depends only on the actions (|u;|?)"; while R = O(|u|?*3) contains terms of order at least 2N + 3 in
|u|. It is well known that this procedure generically diverges in N, so the second step consists in finding N = N(4)
which minimizes the size of the remainder R.
The problem of long-time stability for equations has been studied by many authors. In the context
of infinite chains with a finite range coupling, we mention [BFG88|. Regarding applications to PDEs (and
particularly the NLS) the first results were given in [Bou96a] by Bourgain, who proved polynomial bounds for
the stability times in the following terms: for any N there exists p = p(N) such that initial data which are §-small
in the H?'*? norm stay small in the H?" norm, for times of order 6=V, Afterwards, Bambusi in [Bam99b| proved
that superanalytic initial data stay small in analytic norm, for times of order eln(%)ub, where b > 0.

1Namely g is a holomorphic function on the domain Tq := {z € C/27Z : [Imz| < a} with L?-trace on the boundary.
2A vector w € R™ is called diophantine when it is badly approximated by rationals, i.e. it satisfies, for some ~,7 > 0,
k- w| > ~lk["7, Vkez"\{0}.
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Following the strategy proposed in [BamO03] for the Klein-Gordon equation Bambusi and Grébert in [BG03]
first considered equation on T? and then, in [BG06|, proved polynomial bounds for a class of tame-
modulus PDEs, which includes . Their main result is that for any N > 1 there exists p(N) (tending to
infinity as N — o00) such that for all p > p(N) and all —small initial data in H? one has T > C(N,p)d ",
provided § < dg(N,p). Similar results were also proved for the Klein Gordon equation on tori and Zoll manifolds
in [DS04], [DS06], [BDGS07]. Successively Faou and Grébert in [FG13|] considered the case of analytic initial
data and proved subexponential bounds of the form T > 61“(%)1”, b > 0, for classes of NLS equations in T¢
(which include by taking d = 1). Regarding derivative NLS equations, the first results were in [YZ14] for
the semilinear case. Recently, Feola and Iandoli in [FI] prove polynomial lower bounds for the stability times
of reversible NLS equations with two derivatives in the nonlinearity.

A closely related topic is the study of orbital stability times close to periodic or quasi-periodic solutions

of (L.I). In the case E = H', Bambusi in [Bam99a] proved a lower bound of the form T > e b >0,
for perturbations of the integrable cubic NLS close to a quasi-periodic solution. Regarding higher Sobolev
norms, most results are in the periodic case. See [FGL13| (polynomial bounds for Sobolev initial data) and the
preprint [MSW18] (subexponential bounds for Gevrey initial data).
A dual point of view is to construct special orbits for which the Sobolev norms grow as fast as possible (thus
giving an upper bound on the stability times). As far as we are aware such results are mostly on T? and in
parameterless cases (for instance [CKST10], [GK15], |[GHP16|) and the time scales involved are much longer
than our stability times (see [Guald] for the instability of on T? and |[Han14] for the instability of the
plane wave in H? with p < 1).

In this paper we propose an abstract Birkhoff normal form result (see Theorem on weighted sequence
spaces (based on £2) and deduce from it stability estimates for initial data in analytic, Gevrey and Sobolev
class. An important difference of our approach with respect to the aforementioned papers and one of the main
motivations of our work is that we use a different diophantine non-resonance condition on the linear frequencies,
originally introduced in [Bou05| in the context of almost-periodic solutions. More precisely set

(16) 0= flo= () € ¥ suply = 10007 < 1/2)
J
and, for v > 0, define the set of “good frequencies” as
1 z
(1.7) D, = {w €y |w-¥ >71_[Z (ERAEOEIE YeeZ” |l < oo},
ne

It is known that D., 4 is large with respect to a natural probability product measure on €, (for a proof see [Bou05]
or Lemma in the present paper). It turns out that such diophantine conditions are very natural and easy
to use in the context of PDEs on the circle with a superlinear dispersion law. Then from now on we shall fix
v >0, ¢ > 0 and assume that w € D, 4.

Remark 1.1. We note that some non-resonance condition on the frequencies is inevitable if one wants to prove
long-time stability, indeed if one takes V = 0 and f(z,|u|?) = |u|* then one can exhibit orbits in which the
Sobolev norm is unstable in times of order §—*, see [GT12|, [HP17].

At the formal level our BNF scheme is identical to the one used in finite dimensional systems, see formula
. The fact that such a scheme may be applied in an infinite dimensional context follows from introducing
a suitable norm (see Definition and the comments thereafter); it turns out that our norm has explicit (and
for us quite surprising) immersion properties (see Proposition and allows good bounds on the solution of
the homological equation (see Lemma . The gist of these properties is that they ensure that any vector
field mapping a (neighborhood of) given Hilbert space in itself also maps (smaller neighborhoods of) more
reqular Hilbert spaces in themselves. Analogously also the vector field solving the homological equation maps
sufficiently more regular Hilbert spaces in themselves.
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To show that our procedure works in significative cases, we have computed stability times for various regu-
larity classes. More precisely we improve the results in [FG13] on analytic and Gevrey initial data, see Theorem
Moreover we recover [BG06] on Sobolev initial data, giving an explicit control on the dependence of the
stability time and of the smallness condition on the regularity, see Proposition [[.I] and the improved estimates
of Theorem
Comments on possible generalizations. In this paper we have considered the simplest possible example
of dispersive PDE on the circle. One can easily see that the same strategy can be followed word by word in
more general cases provided that the non-linearity does not contain derivatives and that the dispersion law is
superlinear. A much more challenging question is to consider NLS models with derivatives in the non-linearity.
As we have mentioned a semilinear case was discussed by [CMW]. A very promising approach to Birkhoff
normal form for quasilinear PDEs is the one of [Dell2|- [BD18| which was applied to fully-nonlinear reversible
NLS equations in [FI|. It seems very plausible (at least in the reversible case) that one can adapt their methods
(based on paralinearizations and paradifferential calculus) to our setting.

A natural generalization would be the extension to higher dimensions. While the immersion properties would
work essentially in the same way, the diophantine condition should be adapted, for instance one could use the
condition in [FG13].

Equation contains infinitely many external parameters. Of course one would like to consider parameterless
equations as in the very interesting recent preprint [BFG18]. In this direction a natural question would be to
understand if one could impose similar diophantine conditions by tuning only one parameter such as the mass
in the beam or wave equations (see, e.g., |[Bam03|, |[BD18]).

Before explaining the abstract BNF procedure in detail let us describe our stability results.

1.1. Stability results.

Analytic and Gevrey initial data. Our result is similar to [FG13| in the sense that we also prove subez-
ponential bounds on the time. We mention however that in [FG13| the control of the Sobolev norm in time
is in a lower regularity space w.r.t. the initial datum. Recently we have been made aware of a preprint by
Cong, Mi and Wang |[CMW]| in which the authors give subexponential bounds for Gevrey initial data of a
model like (1.1)), very similar to ours. A difference is that in their case the non linearity contains a derivative
(see the comments after Theorem but satisfies momentum conservation. The two results were obtained
independently and contemporarily, anyway, the overall strategies of proofs are quite different. In particular our
result is a consequence of the general Birkhoff Norma Form Theorem and the non-resonance conditions are

different (recall (1.7))).

To state our result, let us fix 0 < 8 < 1, and define the function spaceﬂ

(L8) Hpsa = qu(@) = Y uge? € L2 ¢ Jul} o= D JugP)e*9220)" < oo

JEZ JEZ
with the assumption a > 0,s > 0,p > 1/2. We remark that if @ > 0 this is a space of analytic functions, while
if a = 0 the functions have Gevrey regularity. Note that for technical reasons connected to the way in which we
control the small divisors, we cannot deal with the purely analytic case § = 1, see Lemmas For this
reason we denote this result as G (Gevrey case).
Our result, stated below, depends on some constants &g, Tg, explicitely defined in Subsection [A] and depending
only on v,q,a, R, |fla,r, P s, a, 6.

Theorem 1.1 (Gevrey Stability). Fiz any a > 0, s > 0 such that a + s < a and any p > 1/2. For any
0 < § < d¢ and any ug such that

|u0|p,s,a <9é,

3Actually Hp,s,a also depends on @, however, since we think 6 fixed, we omit to write explicitly the dependence on it.
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the solution u(t) of (1.1) with initial datum w(0) = ug exists and satisfies

ju(t)

Remark 1.2. Some comments on Theorem [[.T] are in order.
1. The main point in the proof is to verify that the abstract Birkhoff Normal Form Theorem is applicable.
Then we put the Hamiltonian of the NLS in Birkhoff normal form:

(19) ZWj|Uj|2+Z+R,
JEL

T Sa\1+6/4
psa <20 for all times |t| < 5—36(1“%) .

where Z depends only on the actions (|u;|?);ez while R = O(|u|®*3) is analytic in a ball centered at zero of
h, 5o and has a zero of order at least 2N + 3 in u = 0. Then we find N = N(J) which minimizes the size of the
remainder R.

2. We did not make an effort to maximize the exponent 1 4 /4 in the stability time. In fact, by trivially
modifying the proof, one could get 1+ 6/(27). We remark that in [CMW], in which # = 1/2, the exponent is
better, i.e. it is 1+ 1/(2%).

Sobolev initial data. Here our first goal was to recover by our methods the result of [BGO6|, computing
explicitly all the constants in the estimates. In particular it is fundamental to have a good control on the
dependence of the stabiliy time 7" on the the regularity p. Indeed there are two natural ways of taking a small
ball around zero: reducing the size § or increasing the regularity p. A crucial point is that, in the case of Sobolev
regularity, the number of BNF steps that one may perform is (apparently unavoidably) tied to the regularity
p. This is clearly seen in [BGO6|, where the number of steps is ~ /p. It seemed an interesting point to verify
how our approach worked in such a case, and wether we would see the same phenomenon.

As before, our estimates depend on some constants, denoted by 75, ds, ks, Ts,, explicitly defined in Appendix
These constants depend only on 7, ¢, a, R, | f|a,r-

Proposition 1.1 (A quantitative version of |BG06]). Consider equation (1.1) with f satisfying (L.2) for
a,R> 0. For any p > 37s + 1 and any initial datum u(0) = ug satisfying
(1.10) ‘uO|HP = |’LL0‘L2 + |8£UO|L2 <5< 5s(ksp)_3p

the solution w(t) of (1.1)) with initial datum w(0) = ug exists and satisfies
2(p=1)

) ™
(1.11) lu(t)|m, <46 for all times |t| < Tgp~°P (S) ’

o

Remark 1.3. Also in this result we just have to verify the hypotheses of Theorem However as it happens
in [BGO6] the maximum number N of steps of BNF we can perform depends on p, in particular N = [%} This
is in fact slightly better than the previously cited paper (N ~ p instead of \/p). On the other hand it is not
difficult to show that the bound § < ds(ksp) 3P is essentially optimal (see Remark .

Looking at the proof of the Theorem or even constructing other finite-dimensional models, one can see that
in the traslation invariant case, the very restrictive smallness condition in is only due to interactions
between the modes 0,1, —1 and all the others. It then seems natural to consider initial data for which the
energy on such modes is smaller, namely |ug|r2 < 27P5. We refer to this case as M, the relevant constants can
be found in Appendix [A]

Theorem 1.2. Consider equation (L.1) with f independent of x and satisfying (1.3) for R > 0. For any
p > 3m + 1 and for any initial datum u(0) = ug satisfying

On
(112) |U0‘Hp S é S —, |’LLO|L2 S 27P§
VP
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the solution u(t) of (1.1)) exists and satisfies

2 ™
(1.13) [u(t)|ge <85  for all times |t| < Ty (m)

Remark 1.4. Note that, since the L? norm is a constant of motion, one trivially has |u(t)|z> < 27P§. Comparing
with , we see that the time estimate is more or less the same but now it holds in a much bigger neighborhood
of zero (6 < p~1/2 instead of < p3P).

If one requires a stronger condition on the L? norm, i.e., |ug|pz < 37P4, it turns out that the size of the
perturbation is exponentially decreasing in p and, therefore, keeping 0 fixed and sending p to infinity one
immediately obtains stability.

The main difference between the Gevrey and Sobolev cases is that in the latter the number of BNF steps N
depends on the regularity, while in the former it is independent. Thus in the Sobolev case we cannot fix both §
and p and optimize in N. What we can do is to fix ¢ and find an optimal regularity p(d), which maximizes the
stability time. It turns out that the two cases S and M behave differently. Indeed the weaker smallness condition
allows us to take much bigger p(d), obtaining much longer stability times. As before our statements
depend on some constants, denoted by ds, oy explicitly defined in Subsection

Corollary 1.1 (Sobolev stability: optimization).
(S) For any 0 < § < &s and any ug such that

In(ds/9)
1.14 ) =p(0) =14 ————
( ) |u0|H =0, p p( ) 61n1n(5s/5) ’
the solution u(t) of (1.1)) with initial datum w(0) = ug exists and satisfies

In?(85/9)
(1.15) |w(®)|ge <45 for all times [t| < Tge FsminEs/d)
(M) Assume that f in (I.1)) is independent of x. For any 0 < § < &y and
S 2

(1.16) Vp > p(d) := 5—”42, Yug st |uglge <8, |uglpe <2776,

the solution u(t) of (1.1)) with initial datum w(0) = ug exists and satisfies

52
(1.17) [u()|ge <85 for all times |t| < Tye™® .

Remark 1.5. Some remarks on Corollary are in order.
Note that ([1.15)) is the stability time computed in [BFGS8§| for short range couplings.

1. We will prove the case M only for p = p(d), the general case being analogouﬁ (with the same constants!)
also if p > p(9).

2. One can easily restate Corollary in terms of the Sobolev exponent p, instead of J, since the map
d — p(0) is injective.

Remark 1.6 (finite dimensional examples). It is interesting to compute the stability times predicted by our
theorems for initial data supported on a finite number of modes. To this purpose consider an initial datum u(%)
uniformly distributed over the modes 1,..., j:

(0)

lu; | =€, Vi=1,...,j

Theoremwith a=0,p=1states that if ¢ < eg := dge~2/" then u(t) stays stable, in Gevrey norm, for times
e\ 140/
of order e(® =)t 4.

41ndeed7 thanks to the immersion property of our norms (see Proposition below) the canonical transformation putting the
system in Birkhoff Normal Form (see Theorem H below) in the p-case is simply the restriction to HP of the one of the p(d)-case.
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Now if € < ey(p) := duj P~*/\/p we have |ug|g, < 6 and |ug|r2 < 27P6; then by Theoremthe solution u(t)

2(p—1)/7
stays stable, in HP norm, for times of order T ~ (S”i—m) y Maximizing the time in p with fixed € we get
62
ln(—”) (lne—1)2
1.18 ~ £ ~ Ty
(1.18) TR CE

provided that ¢ < j~"™. Explicitly we get a weaker constraint on € and a better time estimate. Of course
one could play the same game directly with the estimate of Proposition As it should be expected the time
estimate is more or less the same as but the smallness condition is much stronger, i.e. of the type ¢ < e~%J .

1.2. The abstract Birkhoff Normal Form. We start by setting our functional framework. The main point
is to introduce a weighted majorant norm which penalizes the terms in the Hamiltonian which do not preserve
momentum, see Definition 1.1

Let us pass to the Fourier side via the identification
(1.19) u(zx) = Zujeij‘” = u=(uj)jez,
JEZ

where u belongs to some complete subspace of £2. Fix the symplectic structure to be

(1.20) i) du; Ada, .
J
In this framework the Hamiltonian of is
(1.21) Hxis(u) := Dy, + P, where
y
D, := ij|uj|2, P = / F(z, |u(z)*)dz, F(z,y) ::/ f(z,s)ds.
JEZ T 0

We shall always work with quite regular solutions; given a real sequence w = (w;);ez, with w; > 1 let us set
the Hilbert spaceE|

2 2
(1.22) hy i= qu = (uj),cy € C(C) : ul; = Zw3|u3| < 00
jEz

As examples of h, we consider:

G) (Gevrey case) w(p, s,a) := ((j)pe“‘j“‘s(j)e) . which is isometrically isomorphic, by Fourier transform,
Jj€
to Hp 5, defined in (L.8).

S) (Sobolev case) w(p) := w(p,0,0) = ({j)?);cz, which is isometrically isomorphic, by Fourier transform, to
Hp.0,0 defined in and is equivalent to H? equipped with the norm |- |z2 + |0P - |z with equivalence
constants independent of p (see (5.28))

M) (Modified-Sobolev case) w; = [j]?, where |j] := max{]j|,2}; this space is equivalent to H? equipped
with the norm 2P| - |2 + |02 - |2 with equivalence constants independent of p (see )

Here and in the following, given r > 0, by B,.(h,) we mean the closed ball of radius r centered at the origin
of hy.

In the following we always consider Hamiltonians H : B,.(h,) — R such that there exists a pointwise absolutely
convergent power series expansionﬂ

Huw = Y Hapud®, u:=][u
a,BeN” JEL
|a|+]8|<o0

5 Endowed with the scalar product (u, v)n, := ez w?u]-ﬁj.
6As usual given a vector k € ZZ, |k| := e ksl
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with the following properties:
(i) Reality condition:
(1.23) Hop=Hgo,

this means that H is real analytic in the real and imaginary part of u (see section ;
(ii) Mass conservation:

(1.24) Hop=0 if |af #[8],

namely the Hamiltonian Poisson commutes with the mass ;7 |u; 12;

The Hamiltonian functions being defined modulo a constant term, we shall assume without loss of generality
that H(0) = 0.
We say that a Hamiltonian H as above preserves momentum when
(1.25) Hop=0 if m(a—B):=> j(a;-p;)#0,

JEL
namely the Hamiltonian H Poisson commutes with ) jez j|uj|2. Note that if the nonlinearity f in equation
(1.1) does not depend on the variable x, then the Hamiltonian P in ([1.21]) preserves momentum.

Definition 1.1 (n-majorant analytic Hamiltonians). For n > 0,7 > 0 let A, ,,(hy) be the space of Hamiltonians
as above such that the n-majorant
(1.26) H,(u) = Z |Haﬁ|en|w(a—ﬁ)\uaﬂﬁ

a,BeNZ

is point-wise absolutely convergent on B, (hy). If we take n = 0 we denote H,(u) = H(u) as the majorant of H.

The exponential weight e”l™(@=A)l is added in order to ensure that the monomials which do not preserve
momentum have an exponentially small coefficient.

We will say that a Hamiltonian H(u) € A, (hg) is n-regular if Xpg : By(hy) = hy and is uniformly bounded,
where X H, is the vector field associated to the n-majorant Hamiltonian in (1.26]). More precisely we give the
following

Definition 1.2 (n-regular Hamiltonians). For n > 0,7 > 0 let H, ,(hy) be the subspace of A, ,(hy) of those
Hamiltonians H such that
) < 00.
hy

We shall show in Section [2 that this guarantees that the Hamiltonian flow of H exists at least locally and
generates a symplectic transformation on hy.

X

2y

Hl3, @) = [ Hlrpw = 7"_1< sup

luly, <r

Remark 1.7. Definition [[.:2] with n = 0, i.e. the idea of controlling an analytic function through the sup of its
Cauchy majorant, dates back to Cauchy-Kovalevskaya. In the context of analytic functions on Hilbert spaces,
this class of functions is defined and studied, with a slightly different approach, in [Nik86] and [KP10], where it
is referred to as “normally analytic” functions.

Regarding the idea of introducing a weight which penalizes monomials which do not preserve momentum, this
was used already in [Bam03].

In our work the crucial point is that all the dependence on the parameters r,7,w of the norm in Definition
[L2 can be encoded in the coefficients
2
. _ _ W a;+06;
(1.27) cgﬂ)w(a’g) — plod+18l=2nlm(e B)lwaiiﬁ’ wotB — w,
JEZ
defined for any o, 3 € N” and j € Z (see formula (3.1) and Lemma [3.1)). This allows us to give a simple and
explicit condition which guarantees the immersion H,, (hy) € H, s (hye) in terms of the ratio of the coefficients
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cﬁ{%,w(a,,@), cg?n,’w,(a,ﬁ), see Proposition

As it is well known a Birkhoff Normal Form is achieved by an iterative procedure. Let us describe the general
step. Given a Hamiltonian

(1.28) H=> wjlu>+Z+R,
JEZ
where Z is a normal form and R has a zero of degree say 2d + 2 (with d > 1) at u = 0, we look for a change of
variables, which conjugates H to a Hamiltonian ZjEZ wjlu;|> + Z' + R’ so that now R has a zero of degree at
least 2d + 4. The desired change of variables is generated by the time one flow of a Hamiltonian S which solves
the homological equatior|
> wilu| S} = R.
JEZ

As for the immersion properties, givelﬁ r' <rn <nandw > wsuch that H, ,(hs) C H, . (he ), in Proposition
and Lemma we give a simple and explicit condition -in terms of the ratio of the coeflicients cg}),,w(a, 3),

J
CT, ,77/ 7wl

(a, B)- which ensures that if R € H,.,(hy) is appropriately small, then S is well defined and generates a
close to identity change of variables B, (hy/) — hy. With this procedure we start in some phase space h, and
then show the existence of the Birkhoff change of variables on a ball which not only has a smaller radius but
is taken in the stronger toplogy h,. Note that this is not a smoothing change of variables: it is defined from
the smaller space to itself.

Starting with a Hamiltonian as in with a zero of order 4, in order to reach the form we need to

perform N steps of BNF. To this purpose we make the following

Assumption 1. We say that n > 0 and two weights wog < w satisfy the Birkhoff assumption at step N > 1 if
the following holds. The exists a sequence of weights wo < wy; < --- < wy = w such that

(4)
Co (a,8)
¢ := max {1, sup ~ sup = —ometifnt } < 0,

Osn<N o j_;'_oaﬁ#o C(Qi)mmwn (e, B)
ith;
()
K:=max{1l, sup sup CQ;7"77:.+1,W7L+1(a318) c o
vsnan sas ol (Bl (@ p)
itP;
(7)
Cox a7ﬂ
(1'29) ﬁﬁ = max 17 sup sup 0 annNuwN( ) < o0,
0Sn<Na-Jfﬁﬁ¢O ) m (@, B)|w - (a — B)|
TR
where .
n n

Informally speaking € < co guarantees the immersion properties at each step, while & < co guarantees that
one can solve the homological equation at each step. Finally &% < oo guarantees that the composition of the
changes of variables of all steps is well defined and close to identity on some ball B, (hy,).

Let
(1.30) K,(he):={H €M, o) | H= Y Haalul*}

a€eNZ

be the subspace of normal form Hamiltonians.

"Since w € Dy,q, w.l.o.g. we may assume that R is in the range of the operator {3-;c; wjlujl?, -}
8As usual w < w means that wj < w;. for every j € Z.
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Theorem 1.3 (Abstract Birkhoff Normal Form). Consider a Hamiltonian of the form

(1.31) H=D,+G, Dy,=)Y wjuf?
J

with w € Dy 4 and G € 5 p(hy,), for some 7 >0, n > 0. Assume moreover that G has a zero of order at least
4 atu=0. Consider N> 1 and w > wy such that n,wy,w satisfy the Birkhoff assumption at step N. Set

—~ . T _ Y
1.32 T := min , , where T =T A
( ) { \/Nmax{efft, Rﬂ} 2} 2116|G|F,n,w0

Then for all 0 < r < T there exists an invertiblcﬂ symplectic change of variables

| =3

(1.33) U: B(hy) — Bar(hy), ueﬁgu}()hw) W (u) —ul, <Cir® < % ; C = Qfei"f )
such that in the new coordinates
HoV=D,+Z+R, Z € K. (hy),
where
(1.34) | Z|r00 < Cor?, |R|r0w < Cyr2(M+1) with Cy = &i# , Cy 1= 2‘3er (if;)l\]

The theorem follows by a straightforward iteration, see Section
As it is well known the bounds imply a lower bound on the stability time; we discuss this in Corollary
where we show that the solution u(t) of the Hamiltonian flow of with initial datum «(0) = ug such
that |ugly < 3 exists and satisfies

1

lu(®)ly <r for all times |t| < —=———.
8037“2(N+1)

By Theorem [I.3] and Corollary in order to prove the stability results we only need to define suitable
sequence spaces verifying Assumption [Il In particular we consider the three applications G, S,M introduced at
page |7l Another interesting example (suggested to us by Z. Hani) could be the space

{w)er?: P =3 ju P < ool
J
where |j| = max{|j|,2}. In this case one may get T = §™(n(1/9)),

Acknowledgements. The three authors have been supported by the ERC grant HamPDEs under FP7 n.
306414 and the PRIN Variational Methods in Analysis, Geometry and Physics . J.E. Massetti also acknowledges
Centro di Ricerca Matematica Ennio de Giorgi and UniCredit Bank R&D group for financial support through
the ”Dynamics and Information Theory Institute” at the Scuola Normale Superiore. The authors would like to
thank D. Bambusi, M. Berti, B. Grebert, Z. Hani and A. Maspero for helpful suggestions and fruitful discussions.

9 in the sense that there exists a symplectic change of variables ® : By (hy) — Ba,(hy) such that ¥ o du = & o Vu = u,

Yu € Bzr(hw) .
8
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Part 1. An abstract framework for Birkhoff normal form on sequences spaces
2. SYMPLECTIC STRUCTURE AND HAMILTONIAN FLOWS

Spaces of Hamiltonians. As explained in the Introduction our wheighted spaces h, are contained in ¢?(C),
so we endow them with the standard symplectic structure coming from the Hermitian product on ¢2(C).

We identify ¢2(C) with £2(R) x £2(R) through u; = (z; + iy;)/v/2 and induce on ¢2(C) the structure of a real
symplectic Hilbert spac by setting, for any (v, u(?) € £2(C) x £%(C),

<u(1),u(2)) _ Z (x§-1)l‘§-2) + y](_l)yj(_Z)) , w(u(l),u(Q)) _ Z (y](_l)x§2) . x§-1)y§-2)),
J J

which are the standard scalar product and symplectic form Q = > j dy; N dx;.
For convenience and to keep track of the complex structure, one often writes the vector fields and the differential
forms in complex notation, that is
| nda. x99
Q= IZdu] Adaj, Xy _laajH

J

where the one form and vector field are defined through the identification between C and R?, given by

1 . _ 1 .
duj = ﬁ(d%‘ +idy;), du; = %(d%’ — idy;),

0 1 ( o .0 > 0 1 ( 0 i 0 >
2= 7ml\la Y57 ) = Fm\a T |-
auj \/§ &rj 8yj auj \/i a$j 5'yj
Remark 2.1. By mass conservation and since H(0) = 0, it is straightforward to prove that the norm |- |, 4 is
increasing in the radius parameter r (see also Proposition3.1)).

Note that if |H|,,« < oo then H admits an analytic extension H, that is
(up,u_) € Br(F*(C)) x B.(1*(C)) = H(uy,u_) :  H(u)=H(u,u),

whose Taylor series expansion is
Huy,u ) = Z Haﬂuiué .
o,BeNZ
where we denote by . the sum restricted to those o, 8 : || = |B| < o0.
One can see that
0 OH (uy,u_
—H(u) = OH (u4,u)
au]‘ 8u_,j

UL =U_=Uu

Poisson structure and hamiltonian flows. The scale {#, ,(hy)},>0 is a Banach-Poisson algebra in the
following sense

Proposition 2.1. For 0 < p <r and n > 0 we have

r
(2~1) |{F> G}|T7n7w < 4<1 + p) |F|T+pm7W|G|T+pm7w-

10We recall that given a complex Hilbert space H with a Hermitian product (-,-), its realification is a real symplectic Hilbert
space with scalar product and symplectic form given by

(u,v) = 2Re(u,v), w(u,v)=2Im(u,v).
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Proof. It is essentially contained in [BBP13]. See in particular Lemma 2.16 of [BBP13|] with n = 0 (no action
variables here) and no s and s’ (no actions variable here). Note that the constant in Lemma 2.16 is 8, instead of
4 in the present paper, because of the presence there of action variables which scale different from the cartesian
ones (namely (2r)? instead of 2r). Recall also the required properties of the space E (named h, in the present
paper) mentioned after Definition 2.5. a

The following Lemma is a simple corollary and its proof is postponed to the appendix

Lemma 2.1 (Hamiltonian flow). Let 0 < p <7, and S € Hy4, p(hy) with

p
2.2 <di=———.
(2.2) Slrspme <0= 5005

Then the time 1-Hamiltonian flow ®% : B,.(hy) — By ,(hy) is well defined, analytic, symplectic with

p

(23) sup |(I).19'(u) - u|hw S (T + p)|5|r+p,n,w S g

u€ By (hy)

For any H € H, 4, ,(hy) we have that H o % = 9V H € H,.,,(hy,) and

S,
(24) ‘6{ }H P S 2|H‘r+p,7’/,wa
{37} — 3 -1
(2.5) ’(e 1d>H - T 1 P 1 P
3 1.
(26) ‘ (E{S, b - id _{57 ‘})H‘Tﬂhw S 56 2|S|i+p,n,w|H|r+p,n,w

More generally for any h € N and any sequence (cx)ren with |ci| < 1/k!, we have

h
(2.7) Z Ck adf; (H) < 2|H|r+p,n7w(|S|r+p,n,W/25) )

k>h
Ty1,W

where adg (+) := {5, -}.

3. IMMERSIONS FOR SPACES OF HAMILTONIANS.

Given two positive sequences w = (w;) = (v )jeZ we write that w < w' if the inequality holds point

/
jez W J

wise, namely

v<w = wjgw;-, VieZ.
In this way if 7/ < r and w < w then B, (hy) C B,(h,). Consequently if ' < r,n’ < n and w < w' then
Ahn (hW) c Ar/,n’ (hW’)~
We thus wish to study conditions on (r,n,w), (r*,n’,w’) (with * < r) which ensure that H, ,(hy) € Hpx p (hw).
Note that this is not obvious at all, since we are asking that an Hamiltonian vector field of Xy € H, ,(hy),

when restricted to the smaller domain B,.« (hy/) belongs to the smaller space hy.
The coefficients cg,),,w(a,ﬁ). Let us start by rewriting the norm | - |, in a more adimensional way. In this
way all the dependence on the parameters r,7,w of the norm | - |, « is encoded in the coefficients (1.27).

Definition 3.1. For any H € H, ,(hy) we define a map

2 2 _ (),
Bi(?) = 0, y= )z (YH (ymn,W)>J_€Z
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by setting

4 (a; +8y)
(3.1) Vil (girin,w) = Y [ Hoopl—52c) (. By~ P~

where e; is the j-th basis vector in NZ. while the coefficient 05{7)77,,,((1, B) was defined in ([1.27). For brevity, we

- %

o,B:|al=|8]
The momentum 7(-) was defined in ([1.25]).

The vector field Yy is a majorant analytic function on ¢2 which has the same norm as H. Since the majorant
analytic functions on a given space have a natural ordering this gives us a natural criterion for immersions, as
formalized in the following Lemma.

Lemma 3.1. Let r,7* >0, 1,7 >0, w,w' € R%. The following properties hold.
(i) The norm of H can be expressed as

(3.2) |H|, = sup [Yu(yir,n,w)le
|y|[2S1

(ZZ) Given HDY S HT*,Y]',W/ and H®@) c Hr,n,wa
such that for all o, 3 € N? and j € Z with o +ﬂj # 0 one has
HL1D (0, B) < df HElcd) (e, B),

W W
for some ¢ > 0, then

|H(1) e < C|H(2)|r,n,W'

Proof. See appendix O

As a corollary we get the following “immersion theorem” for spaces of Hamiltonians

Proposition 3.1 (Immersion). Let r,r* >0, 7,7’ >0, w,w € R%. If

()
e (0, B
(3.3) C:= sup % < 00,
JEZ, a,BENE Crzn,w(a,ﬁ)
o+ F
then Hyp(hy) C Hpx (b ), with
(3~4) |H|r*,n’,W’ < C|H|nn7w :

is increasing in v and 1, namely if v* < r and 5’ < n then

|H

In particular |-, |

e < H g
Moreover, if r* <r,w <w and H € K, ,(hy) then

(3.5) \H

e S Hlrna
Furthermore, if H preserves momentum then

(3.6) [H | < Col H
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where
(4)
N\
(3.7) Co:=  sup M < oo,
JEZ, a,BENE, cr{n,w(aaﬂ)
o +B8;70,
>, i(ai—B;)=0

Proof. Inequality (3.4) directly follows from Lemma (ii), while (3.5)) follows directly by (1.27) since in the
kernel a; + B; # 0 implies a; + B; > 2. The momentum preserving case follows analogously. O

Remark 3.1. The above immersion properties, with different norm and in a different context, were implicitly
used by Bourgain in [Bou05|.

4. SMALL DIVISORS AND HOMOLOGICAL EQUATION

Let us consider the set of frequencies

(41) = {o= )y €% sl — 7107 < 1/2);
J

this set is isomorphic to [-1/2,1/2]% via the identification

(4.2) & w(), where w;() = G2+ &

(e

We endow Qg with the probability measure p inducedE| by the product measure on [—1/2,1/2]%.
We now define the set of Diophantine frequencies, the following definition is a slight generalization of the one
given by Bourgain in [Bou05].

Definition 4.1. Given v > 0 and ¢ > 0, we denote by D, ; = D41-#2 the set of 1, 2, 7-Diophantine frequencies

H1,H2 . Z .
(4.3) DL .—{weﬂ |w - £|>7H T |m Ty Yl eZ .0<|€|<oo}.

Now we have that

Lemma 4.1. For py,pus > 1 the exists a positive constant Cpeas(p1, o) such that

M(Qq \ Ds}q’HQ) S CVmeas (Mla MZ)’Y .

Proof. In Appendix [C] O

This means that, for all p1, us > 1, Diophantine frequencies are typical in ), in the sense that they have
full measure. Here and in the following we shall always assume that

(4.4) 0<y<1l, weDd?=D,,

HDenoting by p the measure in €, and by v the product measure on [—1/2,1/2]%, then p(A) = v(w(~1 (A)) for all sets A C
such that w(~1(A) is v-measurable.
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In the remaining part of this section, on appropriate source and target spaces, we will study the invertibility
of the ”Lie derivative” operator

(4.5) Ly: Hw LyH:=) i(w:(a—f))Hapu®u?,

which is nothing but the action of the Poisson bracket {Z] wj|uj|2, } on H.
Recalling the definition of K, (h,) in (1.30) we give the following

Definition 4.2. Let
(4.6) Ryhe) :={HeH, , (h) | H=> Hapgu*ul}
a#3
Then we have the decomposition H,. ,(hy) = R, , (hy) & K, (hy) and the continuous projectionﬁ

(4.7) e H |y 00 (MR H 0 < [H]

RN
Obviously for diophantine frequency R, , (hy) and K,.(hy) represent the range and kernel of Li,.
For any r,7,w and a, 8 € N” recall the coefficient defined in (T.27)
b
wotB

Cr{v)],w(a’ B) := rlaltIBl=2enir(a=p)|
In following Lemma we consider R € R, ,(hy) and state sufficient conditions which ensure that L;'R €

Ry ' (hW’ ) :

Lemma 4.2 (Homological equation). Fizw € D, 4. Consider two ordered weights 0 < r* <7, 0 < 7 <nw >w,
such that

cg)!n,’w, (o, B)

(4.8) K: =~ sup . < o0,
sz azpen’ el u(a B)lw - (o — B)|
aj—i- j
then for any R € R, ,(hy) the homological equation
L,S=R
has a unique solution S = L' R in R, . (hy), which satisfies
-1 -1
(4.9) |L'R e <V KR,
Similarly, if R preserves momentum, assuming only
()
c (0 B
(4.10) Ky =7 sup ) i ) <00,
i€z, azpeN’ iy, B)lw - (o — B)|
o+ j 0

Zi i(oy _.:31')=0
we have that S also preserves momentum and

(4.11) |L,'R , <7 ' Ko|R)

r*n W 1,0

L Explicitely M H := 3 ,_g Ha gu®uP, g H := S s Hopu®aPl.
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Proof. Given any Hamiltonian R € R, the formal solution of Lg = R is given by

1
(4.12) L;'R= ———————Rq gu®uP,
a—ﬂzl,a#a i(w: (=) "

where u € By~ (hy). By Lemma (ii) (applied to HM = L;'R and H®? = R) and ([&§), we get (4.9). The
]

momentum preserving case is analogous.

5. ABSTRACT BIRKHOFF NORMAL FORM

In this section we prove the abstract Birkoff normal form Theorem We start by defining a degree
decomposition which endows #,. ,(h,) with a graded Poisson algebra structure.

Definition 5.1 (minimal scaling degree). We say that H has minimal scaling degree d = d(H) (at zero) if
Hap=0, Voa,B: laf=|8<4d,
Hop #0, forsome a,B8: |a|=|8=d+1.

We say that d(0) = +o0.

Essentially H has scaling degree d if and only if it has a zero of order 2d + 2 at zero, we prefer this notation
because we find it more intrinsic, it produces a graded Poisson algebra structure and one has the following

Lemma 5.1. If H € H, ,(h,) with d(H) > d, then for all v* <r one has

4\ 24
r* W < (T) |H|r,n,w'

C%)n (a, B) (r*>|a|+|ﬁ—2

GO
Since |a| + |B] — 2 > 24, the inequality follows by Proposition a

|H

Proof. Recalling ([1.27)), we have

The normal form will be proved iteratively by means of the following Lemma, which constitutes the main
step of the procedure.
Basically we start with a Hamiltonian H = D, + Z + R with Z € K, (hy) in normal form and R € R, , (hy) of
minimal degree d, and we consider ' < r,n’ <n,w’ > wso that H,,(hy) C H,s .y (hyw). Then we give a sufficient
condition which ensures the existence of a change of variables ® : B, (h,) — B,(hy) such that

Ho®=D,+Z7Z +R,
with Z', R’ € ", ,y(hw) and R’ of minimal degree d + 1.

Lemma 5.2. Fizw € Dy 4. Letr >1' > 0,n>1n" >0, w <w'. Consider

H=D,+Z+R, ZeK.h), ReR,,(h), d(Z)>1, d(R)>d>1.
Assume that (3.3) and (4.8) hold and thaﬂ
(5.1) Rl <+

13K is the constant in (.8).
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Then there exists a change of variables
(5.2) & i Bu(hw) — Bylbw),
such that
Ho®=D,+Z +R, Z' €Ky,ylw), R €Rpyyhy), dZ)>1, d(R)>d+1.
Moreovef

Z' v < |2l + (90) T KRl (ClRlrn s + 1 Zrna)
(5.3) IR < (10) ' K|Rlyinw(CIRr g + 1 Zrn) -
Finally, for w® >w', assume the further conditions

)
(84 ,3 /

(5.4) v sup 0 a5t (2 ) = K* < o0, pro= DT

J€Z, a£BeN” i u(a, B)|w - (o — B)] 2

a;+8;7#0
and
6
(5.5) |Rlrnw < ik
Then
o () : Br’ (hwﬁ) — Br(hwﬁ)a

(56) SupueBr’(hwﬁ) |(I)(U) — u|huﬁ S 77_1Kﬁ|R|r,n,w .

Moreover if R preserves momentum, assuming only that

()
(5.7) Kg = sup o) Cre o wt (o, )
jeZ‘,fgéieoNZ (e, B)lw - (a— B
POFRICH iﬁi)’:O

and that (5.1)), (5.5) hold with KO,Kg instead of K, K* we have that R' preserves momentum and (5.6) holds
with Kg instead of K*.

Proof. By Lemma let S=L,'Rin Ry« (ha) be the unique solution of the homological equation LS = R
on B« (hy). Note that d(S) > d. We have

(58) |S|r*,7]’,w’ < 7_1K|R|

We now apply Lemma [2.1] with (r,7,w) ~ (r',7/,w’) and p := r* — /. Note that (5.1) and (5.8) imply (2.2). We
define ® := ®% and compute

H :=Ho®=D,+Z+ (el —id—{S, ) D, + (e} —id)(Z+ R) =

W

— D+ 7 — Zad5]1 + (S —id)(Z + R).

We now set
Z'=UxH - D,, R =llgpH .

Since the scaling degree is additive w.r.t. Poisson brackets, we have that d(Z’) > 1 and d(R’) > d+ 1. By (2.7)

|2 iy S |2y w4+ (0) T KR

R vy < (75)_1K|R|r,n,W(|R|r*m’

rw ) s

r*,n’,W’) .

¢ is defined in (3.3).
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Since (4.8)) holds we can apply Proposition [3.1} by (3.4) and (3.5) we get
|R|r*,n’,w’ < C|R|r,n,W7 ‘Z|7"*,?7’,w’ < |Z

T,1,W
follows.
Finally assume and (5.4). By Lemma let S* = L;'R in R~y (hyt) be the solution of the homological
equation L,S* = R on By« (hy) C By« (hy). Since S and S* solve the same linear equation on By« (hy), we
have that

St=8

By (by)

By (4.9) we get
(5.9) 1S

! b < 771Kﬁ|R|

TSTW T

We now apply Lemma with (r,n,w) ~ (r',n',w*) and p := r* —r’. Note that (5.5) and (5.9) imply (2.2).
Then (5.6)) follows by (2.3) and (/5.9).

The momentum preserving case is analogous. (|

Theorem follows Given n > 0 and a sequence of weights wo < w; < --- < wy =w. For any given r > 0 we
set

n Tn+l +Tn

(5.10) ra=(2- ), nn:a—%)n, 0<n<N, rp="FE 0<n<n.
From Assumption [Ifand (1.27]) we havﬂ
(4)
Cpix w (o, B
(5.11) max{ 1, sup sup ”’(7;‘“’ i ) =¢ <00,
0Sn<NaJJ|>a‘§ﬁ#O CT‘Zlv"]nﬂ"n (a7 ﬂ)
it+B;
()
Crx . o,
(5.12) max {1, sup - sup  — e ) } =R < o0,
0S”<Na‘j—7i_05,5¢0 CTnv"?n;‘”n (a7 ,3)|CU : (a - ﬂ)'
it+B;
(4)
Cre e (@, B
(5.13) max {1, sup - sup  — o ) } =/ <o00.
0Sn<l_ Jab | e (@ B)lw - (a = B)]
it+B;

For brevity we set
(5'14) hy i=hy,, Hni=Hr, o, (hn) ;o 0<Sn<N, Hpui= HT:"’]nJrl(hn“Fl) ;o 0<n<N,
and, correspondingly, R, KCp, Ry «, Kp,« and

(5'15) | : ‘n = ‘ : |Tn,nmwn ) | : |n,* = | : |T;i,nn+1,wn+1 .

Lemma 5.3. By Assumption (5.11)) we have the immersion properties
(516) HOQHO’*g"'anan,*an+lg"'gHN7
with estimates

HeH, =  |Hp.<CH|,, 0<n
(5.17) Hek, = [Hl|n,« < |[H|n, 0<n<i<N-1.

5ywe are just using the fact that the ratio c&{%,w(cx,,@)/cg)n, (e, B) depends on 7, r’ only through their ratio.
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Proof. We apply Proposition [3.1] with

* / / *
Ty WA Ty TNy Wy 150 W~ T T 1, Wit 15

by noting that the bound (3.3]) follows from ([5.11). The bounds in (5.17)) follow form (3.4 and (3.5). The chain
of inclusions (5.16)) follows. O

Proof of Theorem[1.3 We will prove the thesis inductively. Let us start by noticing that

T = min r 78 r 5= 1
- 8/1Glrmmg || max{CR K} 2" = 30en

and, for all 0 < r < T, let us set
2\ ? 1 /)
N o r
=7 ( 7 ) |G 7,1,Wo 296 (7’*) .

From definition (|1.32)) we thus deduce that

(5.18) 8emax{CK, K1}~ < 1.
Recalling the notations introduced in (5.10)-(5.15)), by Lemma (5.1)) we have
7_1 |G|0 <e )

hence, setting Z(?) := kG and R :=IIx G, from it follows that
v HZO, v RO <.
We perform an iterative procedure producing a sequence of Hamiltonians, for n =0,... N
H™ =D, +2z™ 4 R™
ZW ek, R™eRr,, daz™)>1, d(R™)>n+1,

" ~ \» BB
(5.19) yHZM], <Y 270, 4 TURM), < et (4@5@5*1) < 9 e,
h=0

Fix any k < N. Let us assume that we have constructed H®), ... H®) satisfying (5.19) for all 0 < n < k. We
want to apply Lemma [5.2] with

k I
H7T77’aw ~ H( )7Tk577k7wk and Tanawawuad ~ Tk+17nk+17wk+17WN7k+1'

By construction the bounds (3.3, (#.8) and (5.4) hold since C < €, K < &, K* < &% where C',I/(\’J/(\'u were
defined in (5.11),(5.12),(5.13)). We just have to verify that (5.1]) holds, namely

IR(k)|k < YTk — k41

— R l6erg
In fact, by applying the inductive hypothesis (5.19) and the smallness condition (5.18]), we get
so1)* € v YTk — Tk41
ROy < (1esi™) e < 08 < =2 .
Bk < v SO S 16eR(2N _ k) R l6ery

The verification of (5.5 is completely analogous.
So, by applying Lemma we construct a change of variable @y, as in (5.2]) with
Dy - BTk+1(hWk+1) — B’rk(hwk+1)'

Let us now set

H* Y = p, + z*+D 4 gD — [y 0 @y,
with Z*+D) € K q, RFHD € Ryyq and d(Z%+D) > 1, d(R*+D) > k + 2. Tt remains to prove the bounds in
the second line of (5.19) (with n =k + 1). By (5.3]) we have
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IN

|7 (k41 120 + (46) T RIRP [ (€[RW|), + [ 2P)|)

(79) LRIRM[ (€| RM) ), + 2P .) .

Mkt
(5.20) |[R*TD |4

A

By substituting the inductive hypothesis ([5.19)), we have the following chain of inequalities
ATHURED L < §TIE2RMACRI T )R (C(4€RIT )R + 2)

$—1_2 S—1_\k
< 0 e“RMCRIT )Y (€4 2)
S (4¢ﬁ8_1)k+15k+2 — (4@:&5_16)16_‘—16,

which proves the bound on R™ in (5.19) for any n.
En passant, we note that

- N
c—1 _ CRN 2(N+1)
(5.21) e (4@5@5 5) = Ser? < a ) 204D
Finally, using the same strategy as above, we also get
k k41
:
7—1|z(k+1) lhp1 < e <Z o—h 4 (4€R51)k+1€k+1> < ¢ Z 2=h
h=0 h=0

which completes the proof of the inductive hypothesis (5.19), and remark that

N 2
_ r _N—
(5.22) 5h§202 b= 2oy (1—27"1).

By (5.6) we have

Py By, (hey) = Bro(hy,),

(5.23) SUD,cR ) [ @x(u) —ul, < ey RE RV,

i1 (B
In conclusion we define
U:=Pgodj0---0Py_y : B,(hy) = Bo(hy).
Since we have
Byodyo---0dy | —id
=(Pg—id)oPro---0Py_1 4+ (P; —id)oPyo---0Py_1 + ... Py_; —id .

By (5.23) we get
N—1 N—1
sup  |¥(u) —ul, < ZrkvflﬁHR(k”k < 2ref Z 27k < 4rffe,
UE By (hay) k=0 k=0

proving the first bound in . The second bound in can be written as 8@17*2 < 1, which follows
from r < T. We finally set Z = Zy, R = Ry and the estimates follow by —. Of course
the same reasoniong can be applied in order to construct the inverse, i.e. a symplectic change of variables
® : B,(hy) — Ba,(hy) such that

(5.24) Vody=>boVu=u, VUEB%T(hw).
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When the nonlinearity G preserves momentum Theorem [[.3] can be reformulated under slightly weaker
assumptions. More precisely, setting n =0

()
Cox (a’IB)
&o 1= max{l, sup  sup 9?];’"“} < o0,
0<n<N aJ]-’:E-}”B;ZO Cor O (a’ ﬂ)
70,
m(a—B)=0

(4)
C W o, /6
Rp := max {1, sup sup 5 0,0, n+1( ) } < 00,
o s Lo, (@B (o= B
m(a—B)=0
()
Cox 0wy 01,5
(5.25) & =max i1, sup - sup 2 =
0<n<N j,a,8, c (a, B)|lw - (a — B)]

@ +ﬁj £0, on,0,wp
m(a—B)=0

the following holds

Proposition 5.1. If G preserves momentum Theorem holds word by word with €y, Ko, ﬁg instead of €, R, RE.
Moreover also the new perturbation R preserves momentum.

. We note that in the case that G preserves momentum, the same result holds with Qo,ﬁo,ﬁg instead of
¢, &, &% moreover also R preserves momentum.
We finally give the following abstract stability result, whose proof is postponed to the Appendix B

Lemma 5.4. On the Hilbert space hy, consider the dynamical system

3
v =Xy +Xg, v(0) = v, |UO|WSZT7

where N € A, o(hy) and R € H,p(hy) for some r > 0,n7 > 0. Assume that
Re(Xpr, ), = 0.
Then

(5.26) (Bl — Vol :

Il ———
8| Rl .17,

r
<§,

Corollary 5.1. Under the same assumptions of Theorem the solution u(t) of the Hamiltonian flow of
([L31) with initial datum u(0) = ug such that |ugle < 3F exists and satisfies

(5.27) lu(t)|e <7 for all times |t| < TR

Proof. Let us consider Hamiltonian (1.31), take an initial datum |ugly := r < 2T and apply the change of
vartiables of Theorem |1.3] Denoting by v(0) = ¥(ug) we are under the hypotheses of Lemma with n =0
and we conclude

7 1
Do <=r, Y[ <.
|U( )| —_— ST | | 8|R|7-,07w
Now we can apply (5.24) in order to return to the original variables and deduce that u(t) = Puv(t) satisfies
T.—Q(N-f—l) 1
u(t)]y <r, Vit < — < .
| ( )| | | 8C3 8|R‘r707w
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Part 2. Applications to Gevrey and Sobolev cases

In Part 2 we show how to apply the abstract BNF to Gevrey and Sobolev cases. Following the notations
given in the introduction we work in the three sequence spaces defined for the applications G, S, M, see page [7]
As explained in the introduction, in order to prove the estimates on the stability times we just need to verify
that Assumption [I] holds. This is the content of the next sections.

Let us start by setting some notations.

Case G) In the case w(p, s,a) = ((j)PeS<j>9+a|j|> we denote hy(, 5 q) = hp s, Same notation for the norm of
jez
vectors | - [ s.q. Regarding the norm of Hamiltonians we write | - |, u(p,s,a), consistently with Definition Of

course, for any 0 < p <p’,0<s<5s',0<a<da we have

By oo Shpsas [0 VU € by s ar-

D,8,a < |U|p’,s/,a/’
Case S) If = s = 0 we denote h, 99 = h, , same notation for the norm of vectors | - |, and hamiltonians

Lo

Remark 5.1. Note that, via the usual Fourier identification one has:
(5.28) lulp < |u(z)[L2 +|0Fu(z)|L2 < 2lulp
Case M) In the case w; = |j|P where

L7] := max{]j[, 2}
we denote the norm of vectors as

(5.29) lally = Nullg = L)%y .

JEZ

Remark 5.2. Note that hy in M) and h, are the same vector space endowed with two equivalent norms. Moreover
one has

(5.30) [ullp < 2°u(z)[L2 + |07 u(e)| L2 < 2|ullp -

Definition 5.2 (momentum preserving regular Hamiltonians). Given r > 0,p > 0 let H"P be the space of
point-wise absolutely convergent Hamiltonians on ||u||, < r which preserves momentum and such that

(5.31) [H =171 ( sup IXH||p> <00,
namelym
” : ”T,p = | ’ |Hr,0(hw) , Wy = UJP

We now verify that the nonlinearities in (1.1)) are bounded in the norm |- |, in the cases S,M,G.

Proposition 5.2. Consider the correction term P = [ F(x, |u|?)dx in the NLS Hamiltonian (1.21)), where the
argument f in F satisfies(1.2)). Let p > 1/2.
(i) For any a,s,n >0 such that a+n < a and any r > 0 such thaﬂ (Carg(p)r)? < R, we have

(Carg(P)1)

2
(532) |P|r,n,w(p,s,a) < CNem(pa S, a—a— 77) R |f|a,R < 00.

where f and |f|a,r are defined in .

16Note that on the preserving momentum subspace H,y(hy) coincides with H, o(hy) for every 7.
7R is defined in (1.2) and the constants in Appendix
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(i) If F is independent oﬁ z, for (Caigu(p)r)® < R we have

(Calg,M (p)’/‘)Z
R

(5.33) 1Pllrp <2 [flr < o0.

This Proposition follows directly from the fact that the corresponding sequence spaces h, are closed w.r.to
convolution.

Let x :hpsa X hps.a = hpsq be the convolution operation defined as

(fvg)Hf*g:: Z fjlgjz
J1,J2€ZL, ji+j2=j jez
The map *: (f,g) — f * g is continuous in the following sense:
Lemma 5.5. For p > 1/2 we have
(534) |f*g|p s,a S Ca ( )|f|p,s,a|g|p,s,a7 ||f*g||P S Calg,M(p)”prHng :

The proof is given in Appendix

Proof of Proposition[5.2 By definition (recall (1.2]) and (1.21))

(5.35) Flz,y) /fxsdszf(dl ZF(d)

therefore we have

P:/F(x,|u\2)dazzz FO gusk o kukiin - *il
T —_—

d=2 d times dtimes / g
To each analytic function F(9)(z) we associate its Fourier coefficients; we have (Fj(d)) , € hy, .40 for ag :=
j€
a+mn <aands,p>0. Indeed
» 629 Y
)2 2 2 2 2 2
[EOR o = D 2220 (20| O 2 BED 37 2ealil el 2 0
J J

° 2
cX(p,s,a— ag) 1 p(d—1 (a—ag,5,p), (g
< A=t 5 o - Sty
J
with
C(p7 S7t) = 68 —+ sup xp€7t13+SI6
z>1

Now condition (L.2)) ensures that (B.12) holds and our claim follows, by Lemma [B.2} setting ag = a + 7.
(ii) Follows from (B.14]).

18j ¢. P preserves momentum and we are assuming ([L.3)).
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6. IMMERSIONS

The following proposition gathers the immersion properties of the norm |- |, u(p,s,a) With respect to the
parameters p, s, a.

Proposition 6.1. The following inequalities hold:
(1) Variations w.r.t. the paramater p. For any0 < p <r ,0 <o <n and p; > 0 we have

‘H|r—pm—o,w(p+p1,s,a) < Gaon(r/py0,p1) | H rnw(p,s,a)

(2) Variation w.r.t. the parameter s. For any 0 < o <n we have

(6'1) ‘H|rm—mW(p7s+o,a) < ‘H|rm,W(p,s7a)

(8) Variation w.r.t. the parameter a. For any 0 <o <n

(6.2) ‘H|e*f’r,n—o,w(p,s,a+a) S 620‘H|T,77,W(vaaa)

Remark 6.1. All the items in the previous Proposition describe immersion properties of H,.,(hp s,a) W.r.t vari-
ations of the parameters.

In item (1) we say that if H € H, ,(h,sq) (ie. if its vector field maps By (hps,a) — hps,q) then it is also in
Hr—pn—o(Bptpy,s,a) for any p,o,py > 0. Note however that the norm of H in the latter space is in general much
larger, we denote this constant by Cpep.

In item (3) we have essentially the same phenomenon, only in order to increase the analiticity parameter
a ~+ a + o, we need to decrease the radius to e 7.
Item (2) gives the best bound, indeed not only H;.,—o(hp sto,a) € Hry(hp,s,q) but the norm of H in the latter

space does not increase.

To prove this Proposition we show that the hypotheses of Proposition [3.1] hold. In order to prove this, in
turn we strongly rely on some notation and results introduced by Bourgain in [Bou05] and extended later on
by Cong-Li-Shi-Yuan in [CLSY| (Definition and Lemma below). The definitions and lemmata given
below are the key technical arguments. Many of the ideas come from Bourgain in [Bou05] in the case of Gevrey
regularity and for momentum preserving Hamiltonians, here we give a detailed presentation adapted to our
more general setting and covering also the case of Sobolev regularity.

Definition 6.1. Given a vector v = (v;),., vi € N, |v] < 0o we denote by n = n(v) the vector (n;),.; (where
I C N is finite) which is the decreasing rearrangement of

{N>h>1 repeated vy +v_j, times} U {1 repeated v1 + v_1 + v times}

Remark 6.2. A good way of envisioning this list is as follows. Given v = (v;);., consider the monomial
¥ =], z;". We can write uniquely

z’ = HI? B P PR T
i
then 7i(v) is the decreasing rearrangement of the list ((j1), ..., (ju))-

As an example, consider the case v # 0. Then, by construction there exists a unique J > 0 such that v; =0
for all |j] > J and vy + v_; # 0 hence

v="_..,0,v_y,...,00,...,05,0...).
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If J =0 then
Ai=(1,...,1)
~—
vo times
otherwise we have
A=( J...,J J—1,...,J—1,..., 1,...,1 )
—_—— —4 ——
vy+v_y times vy_14+v_j 41 times v1+v_1+wvo times

Given a, 8 € NZ with 1 < |a| = | 8| < oo, from now on we define
n=n(la+p0).
We set the even number
= laf+ 18],

which is the cardinality of . We observe that, given

w:Zi(ai—ﬂi) :Zh(ah—ﬁh_a—h+/@—h)a

iC€Z h>0

there exists a choice of o; = £1,0 such that
(6.3) ™ = Zdlﬁl.
1
with o; # 0 if n; # 1. Hence,
(6.4) iy < |+ .

1>2

Indeed, if o1 = £1, the inequality follows directly from ; if 0y =0, then n; = 1 and consequently n; = 1VI.
Since the mass is conserved, the list 7 has at least two elemen‘cs7 and the inequality is achieved.

Lemma 6.1. Given o, 3 such that ), i(o; — 3;) = m € Z, we have that setting n = n(a + B)

(6.5) > @i+ B,) = af > 2a] + (2-2°)> 7 —0|x].

i 1>1 1>3
Proof. In appendix [C] O
The lemma above was proved in the simpler case of momentum preserving Hamiltonians in [Bou05| for § = %
and for general 6 in [CLSY]. It is fundamental in discussing the properties of M, (hp s o) with s > 0, indeed it
implies
(6.6) > (@) (i +B) —20)° + m(e—B)| = (1= 0) | D 7] + | | >0

) >3

for all o, B such that a; + 3; # 0.

Proof of Proposition[6.1} In all that follows we shall use systematically the fact that our Hamiltonians preserve
the mass and are zero at the origin. These facts imply that |a| = |3] > 1.
Let us start by proving Item (2), which is the simplest case. We need to show that
@)

¢ (e, B)

r, ou(p,st+o,a ? . .
(6.7) At — exp(-o (Y (i) (i + By) — 20)° + |n(a - B))) < 1

Crmu(p,s, a)( o,p) i
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The last inequality follows by of Lemma
Item (1) First we assume that p < r/2. By Proposition forany 0 < p<r/2,0< o0 <nandp >0 we
need to compute

) ] o
L & i (@B) 2N (= || +18
(6.8) won 1= _supﬁ o) (. 5) = _Supﬁ [1. (i) +8: e r .
a].jjrﬁ’J'#O CTW;W(P,S@) & O‘J'Jjr ’J' Z

We use the notations of Definition with 7i(a+ B) = 7. Since a; + B3, # 0 we have that (j) < 7. Note that

(6.9) [T =]

i >1

Hence

G
[L (D) *P: = 5o
Let us call N = |a|+ |3] > 2. By (6.4) we have that

. ~ N ~ ~
(j)? c_m <Zz=2nl+|7f| < (N = 1)ng + || <N+|7T|.

(6.10) sup T < =~ =< = < = = =
e, TL TP = Toa i = I, iy [T, ITs
itB;

We have shown that

(7)?
sup a— < N + |7
J,e,B Hi<l>a’+gi
Otj+ﬁ]

Since (N + |r[)P* < 2P1(NP1 + |r|Pr), denoting L := In(r/r — p) we repeatedly use Lemma in order to
control

N-2
(6.11) sup (N + |a])Pre=clml (’"'0)
N>2,7€7Z T

< 9p1 ( sup Nple—o\ﬂ\—L(N—2) + sup |7T|ple—07r|—L(N—2)>
N2>2,m€Z N>2,meZ

<2 (max { ()" 1)+ (5)"7) <2 max {()7(5) " 1)
_— L 9 0_ — L b 0_ b
P1 P1
g2p1“p§’lmax{(2r> <1> ,1}cmon,
p o

using that
L>In(1+p/r)>2Wn(3/2)p/r > p/2r,

which holds since we are in the case p < r/2. This completes the proof in the case p < r/2.
Consider now the case r/2 < p < r. Using the monotonicity of the norm w.r.t. r and the already proved case
with p = r/2, we have

1 p1\”
|H|r—p,n—a',w(p+p1,s,a) < ‘H|r/2,n—0,w(p+p1,s,a) < 27 max {(4p1)p1’ (a) 71} |H|r,n,w(p,s,a)

o p1 1 p1
< 2p1+1p]131 max { <p> R (g) s 1} |H|T,'r],w(p,s,a) 5

proving (1) also in the case /2 < p <.
Item (3) We proceed as in item (1) — (2),

(4)
(612) Ceiar’nfavW(Pys,aJro’) (awB)

5) = exp(—o(Y_ () (i + B;) = 2(5)° + |m(a = B)| = (|| + |B] - 2)) < €.
cr,n,w(p,s,a) (a’ 18) i
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our claim follows since, by formula (6.4)), one has
(6.13) D (e + B)lil = 20j| + || = D7 — i + || = |exo + Bo| = — (x| + 18]

i 1>2

Remark 6.3. Note that a key point in Items (1) and (2) are the estimates and where we control the
ratio of the coefficient in terms of {7;},~, (namely uniformly with respect to 7; and n2). This means that
if m3 is ”big”, then the norm of the Hamiltonian is correspondingly small: polynomially in the Sobolev case and
subexponentially in the Gevrey one. This is a seminal property which appears in different flavors thoughout
the literature; in Proposition [6.1] we do not really need to exploit it. Instead, it will be heavily used for a sharp
control on the small divisors appearing in the Homological equation (see proof of Proposition .

Incidentally we note that norm | - |r’,7,w(pvs’a) possesses the tameness property.

Proposition 6.2.
| Xt lp,s.a

sup < Crane(p,n, p) | H

|u‘ r,m,w(po,s,a)
[ulpg,s,a<r—p p;s,a

Proof. In Appendix [B] a
Proposition 6.3. The norm || - ||, is monotone decreasing in p, namely || - ||rp+p, < - |lr,p for any p1 > 0.

Proof. For the norm || - ||, , the quantity in (1.27) becomes (recall that in the norm of a momentum preserving
hamiltonian there is need of introducing the parameter )

By Lemma item (ii) we only need to show that

(6.15) ) (@, B) < V)(a, B)
for all j, o, B with [a| = [3| > 1 and «; + 3; > 1 (recall the momentum conservation), namely we have to
prove that
LjJ?
jap  [I[d]>tP
Otj—‘rﬂjzl

We first show that the inequality holds in the case 7 = 0, £1. Indeed we have
HLZJ a;+8; > H 9eitB; _ 932 eitB; >4
i i
since ) . a; + B3; > 2 (by the fact that |a| = [3| > 1).
Consider now the case |j| = |j] > 2. Since a; + 3; > 1, inequality (6.16|) follows by

1J]
(6.17) sup =————= < 1.
j.a,B Hi;ﬁj [i]eiths
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By momentum conservation we have
(6.18) 1< D lil(eq +8:) < Y Lil (i + B;)
i#j i#j
and (6.17) follows if we show that
up Zﬁé]LJ( ;.Jrﬁﬁz) S 17
je.B Hi;ﬁj [i]iths

(6.19)

where we can restrict the sum and the product to the indexes ¢ such that o; + 3, > 1. This last estimates
follows by the fact that given z; > 1

Zzgkgn Ky,

SRR <,

[locren

as it can be easly proved by induction over n (noting that n* > nz for n > 2, and any = > 1). (|

7. HOMOLOGICAL EQUATION
Now we give estimates on the solution of the homological equation
L,S:={D,,S}=R
The constants Cq,Cz(r, 0,t) are defined in Appendix |[Al Note that C; depends only on 6.

Proposition 7.1. Let w € Dy 4 and let 0 < o0 <1, 0 < p < r/2. For any R € R, ,(hps.q), the Homological
equation L,S = R has a unique solution S = L;*R, which satisfies the following two bounds:

3
—1 —1 _Cio™ 0
(G) ’LW R|r,n—a,w(17,s+o,a) <7 e |R|7"7777W(p,5711)

(s) |L;'R| v 1Co(r/po, TR

< .
r—p,n—ou(p+T7,8,a) — r.n,w(p,s,a)

hence L;'R € Rirm—oMp stoa) VRr—pn—o(bptrsa)-

If R preserves momentum R € R, o(hy) , with w; = |j|?, the unique solution of the Homological equation
preserves momentum and satisfies

(M) LS Rllrpary < 77167 (4%€*) 2 Rl p,

s0 S =L3;'R € R, o(hy), with w;- = |j]Pt7.

Remark 7.1. As in the abstract case we assume that Xz maps B,.(hp ) — hp s, and then show that S maps
some smaller ball (because it has smaller radius or is in a stronger topology) to itself. This can be done in two
ways: if we increase the Gevrey regularity index s ~» s + o (case G) then the increase can be arbitrarily small,
at the price of an exponential increase in the bound.

If we want to keep s fixed (say that we start with s = a = 0 and want to stay in the Sobolev class) then we
have to increase the regularity p by a fized amount. The main difference between the cases S and M is that in
the first case one has to decrease r,n and the bound on S diverges as p,o — 0. In the second case, instead we
have to increase the regularity p by a slightly larger amount but then we get a uniform bound for S.

Note that, differently from Proposition we cannot consider the purely analytic case (s, p fixed say to 0,1).
This is due to the fact that in we have a much weaker bound for the ratio of the coefficients in ,
w.r.t. the one afforded by and for the Gevrey and Sobolev cases.
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The following Lemma is the key point in the control of the small divisors appearing in the solution of the
Homological equation. Here we strongly use the fact that we are working with a dispersive PDE on the circle
with superlinear dispersion law.

Lemma 7.1. Consider o, 3 € NZ with 1 < |a| = |8| < 00. If

(7.1) D (o= B)i?| <10) Jai - Byl
then for all j such that o + B; # 0 one has
(7.2) Z o — B;(i)* < C. (Z (o + B,)(0)" —2()" + |W|> . C.= %
N
(7.3) [T+ le: = Bila)) < e (1 + | NS T Ay -
i =3

where N = |a| + |B] and m = )", i(o; — B;) (recall (1.25]).

Proof. In appendix [C] O

Note that

(7.4)

Z (i = B,)i

i

>10) | =B, = |w-(@=B)[>1.

Indeed denoting w; = j2 + &;(j) =9 with [¢;| < 1,

J

1
W (@=B)1 2103 _Jay =8| =5 3 ey = Bl = 1.

Proof. In the following, we will compute for each item the corresponding K, Ky defined in (4.8]) and (4.10)), and
show their finiteness in order to apply Lemma [£.2 and give the explicit upper bounds entailed in Proposition

Item G) In this case by

o= (0 (@i +B)=2() +Ixl)

K=~ sup
jroj+B;#0 jw - (e = B)|

There are two cases.

If (7.1) does not hold, then by (7.4) |w - (ax — B)| > 1 and by (6.5)) and (4.4]) we get

670(2i<i>9(ai+ﬁi)72<j>9+|ﬂ-|)
vy <1
|w - (e —B)|
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and the bound is trivially achieved.
Otherwise, let us consider the case in which holds. By applying Lemma since w € D, 4 we get:
o~ (i (D)% (i) —2(5)  +Ixl)
T e @=p)]
<e G X ERAIOL H (1 + (o — ,61‘)2<i>2+q)

%

<epY [—g*m — Bl %+ (14 (i - ﬁi>2<i>”q>]

(7.5) :eXpiani—ﬁiD
where, for 0 <0 < 1,7 € Z and x > 0, we defined
fi(z) = fc%:r@')% +In (14 22(i)2H9) .

In order to bound ([7.5)), we need the following lemma, whose proof is postponed to Appendix

Lemma 7.2. Setting

. (8Ca+3), 4C.(q+3) i
e ol b ’

we get

(7.6) D fil) < T+ B)igniy — 5o (7 (0)

for every £ € ZZ with |¢| < oo.
The inequality follows from plugging ([7.6) into (7.5) and evaluating the constant.
Item §) In this case K in (.8) is (recall (6.8))

_ _VR( U > e
(7.7) K=y s (1-7) <Hi<i°‘i+ﬁi ERCEEI

where N = |a| + |8

As before we consider two cases.

If is not satisfied then holds and the right hand side of is bounded by the quantity in and
it is estimated analogusly.

If holds instead, by applying formula , Lemma and the fact that w € D, , we get:

(Hiéﬁiwi >T - (ojf 3) = (Higzxim )T [T+l = Bif*(@)*+)

N . _
< ( +|i|> 627(1+|7T|)3N6 an'o
[

2+q

1>3
< e27(2+q)(]\/~_|_ |7T|)'r+9(2+q) < 627(2+q)(N+ ‘7r|)37_

By using Lemma (just like explained in detail in formula (6.11)) with p; = 37), K in (7.7) is bounded by

N-—-2
e27(2+q)(N + |7T|)3T (1 _ B) efa\fr|
r

2 3T 1 3T
< 27(2F0) 937+ (3737 ay { (7"> : () ’1}
p o
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Item M) Note that in this case the constant in (4.8]) amounts to

L2\ g
Ko=7~ sup ( Fap .
JEZ, atBEN [T; i) +P: lw - (=B
aj+:8j #0, Z@ i(ai_ﬁi):()
We have two cases. If (7.4) holds Ky <~ by (6.16]).
Otherwise (7.1]) holds and, therefore, (7.3)) (note that here m = 0) applies, giving

.12 T
Ko < o (i) IO+ Bi0)
< sup <H HJ:B >ﬁ e27(2+q) N6(2+9) ﬂﬁ;o(%q)
U 1=3
since w € D, 4. We claim that
N
(7.8) N <Aa[]la)m= .

1=3
Indeed if N = 2, the inequality is trivial. Since N is even we have to consider only the case N > 4, which
follows by Lemma Recalling we have

(7.9) | e | (R

i 1>1
Then
12 512 ; n n
sup L’]LJrﬂ < LmJA _ LmJA < D12 LAIJ _ 1 . 213 LAZJ ,
»jféﬂx [1; i) tP: le1 [ szz L7 lez [ szs 7] szz 7]
where the last inequality holds by momentum conservation. Theﬂ
1 (X isslmu))™
K, < 2n7! == (4822 T 1) /2
(les ™ TLse ™ g
< 27’1—1(46627)2-‘,-(1 1+ (ZZZS \_ﬁlJ)Tl
B IR I e
< 27171(46627)2+q (1 + (Lﬁ3J1/2 +4)m )
B [P2]™
by Lemma with a = 1/2. The estimate on Ky, hence inequality follows. O

8. BIRKHOFF NORMAL FORM

We are now ready to apply Theorem to the three applications G, S,M, defined in page [l We start by
verifying the assumptions.

Lemma 8.1. The following holds
G)Lets>0,p>1/2 anda >0. Then for allN>1,0<n<s, w:=w(p,s,a) and wy :=w(p,s —n,a) satisfy
the Birkhoff assumption at step N and in (1.29)) we can take

Tlww

c=1, & & <06)

19Using that (a4 b)™ < 271=1(a™ +b71) for a,b >0, 71 > 1.
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S) Letts =7, s,a>0,p>315+1 and seﬂN = [pT;l] Thenn >0, w:=w(p,s,a) anwo :=w(p — Nrg, s,0a)
satisfy the Birkhoff assumption at step N and in (1.29) we can take

€ < Coon(4N, /N, 75), R < Co(4N,n/N,75), K < Co(4N,n/N,N75) .

M) Let y =71, p>3m+1 an set N := [%] Then 1 =0, w:= ([j]?);cz and wo := ([7]P7"™) ey satisfy
the "momentum preserving” Birkhoff assumption at step N and in (5.25) we can take

Co=1, Ko, KY < 6™(4%e2T)2Ha,

Proof. G) Set

W, 1= wo’je%me, Yn=1,...,N.
The computation of € follows from ; the ones of & &% from Proposition
S) Set

Wy, o= wo ;i ()", Vn=1,...,N.
The computation of € follows from ; the ones of & &% from Proposition
M) Set

Wng o =wo 7M™, Vn=1,...,N.

The computation of €y follows from (6.15)); the ones of ﬁo,ﬁg again from Proposition O

We now state the Birkhoff Normal Form Theorem (1.3)) for the Hamiltonian in (L.21)) in the usual three cases.
First we define

. 8¢ VR VIR
r(G) := min -, , Og:=
\/ﬁeécl(%)g 2Calg(p) Calg(p)\/2lleCNem(p7 s —1g,a—a— 77G)|f|a,R
a(7)? a()\"
o e 16 L Y L Y Ne 16
(8.1) C1(G) := st Ca(G) :== Fen? C3(G) :== 2o ( 152 ) :
r(S) := min ds ) i 5 ( » Where ds:= ik )
\/NCQ(4N, a/2N, NTs) 5. 27+ \/2170Nem(p - NTSa 07 3/2)|f|a,R
_ Co(4N,a/2N,N7s) oy
Ci(s) = a0 8= g
28Clen(p — N75,0,2/2)| fla.r ( NCaon (4N, /2N, 75)Co (4N, a/2N, 75) \ "
2 = ’
(8 )C3(S) eR 4d52 ?
r(M) :— min {5M , ‘RG} , §M = \/’77R 7
\m \/ 9t \/217612TM(46627)2+q|f|R
1 278 fl g |flr ( N \¥
Ci(M) = Co(M) 1= 11 Ca(M) :=2m 82 (—

20 is the integer part.
21Note that 1 < p — N1 < 1 + 7s.

22Note that 1 <p—Nm <14 7u
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Theorem 8.1 (Birkhoff Normal Form). Under the same assumptions of Lemma the following holds. Con-
sider the Hamiltonian (1.21)), assuming, only in the case M, that f does not depend on x (momentum conserva-
tion). Then for any 0 < r <t there exists two close to identity invertible symplectic change of variables

U vt B.(h,)+— hy, SUD|y|,<r U (1) — ul, < C1r? < %7’,
(8.3) Vol ly=0""1oWu=u, Vue Bz, (hy)
such that in the new coordinates

HoV=D,+7Z+R,

for suitable majorant analytic Hamiltonians Z, R € A.(hy), Z € K, satisfying the estimate

(8.4) sup |Xzls < Cor®,  sup | Xglw < Cyr2VH3

[ulu<r [ula<r

Xz (resp. Xgr), being the hamiltonian vector field generated by the the majorant of Z (resp. R). Moreover, in
the case M, R preserves momentum.

Proof. We use Theorem [[.3] with G ~ P.

G) Setting
a—a VR
8.5 = 7)g := min ,S ¢, T:= ,
(85) n=ne=min{ 22251 rim 2O
we have that
(86) ‘P|F,7],w0 = |P|F,n,w(p,sfn,a) < CNem(pa s—1,a—a— n)|f|a,R
By (1.32) r. > 0 > &¢ (see Appendix[A). Then, recalling (1.32) and Lemma [8.1] one can verify that
T>r(G), C1<C(G), Cy<C(6), C3=C3(G),.
S) Set
R

(8.7) n:=a/2, T:= VR

Calg (p - NTS) .
Then Assumption [I]is satisfied by Lemma [8.1] with the same choice of N, wp,w. We have that
(5.32)

(8-8) ‘P W0 |P|F,a/2,w(p—NTs) < CNem(p — N3, 0, 3/2)‘f|a,R
For the various constants we refer to Appendix [A] Recalling 7s = 7, we note that
Cuon(4N, /N, 7) = 2°7t17"N" max {4, (1/2n)}" = 2(47 max {4, (1/2n)}N)",
Co(4N,n/N,7) = 2e27+D (127 max {4, (1/21)} N)*"
Co(dN, /N, NT) = 2627+ (6N7)3 max {(SN)SNT, (N/n)SNT}
(8.9) = 2e¥7FD (127 max {4, (27) 7'} N%)3T
we have that for N > 3
(8.10) Coon (4N, 1/, 7)Co(4N, /N, 7) < /C (AN, /N, Nr)

By

VR <
Calg(p - NTS)\/QlleCNem(p - NTS; 07 a/2)|f|a,R o
Then, recalling and one has T > r(S). Moreover (recall (1.34))

(8.11) C1 <Ci(8), Cy<Cy(s), Cz<cC3(8).

Tx ds .




34 LUCA BIASCO, JESSICA ELISA MASSETTI, AND MICHELA PROCESI

Finally the last inequality in (8.3]) follows from the second bound in (1.33).
M) Set

VR /| R
8.12 =0, 7r:= > .
( ) " 2TM/2Oalg,M(p — TMN) 10 - 2™

Then Assumption [1] is satisfied by Lemma [8.1} case M, with the same choice of N,wy,w. We have that

3)
lrp—mt < 2|flR

(8.13) [ Plr00 = 1P
By (1.32)
VYR
T > ————
/2TM+17|f|R
Then
T>r(M), C;<C(M), Cy<CyM), Cs<Cs(M)

9. GEVREY STABILITY. PROOF OF THEOREM [I.1]

24653 (ln @)1+9/4

Actually we prove of Theorem for the slightly longer stability time |¢| < e\t
(recall Appendix E[) We set

, where dg > 8¢

r:=29

and choose

(9.1) N(r) = [(2111 2;%)"/4] = [(2111 ‘?)0/4] .

Recalling (8.5 by Corollary solutions of the PDE (1.1)) in the space hy, 5 4, correspond, by Fourier identifi-
cation (1.19)), to orbits of the Hamiltonian System (|1.21)) in the space

hy with W = ea‘j|+s<j>9(j>p.

An initial datum wg satisfying |uglp,s,q < ¢ corresponds tﬂ ug € hy with |ugly < 4.
We claim that r < 20q implies
o)’
rNe '\ e

9.2 —<1.
(9:2) 20¢ -
Indeed we have )

16(4C

N(r) > Ng := max {(31)’ 2249j04 }
Uld

and by (9.1) r < 2(5(;6’%(“(”/2)4/9 and (9.2) follows if we show that the function
N s e B2y ()

is < 1 for N > Ng. This is true since the function is decreasing for N > Ng and is < 1 for N = Ng. This proves the

claim (9.2).
Then we apply Theorem in the case G. Recalling (8.1)), by (8.4)) and (9.2))

2 N(r) 52 5 N(r) 52 Sa\1+6/4
(@) 204D < 1 o _ o < —(In %¢)
3(@r = 29662 \ 20 e \0) T 2Tez ’

since N(r) > (1n 27‘5")9/4 = (1n %)9/4. We deduce the stability time by applying Lemma

23We still denote it by ug.
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10. SOBOLEV STABILITY

Before proving Proposition we add a comment on the optimality of condition (|1.10)).

Remark 10.1. We construct a finite dimensional Hamiltonian, which is a reduction of (1.1)) to a finite number
of Fourier indices and which exhibits fast drift in a time of order 1. For instance, consider

H(uy,ug) = (14 Vi)lua [ + (2 + V) [* + €7 Re(Jua [Pur ) ,

which is a finite dimensional model for with f(z,|ul?) = e=® cos((j — 1)x)|u|?. Consider now the initial
datum u(0) = (u1(0),u;(0)) = (6/4, 7| Pd/4), which clearly has H, norm < 0. A direct computation shows
that in a time T of order 1, the Sobolev norm of u(T) is of order §3¢~2/jP hence greater than 46 if §2¢=27 57 is
large. Maximizing on j we get a constraint of the form d2e~P(a=1p)P < 1.

Of course this pathological ”fast diffusion” phenomenon comes from the fact that f is NOT traslation invariant
(and hence H does not preserve momentum). Actually, restricting to translation invariant Hamiltonians would
not result in signficantly weaker constraints on the smallness of § w.r.t. p. This can be seen in the following
example. Consider the familiy of Hamiltonians (in three degrees of freedom)

K9 = Voluol” + (1 + Vi)ua |* + (5% + Vj)|u;|* + Re(ag ™ ui ;)
with the constants of motion
L= luol® + |ur[* + |ui[*, M = |ug|* + jluy|? .

Following the same approach as in the previous example one shows that |uj|2 can have a drift of order j~P§%
in a time T of order 1. This means that the Sobolev norm of u(T') is of order 6% jP. Maximizing on j we get a

constraint of the form de?’ < 1.

Proof of Proposition As before we set r := 20. An initial datum ug satisfying |ug|r2 + |0Pug|r2 < §
corresponds tﬂ up € hy(py with |ugl, <6 by (5.28). We apply the Birkhoff Normal Form Theorem in the

case S (recall that N = {E} ). Recalling the definition of r(8) in (8.2)), we verify that, for any N > 1

Ts

< 9 :
2/NC (4N, a/2N, NT)

(10.1) 8s(ksp) 3P

Indeed
ds @9 ds 1 1

2/NC (4N, a/2N,N7) T 2¢/2e27(2+0)/2 (/N (/127N max {2,a-1/2} )30

—3(p-1)
> dsy/7 /Emax{Z,a_l/Q} (p—1)~3F-D-1/2
24/2€27(2+4)/2 T

— 5s(ks)_3p(p _ 1)—3(p—1)—1/2

setting

_ dsVT s

0 = W

24We still denote it by ug.
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(10.1)) follows by verifying that ds < ds and noting that p=37 < (p — 1)=3P=D=1/2 for p > 1.
By (8.11) and
C3(8)(25)>+

_ 522°Chien(p —7,0,2/2)|f s 1 <NC’mon(4N, a/2N, 7)Co (4N, a /2N, 7)42 ) !
eR ds?

522" Cren(p = V7,0, 3/2)| fla.r <4e27<2+q>33f<4 max {4, (1/a)})*76? ) )W
eR 2

Tds
-1

P (p—1)"7 @D

p—1
521 9Cyen(p — N7, 0,2/2)| flar (43" 2TO33 (4max {4, (1/a)})*762\ 7
eR Td32

4741

(remember that N = [(p—1)/7]). Then, noting that (p— 1)+

(P=1) < 5 for p > 1 (recall that 7 > 15), we get

1 5\
(5)(20/0) < (5) .

We conclude by applying Lemma and ([5.28)
2(p=1)

e + 1020l < 2ol <40, v <Tr () T

proving (L.11)).

Proof of Theorem It is similar to the previous case but now we consider
hy  with  w; = [j]" (and [ s = - [lp).

We set r = 44, an initial datum wg satisfying 2P|ug|pz, |uo|rz + |0Pug|r2 < 0 corresponds to up € hy with
luoll, < 26 by (6.30). Now we can apply the Birkhoff Normal Form Theorem [8.1| with N = [21]

T1

Oy _ VR
(10.2) 45§4% gr(M)—mln{\m7 \/W} .

Proceeding as in the case S and noting that now

62\ " g p—les 6% oa 1 ((p—1)&\ ™
C=(M) (46 2(N+1):27M+12% R 52<27M+13527R L el S S (Y Al )
803(4) (40 2 (3 ) @ <zreglln ey (o) < o (U

Finally by Corollary and ([5.30) we get

—1

8> I
[u(t)|p2 + [0Fu(t)|r2 < 2|lu(t)|l, <86, VIt < Tu <(p_ﬁ)52> ,

proving (L.13).

Proof of CorollaryIn case S we start by noticing that for 3pIn(ksp) < In(ds/d) the function 35 (p) ~°P (5 )
is increasing in p.

Let us check that p(d) defined in satisfies and is > 375 + 1 namely, passing to the logarithms
and setting y := In(ds/d), we have to check that —~ > 675 and 3pln(ksp) < y. The first bound follows from

- In(y)
the definition of ds. For the second, we have

3pIn(ksp) <3 (1 + éln?y)) <ln(ks) +1In(1+ %ln?y) )) <y
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provided thaﬁ
y > max{ks, 40}.

Now we have to show that

2(p—1)
Tse Wi < Ts(p) ™" (‘?) T
wich amounts to ,
e lhyliny(p)5pe— 2(p7_—1)y <1
or equivalently
2
y 2(p—1)
5pl - ==y <0
Ir g pIn(p) <
Assuming - > 6, we have 1 + g% — & < p < g we get
2 2
y 2(p—1) y 5 y y 1y 1
5pln(Kgp) — < = 1 —2y(— - =
47Iny +oplnsp) r U= 4rIny * 3 1n(y) n(31n(y)) y(GT In(y) 6)
Y2
— 2y <0
~ 127Iny Ty

if % > 247 > 6. Note that the last inequality holds if y > 2472 (recall that 7 > 15). Recollecting the

condition that y has to satisfy is
y > max{kg, 247°},
namely § < .
M) Since we are assuming § < dy we have that p defined in (1.16]) satisfies p > 1 + 37. Moreover by (L.16)),
the bound (|1.12) holds. Then Theorem applies and (1.17)) follows directly by (1.13]).

Part 3. Appendices

APPENDIX A. CONSTANTS.

In this subsection are listed all the constants appearing along the paper. We first introduce some auxiliary
constants. Given t,0,¢( >0,p>1/2,0<60 <1, s,q >0, we seﬁ

Cagp) = 2(X07)" . Cagulr) = VB 2+ 251

€7
Chen(p, s5,t) = Cag(p) (es + sup mpe_tl+s””9) , Chon(t,0,p) := 2PT1pP max {(2t)p,a_p, 1} ,
z>1
B 23 13(g+3)\3 /. 2% 13(q+3). )7 "
= 28071 —_— In(—F—F—F5— »=13/(1-0
Caot,0,Q) = "D Cpen(t, 0,3(),
3
T = 12479, 70 :=15/2, 71 ::2<7'0—|—21n2>(2+q)

25 Note that the function

yr—>y73(1+é Y ) (lny+ln(1+%1nl(ly))>

is positive for y > 40.
26Regarding Cyen note that

-1 _t(1-6) )P
sup gPetotsa’ < exp ((1 - 0)(i) 170) max{ P ,e P } .

z>1 t9 e(l1—0)t
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Here are the constants appearing in Theorem [T.1}

) VR 7(max{16(401)3n;3,2249j; })4/9 24642
0c = min , Oge , Tei=——, where
4Oalg(p) Y
dg gL ) min { a—a 3}
G = 9 G = 9 .
Oalg(p)\/QlleCNem(pas*nGaa*afnG)U-‘a,R 2

Here are the constants appearing in Proposition [I.]]

15 észmin{ V3T R \/R}

Ts:=T=—(244¢q), ’
s (2+q) 210627 (kg7) 47 /Cren(p — 75,0, 2/2) flast’ 270

2

12 26 27931 4m 4.(1 4T
kg :=~/—max{2,a‘1/2} , Tg = e’73 (4 max {4, (1/a)}) )
T Y

Here are the constants in Theorem [[.2]

3 oy [R R e
=T = <15_|_1n2)(2+q), 5M = mln{ 4 7\/;}7 Ty := 2T1+1361\%|f‘R = 5 s

where, recalling 8.2

\/21761271 (46e27)2+4| f| 5

Ou

Here are the constants appearing in Corollary

ds = dOge” max{ks, 2472}

s (SMZ:7.

APPENDIX B. PROOFS OF THE MAIN PROPERTIES OF THE NORMS

Lemma B.1. Let 0 < ry <. Let E be a Banach space endowed with the norm |- |g. Let X : B, — E a vector
field satisfying

sup | X|g < do .
B,
Then the flow ®(u,t) of the vector ﬁelﬂ is well defined for every
1

.
t|<T:=——
=T ="

and u € By, with estimate

2"Namely the solution of the equation 8;®(u,t) = X (®(u,t)) with initial datum ®(u,0) = w.
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Proof. Fix u € B,,. Let us first prove that ®(u,t) exists V|¢| < T. Otherwise there exists a time{ﬁ 0<to<T
such that |®(u,t)|g < r for every 0 < ¢ < tg but |®(u,t9)|g = 7. Then, by the fundamental theorem of calculus
to

(B.1) D(u,tg) —u= ; X(®(u,7))dr .

Therefore
to
r—r1 < |®(uto)lp — |ulp < |®(u,to) —ulp < / | X (®(u, 7))|pdT < doto
0
< T =r—mr,

which is a contradiction Finally, for every [¢t| < T,

|(I)(ua t) - U|E < < (50|t| .

/ | X (®(u, 7))|pdT
0

Proof of Lemma[2.]. For brevity we set, for every r’ > 0

[l =1 e
We use Lemma[B.1] with E — hy, X — Xg, 6 — (r+p)|S|r4+p, 7 = r+p, 11 = r, T — 8e. Then the fact that
the time 1-Hamiltonian flow ®% : B,.(hy) — By, (hy) is well defined, analytic, symplectic follows, since for any
n =0

Sup [ Xsha, < (74 p)|Slrp < £
u€E By, (hy) €

Regarding the estimate (2.3)), again by Lemma (choosing t = 1), we get

p
sup [ B5(u) — ul, < (r+ ISl < 2
w€ By (hy) N e

Estimates (2.4)),(2.5)),(2.6) directly follow by (2.7) with h = 0,1, 2, respectively and ¢ = 1/k!, recalling that
by Lie series

> adk iy # 0
1 adsgr adgH H
Ho@y=c™H=3 = =2 T
k=0 k=0
where H® := ad%(H) = adg(H—Y), HO := H.
Let us prove (2.7). Fix k € N, k£ > 0 and set
ri::rer(lf%), i=0,...,k.
Note that, by the immersion properties of the norm (recall Remark
(B.2) ISlr: < 1S)rtp s Vi=0,...,k.
Noting that
kr;
(B.3) 1+ gk(l—&-r), Vi=0,....k,
P P
by using k times ([2.1)) we have
_ kr -
[HP = (S, HE DY, < 4(1+?)\H(k RET S
k k?"i r k
< st 2 TL+ 22 5 1y (4014 2) 181

i=1

28We assume tg positive, the negative case is analogous.
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Then, using k¥ < e*k!, we get

k
STaHW | < S el [HP), < [Hlpp Y <4e<1 + )|S|,,+,,>
k>h i, k>h k>h P
U Hly (S /20) 2 2UH (1Sl /20)"
k>h
Finally, if S and H satisfy mass conservation so does each ad]ng , k> 1, hence H o ®} too. ]

Proof of Lemma [3.1]. We first prove (i). It is easily seen that:
X(J)( ) =i Z |Ho 5|8, @ Plyxgh=ei .
o,eNZ
Now
X, (W < |Xn, @, 2= ()7

hence, in evaluating the supremum of [ Xy |« over |ul, < r we ca restrict to the case in which u = (u;);ez has
all real positive components. Hence

*
H, = sup (z |Ha,ﬁ|ﬂjw<aﬂ>'|u|a+ﬁef)

‘ulwg’l‘ jGZ v
Then
1 )
B.4 Hippo= — (WU) )
(B-4) Hlrne = g0 s |\ (W) |
where
W(J Z |Heo g(c + 8, )en\ﬂ(a BlyotB—e;

since, by the reality condition |1.23] we have

5 8,5 = 5 g e e = Ly,
By the linear map

L’I"W

)

262—>hw, yjHLyj:Uj,
Wy
the ball of radius 1 in ¢2 is isomorphic to the the ball of radius r in hy, namely L, ,(B;(¢?)) = B, (h,). We have
; 1 )
Y (yirn,w) = Wi (Lyay) -

Then (i) follows.
In order to prove item (ii) we rely on the fact that, since we are using the n-majorant norm, the supremum
over y in the norm is achieved on the real positive cone. Moreover, given u,v € ¢2, if

luj| < v, Vji€Z

then |ulpe2 < |v]p2. O
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Proof of Lemma . Let us look at the time evolution of |v(t)|?

w*

By construction and Cauchy-Schwarz

inequality
d .
2ot |0 = | §10OE] = 2R, 0] =2/ Refv. X
< 2fv()]el Xelw < 2rlo(@) el Rl
as long as |v(t)|y < r; namely
(B.5) '|v < 7[RIy
as long as |v(t)|y < r.
Assume by contradiction that there exists a timdﬂ
1
0<To < ——
" 8 Rl
such that
(B.6) o (t)]s — < g VO<t<Ty,  but |[0(Th)ls — |vols = g
Then
[o(®)le < ool + 5 <7 VO<t<Ty.
By (B5) we get

r
[0(To)ly = ol | < 71RlgaTo < &

8 )
which contradicts , proving (5.26)).

Proof of Lemma [5.5]. We first note that (see, e.g. Lemma 17 of [BDG10]) for p > 1/2 and every sequence

{®i}iez, ©i >0,
(Zzz> <CZ( ]*Z 331)27
1€EZL

1€L
with ¢:=4P 3", (i) "2 = (Carg(p))?. Then
2
|f*g‘p,s,a < 26260 2(1‘]' (ZleHgJ 74)
o v LT
_ 2623 i) 2a| \ 2p‘f| Z 2p623 j—i)® e2a|g ’L||g ‘2

2
= A lpealdlpsa

Regarding the second estimate, we set

qj)(laj)-— L'LJL]*ZJ, Vi, j€Z.
Note that
(B7) ¢(Z’.7) = (b(.]a 7’) = ¢(_Z’ _.7) .
We claim that

29The case T < 0 is analogous.
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Indeed by (B.7) we can consider only the case j > 0. Since ¢(—|i|,7) < ¢(]i],j) we can consider only the case
1 > 0. Again by (B.7)) we can assume j > i. In particular we can take j > > 0, (B.8) being trivial in the cases
7 =1,1=0. We have

. . 141 3 . j
1 = < - 1) = — < 1.

Then it remains also to discuss the case j — 2 >4 > 2; we have

. J 1 1
proving (B.8).

For ¢ > 0 set

(B.9) cq=sup Y (¢(i,5))? =sup > (¢(i,))".

JEZ ez 7205z
We claim that

1

(B.10) cq§4—|—23—i_71<oo7 Vg>1.

Indeed, since |j]/[j + 1] <1 and |j]/[j — 1] < 3/2 for j > 0, we havd™)|

cqg = sup LiJ*® + ! + U.Jq + Z (o(i,5))?

N —1|4 —1 —1 _
zo \ 2+ 2 27T U i e i

- jl 1 1\ ¥l
< 23q+811p Li“‘ (+ + .
720 ; “g+i)e 2<§—2 oG- i§r2 (i =)
1 1 1 1
< 93a — yout — S —
<2y ¥ Grew) X
i>2 2<i<j—2 i>7+2
1
< 4401t%
qg—1
using that (z +y)? < 2971 (29 + y?) for z,y > 0 and tha@
Y s
i>2 21(q — 1)
Note that for every q,qq > 0 we have
(Bll) Cqo+q < Cqo
since
E3) .
Cgotq = SUD (6 ¢(i,5))* < sup» ($(i, )% = cq, -
I€Z ez JEZ ez

We now note that for p > 1/2, j € Z and every sequence {x;};cz, ¥; > 0, we have by Cauchy-Schwarz

inequality

(in) —(Z(qs(i,j))p(sb(i,j))%i) < Y ((6(00) P)?

PE€EZL iE€EZ €L

q
30Note that the term <% + ﬁ) for j =4 and 7 = 2 is 1 for every q.
31 2122 179 <279+ f;o = 9dx



AN ABSTRACT BIRKHOFF NORMAL FORM THEOREM AND EXPONENTIAL TYPE STABILITY OF THE 1D NLS

with ¢y, defined in . Using the above inequality we get

U QP(ZIlelga 1)

%ZZ 25— || £ Plg;—if?

= CQPZU p|f¢‘2z lj —i]*|g;—l?
i J

= el flplgll; -

1F % gll;

IN

IN

The proof ends recalling (B.10]).
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Lemma B.2 (Nemitskii operators). Letp > 1/2. (i) Fizs > 0,a¢ > 0. Consider a sequence F(4) = (Fj(d)) , €
Je

hy s,a05 d > 1, such that

(B.12) Y dIF D0 R < 00

for some R > 0.
For u = (u;) ¢y let w = (U=j),, and consider the Hamiltonian

o0
H(u):z FOosoys o huxlih--*i
d=1 d times dtimes /

For all (n,a,r) such that n+ a < ag and (Carg(p)r)* < R, we have that H € H, (b, s.4) and

[H v u(p.sa) < rt Zd|F(d)|p,s,ao(0alg(p)r)2d_l < 0.
d=1

(ii) Analogously if F(D are constants satisfying
(B.13) > dIF R < oo
d=1

and (Cargu(p)r)? < R, then H € H™P with

(B.14) | H|lpp < 2pr*12d|F( (Cargu(p)r)?*~! < oo,
d=1

Proof. (i) By definition the n-majorant Hamiltonian is

§ ' E VLTI | )
€ i I2d ‘F |uJ1uJ2uJ3 'uJ2d

]02a]1 7]2d
Jo+374, (1) =0

where
2d
1, d2d Z(_l)] = —Jo,
i=1
hence
- (d) TR (d) . 131} (D)
ﬁn—zd: Fysus-Fuxir---*u| , FY:= (eW\Fj |>

d times dtimes / o
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consequently
X(J Zd F )k Ux ek URT K x
%/—/ ——
dtimes  d—1times j
Moreover
X, |p.sa < Y d(C, 2 HES |y g0 ([ulp,s.a)®
d
Since
(d)
|F |p s,a |F @ |s a+n,p < ‘F |p,€7ao
we get
X |psa < Y d(Carg()* D [y 5.0, ( )24t
d
Therefore

<r

|H|(%;Sn“ 0) — p 1( sup
||

p;s,a

n p,s,a> < rt ;C”F(d”p,s,ao (Calg(p)T)Qdfl < oo.

(ii) The proof is analogous to point (i). O

Proof of Proposition [6.2]. We start by Taylor expanding H in homogeneous components. The majorant
analiticity implies that for a homogeneous component of degree d one has

1)

rnw(p,s a) ,1,.9(p,s,a)

Now let us consider the polinomial map (homogeneous of degree d —1) Xy : hy 5o — hp s 4; as is habitual we
identify the polynomial map with the corresponding symmetric multilinear operator M (@=1) . hgfs}a — hy s.a-
Since we are in a Hilbert space, one has that

prs,a = sup M (g, g )lpsa = sup MOV (u, . w)]p s
Ul,... Ud—1€Np s,a [ulp,s,a<1
|uilp,s,a<1

|M

= sup |[Xpwlpsa <7

ulo o o<1 = 71,9(p,s,a)
p,s,aS

for all 7 > 0. Now let us compute the tame norm on a homogeneous component, i.e.

_ d—1 —
wp ML e N, (1) g 0
[©lpg,s,a <T—p |u|p,s7a [ulpg.s,a<T—p |’u’|P7570«

where

o . d-1,
N, (@=10) (yd=1y = ()p—po Z \M( Jj)l‘ujl...ujd ;

Jiy--dd—1
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now setting 7 =, j; — j we have

&(dil)(ul, e ,ud,l)
A\ p— d—1,j
< (d—1><j>p po Z ‘M;l,...jjzl‘ujl ceeUjg g
J1seedd—1t
[711>17:1
P—Ppo
) d—1,j
a0 X (Tleie) B
J1yeesJd—1t i
[711>17:]
_ x d—1,j
< (d - 1)2p pDC(V%P) Z 677| ‘|M;1,...j£1 |uj1 s Ujg g
JiseesJd—1
+(d=D2d— 1P N M ()P g,

which means that for any |u|,, s, <7 — p one has
A (s | S
< (d =127 p) H D] p (o) [Ulpo,s.a + 2077 (d = DPPHMER (= )2 |ulp,s.0
< (d= 1277 (Clnp) + (d— )P (1= B2

r,n,%(po,s,a) ‘U|p,s7a

We conclude that

|XH ,8,a _ _ P d—
sup PRS0 opolp (= 1)(Cl) + (= ) (1= Dy

|u‘P0,s,a§T |u|p757a dZQ

and the thesis follows since the right hand side is convergent.

APPENDIX C. SMALL DIVISOR ESTIMATES

Let us start with two techincal lemmata.

Lemma C.1. Forp,8 > 0 and xo > 0 we have that

P _ { (p/B)re™ if o <p/B,

max z? _
zhe P if x4 > p/B.

r>x0

Lemma C.2. LetO<a<landxy > x93 >...>xn > 2. Then

_ 2
<gley 2
axy

Z1ge§N Ty

H1§eg1\r Ty

Proof. By induction over N. It is obviously true for N = 1. Assume that it hols for NV and prove it for N+1.

45
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Proof of Lemma [6.1]. The fact that this (6.5) holds true when 7 = 0 is proven in [Bou96b|] and [CLSY].
The bound (6.5)) is equivalent to proving

(C.1) > oA —2mf + 0l — (2-2°) Y af > 0.
>1 >3

ie.

(C.2) oAl —al +or| - (2-2°) > Af > 0.
1>2 >3

Inequality (C.2)) then follows from
0

(C.3) FArD) =0 = (ol + > au | +6lnl— (2-2°) ) af >0,
1>2 1>2 >3

which we are now going to prove. We shall show that the function f(x) is increasing in « > 0; then the result
follows by showing f(0) > 0, which is what was proven by Yuan and Bourgain.
We now verify that f'(x) > 0. By direct computation we see that

9—1
flla)y==0lz+> f + 6,
1>2
so it suffices to prove that
1-6
(C.4) 1< (24> M ,
1>2

which is indeed true, since ) .-, 7; > Ny > 1 holds, by mass conservation. O
Proof of Lemma [7.1]. In this subsection we will take
(C.5) a,BeN with 1<|al=8|< .

Given u € Z%, with |u| < oo, consider the set
{j #0, repeated |u,;|times},

where D < oo is its cardinality. Define the vector m = m(u) as the reordering of the elements of the set above
such that |my| > |ma| > --- > |mp| > 1. Given a # B € N%, with |a| = |3| < co we consider m = m(a — 3)
and 7 = n(a + B). If we denote by D the cardinality of m and N the one of 7 we have

(C.6) D+oag+By<N

and

(C?) (\m1|,...,|mD|, 1, ,1) S (ﬁl,...ﬁN).
——
N —D times

Set

g = Sign(amz - /Bm;) .
For every function g defined on Z we have that

Syl B = g(O)ao — Byl + 3 glm),

i€Z >1

(C.8) Y oali)ei =B;) = g(0) (@ —By) + Y _oug(mi).

i€Z >1
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Lemma C.3. Assume that g defined on Z is non negative, even and not decreasing on N. Then, if o # 3,

(C.9) > gl — Byl < 2g(my) + Y g().

1€L >3

Proof. By (C3)

> g(i)|ei - Byl 9(0)|exo = Bo| + Y g(mu)

i€Z I>1
< g()(ao+By) +29(m1) + Y g(mu)
1>3
and (C.9) follows by (C.6) and (C.7)). O
We denote as before the momentum by 7 so by (C.8)

(C.10) T=Y (ai—B)i=Y om

i€Z 1
and
(C.11) S (i — 8% = Y oum?.

i 1

Analogously
(C.12) D e =Bl =D+lag—By| < N.
Finally note that
(C.13) ooy = —1 - my 75 my .
Note that
(C.14) a#B = N>3 or m#0,
indeed, by mass conservation, || = |3] = 1 therefore if N = 2 we get o« — 3 = ¢, — e, so if 7 = 0 we have
a = 3. Note also that
(C.15) a#B = D>1,

indeed, if D = 0 then a; — 3; = 0 for every || > 1 and, by mass conservation g = B, contradicting o # 3 .

Lemma C.4. Given o # 3 € N%, with 1 < || = |B| < 0o and satisfying (7.1)), we have{ﬂ
(C.16) Ima| < 20[7| + 31 A7 .
1>3
Proof. In the case D =1 by (C.10)) |7| = |m1]| and (C.16) follows. Let us now consider the case D = 2, i.e.

a— B =01m, +02em, + (g — By)eo .

Let us start with the case o109 = 1. By mass conservation |0 + 02| = |8, — ag| = 2. By (C.12) N > 4. Then
conditions ([7.1)) and (C.12) imply that
m? 4+ m2 < 20 + 10|y — By| = 40.

32Note that by (C.14) the r.h.s. of (C.16) is at least 20.
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Then
10
N ~2
since N > 4 and ny > 1. When o109 = —1 we have my # maq, |w| = |my — me| > 1 and by mass conservation

ap — By = 0. Then

(Ima| + [ma|)(Ima] = [mal) = mi —m3 < 20.
If |m1| > |m2| then
(C.17) lma| < 20 < 20|7].

Otherwise m; = —my and, therefore, |7| = 2|mq|, completing the proof in the case D = 2.

Let us now consider the case D > 3. By (7.1)),(C.11)) and (C.12)

D N
m% —|—0102m§ < 10N + Zm? < 10N + Zﬁf
=3 =3
N N N>3 N
20+ (10+A7)<20+11> A7 < 31) af.
=3 =3 =3

ma, lma| < [31) @2,
>3

(Ima + [ma|)(jma| = [ma]) = m} —m3 <31 77
1>3

If 0109 = 1 then

If 0109 = -1

Now, if |mq| # |mz]| then
Ima + ma| < 31> 77,
1>3
Conversely, if |m1| = |ma]|, by (C.13), m; # mq, hence m; = —mqy. By substituting this relation into (C.10)),
we have
| < el + 3l < Il + 372,
1>3 1>3

concluding the proof. O

Conclusion of the proof of Lemma[71. As above, given a,3 € N%, with 1 < |a] = || < oo we consider
m =m(a — B) and 7 = n(a + B). Note that N := | + 3] > 2.

We haved®|
. 0 e
Yol =BG T 2dmF+ YAy
i >3
%
(C.16) 0
< 2f20fx+31) A7 |+ ay
>3 >3
6
< 20200 12308 a) + > a7
>3 >3
13 0 =0
(C.18) S 179 (1—=0)|r[+(2-2%) an ;
1>3

33Using that for 2,5 >0 and 0 < ¢ < 1 we get (z 4 y)¢ < € + ¢°.
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using that 1 — 6 <2 — 29 for 0 < # < 1. Then by Lemma and (C.18) we get

N

Yla-pla? = ((1 ~O)lal + 3200 (e + ) + Ol - 2ﬁ?>

)

?

. [Z<i>9<ai +8) + Il - 205)°

proving (7.2)).
Let us now prove (7.3) passing to the logarithm. We have

D (L + e — B(0)
=Y I+ oy — B, + D (1 + |o; — By]li])

li|<1 li|>2

<3n(1+N)+ Y In(l+|a; — Byl|i])

li|>2

(C.19)

3 .
<32+ 3N + 2|z>:2|ai — B;|In i,

using that 1+ cz < 32° for ¢ > 1, 2 > 2. If a; — B; = 0 for every |i| > 2 then (7.3)) follows. Assume now that
a; — B, # 0 for some [i| > 2. By (C.14) we have

(C.20) N>3 or w#0.

We claim that, when N > 3,

N N
(C.21) In (Z ﬁf) <InN+) Infy.
=3 =3

Let S :={3 <1 <N, s.t. m; > 2}. If S = ) we have the equality in (C.21]). Otherwise Y-, s77 >4 anﬂ

N
In (Zﬁ%) <In <N+Zﬁ%> <InN+) Infj,
=3

les leS
proving (C.21)).
We claim that
N N
(C.22) In <2o7r| +31) ﬁ?) <In(l+|n|)+ N+ A7 +1n20 +In31.
=3 =3

Indeed consider first the case m = 0, then N > 3 by ({C.20)) and (C.22) follows by (C.21]). Consider now the case
|| > 1. If N < 3 (C.22)) follows (there is no sum). If N > 3 we havﬂ

N N
In (20|7r| +31 Zﬁ%) < In (20|7]) +In (31 Zﬁ%)

1=3 1=3
N
<In(|x|) +1In <Zﬁl2> +1n20+ In31.
1=3

Recalling (C.21)) this complete the proof of (C.22).

34 Use that In(z+y) <lnz+hnyifz,y > 2.
35Recall footnote
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Let us continue the proof of (7.3). Set g(i) := 0 if |i] < 1 and g(¢) := In|é| if |¢] > 2 and apply (C.9) to
(C.19); we get

> lew = BilIn il < 2Infma| + " Il

[i[>2 >3

21In | 20|~ +3127’i12 +Zlnﬁl

1>3 1>3
(%5 al
< 2m(l+ 7)) +2InN +5 Infi; + 16.
=3

Inserting in (C.19)) we obtain

N
15
> (1 + |y — B;|(i) < 3In(1+ |x]) + 6In N + 321@ +27.
% =3

concluding the proof of ([7.3)). a

Proof of Lemma [7.2]. First of all we note that

D= 6D
7 1 s.t. 27#0
since f;(0) = 0. We have tha@

filz) < —Ci@)zx+21n(x) + 2+ @) +1, Ve>1.

*

We have that

’ci@g it () > o,
max —i(i>%m +2In(z) | =
=21\ Ca 20
—242In == —0In(s) if (i) <ip,
o
where
20\
10 1= ( ) ,
o
since the maximum is achieved for z = 1 if (i) > ig and x = #09/2 if (i) < ig. Note that ig > e. Then we get
Dol = Y flt) <
[ i s.t. £;7#0

> ((2+q)ln<i>+1g<i>§>+

(iY>ip s.t. £;#0 *

We immediately have that

20, . _ 20, .
E (2 In ¢ + (2 +q-— 9) 111(2)) < 3ip (2 In ¢ +(2+4g)In zo)
o o

<’i><’io
2 20,\ 7 20,

:3(2+(2+q)>( C) n 26
0 o o

36Using that In(1 + y) < 1+ Iny for every y > 1.
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Moreover, in the case (i) > ig > e,

[} [}

2+ )G+ 1 2% < @+a+)Ini) - o0)f = 22 +q+1)(Infi)t - 2e0)

[MEY

)

where
ol
€= ————= <1
10.2+q+ 1)
Therefore
Sy = | Z ((2+q)ln<i)+1_g*<i>§>
(i) >0 s.t. £;7#0
satisfies

s.< Y %(2+q+1)(ln<i>% —2¢(i)

<Z> >ip s.t. £;7#£0

[SI

We have thad3_7|

In(i)s —2€(i)s < —€(i)?, when (i) > iy = (2111 1) ’ '

¢ ¢
Note that
iy > max{io, i} .
Therefore
2
S. < 5@2+q+1) Z In(i)% — | ‘Z (c@g)
(1) <ty (i) >4 s.t. £;7#40
2€ ¢
S (2—|—q+1) (3iﬁ1niu—0M;) .
where

My := max{|i| > iy, s.t. {; #0}

and M, := 0 if [¢;] = 0 for every |i| > 74. In conclusion we get

2 20,\7 . 2C, 2 e
s < 3(2422+0) In ="+ (2+q+1)(3igIniy — —M?
- 0 o o 0
< 6(q+3)ignis — ——M?
< 6(q+ )Ztimﬁ*ﬁ /
N S
< 7(q+3)zﬁlnzuff(n1(€)) ,

noting that 71 (¢) = My if M, # 0, otherwise 71 (¢) < 44, and, therefore,

o -~ % g
5o (M0)* <55

~.
ol

< (q + 3)7;;1 In ’L'ﬁ

37Using that, for every fixed 0 < € < 1, we have €x > Inx for every = > % In %

51
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Proof of Lemma . For ¢ € Z% with 0 < |¢| < oo we define

vy 1
Re = Q- L) <
S R R v S
— if £ is such that £,, = 0 Vn # 0 then
g
R -
1(Re) = T

— Otherwise: let s = s(¢) > 0 be the smallest positive index ¢ such that |¢;| + [¢_;| # 0 and S = S(¢) be the
biggest. Then we havﬁ

vs4 1
Re) < .
1R = e L e

Let us write

1 1 1 1 1 1 1
T ol L U el nlaTe) ~ T Jhol LA (U Galinfeata) (L4 e ]t a)

1 1 1
Tl 22 O Tl a) (T J o o)
Now
Y
0
1 vs4 1
(C.24) +
%%g.q(@%@)_ T Tl T P ) T )
1 1
(C.25) + .
0;52 S%: . 1+ |£0|u1 S,I;ISS (1 + |gn‘m ‘n|u2+q) (1 + an|“1 |n|u2+q)
S(0)=s
Let us estimate ((C.24))
>3 > 1
Sohmen !t lfol*“ o ey (el sleta) (T4 0] s]ta)
[€s|+]€—s|>0
NS : :
= e (1 4+ [€s]11|s|m2ta) (1 4 |0_g|H1|s|r2ta)
[€s|+]€—s|>0
Now since
Z Z (:u'l)
= +hu1|n|uz+q — u1|n|u2+q ~ |n|rata
we have

1 2
> (L4 [ njpara) = 1+ |nc£;:21
hez
Then we have

Z 1 1 Cl(:ul)
o, (L [Gs]ins|reta) (14 [£_g[wa]s|rata) = |s|nata
6] +10—s|>0

38 Assume, e.g. that £s # 0, then [0 w - £] > s79.
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and consequently (C.24)) is bounded by

ea(p)y Y Isl” < espn, )y
s>0

Regarding the third line in (C.23)), we note that for all n we have

Hence

1 1 c(m) \?
> < (14224
o & (U (G [l ¥a) (T4 [0 P [nfr¥a) = [rjia

Z 1 H 1 1
l:s(£)=s, 1+ |€0|M1 s<n<S (1 + |€”|M1 |n‘uz+q) (1 + |£*n|ul|nlu2+q)
S()=S

Y et 2 ; 1
Tl T, = (T Gl fslreta) (T4 e fefs]rata)
[2s|+|€—s|>0

P> 1 ;
po =y (T IslPr[STeta) (T4 [Es|m]s]et)
[€s]+[¢—s|>0

X

1 1
I > (14 [ln]Fr n|#2F0) (14 [ |2 |n|Heta)

sen<S b0 nel
2

ca(pir) c(p1)

< sH2+4q SH2tq H (1 T 2|n|u2+q

s<n<S
_alm) o (S (14250 ’
= guataGuate P |n|m2ta
n>1
cs(f1, p2)
= gh2tqSuatq’

Then, multiplying by vs? and taking the > ___g, we have that also (C.25) is bounded by some constant
Cmeas(ﬂ17ﬂ2)7~ ]
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