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Notations

We will make use of the following notations in the whole issue:

N denotes the set of positive integer numbers;
Ny denotes the set of non-negative integer numbers;
N> is the set of positive integer numbers except for 1, namely Nso:=N\{1};

for n € N, N™ is the set of the tuples of the type (ai, as,...,a,), where a; € N,
V1<i<mn;

Z denotes the set of integer numbers;

R denotes the set of real numbers;

C denotes the set of complex numbers;

for n € N, R™ denotes the n-dimensional Euclidean space;
(e1,€,...,€,) denotes the standard orthonormal basis of R";

x € R" means that x :=(z1, %2, ...,%,), where x; € R, V1 <1 <m;

for =,y € R", the operation x - y denotes the standard scalar product, namely
n
L-Y-= Z Lilis
i=1

for x € R, |x| denotes its norm, which is defined by
o\
x| :=vx -z = (fo) ;
i=1
we will denote by €2 an open and measurable subset of R” whose measure is finite;

given 2 C R”, we will denote its closure by Q, its boundary by 9 and its

(n-dimensional Lebesgue) measure by |()[;
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given an arbitrary subset D C R" and k € NU {oo}, C*(D) denotes the space

of functions which are k times continuously differentiable in D;

given Q C R", k € Ny and o > 0, C%° (ﬁ) denotes the space of functions
which are k times continuously differentiable in Q and whose k-th partial
derivatives are a-Hélder continuous (with the convention that C% (ﬁ) is the

set of a-Holder continuous functions), endowed with the norm ||-||cr. @)

given an arbitrary subset D C R", C§°(D) denotes the space of functions

belonging to C'*°(D) which are compactly supported on D;
given an arbitrary subset D C R" and 1 < p < oo, LP(D) denotes the usual
Lebesgue space endowed with the norm ||-||1»(p);

p
loc

given an arbitrary subset D C R™ and 1 < p < oo, L7 (D) denotes the space of

functions lying in LP(D'), for every D’ compact subset of D;

given an arbitrary subset D C R", m € N and 1 < p < oo, W™P(D) denotes the
usual Sobolev space of order m of functions in LP(D) all of whose (distribution)

derivatives up to order m are also in LP(D), endowed with the norm ||-||ym.rp);

given an arbitrary subset D C R", m € N and 1 < p < oo, W;""(D) denotes the
closure of C§°(D) in W™P(D);

O(n) denotes the n-dimensional orthogonal group, namely the group of

distance-preserving transformations of R";
given a matrix M € O(n), ||M|| denotes its matrix norm;

given two spaces A and B, the writing A —— B denotes the continuous embedding
of A into B;

given a function u, Vu denotes its gradient, namely
0 0
Vu(z) = <3_x1 u(x),. .., 9z, u(:z:)),

given a function u, Au denotes its Laplacian, namely

Au(zx):=div (Vu(x)) = % u(x);

i=1
given a function v and g € N", the multi-index notation is

o8l
a dr o - Hapr

DPu(x): u(z);

iv



given a function u, its support is denoted by supp{u};

given a function u, u, denotes its positive part and u_ its negative part, namely

uy (z) :=max{0,u(z)} and u_(x) :=—min{0, u(x)};

given a function u defined on a measurable set D such that |D| < +o0, we define

]i u<x>dx;:|%| /D w(w)da:

given two functions u and v, u(z) = v(x) means that u(z) = v(x) for every z,
while u(z) # v(x) means that there exists zg such that u(xy) # v(xo);

given zy € R™ and two functions u and v, u(x) ~ v(x) near xr, means that

lim ) )

Y

given a sequence {ug }ren, the writing ug(x) — u(x) means that u, converges to

u as k — 400;

given a sequence {uy }ren, the writing ug(z) — u(x) means that uy converges

weakly to u as k —— +o0;

the acronym a.e. denotes the “almost everywhere” validity of a given property P;
given n € Ny, n! denotes its factorial;

given n € Ny, n!! denotes its semifactorial;

I'(z) denotes the usual gamma function of x;

wy,_1 denotes the area of the surface of the unit ball in R™, which is equal to

w3

2 .
L(3)

given r > 0 and z¢ € R", B,(x¢) :={z € R" : |v — x9| < r} denotes the

Wp—1 :—

ball of radius r centered in xg;
for x > 0, || denotes the integer part of z;
dist(+, -) denotes the distance of a point from a set or between two sets;

for xg € R", 6,,(x) denotes the Dirac delta distribution centered in x.
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Introduction

The aim of the present issue is to demonstrate some important results concerning the
Sobolev spaces which generalize the classical Sobolev inequalities for a subset 2 C R"
in the n-dimensional space. We will always consider (unless explicitly stated otherwise)
bounded and measurable domains {2 C R", for an arbitrary n € Ns,, and functions
u : 2 — R, because we shall deal with results in which the measure of {2 appears
explicitly. Therefore, the boundedness and the measurability of {2 are two reasonable
assumptions (roughly speaking, one could omit the boundedness of the latter as long
as its measure is still finite).

We begin by reminding some results about the continuous immersions in Sobolev
spaces, which will be our starting point; subsequently, we will be able to find a (sharp,
in some sense) estimate concerning an exponential estimate.

It is well-known that the embedding theorems due to Gagliardo, Nirenberg, Sobolev

and Morrey among others, can be summarized as follows.
Theorem. Let 1 < p < oo, n € Nsy and u € W'?(Q). Then:
(i) for 1 <p<n, W(Q) — L1(Q), Vp < q < p}, where p} := n"Tpp > p;
(ii) for p=mn, WHP(Q) — LI(Q), Vn < g < oo;
(iii) forn <p < oo, WHP(Q) — C%(Q2), where a:=1 — 5 €(0,1).

In particular, there is a stronger estimate concerning the point (i) of the preceding

theorem.

Corollary. Under the same hypothesis of the previous theorem, if 1 < p < n, then
[l o ) < el Vullre)

holds for a certain constant ¢ = ¢(n,p, <)) depending on n, p and Q@ only.

The generalization of these results for functions possessing higher order derivatives
are widely known, too, and are contained in the following statement (which is also

present, for instance, in [9]).
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Theorem. Let 1 < p < 0o, n € Nsy, m € N such that m < n andu € W'?(Q). Then:

(i) for 1< p< 2, Wm(Q) — LI(Q), Vp < g < Pl where pl,, = =2 > p;

n—mp

(ii) for p = 2, Wn(Q) — LI(Q), V2 < q < o0;

(iii) for & < p < co, W™P(Q) — C**(Q), where k:=m — BJ — 1 and, taken an
arbitrary number 6 € (0,1), a € (0,1) is defined by

o mﬂ—g F1EN
0 UgeN

To be precise, it does not suffice to consider a domain €2 with the two properties
given before to satisfy these statements: one must also have the extension property
(which is implied, for instance, by assuming that its frontier is Lipschitz continuous).
Another interesting outcome is that these immersions, in addition to being continuous,
are even compact if {2 is bounded.

We shall also remind Trudinger’s work in [25], where he was able to bound the integral

/ colu(@? g
Q

by a constant ¢ = ¢(n, q,€2) depending on n, ¢ and 2 only (hence, independent of u),

where:
e wu is an arbitrary function lying in W, (2) such that ||ul|Lq) < 1;
e p is the conjugate exponent of ¢ defined by p:= q—Ll;
e ( is a certain positive number.

His proof is based on the power series expansion of the exponential function and some
Sobolev estimates.

We start from here: in the first chapter, we introduce some notions and helpful results
concerning the unidimensional decreasing rearrangement of a function and, afterwards,
we will deal with Trudinger’s integral estimate considering the limit case in which
p = n, which is represented by the point (i) of the theorem previously stated for the
space WP(Q). However, we will make use of another strategy following the techniques
utilized in [18], resorting to the Schwarz symmetrization and Polya-Szegd’s theorem to
the scope of simplify its proof: this reasoning will allow us to demonstrate the estimate
in a more direct way and, at the same time, will give us the best exponent «. In fact, it
turns out that there exists a positive number «,, such that the above statement holds

for a < «,, and is false for @ > «a,. What is interesting is that the estimate is still
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valid if @ = «,, namely if « is the critical value. Proving the theorem for @ < av, and
confuting it for a« > «,, will be quite easy, while the discussion for the limit case in
which o = a,, will be more complex.

After that, in the second chapter, we will generalize this result for functions in W™? ()
and for p = I, which means that, once more, we are in the limit case given by (i)
of the theorem regarding the space W”P(Q2). In order to do that, we shall remind
the notion of the convolution of two functions because it will play a major role in
generalizing Moser’s result. This will be done by following O’Neil’s work in [21]. Then,
resorting mainly to Adams’ work (see [1]), we will achieve a similar outcome respect to
the preceding one: an analogous integral estimate about an exponentiation will hold
for all coefficients av < au, ,, where this a, ,, depends, this time, also on m. Once more,
this estimate will not be valid whenever o > vy, ,,. This new outcome generalizes the
previous one in the sense that, for m = 1 fixed, it is exactly Moser’s result.

Finally, in the third and last chapter, we will replace the positive integer m with a
real number s > 0 and make the estimate still true: in order to do that, we will first
have to introduce the meaning of a non-integer number of derivatives (which will be
done through the fractional Laplacian operator (—A)*®). All this will be done using the
discussion present in [17| and, surprisingly, some results already acquired in the first

two chapters which will be still valid, even if dealing with fractional derivatives.
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Chapter 1

1.1. Rearrangement and Schwarz symmetrization

We want here to introduce the fundamentals required for the comprehension of Moser’s
theorem, which will be enunciated and demonstrated at the end of the chapter. We
need mainly two notions: the Schwarz symmetrization (and some of its properties)
and Polya-Szegd’s theorem. The first one will be achieved in this paragraph, while the
aforementioned theorem will be postponed. The Schwarz symmetrization is a particular
type of rearrangement of functions: given a function u, we create an associated function
having “better” properties than u. In particular, we want this new function to be
radially decreasing and, if integrated on its domain of definition, to give the same
value of u. After having proved this properties and achieved some preliminary results,
we will be able to pass to Polya-Szegd’s theorem. These first two paragraphs are taken
from [14].

Let us begin by giving the following definitions.

Definition 1. Let u be a function. Then:

(1) fort € R, the level set {u >t} is defined as
{u>t}:={zreQ:ulx) >t}
(ii) the distribution function of u is the function p, : R — R such that
pa(t) = [{u > t};

(11i) the unidimensional decreasing rearrangement of u is defined as the function
u# 1 [0,]Q]] — R such that

esssup{u} ifs=0
() <5} ifs € (0,10

u#(s .



Remark 1. Some initial observations:

(1) clearly, the sets {u < t}, {u >t}, {u <t} and {u =t} can be defined in the same
way as we did for {u > t};

(ii) the function p,(t) is monotonically decreasing in the variable t and its range is
0, |92] (in particular, by definition, we have that p,(t) = 0 fort > esssup{u} and
o (t) = 19| fort <essinf{u});

(iii) essentially, p,(t) and u*(s) are the inverse functions of each other;
(iv) there exist other conventions to the scope of defining the distribution function (for
instance, in |11 and |22, its definition is given by |{|u| > t}|).
We enunciate here the first properties of the rearrangement u” of a function w.

Proposition 1. The unidimensional decreasing rearrangement u” of a function u is

a non-increasing and left-continuous function.

Proof. Let s1 < so. If [{u > t}| < s1, then [{u > t}| < so. It means that
{teR: py(t) <s1} C{t €R:py(t) < 82}

and therefore, by definition, u#(s;) > u#(ss). This proves that u# is non-increasing.
Now, let s € (0, |€2]). Again by definition of u#, for every choice of ¢ > 0, 3¢ € R such
that u#(s) <t < u#(s)+¢ and p,(t) < s. Choosing h > 0 such that p,(t) < s—h < s,
one has that, Vk € (0,h], u,(t) < s — k < s. Putting the pieces together, it must be
that

u?(s) < uf(s — k) <t <u¥(s)+e.

We have therefore established that u#(s) is left-continuous.
O

We are starting to realize the “good” properties mentioned earlier. Another one is

the equimeasurability.

Definition 2. Two functions u and v are equimeasurable if they have the same

distribution function, namely if pu,(t) = w,(t).
We now show that « and u# are equimeasurable.

Proposition 2. The functions u and u? are equimeasurable: Vt € R,
pa(t) = {u >t} = {z € Q- u(z) >t} =

= {5 € 0,100 : w*(s) > t}| = Hu > t}| =y (1). (1)



Proof. TIf u(s) > t, then [{u > t}| > s by definition of u#. Thus,
{s€1[0,|Q] : u¥(s) >t} C {s€[0,]Q|] : |[{u >t} > s}.
Using the fact that u” is a non-increasing function, we have

{u? >t} = 553%1{“#(5) >t} < [{u>t}]. (2)

On the other hand, if [{u# > t}| = s, it must be that u*(s) = ¢ by the left-continuity
and the non-increasing properties of u#. Again by definition of u#, it follows that
[{u > t}| < s and therefore

{u >t} < s =|{uF > t}]. (3)
Letting h > 0 and applying (2) and (3) for ¢ + h instead of ¢, we get
{u? >t+n} < |{u>t+h} <|[{u” >t+hn}

which leads to
{u? >t} < {u >t} < [{u® > t}]

as h — 0%, The last estimate proves (1) since it reads as pu,# (t) < () < pro# (¢).
O

Corollary 1. In according with the preceding notations, we have

{u >t} = {u* > 1}],
{u >t} = {u* > 1}],
{u <t} = {u* <t}],
{u <t} = [{u® <t}

and

{u =t} = [{u* =t}].

Proof. The first of the five relations has already been established with the preceding
proposition: the others will follow from this one by complementation and suitable
limiting arguments.

[]



Proposition 2 and the following corollary explain the reason why u* is called a
rearrangement of w. This one in particular is just one example of a wide variety
of such construction: others can be defined as well. For instance, one can create a
non-decreasing rearrangement uy (s) starting from the “opposite” distribution function
pt(t) = [{u < t}| (see also [13] for examples of different kinds of rearrangements). Even

the Schwarz symmetrization we are going to define is another type of rearrangement.

Theorem 1. Let u be a measurable function and let F' : R — R be a non-negative

Borel measurable function. Then

€2
U\ xr = U# S S.
| Plut@)ar = [P ) Q

Proof. For E:=[t, +00), we set F(§):=xg(§). Then, by (1),

12
/QF(u(m))dx— fu > )] = [{u* > )] —/0 Fu#(s))ds.

In the same way, the result holds for any interval by standard arguments in view
of Corollary 1. Hence, it is true for any non-negative simple function F: if Fj is a

non-negative simple function, for k fixed one has

€2
/QFk(u(x))dx:/o Fy(u?(s))ds. (5)

Therefore, since any non-negative Borel function can be expressed as the limit of an
increasing sequence { Fj }ren of non-negative simple functions, passing to the limit as

k — 400 in (5) and using the monotone convergence theorem, we get (4).

]

Corollary 2. Let 1 < p < oo and u € LP(Q). Then u* € L([0,|Q|]) and

Nl e ) = [[u®|| 2o o, - (6)

Proof. If p = oo, the result easily comes from the definition of u*; if 1 < p < oo, the
result follows from the previous theorem once we set F(t) := [t|?.
U

We continue to enunciate some results concerning the rearrangement u#.

Proposition 3. The mapping v — u” is non-decreasing. In other words, if u < v,
then u# < v#,



Proof. The thesis follows from the definition of the rearrangement u* noting that, since
{u >t} C {v >t} by hypothesis, then

{teR:|[{v>t} <s}C{teR:|{u>t}]<s)

Proposition 4. For f, g € LY(Q), we have

1 = gl qoien < I1f = gllmi@- (7)

Proof. We set h(z):=max{f(x),g(x)}. Then, since f < h and g < h, we have that
f#* < h* and g* < h? by the previous proposition. Now,

[[#(s) = g ()] < [f#(s) = h¥(s)] + [#(s) — g% ()] = 217 (s) — f#(s) — g% ().
Thus, using (4) for F(t) = |t| (since 2h¥ (s) — f#(s) — g# (s) is a non-negative function),

we get

! il
1 = g7 1oy :/0 [f#(s) — g% (s)lds S/O (207 (s) = f#(s) — g% (s)]ds =

— [ [2ha) = £(@) ~ gla))do = [ 1$(@) = gw)ldz = 17 = glluxo,
Q Q

which is the thesis.
O

Theorem 2. Let 1 < p < oo. The mapping u — u” is continuous from LP(Q) into
LP([0,19]); in other words, given a sequence {ug}tren such that uy(z) — u(z) in

LP(Q), then u} (s) — u#(s) in Lr([0,19]]).
Proof. Let {u}ren be a sequence converging to w in LP(2). If p = 1, from (7) we get
[luf = w2 oan < llue = ull@) — 0.

For 1 < p < oo, by the boundedness of Q it follows that uy(z) — wu(z) in L*(Q),

which means that also u/"(s) — u#(s) in L'([0,192]]). Hence, given a subsequence

{uk#h}hEN7 we have that uk#h(s) — u#(s) a.e. and, therefore,

g Werojon = s llzr@) — Nlullzri) = 11e#]| oo,

by (6). Further, uk#h(s) — u#(s) in L?([0,]Q[]) as well due to the independence of



the limit from the subsequence. So it must be that u} (s) — u#(s) in Lr([0,]€2]),
situation which represents the desired result.
O

Remark 2. The last result is also true for p = oo; however, we will not make use of

it and so it has been omatted.
We are finally ready to define the Schwarz symmetrization of a function w.

Definition 3. Let 2* be the open ball centered at the origin whose measure is the same
as ) and let u be a function. Then, its Schwarz symmetrization is the function
u* : 0 — R defined by

zﬁ(x)::u#<&%fl|xW).

Remark 3. If R denotes the radius of Q0*, then

R
/ u*(z)dz :/ This <% |a:|”)dx :/ u#<w;:1 r”)wn,lr”_ldr =
* * O

:Kmﬁ@@:Amﬁ@m

This means that all the results obtained for u* are still valid for v*. In particular, we
have that:

(1) u* is radially symmetric and decreasing;
(ii) u, u* and u* are all equimeasurable;

(i17) if F': R — R is a non-negative Borel measurable function, then

1€2]
/F(u(x))d:v :/ F(u*(s))ds :/ F(u*(z))dx (8)
Q 0 .
and, consequently,
lullze@y = ¥ ||zoqojan = 1u*llLo@e); (9)

(1v) for1l < p < oo, the mapping u — u* is continuous from LP(QY) into LP(Q*), which
means that, as before, if we are given a sequence {uy }ren such that ug(x) — u(x)
in LP(Q), then also uj(x) — u*(x) in LP(QX*) (using mainly (8) and (9)).

These properties of u* will be essential in the discussion of future results.



We now introduce some notions and results that will gradually take us in position

to understand Polya-Szegd’s theorem. See also [4] and [19] for this part.

Definition 4. Let E C Q) a measurable set. The De Giorgi perimeter of E with
respect to ), denoted Po(FE), is defined as the total variation of the characteristic

function xg of E:
Po(E):= sup {
P(z)€(C5o ()"
¢(z)Z0

where ¢(x) = (¢1(2), ..., du(z)) and

W:J%ﬂi@@ﬁ.

Vxe(z) - ¢(z)
el }

Remark 4. If E is a sufficiently smooth domain, we are considering Vxg as a singular
measure supported on OF, due to xg being differentiable a.e. (and, obviously, Vxg
being null a.e.). In other words, Po(FE) is the surface area of the part of OE where a

normal can be unambiguously defined.

Remark 5. One has

/Q Vxe(x) - ¢(z)de = — /Q xe(z) div(¢(z))de = — / div(¢(z))dz

E

after integrating by parts. Therefore,

Po(E)=  sup { Jp div(¢(z))dx } . (10)
B(x)e(CR ()" l|o]]
6(2)20

Proposition 5. Let E C Q C ) be three measurable domains. Then:
(1) if Q2 is smooth, we have Po(E) = Po(Q\E);

(ii) Po(E) < Po(E).

Proof. Let ¢(z) € (C5°(2))" such that ¢(z) # 0. One has that
div(o(z))dz = | div(¢(x))dx — [ div(e¢(x))dr =
| divloyir= [ av(owar - [ (o)

-/ ¢(x).ydx_/Ediv(¢(a:))dx:—/Ediv(¢(x))dx (11)

7



by the divergence theorem, and so (i) follows by (10).
Instead, (ii) easily comes by the definition itself of the De Giorgi perimeter.
O

Remark 6. We can thus remind the classical isoperimetric inequality in R™ forn > 2:
given a bounded, measurable and sufficiently smooth domain 2 C R™ and chosen a

suitable (n — 1)-dimensional surface measure of 0S), denoted by |02|,,—1, then
11 1
|0Qn-1 = n' w4 Q7w (12)

Furthermore, equality is attained if and only if ) is a sphere. For us, the measure for
the boundary of Q will be the De Giorgi perimeter (here is the reason why we have

introduced it). The relation (12) will be used primarily in the following way:

/ do > / do.
{u=t} {u*=t}

This is due to the fact that the classical isoperimetric inequality establishes that the
n-dimenstonal sphere is the manifold which minimize the surface area among all the

ones of fixed volume.

Lemma 1. Let u be a function and let t € R. Define E,:={z € Q : u(z) > t} and
Fo={x € Q:u(z) <t} =Q\E;. Define alsob:R x Q — R such that

_XFz(I) th < (—O0,0)

b(t,x) = .
(t.2) X5 () ift € [0, +00)

Then .
u(z) = /_ b(t, z)dt. (13)

o0

Proof. If u(xz) > 0, we have

400 u(x)
/ b(t,x)dt = / dt = u(x);
—oo 0

400 0
/ b(t,x)dt = —/ dt = u(x).
—00 u(x)

We shall now enunciate two results that are special cases of the famous co-area

if u(z) < 0, we have

]

formula (see also [6] and |7] for this), one of the most important fact of geometric

8



measure theory, which we need for the proof of Polya-Szegt’s theorem. The following

is the first one of them (the second one will be stated in the next section).

Theorem 3 (Fleming-Rishel). If u € WYY(Q), then

/Q|Vu(x)|dx:/_ " Pol{u > 1)t (14)

oo

holds.

Proof. Let ¢ € (C{)’O(Q))n By (13) and Fubini’s theorem, we have

/Q u() div(é(z))dz = /Q ( /_ +Oob(t,x)dt> div((a))dr =

[e.9]

N /_:O (/Qb(t’ z) diV(¢>(fv))dx> dt —
- /_io (/F diV((b(l“))dl‘) dt + /0 - ( /E | div(qﬁ(x))dgg) it

using the definition of b(t, z). Now, since ¢ € (C5°(2))", by (11) one has
/ div(¢(z))dz = / div(¢(z))dz = —/ div(¢(z))dz.
Fy Q\E; E;

Thus,

/Q u(e) div(6(x))dr = — / (; ( /F | div(gb(x))dm) it + /0 +°° ( /E | div(gb(x))dx) gt —
— /:O (/Et div(qs(x))dx)dt

and the thesis will follow if we take the supremum over ¢(z) # 0.
[

We enunciate here the last result of this section, which is a simple consequence of

Fleming-Rishel theorem. Nevertheless, it will be fundamental for future results.

Corollary 3. If u € WHY(Q) is such that u(x) >ty a.e., then

+o0
/|Vu(x)|dx:/ Po({u > t})dt (15)
Q

to

holds.



Proof. For all z € Q, if ty < 0, then

0 ift € (—o0,1)
b(t,x) =< —xp(z) iftety,0)
xg(x)  ift€]0,+00)
if tg > 0, then
0 ift € (—o0,0)
b(t,x)=1<1 if t € [0,0)
XEg (z) ift € [tg, +00)

if ty < 0; instead, if tg > 0, we get

u(z) =ty + /+00 b(t, x)dt. (17)

to

The thesis will now follow as in Theorem 3 using (16) and (17) instead of (13).
[l

Remark 7. If u is integrable and if the integral appearing on the right side of (14) is
finite, then, for ¢ € (C’{)’O(Q))n, there exists a constant ¢ > 0 such that

‘ /Q“(l“) div(¢(x))dz| < cf|¢]|

This means that u € WHY(Q) and then, applying the previous result, (14) holds. The

same 1is true for (15), obviously.
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1.2. Poélya-Szeg6’s theorem

In this second paragraph, we will gradually pass to the statement and the proof of

Polya-Szegd’s theorem. We begin by two technical results.

Lemma 2. Let f,g be two functions with g integrable over ) and let f be such that
—0<a< f(r)<b< +oco. Then

/Qf(x)g(x)dx = a/gg(:v)d:v + /ab (/{f>t} g(x)dx) dt. (18)

Proof. Assume a > 0 (the other case can be similarly treated). Considering the set
Ey:={zx € Q: f(x) > t}, by (13) we get

) = /_ e )t = /0 (@)t

o0

Hence, by Fubini’s theorem,

[r@swar= [ ([ = [ [ otwrswac)a =
:/Oa (/Qg(x)dx)dt—i—/ab (/Etg(x)dx)dt:a/ﬂg(x)dan/ab (/{f>t}g(x)dm>dt.

]

Lemma 3. Let 1 < p < oo and q its conjugate exponent. Suppose f € LP(Q) and
g € L1(Q). If we set

P(t)= /{ AR~

then

F'(t) = — /{f>t} g(x)dx.

Proof. Let t € R and define the cut-off h(z):= (f(z) — t)+ +t. Since h(z) > t by
definition, by (18) we have that

/Qg(:c)h(a:)dx = t/ﬁg(az)dm + /;OO (/{hy}g(x)dx) dr.

However, by the definition itself of the cut-off, we also have that
/Qg(x)h(x)dx = t/ﬁg(x)dx + /Qg(x) (f(z)— t)+dx =

11



= t/ﬂg(x)dx + /{f>t} g(z)(f(z) —t)daz.

Comparing these two relations, one has that

F(t) = /{ A~ ) = /t m ( /{ h>T}g(x)dx)dT. (19)

Now, we show that {h > 7} ={f > 7} for 7 > ¢

e if f(z) > 7, then obviously h(z) > 7 as well;

o1fh(x)>¢, then h(z) >t = (f(z) —t), > 0= f(2) >t = (f(z) — 1), =
flz)—t = h(z) = f(z) = f(z) > T.

(

Therefore, (19) becomes

F(t) = /{ IRCGIGERUE /t " ( /{ f>T}g(x)dx>dT.

Finally, differentiating both sides with respect to t, we get

F'(t) = %(/;OO (/{f>T}g(x)dx> dT) = — /{f>t}g(x)dx,

which is the thesis of the lemma.
O

The following theorem is the second result which, as said in the previous section, is

a special case of the co-area formula.

Theorem 4. Let 1 < p < oo and let u € C§°(S2) such that u(xz) > 0. Then

/Q Vou(z)Pde = /0 N ( /{ » |Vu(x)|p_1da) dt, (20)

where M :=max{u(x)}.

z€Q
Proof. We divide the proof into three steps.
Step 1: an initial consideration. By hypothesis, u is a smooth function. Therefore, by
Sard’s theorem, |Vu(z)| # 0 for a.e. t on the level set {u = t}. Thus, {u =t} can be
taken as a (n — 1)-dimensional surface such that {u =t} = 9{u > t}. Also, thanks to
Remark 3, {u* =t}| = {u=t}| = 0.

Step 2: the case 2 < p < 0o. For 2 < p < 0o, define the p-Laplacian of f as

f(z):=—div(|Vu(z)["~? Vu(z)).

12



If u € Wy ?(Q), then
/ |Vu(2)|P~2 Vu(z) - Vo(z)ds = / f(z)v(x)dz. (21)
Q Q

Let ¢ > 0. Setting v(z) := (u(z) — t)+ € WyP(Q) in (21), we get
Vu(x)|Pde = z)(u(z) — t)dz.
[ @b = [ (e -

Hence, differentiating with respect to ¢ and using Lemma 3, one has

_%( /{m} |W($),pdm) _ _%< /{ T @@ —t)da:) = /{ L, f@

Integrating on [0, M] (the range of u), we have that

/Q Vu(z)|Pde = /0 N ( /{ » f(x)dx)dt. (22)

Now, for a.e. t € [0, M], the consideration made in Step 1 holds and so, for such a ¢,

by the definition of f and by the divergence theorem, we get

r)dr = — Vu(z) P2 Vu(z) - vdo = Vu(z)|Ptdo, 23
/{m}f() /{ut}r (@) Vu(z) /M\ () (23)

where we used the fact that, on the level set {u = t}, the tangential derivatives of u

vanish and, since u > ¢ inside this surface, —Vu(z) - v = |Vu(x)|. Putting (23) into

(22), we have )
| wu@ras = [ ( /{ut}\Vu(:c)Plda)dt,

which is exactly (20).

Step 3: the case 1 < p < 2. For 1 < p < 2, we use an approximation technique in order

to get something similar to the previous case. Introducing ¢ > 0, we define

p—2

fe(x) :=—div [(|Vu(x)|2 +e)? Vu(x)} :

Hence, Vv € W, ?(Q2), we have
/ ([Vu(z)]* + 5)% Vu(z) - Vo(z)dr = / fe(x)v(z)dz.
Q O

As before, for v(z) = (u(z) — t)+ € W, P(Q), where t > 0, if we operate in the exact

13



same way as in the previous step, we will get

/Q(IVu(x)IQ%)p;QIVu(x)Izdx: /OM (/{u:t} (|Vu(x)|2+5)p;2|Vu(x)|da)dt. (24)

We now pass to the limit for € —— 0% on both sides of the last relation. On the left

side, the integrand converges pointwise to |Vu(z)[P; reminding that 1 < p < 2, we have

Vu(@)? \ =

(Vu) +) % (V@) = (o) IVa@l < [Futa)p,

which is an integrable quantity over 2. Hence, by the dominated convergence theorem,

lim i (|Vu(z)]* + s)pTﬂ\Vu(x)]Qda: = /Q \Vu(z)[Pdx. (25)

e—0*t
Instead, on the right side of (24), we observe that
(IVu(@)P +2) 7 |Vu(e)| < [Vu@)P,

which is, again, integrable (this time, on the set {u = t}). Another application of the

dominated convergence theorem yields to

p—2
lim (Vu(@)]? +¢) T |Vu()|do = / V() do.
e—0t _ _
{u=t} {u=t}
Further,
[ (@R +e) T Vulir < [ Vata)pio
{u=t) {u=t)
and

M
/ (/ \Vu(x)|p_1da> dt < 400,
0 {u=t}

since u € C§°(R2). Thus, applying again the dominated convergence theorem, we get

lim OM (/{u:t} (IVu(z)? +e)p52|vu(a;)|da)dt _

_ /0 " ( /{ . |Vu(x)|p1da)dt. (26)

This means that, due to (25) and (26), the relation (24) gives us (20) because now we

have that "
/ Vu(w)Pde = / ( / \Vu(x)|”_1da>dt.
QO 0 {u=t}

14



Remark 8. The same happens for u* under the same hypothesis of Theorem 4, since

M:=max{u(z)} = max{u(z)}:

/Q* [Vu*(z)[Pde = /OM (/{U*t} !Vu*(a:)|p1da> dt. (27)

We enunciate here a last result before discussing Polya-Szegd’s theorem because it

exemplifies its proof.

Theorem 5. Let u € C§°(Q2) such that u(x) > 0. Then, for a.e. t in the range of u,

do do
= [ e[ e (28
o VU@~ oy V@] )
holds.

Proof. We split the proof into four steps.

Step 1: an initial consideration. As before, for a.e. ¢, the same properties of Step 1 of

the proof of the preceding theorem hold.
Step 2: introduction of an auxiliary function. For € > 0, we define

Vu(x)
[Vu(x)]? + 5) '

Flz)=— div(

Multiplying by v(z):= (u(z) — t) . and integrating by parts (using the fact that, since
u € C§°(£2), the boundary terms are null and that Vu(x) = Vu(x) if u(z) > t), we get

Vu@P
Jo o 2= [ 00 = )

Differentiating now with respect to ¢t and by Lemma 3, we have

iy w72 =i T 00— 0)

_ / f(w)de, (29)
{u>t}

relation which will help us in the following step.

Step 3: the thesis for u. Let ¢ be such that |Vu(z)| # 0 on the set {u = t}. Since
|Vu(z)| # 0 for a.e. t, if h > 0 is small enough, the same is true regarding the set
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{t —h <wu <t+ h}. Then, integrating (29) from ¢ — h to t, one has
2 2 2
[ TGP G PR R /T
(—h<u<ty |VUu(@)[? +¢ (ust—n} |Vu(z)* + € sty |Vu(z)? +¢
t 2 ¢
_ / d ( / Vu(z) dx) 0 / ( / f(w)dx) dr —
t-n A\ Spusry [Vu(@))? +¢ t—h \ J {u>r}
¢ t
:/ </ __Vu(:z) -I/dO‘)dT:/ (/ —|Vu(ag)| dO’)dT,
t—h {u=r} |VU(I’)| te t—h {u=r} |VU(CL’)| te

using the definition of f, the divergence theorem and the sign of w (which is such that
Vu = —v|Vu| since Vu L {u = t}). Now, due to the dominated convergence theorem,

we can pass to the limit for e — 07 in order to obtain

2
o (t — h) — py(t) = / dr = lim Vulz)] dx =
{t—h<u<t}

=0t J it h<u<t) Vu(z)]? + ¢

t t
) |Vu(x)]| ) / (/ do )
= lim / ————do |dr = ——— |dt
=0t Jiop ( {u=1} |VU($)‘2 te t—h {u=T1} ‘VU(Q?)‘

Further, dividing by h and taking the limit for h — 07, we establish (by Lebegue’s

differentiation theorem) that

Vo do
—alt) = /{ut} Vula)]

which is the first relation in (28).

Step 4: the thesis for u*. Let r = r(t) be the radius of the ball given by the level set
{u* > t}. If this is the case, then p,(t) = p,(t) = “==2r(t)", which means that

n

wo(t) = wuyr(t)"4'(t). Since p,:(t) and r(t) are both monotonically decreasing
functions, they are differentiable a.e. on their domains of definition. Hence, writing
u*(z) as u*(|z|) by abuse of notation and, therefore, considering it as a function of
a single variable (being able to do that in view of the previously studied properties
of the Schwarz symmetrization, in particular the radial symmetry and its domain of
definition which is a ball), we have that u*(r(t)) =t a.e. due to the properties of the

rearrangement. In conclusion, by implicit differentiation,

/ 7 = |[{u* = 1 :_|{u*:t}|”*1 — _ d—O’
) = e 0) = 10 = Yot s = —he e = [

which is the second relation in (28).
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We are finally able to enunciate and prove Pélya-Szego’s theorem, one of the most

important result concerning the Schwarz symmetrization.

Theorem 6 (Pélya-Szegd). Let 1 < p < oo and let u € WyP(Q) be such that
w(x) > 0. Then u* € Wy (Q) and we have that

[ ve@pds < [ [Vu)a. (30)

Proof. We split the proof noting that, if (30) holds, then u* € W, () automatically.

Step 1: the case p = 1. For p = 1, we show that Po({u > t}) = Pe~({u > t}) for any
t > 0: in fact, being u € W, (Q) such that u(z) > 0 a.e. over Q by hypothesis, we
can extend it by setting @ : R" — R such that a(x):=u(z)yq(z) in order to get
{r eR":a(z) >t} = {xr € Q:u(x) >t} Thus, by (15),

/O+Oo Po({u > t})dt = /Q |Vu(z)|de = /RN Vii(z)|dz = /;Oo Pen ({0 > t})dt =

+00
_ / Pax({u > £})dt,

from which we have Po({u > t}) = Pen({u > t}), since Po({u > t}) < Pev({u > t})
in general in view of the point (7i) of Proposition 5. After doing that, using the classical
isoperimetric inequality, for every ¢t > 0 one has that Ppv({u > t}) > Prv({u* > t})
for the same consideration made in Remark 6 (because the set {u* > t} is a sphere).
Therefore, using again (15) and having in mind the discussion made in Remark 7, we

achieve the estimate

/Q\vu(x)ux _ /Om Po({u > t})dt = /Om Pax({u > 1})dt >

“+o0 “+o00
> / Ppn ({u” > t})dt > / Po«({u” > t})dt = |Vu*(z)|de,
0 0 Q*
which is the desired relation.

Step 2: the case 1 < p < oo for u € C§°(2). Setting

M :=max{u(x)} = max{u*(z)},

e zeN*

it suffices to show that, if 1 < p < oo and u € C3°(2), then

/ |Vu*(x)|p_1da < / |Vu(x)|p_1d0
{ur=t) {u=t}
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for a.e. t € [0, M] in view of (20) and (27), using the monotonicity of the integral. The
function u is smooth: so, by Sard’s theorem and the same considerations done earlier,
|Vu| does not vanish on the set {u = t} for a.e. t € [0, M]. Introducing now a measure

von {u=t} by dv:= %, Holder’s inequality leads to

Thus, by the definition of the measure v and using again the classical isoperimetric
inequality, we have
p p
( f{u:t} |VU($) |dV) ( f{u:t} dO’)

V)P o = [ Vu(o)Pdv > = = 2
/{ut} {u=t} ( f{u:t} dy)p 1 ( f{u:t} dy)p 1

Juwop @) =8, . V]
> — = ut = pfl T w=ts _
T Sy )™ ()" = (i{u*=t}|n_1)

=Tl = [ e

fur=t}

where we make also use of (28).

Step 3: the case 1 < p < oo for u € W, ?(€). The thesis for the case 1 < p < oo and

u € VVO1 P(Q) will follow by density from the previous step: in fact, we know there
exists a sequence of functions {uy}ren such that u, € C§°(Q), ux(z) > 0 and, lastly,
up(z) — u(zx) in WyP(Q), Yk € N. Besides, by the previous step, we have that

|Vu2(a:)|pdx§/|Vuk(x)|pdx.
o Q

Hence, the sequence {u} }ren is bounded in Wy (€2*): this means (since 1 < p < +00)
that there exists a weakly convergent subsequence which, by Rellich’s compactness
theorem (see [9]), also converges strongly in LP(Q2*). Nevertheless, we already know
(see the point (iv) of Remark 3) that u}(z) — u*(z) in LP(2*): therefore, we deduce
that u* € Wy?(Q*) and uf(z) — wu*(z) in that space. In conclusion, by the weak
lower semi-continuity of the norm, we get

/ |Vu*(z)|Pdx < liminf/ |Vup(z)Pdz < liminf/ |Vuk(x)|pdx:/|Vu(a:)|pdx.
Q* * Q Q

k—+o00 k—+o0

]
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1.3. Moser’s theorem on exponential integrability

The main result of this section is the following theorem. After stating it, we will deduce

an outcome of it.

Theorem 7 (Moser). Let n € Nxy and u € Wy ™ (). Assume that

IVulley = [ 1Furas)” <1
Q

Then, ¥V a € [0, o], there exists a constant ¢ = c¢(n) depending on n only such that
][ eclt@l dy < ¢, (31)
Q

1
where p:= -2 is the conjugate exponent of n and o, :=nw" ;.
n—1 n—1

An immediate consequence of this theorem is the following result, whose proof will
be postponed. It establishes the sharpness of «,,, namely that (31) is no more valid if

we choose « strictly greater than «,.

Corollary 4. The integral on the left side of (31) is actually finite for every choice of
a >0 but, if @ > «y, it can become arbitrarily large by an appropriate choice of u in

the sense that, for a > «,,, we have

sup {][ e“'“(”””pdx} = +00.
ueWy ™ () Q

[IVullpn (o)<l

In other words, if « > «,, then the constant ¢ = c(n,u) is forced to depend on the

function u taken into consideration as well.

In order to prove these results, we use the same methods of [18], leading back to
the symmetrization of a function and its decreasing rearrangement, in particular the
Schwarz symmetrization. This technique will help us greatly, transforming the general
n-dimensional problem we have to deal with into a unidimensional one. The case
a >« is quite simple as well, and one can easily construct counter-examples. However,
the limit case a = o, is not completely trivial and it requires a different strategy. We
point out again the remarkable outcome that the result still holds even for the critical
value «, itself, which can be considered a watershed. Like the Sobolev inequalities
mentioned in the introduction, Moser’s theorem is helpful if dealing with non-linear
partial differential equations as well as in Berger’s study of conformal deformation of
surfaces (see [2]|). In particular, Sobolev’s theorems allow to deal with equations of the

type —Au = |u|P~'u, while Moser’s with the ones of the type —Au = €.
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Proof of Theorem 7. We divide the proof of Moser’s theorem in different steps in order

to lighten the discourse and to avoid losing the thread of the discussion.

Step 1: rewriting the problem. Without any loss of generality, we are able to consider

the function v non-negative because, if it is not the case, we are allowed to replace u
by |u| since this assumption does not increase the value of the integral of |Vu|": in
fact, if u € W, ™(Q), then |u| € W,™(Q2) and

[ 1vu@ras = [ [9(u)|'dz

This is helpful because, in such a case, we have u* € W,"(Q). Clearly, another (banal)
observation is that assuming |[Vu|[ra(n) < 1 is the same as assuming [|Vul[7, o) < 1.

As previously said, we now pass to the Schwarz symmetrization u* of u, remmdmg that

|Vu*(a:)|"dm§/|Vu(m)|”dx
R Q

/ olw @ g / colu(@)? g
* Q

in view of (8). Thus the convenience of all this reasoning: in this way, we have reduced

due to (30) and

the dimension from n to 1. Now, depending u* on |z| and denoting with R the radius

of €2*, for convenience we introduce a new variable ¢ by
t—nlog(| |)<:>|x|:Refz. (32)
Furthermore, if
1
w(t) :=apu* (Re_%> :

then w(t) is monotone increasing by definition, since u*(|x|) is monotone decreasing
and for (32). So, we have that

n

n-1 L1 R t t Wn—1 e\ ™
/ n o__ “an - - * — n— n —t Y
lw'(t)|" = |n Wn—1( n)e Vu <Re ) . R"e™"|Vu* (Re > ,
from which it follows that
R
/ ‘Vu*(|:n|)‘nd:v:/ W1Vt (r) " dr =
o 0
+oc0 n +o0
- / Dt et wur (Re +)[at = / ! ()"t (33)

0 n 0

At this point, reminding that the n-dimensional volume |B;(0)| of the unit ball in R”
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equals to nw,_1, we get

R ERCS) " _t P
][ au*(x)P dr = / ln rne 1 U *(r)P dr = / eoeu (Re n) _tdt _
* 0 R 0

+o0o
= / PO =t gy, (34)
0

where (3 is defined by (5 := in
Consequently, thanks to (33) and (34), the theorem is equivalent to show that there

exists a constant ¢; = ¢1(n) depending on n only such that

“+oo
/ POt gL < ¢ (35)
0

holds for every § € [0, 1], under the hypothesis that n > 2 is the conjugate exponent
of p and w(t) € C*([0, +oc]) a.e. satisfies:

(1) w(0) =
(i) w'(t) > 0, for a.e. t > 0;
(i) [ w'(t)mdt < 1.
We now split the case € [0,1) from the limit one in which g = 1.

Step 2: the case § € [0,1). We shall begin considering the case 5 € [0, 1), whose proof

is immediate since we get

w(t) = /Otw'(f)df < (/Ot dr)‘l’</otw'(7)nd7>i :t;(/otw'(T)”m')le <t (36)

from Holder’s inequality, and so

+o00 +oo +oo 1 +o0 1
/ ARt gy < / Bt g / LBty — L [e(ﬁ—l)t} _
0 0 0 g—1 0 1-p5

_1
1-3°

Then, in this case, the theorem is proven setting ¢; = ¢1(n) :=

Step 3: introduction of a useful rescalement. What remains to show is the limit case

where 5 = 1. Due to the density of simple function in L"(2), we may assume w'(t)
to be piecewise constant and compactly supported, namely w(t) to be piecewise affine
and constant for large t. In particular, we have

w(lt) .0

tr

for both ¢t — 0 and ¢ — +o0: therefore, t!~"w(t)" attains its maximum in (0, +00).

21



So let us set & > 0, which is the point where the maximum is attained, and ¢ such that
§=1 - max{t' (1)) =1 - € (€)= 1 -9 = M) (37
By definition, we have that ¢ € [0, 1], because
trw(t) <1e=1> (t‘%w(t))n =t rw()" =t "w(t)"

due to (36) (and, obviously, because t!"w(t)" > 0). Let us make some comments
about d: the relevant case is when 0 is near zero. In fact, if 6 = 1, then the theorem is
trivial because w(t) would be the function identically null; if 6 € [dy, 1), for a certain

dp € (0,1) small enough, by definition we have that

vl <1 -5t

tr

H ()" <1 -0 <=

Y

which means

+o0o +o0o % +o0 %1 1
/ ew(t)p—tdt S / 6(1—5)"_ t—tdt S / e[(1—50)" _l}tdt —
0

0 0 1 (1—8)mT

It follows that we can have in mind that 0 € [0,dg), where dy is in close proximity of

zero. We now scale the variables by introducing a new one and setting, for convenience,

s :=§ — w(t) = £ wy(s) = Ery(s) (38)

or, equivalently,
y(s) =& rw(&s).

Doing this, we have rescaled the problem setting in 1 the watershed point that separates
the two different ways the function behaves. The three conditions have, this way,

become:
(i) y(0) = £ »w(0) = 0;
(ii) 1 (s) = € v/ (€s) > 0, for ae. s> 0
(iii) 7y (s)"ds = [, (7w (€s))"ds = [;7 €w'(€s)"ds = [, w!(t)mdt < 1.

Clearly, in the last condition we changed variables by setting ¢ :=¢s.

Besides, we have
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)= (39)
where y; :=y(1).

Step 4: introduction of three useful estimates. We want now to show that, if § is chosen

small enough (as discussed earlier), the function y(s) cannot be much bigger than
n(s):=min{l, s}. However, before proceeding, we will prove three inequalities useful

for later: the first two are

1 +00
(n—nw*K;wwwwm%s+[ y(s)'ds < 6 (40)

and
y(s) < =(s), (41)

with

3=

s+min{(25)
1+ 8u(s—1)

3%,03(5(1 —s))%} if s € [0,1]
if s € (1,+00)

z(s):= )

3=

where c¢3 = c3(n) is a positive constant depending on n only. We specify that (41) is
valid for § € [0, %) The last one is the following: defining the function

S if s e [0,1
o(s):= _ 0.3) :
|s—1] ifse [i 400)

there exist positive constants dy < 3, ¢4 = c4(n) and ¢5 = ¢5(n) depending on n only

such that, V4§ € (0,09) and Vs € [0, +00)\ I, where [:={s € [0, +00) : |s — 1| < 40},
A — 5 < 5 (5) (42)

holds. In order to achieve them, we use the following elementary estimates: given
n > 2 and a, b such that a + b > 0, we have

a" +na" b+ (n —1)a" b < (a + b)" (43)
if, moreover, a,b > 0, then
a" +na" b+ " < (a+b)" < a+ep(a” b+ b"), (44)

where ¢y = ¢y(n) is a positive constant depending on n only (the upper estimate holds

even for n > 1, but we are focused on n > 2).

Step 5: proof of the first estimate. Setting a = y; > 0 and b = ¢/(s) — y; in (43) (being
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allowed since a + b = y/(s) > 0), we get

iyt (Y (s) — ) + (0= Dy 2 (Y (s) — ) <y (s)™

If we integrate now over s € [0, 1], we obtain
1 1 ,
[vrasz [ [ mt W) = m) + (0= D G6) - )] ds =
0 0
1 1 1 1 ,
= y’f/ ds + ny’f‘l/ y'(s)ds — ny?/ ds + (n — 1)?/?‘2/ (y'(s) —w1) ds =
0 0 0 0
! 2
=y +nyi ™ (1 — y(0)) —nyi + (n— 1)y?‘2/ (¥'(s) —w1) ds =
0

— oy (= 1)y / (v (s) — ) ds.

Using the conditions on y(s) and (39), we are able to write

1 +oo +o00 +o0
/ y'(s)'ds = / y'(s)"ds — / y'(s)'ds <1 — / y'(s)ds =
0 0 1 1

+oo
=0+ — / y'(s)"ds
1

and, putting the pieces together, we get
1 +o0o
stz [yerdst [ yrds>
0 1

1 +oo
>yt -0 [ ) ) ds s [ yerds e
0 1

1 400
= (- 1)y / (5/(s) —yn)ds + / Y (s)ds < 5, (45)

which is exactly (40).

Step 6: proof of the second estimate. From this, it must be that both summands in

(40) are less or equal to ¢ thanks to the hypothesis on y(s). This means that, applying
Holder’s inequality, we find

oo = | i+ [ v <m—vor+ [ ar) % (/ y'(r)”drf <

+o00 " . ,
(/ y’(r)"dr) <y +dn(s—1)»
1
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if s > 1. This proves (41) in the case s > 1. Similarly, if s € [0, 1], Cauchy-Schwarz
inequality, (39) and (45) yield to

y(s) = /O (31 + o/ (r) — ) dr = y1s + /0 (' (r) —y1)dr =
=(1—d)"s — /01 (y'(r) —y1)dr + /0 (v'(r) —y1)dr < s — /Sl (' (r) —y)dr <
< s+ (/1 (/' (r) - yl)zdr);(l —s)

5 5

@TTEFJ;“‘ﬁ + e

for a positive constant c3 = c3(n).

<ot ([ W -wiar) (-9t <

N

NI

§s+{

To complete the proof of (41), it suffices to show that
y(s) < s+ (20)7 s (46)

if s € 0,1]. We fix o € (0,1) and maximize y(o) for all functions y(s) satisfying:
(1) y(0) = 0;
(i) y(1) = y1;
(iii) [\ y'(s)|"ds < 1.
This way, the maximum y*(s) is attained for an “extremal” function: this means that

y*(s) is a segment connecting (0,0) with (o,y*(c)) and another one passing from
(0,y7(c)) to (1,1). Thus,

Y2 g if s € [0,0]
y'(s) = ) :
nv@ (s _g) ifse (o]

—0

and so "
(y7>) it s € [0, 0]

n
y1—y* (o)
l—0o

(") (s)]" = :
if s € (0,1]

The integral condition on y*(o) has therefore became

yi —y*(o)|"

v (@)\"
1—0)<1. 47
( o ) ot l—0o ( o)< (47)
Besides, by definition of y*(s), we have —y*g’) > y1: so we can affirm that 3p > 0 such
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that y*(0) = yi1(0 + p). Essentially, this is due to the maximization of y(o): in fact,
the function (o) :=y,0 satisfies the three condition and so y*(o) > g(o) = y10.

We are now able to rewrite (47) as

1z (LAY

yl_yl(a_'_p)‘ (1_0_>:

o 1—0
r\" p |
=yl 1+ = 1- 1— —
i) o+ p-r5 0=
r\" p |" 1 1
— (1+ = 1—- l—0)< —=—
(+0) 0+’ o) U)_y’f 1=9

Using (47) and another elementary estimate given, this time, by |1 — z|* > 1 — nx,
valid Vo € R and Vn > 1, we obtain

— > 1+~ 1— 1—0)>
T _( +0> O'-i-' T (1—-o0)
n
>[1+n£+(£) }a+(1—n i )(1—0):
o o -0
2 1
=o0+np+ +1—-0-—n P +no P P +1 <
1 l—o l—o on!
" 1 )
= <———-1=—-—-<26
on=l = 1— 1-9¢ ’

since we assumed § € [0,1). Hence, as y; = (1 — 5)% <1, we get
1 L 1
y(o) <y (o) =wlo+p)<o+p<o+ (2505) " =0+ (20)n0"
Here, o was an arbitrary element chosen in (0,1): this means that (46), and so (41),

has been proven (if s € {0, 1}, the estimate (46) is trivial).

Step 7: proof of the third estimate. For the last estimate, we appeal to the formula
(41) just established: using (44) and the definition of z(s), in s € (0,1) we have

z(s)f < (S + (25)%S%)p < sP 4o (sp_l(%)%s% + [(25)%3%}10) =

=s"+ 02(25)%sp71+% + ¢5(26) 7 5.

Noting that p + % > 2,20 € (0,1) and s € (0, %), one has

2(s)P —s < P+ 02(25)%3p_1+% +3(20)7s — 5 < P+ €2(20)n 5 4 ¢2(20)ns — 5 =
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- s<sp—1 +26,(26)% — 1) < s<sp—1 +2e5(26)7 — 1) <s K%) T 1]

if € (0,09), where 0y has been chosen small enough. This verifies (42) in the interval
[0, %) as the coefficient of s is a negative number (if s = 0, the proof is trivial). We
now consider s € [5,1) and set 0:=1—s € (0,1] in order to apply the definition of
z(s), (44) and the previous case, which take us to

2(s)P —s < <s +e3(0(1 — 3))%>p —s= (s + c3(6a)%)p —s<

[N4S]

<P+ (31”’103((50)% + [03(50)%]])) — 5= 5"+ 2035”1 (60)% + 2 (60)F — 5 <

N

<s(sPt—1) + 0203(50)% + czcg(&r)% <s((1—o)P" —=1) +cs(d0)z,

for a certain positive constant cg = cg(n) depending on n only. Using the fact that

p € (1,2] by definition and s € [%, 1), the previous relation becomes

N
N

2(s)P —s<s((l—0)"' —1) +cs(d0)2 < s(—(p—1)o) + cg(60)2 <

N

1
< —5(p = Yo +c(00)z,

where we used that (1—0)P~'—1 < —(p—1)o due to the elementary estimate introduced
in the previous step, which was |1 —z|" > 1 —nz, Vo € R and Vn > 1. In fact, for

z:=-2- we have
n—17?

n—1
(1— 01) —(l—2)"'>1-(n-Dr=1-0 <
n_

= (1-(p-1o)" " >(1-0)<=1-(p—1)g>(1-0) ' <=

= 1-1-0)'>p-1lo= 1-0)'—-1<—(p-1o.

deg \? -1\’
0>00::< 6)5<:>5<(p )a
p—1 4cg

(which explain why this third extimate is valid outside of what we have defined as T),

Considering

one has
1 p—1 272 p—1 p—1
c6(00)2 <C6[0( 1o ) 0} = 0 o 4 o= 2(s)l —s<
1 1 —1 ~1 —1
< —§(p— 1)0—1—06((50)% < —§(p— 1)a—|—p—4 g=-" 7= _p_4 (1—3s),
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which is the desired estimate for s € [%, 1). For the last case, we take s € (1,+00)

and, again by the definition of z(s), for (41) and for (42), we establish
2(s)P — s = <1 + 5%(5 - 1)%>p —s<1+4c [5%(3 - 1)% + (5%(5 - 1)%>p] —5=

= 1+C2|:6%(8—1)% —1—5%(3—1)] —s:l—l—czé%(s—l)% +ein(s—1)—s=

1 1 P (5 % p
D=1t i) = -1 < e(S27) et <

TEERY

for an appropriate choice of dy. Taking s — 1 > (4¢2)"™0 (which means we are again in
[0, +00)\ 1), we get

:(3—1)(—547):—1(8—1)’ (48)

that represent the estimate for s € [1,+00) (once again, the limit case s = 1 is banal)

if we define ¢4 = ¢4(n) = (;f61)2 + (4c2)" and ¢5 = c5(n) == (1 — 2%)_1 + ]ﬁ.

A little clarification: the choice of ¢4 is quite obvious, while the one of ¢5 may seem

a little ambiguous: we have not forgotten the coefficient — appearing in (48). The

point is that, if ¢5 exceeds z& = 4(n — 1), then it automatically exceeds 4.

Step 8: conclusion. Now, after finally prove (40), (41) and (42), we make use of these
estimates to derive the boundedness of the integral in (35) for 5 = 1. By (38), (41)
and (42), we have

w(t) —t = (€ry(s)) — € = Eyls)” — &5 = £(y(s) — ) SE((s)" — 5) <

< —c5l€p(s) = —c5 '€y (é) (49)

excluding the interval [ :={s € [0, +00) : |[s—1| < 40} = {t € [0,400) : [t—&| < c4&6}.
In I, using (37), one has

§:=1-— rgj)x{tl—”w(t)"} <1—t"wt) = w(t)" < (1=0)t" ! =

= wtp < [(1-8)r " = (1-6)"t (50)
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and, taking once more advantage of an elementary estimate given, this time, by the
relation 1 — (1 —§)P~t > (p —1)d for p € (1,2], it follows that

/ew(t)p_tdtg /6(1—5)1"1t—tdt:/6t[(l—5)p1—l}dt§ /6—(p—1)5tdt <
I I I I

<2 —(p=1ty
< c45£r£1€alx{e }

Choosing 0y < (2¢4) %, we have § < Jy < (2¢4) ! and then t > £—c460 = €(1—c4d) > §;
therefore, we have that

/ew(t)p_tdt < 2¢40€ maX{e_(p_l)‘St} < 204556_(73_1)5% =
I tel

2 (p—1)d¢ o~ (P—1)55
p—1 2 - (-1
since ze™® < e7!, Vo € R. Instead, for t € (0,+00)\ I, (49) leads to

/ WP =t 14 < / 605_15%0(
(0,400)\I (0,400)\I

= 204

e
~—
Y
~

\

+o0o 1
/ Ot = /ew(t)p_tdt + / WPty < dey — + 3¢5 =: ¢y,
0 I (0,+00)\I (p—1)e

for 0 < § < dy.

Finally, if 6 € [0y, 1], we make again use of (50) and the following elementary estimate

+00 . +oo b1 +o00o
/ 6w(t) —t ¢ < / e(1—(5) =t Jt < / 6—(p—1)§tdt _
0 0 0

= _—1 [6—(1)—1)&} e 1 1

5(p—1) o dp—1) = Sop—1)

Clearly, both ¢; = ¢z(n) and ¢g = cg(n) depend only on n.

to get

Thus, the theorem is proven for § = 1 setting ¢; = ¢1(n) :=c7 + cs.

]

We next prove Corollary 4, which will be basically an application of Moser’s theorem.
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Proof of Corollary 4. Tracing back to the proof of Moser’s theorem, we consider a

function w(t) € C*([0, +oc]) a.e. satisfying the three usual conditions, namely:
(i) w(0) =0

(i1) w'(t) > 0, for a.e. t > 0;

(iii) [77w'(t)"dt < 1.

We remind here that the above conditions are equivalent to the hypothesis of Moser’s
theorem. We now show that the integral in (35) exists finite for any positive 4. In fact,
Ve > 0,37 =T(e) > 0 depending on ¢ only such that

400
/ W (Bt < e,

T

from which we establish, given any ¢ > T and using Holder’s inequality, that

w(t) — w(T) = /Ttw'(T)dT < (/Tt dT);</Ttw'(T)ndT>i <

T
Hence
1 1
t T)+en(t—T)r t—T\7
lim w()< lim wl )+61( ) = ¢ lim (—) 25%7 (51)
t—+00 tp t—+o00 tr t——+o00 t

which means that the term appearing into the first limit of (51) is bounded and so it can
lay arbitrarily near 0 if ¢ is chosen small enough. Thus, Sw(t)? < & for sufficiently large
t, and this estimate makes the integral in (35) finite for every choice of 5. However, if
B > 1, this integral can become large at will because, if we take a number £ > 0, the

function n(7) :=min{l, 7} and set

t) CJemt iftefo,¢)

0(t) := 7 ,
() én(f g-wift e ¢, 400)

then w(t) € C*([0,+00)\{¢}) and we have that:
(1) w(0) =
(1) @'(t) > 0, Vt € [0, +00)\{{};
(iii) [Fw(t)rdt = [F(¢n)"dt =€ [Pdt=€"¢=1.
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Nevertheless,

+o0 _ +o0 _ +oo 1
/ PO g > / PO g = / o5 (e
0 13 13

+00
_ o [ _ e—tL —BDE 4o

Sl=

P +oo
)"t = / ettt =
3

as & — +o00, being g > 1.
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Chapter 2

2.1. O’Neil’s estimates on convolution and rearrangement

In this first section of the second chapter of the issue, we have to familiarize with some
results concerning the convolution of two functions in order to properly achieve a result
due to Adams, which is the generalization of Moser’s theorem previously studied for
higher order derivatives. We will follow O’Neil’s original work, namely [21].

We begin by recalling the notion of convolution and, afterwards, we will use again the
rearrangement technique to get some properties required for Adams’ theorem. Note
that, in this chapter, we will deal with functions whose domains of definition are the

whole R™, which are integrable over R™ and such that their real images are non-negative.

Definition 5. Given two functions f and g, a convolution operator of f and g is a
bilinear operator, denoted T (f,g), whose LP(R™)-norm is not greater than the product
of the single LP(R™)-norms of the functions f and g for p =1 and p = oo. In other
words, for all functions fi, fo, 91,92 and Yo, B € R, T(f, g) is an operator such that:

(i) T(afi(z) + Bfa(a), g(x)) = T (fi(x), 9(x)) + BT (f2(x), 9(2));

(ii) T(f(x), a01(x) + Bga(x)) = T (f(2), g1 (x)) + BT (f(2), g2());
(iii) [|T(f, )l reey < (| fllr@nllgllr@ny if f € LYR™) and g € LY(R");

(1) IT(f, Dl @) < 1 fllr@nllgllzee if £ € LYR™) and g € L=(R");

(v) IT(f, D@ < | flle@n gl if f € L®(R") and g € L(R").
Remark 9. In order to lighten the notation, given a subset Q C R"™, from now on
we will denote the LP(Q2)-norm of a function f as ||f||,, forgetting to write the set on
which the norm is taken. Whenever an ambiguity may occur, we will clarify the set on

which the norm is calculated; however, we reiterate here that we will work on the whole

R™ when dealing with convolution operators.

Definition 5 encloses a large class of operators 7T; however, for us the prototype will

be the classical convolution of two functions.
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Definition 6. Let f,g : R — R be two functions. The convolution of f and g is
the function f % g : R™ — R such that

(f*g)(r):= - flz —y)g(y)dy.

Remark 10. Using the definition of the convolution of two functions just defined and
given three functions f, g and h, one can easily prove that the aforementioned operation

possesses the following properties:

(i) commutativity, because (f * g)(x

(9 f)(x);

)=
(it) linearity, since (f * (ag + Bh))(z) = af * g)(z) + B(f * h)(z) and, similarly,
((af + Bg) * h)(x) = a(f * h)(z) + B(g * h)(z), Vo, B € R;
)

(iii) associativity, namely ((f *g) *h))(z) = (f * (g *h))(x), which allows us to write
(f % g = h)(z) without ambiguity.

Remark 11. The conditions (iii), (iv) and (v) appearing in Definition 5, if viewed
through Definition 6, can be summarized in what is called Young’s inequality for the
convolution. This result states that, given any 1 < p < oo and taken two functions
f and g such that f € LY(R") and g € LP(R"), the function y — f(x — y)g(y) is
integrable in the variable y over R™ for a.e. x € R™ and f x g belongs to LP(R™).

Moreover, the estimate

1+ glly < {11119l (52)

holds. Therefore, due to what has been just said, we can conclude that the convolution
is actually a convolution operator indeed: the bilinearity is given by Remark 10 (the
second point, in particular), while the remaining properties by Young’s inequality for the
convolution. In fact, due to its commutativity, the roles of f and g can be interchanged:

this means that the estimate (52) reads, in particular, as

Lf =+ glle < [1f112 gl (53)
forp=1, as

Lf * gllos < [If11119]l (54)
for p =00 and as

1f * glloo < [ fllcollglln (55)

once more for p = oo (after using the commutativity of the convolution). Thus, the
inequalities (53), (54) and (55) are the same conditions appearing in Definition 5 for
the LP(R™)-norm of a convolution operator T (f,g), where p =1 and p = co.
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We now need a new notion that has to do with the unidimensional decreasing

rearrangement u# of a function w.

Definition 7. Given a function u, the integral average of the unidimensional

decreasing rearrangement u is the function u*# : (0, +00) — R such that

utF (t) .= ! /t u®(s)ds. (56)

Remark 12. The function defined by (56), due to the properties of the unidimensional
decreasing rearrangement already studied, s monotonically non-increasing. Besides,
although we have discussed the unidimensional decreasing rearrangement for functions
defined on a bounded and measurable domain 2 C R™, we can translate all the notions
and results even for 0 = R" since we are assuming that the functions we are dealing
with are integrable over R™. Therefore, in such a case, due to (6) (with p = 1 and
using the fact that here the functions are non-negative), its unidimensional decreasing
rearrangement will be integrable over R, too. This means that, from now on, we will
be able to integrate a function over [, +00), for a certain & € R (not only over [, |2]]

as we have done until this moment).

After having introduced all these quantities, we are finally ready to enunciate what
is the fundamental result of this section, which will be essential for the proof of the

future Adams’ theorem.

Theorem 8 (O’Neil). Let T be a convolution operator and set h(z):=T (f(z), g(z)).
Then, for anyt > 0,

WD < P00 + [ " ()" (s)ds. (57)

Remark 13. Theorem § is not valid only for non-negative functions f and g: if they

change sign, then (57) becomes

BFR () < 8| 1P (1) | (1) + / P (9)] 9 ) ds. (58)

The same is true for the following results needed for its proof: in fact, modifying them
appropriately, one can establish the more general formula given by (58). However, we

are interested in (57) and so we will omit the complete discussion.

As just stated, we need first some intermediate results concerning the convolution

operators and the integral average of the unidimensional decreasing rearrangement.

35



Lemma 4. If a function f can be decomposed into two other functions, namely if

f(z) = fi(z) + fo(x), then

PR < 1) + 177 (). (59)

Proof. The validity of this inequality is essentially given by the nature itself of the
unidimensional decreasing rearrangement: first of all, given an arbitrary measurable

set £ and using (6) for p = 1, we have
|E]|

|E|
[#(s)ds = / (F(s) + f(s))ds = / (fulx) + fole))do =

0

|E| |E| |E|
- / fi(2)dz + /E Rw)s = [ ptds+ [ s = / (F(s) + f(s)) ds.

Then, being u” a radially non-increasing function, we can write
t |E|
/ f#(s)ds = sup{ f#(s)ds}
0 1E|=t L Jo
for a fixed ¢ > 0. Hence,

)= [ 4(0)is = suo h roisyish = s [ 2t FAF)ds) <

|B|=t |B|=t
|E]| |E| t t
< sup{ f#<s>ds} ¥ sup{ ff(S)dS} = [ st@as [ st -
1Ej=t L Jo 1E1=t L Jo 0 0
=7 () + 157 (),
which is the relation (59) if one divides for t.
[

We can characterize what we defined in (56) in view of the following proposition,
which merges the notion of the unidimensional decreasing rearrangement u# with its

integral average u?7.

Proposition 6. For a function f, we have that
+o0o

O =10+ [ i (60
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Proof. First of all, by equimeasurability, one has

pr(r) ={z € Q: f(z) > 7} = [{s € [0, +00) : f#(s) > 7} = ppe(r).  (61)
Now, taking an element s, € [0,]Q]], if we set
A={(s,7) € [0,+00) x R: 7 > f#(s0), f#(s) >}
and
B:={(s,7) €[0,+00) x R:0 < 5 < 89, fT(s0) <7 < f#(s)},

then, by their definitions, it follows immediately that A = B. Thus,

+00 +00 s0 f#(s)
/ pps (T)dT = / |{f#(s) > THdr = / (/ d7'> ds. (62)
f#(s0) f#(s0) 0 f#(s0)
However,

[ (/ff(()) i )as = [ (746) = P = [ s = 507 (o0) =

= 50f7% (s50) — s0.f7 (s0). (63)

Finally, taking into account (61) and joining the relations (62) and (63), one has the
thesis.
O]

We now need a last auxiliary lemma in order to prove Theorem 8.

Lemma 5. Let T be a convolution operator and set h(z):=T (f(z),g(z)), where f
is a function vanishing outside of a set E whose measure is |E| = s and such that
f(x) < a, for a certain a > 0. Then, for t > 0, we have that:

(i) h##(t) < asg?¥(s);

(ii) W (t) < asg?(t).

Proof. Let A > 0. We can rewrite the function g as g(x) = ¢1(x) + ¢g2(x), where

g(x) ifg(x) €[0,A]

M= g € o)
and

0 if g(x) € [0, A]
g2(x) := ) .
glz) =X ifg(z) € (N, +0o0)
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After doing this, applying the definition of h, we get

hx) = T(f(@).9(2) = T(f(2). 0:(x) + 2(x)) = T(F(2), 1) + T(F(), ().

(.

—ih1 (o) i ha (o)

We now have that
||gl||oo S >\ (64)

trivially by its definition, while

lgalls = / " () (65)

As just said, the relation (64) follows directly from the definition of g;; instead, in order

to prove (65), we write

/ng(x)d:c _ /Om g (T)dT = /Om {ga(z) > 7}]dr = /Om {g(x) — A > 7}|dr =

“+oo

- [Tgt@ > r e apar = | " () > €}1de = / T ©de (66)

0
So, (66) yields to

+oo
lg2lls = / gola)de = / g (€)de,

which is exactly (65). Using the hypothesis on f and the definition of the convolution

operators, let us make some estimates: we have

halleo < 1111l 192 lloe < a8, (67)
—+o00
hally < 1flllgalls < as / g (7)d7 (68)
and
—+o00
hallso < [1Fllocllgel < / g (7)d. (69)

Then, fixing A = ¢g#(s) and using (6), (56), (60), (67), (69) and Minkowski’s inequality,
we obtain
1 t “+o00
W=y [ W(6)ds < il < [l + el < asg?(s) o [ py(ridr =
0 g

#(s)

~ 5o+ / - lrir) = asg?#(s),

#(s)

which is the point (i) of the thesis. Further, fixing instead A\ = ¢#(¢) and using (6),
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(56), (58), (60), (67) and (68), we have

th##(t):/ot h#(smsg/oth?(s)dH/Ot W (s)ds <

+oo
< tthHoo+/ B (s)ds = t]| ] + || R2l1 <
0

+o0 +o0

< tasg”(t) + as /#
g7 (t)

which, this time, is the point (i) of the thesis once we divide by ¢ (being able to do

py(T)dT = as (tg#(t) + /g

,ug(T)dT) = astg?(t)
#(t)

that since ¢ > 0 by hypothesis).
O

We are finally in position to prove Theorem 8, which has been enunciated earlier.

Proof of Theorem 8. We divide the proof into three steps.

Step 1: initial setting. After fixing a number ¢ > 0, we consider a non-negative and

monotonically increasing sequence {yx}rez going from 0 to +oo and passing through
f7(t), namely y, < ypiy for every k € Z, yo = f#(t), yp — 0 as k — —oo and

yr — +00 as k — 400. We are, consequently, able to rewrite f(x) as

f@)=>" filx),

kEZ
where
0 if f(z) € [0, yp-1]
fe(@):=q f(@) —yra i f(2) € (oo, 0] - (70)
yr —ye—1 if f(2) € (yp, +00)

In fact, if f(x) = 0, then fr(z) = 0 by definition for every k € Z . Otherwise, for
fixed, there exists N € N such that f(z) € [yx_1, yx], which means that

S @ = 3 A+ i@+ S R = 3 - s+ F@) — e (71)

using the definition of fi(z) in the various cases. Since the remaining sum in the

preceding relation is a telescoping series, then (71) becomes

N-1

S fel@) =D (e —ymr) + (@) =y = = lm gt yno+ f(z) —yva = fl2).

keZ k=—o0

Moreover, fi(z) vanishes outside the set Ey:={x € Q : f(x) > yx_1}, whose measure
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is given by pif(yk—1). Using (70), an easy check shows also that fi(z) < yx — yr—1.

Step 2: utilizing Lemma 5. These considerations just made allow us to use Lemma 5,

since we are under its hypothesis: before doing that, we rewrite h as

ha) = T(f(x), glx)) = T(ka@),g(x)) _

kEZ
0 +oo
- T( 3 fk(x),g(x)> +T<ka(i€),9($))>
k=—00 k=1
) =i (@) ’ =iha(e)

having used the linearity of the operator T(f,g). As done previously, due to (58) we
have that
WA (t) < BT (t) + hE7(1).

Now, in order to get (57), we evaluate A7 7 (¢) and h¥# (t) using Lemma 5: however, that
result used a convolution operator for two functions, while here we have a countable
number of functions. It is easily seen that we can generalize Lemma 5 for a finite
number of functions: from that, fixing M € N and using the monotone convergence

theorem to get

NE

filx) — Y ful)
k=1

k=1

as M —— +oo in L'(R"), we can affirm that

T(éfk(x),g(x)) — T(:Xjfk(x),g(x))

as M —— +oo in L'(R™), since

+00 +o0
HT( Z fk,g> < llgllx Z Jel| —0
k=M+1 1 k=M+1 1

as M —— 400, where we used the property (iii) of Definition 5.
Next, setting s:=ps(yr—1) and a: =y, — yx—1 > 0, the first part of the thesis of the

aforementioned result for h; reads as

W) < 3 (o — v D () g™ (1 (1)) -

k=—o0

Choosing an appropriate sequence {yx}rez in (70), by the approximation of Riemann

sums we are able to make the sum on the right side of the above relation approach the
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integral
F#(t)
| g ) (72)

Hence, evaluating (72) by making the substitution 7 = f#(r) and integrating by parts,

we get

()
W (1) < / 17 (7)g## (ji5(r)) dr =

= [ ur () (s (r#0)) (#0) =

+0o0

== [ e =[] T [ e s

<ttt - [ gt (73)

t

where, in the various steps, we have used that:
e 41, and u? are the inverse functions of each other, as noted in Remark 1;
e if 0 =7 = f#(r), then r = pus (f#(r)) = ps(0) = +o0;
o &(rg®*(r) = 5([5 97(8)dE) = g*(r).

Instead, using the second estimate of Lemma 5 with the same s and « as before, we
have that

WP <Y (e — )i (1) g7 (8) = g7F () D (o — w1 s ()

Again, the series on the right can become (with a proper choice of the sequence)

+oo
/ pr(T)dr,
f

#(t)

arbitrarily close to

which means that
+o0

WO < g0 [ st (7
f#()
Having finally an estimate on hf# and one on hf # we easily reach the thesis.

Step 3: conclusion. Joining (73) and (74) and using also (58) and (60), we are finally

done because, in this way, we obtain

W##(t) < WP (1) + Y (t) <
<t OO+ [ e 0 [ i =
t J#(t)
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—+o00

+oo
= [tf#(t) + /f#(t) W(T)dT] g (t) + t f#(r)g” (r)dr =

g () + : £ (r)gt ().

which is the desired estimate.
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2.2. Adams’ generalization of Moser’s theorem

In this paragraph, our main target will be generalizing Moser’s theorem for functions
u € Wgn’%(ﬂ), for a certain m < n. This will be done using mainly [1].

Some techniques will be similar to the ones used in the proof of the aforementioned
result, but there will be some differences. In fact, at the beginning of the proof of
Moser’s result, we assumed (without loss of generality) that u(z) > 0: this was helpful
because it allowed us to consider u* € W,"(Q); however, this is no more true if
m > 2. Indeed, u € Wy (Q) if and only if |u| € W;"(Q), which means that, if the
function u changes sign, then we are allowed to replace it by |u| (that is exactly what
we did in the proof) but, if m > 2, it can happen that |u| ¢ W7""(Q2) even though
u € Wy""(Q2). Then, introducing a function w(t) with some special properties, we
deduced the formula (35) which was equivalent to the thesis. Instead, here we will deal
with a different auxiliary function with stronger properties.

Dealing with functions v € W, ”(Q), we worked with the gradient of u: here, being
m > 2, we have to clarify what V™u means. We will use the symbol V"u to denote
the m-th order gradient of u: if m = 1, then V : R — R" is such that

u(z) — Vu(z) = (a% u(@), ..., a%n u(:v));

if m = 2, then V2 : R® — R is such that

n_oo92
Vu(z) — Au(z):=div (Vu(z)) = % u(x);

1~
i=1

if m = 3, then V3 : R — R" is such that

Au(z) — V(Au(z)) = i(Au(:z:)) 0 (Au(z))
0x; T Oy,
and so on. Therefore, we have that
Az u(x) if m =2k

V"u(z) =

V(ATlu(x)) ifm=2k—1

Vk €N (where A%(z):=u(z) if m = 1).

The distinction between the odd case and the even one will play a major role in the
future discussions. In fact, in order to prove the forthcoming theorem, we have to appeal
to some intermediate results: one of them is a representation formula for functions in

Cg°(R™) which distinguish, precisely, the odd case for m from the even one.
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Theorem 9 (Adams). Let n € Nso, m € N such that m < n and u € W(;n’%(Q).

Assume that )
IVl = ([ 197 aa)an) " <,
Q

where we set q:=" € (1,n]. Then, Yo € [0, ), there exists a constant ¢ = c(m,n)

depending on m and n only such that

][ eclt@l gy < ¢, (75)
Q
where p:= q%l = —— s the conjugate exponent of q and
n [2mrBrem)]” ifm = 2k
N S Y = -
Omp = )

n 2m7r%1—‘(m;-1)
— 1
F(%)

p
] ifm =2k —1

VkeN.

Remark 14. Adams’ oy, agrees with Moser’s u,: in fact,

A1 p =

)

n {%Zru)}n"l B L{gﬂz ]1 T
Wn—1 F(g) - w F(%) o w n—1 - n—1 —-%n-

n—1 n—1
This is not a coincidence, since Theorem 9 is a generalization of Theorem 7 in the sense

that, if we fized m = 1, then Adams’ theorem is exactly Moser’s theorem. Besides, one
can easily check another interesting relation, which is oy, 2m = 22m7TmF(m + 1), valid

for both even and odd m.

There is a consequence of Adams’s theorem which is, in simple terms, Corollary 4

revisited for Theorem 9. It states that, even this time, the element «,,, is sharp.

Proposition 7. If & > a,,, the estimate (75) is no more true in the sense that

sup {][ea“(x”pd:c} = +00.
weW™(Q) Q

[IV™ullLa()<1

In other words, under the same hypothesis of Theorem 9 (except the one on «), if there

][ @I g < ¢
Q

holds for a > Qup p, then ¢ = c(m,n,u) is forced to depend also on the function u taken

exists a constant ¢ for which

mto consideration as well.
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To achieve these results, we need some intermediate notions: one of them is the

following theorem.

Theorem 10. Let 1 < ¢ < oo and f € LY(R") such that supp{f} C Q. If f #0 a.e.,

then there ezists a constant ¢ = c¢(q) depending on q only such that

n | gD (@)
j[ewnl I
Q

where p:= 13, B:=2 and Iy(x):= |z|P—.

p

dx < ¢, (76)

Remark 15. The previous theorem is even valid for a function f which is null a.e. if
formulated differently. In fact, instead of dividing the exponent of (76) by ||f[[P, we
can make the constant ¢ become dependent also on f, so that the result incorporates
the trivial case in which f = 0 a.e.; however, we will not deal with such a case and,

therefore, it is preferable to have a constant ¢ depending on q only for our purpose.

_ 1 fw)
oI 0)= 15 /R eyl

_2mET(3)

and 8 € (0,n), is called the Riesz potential of order 5 of f (see also [24]). Apart
from the constant (), it is the function I * f appearing in the estimate (76). It will

The quantity

where

play a major role in proving these results. Besides, notice that the constant () is
very similar to the definition of «,,, in the even case (although here we are allowed to
have any real number 8 € (0,n), while a,,, includes only a positive integer number
m strictly less than n). Note also that, if f is as in the hypothesis of the preceding
theorem, then I3 * f is well defined since n — 8 < n.

Theorem 10 is enough to deduce Theorem 9; however, we are going to enunciate a

consequence of it which will be useful in the next chapter.

Proposition 8. The constant w:_l is sharp in the sense that, if n > w:_l, then (76)

18 mo more valid. In other words, assuming the same hypothesis of Theorem 10, if ¢ is

a constant such that the relation

(Ig*) ()
][ el TiMq
Q

holds for n > ﬁ, then ¢ = c(q, f) is forced to depend also on the function f.

P

der <c¢

The proof of Theorem 10 (which will be helpful in view of Theorem 9) will be based

in turn on O’Neil’s theorem and the following lemma.
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Lemma 6. Let 1 < ¢ < 0o and p:= q%’l. Consider a non-negative Borel measurable

function
a:(—o0,+00) x [0, +00) — R
such that
a(s,t) <1 (77)

for s € (0,t) and

b ::Tiﬁ’{ ( /_ OOO als,t)"ds + /t m a(s,t)%s)i} < +o0. (78)

If ¢ : R — R is a non-negative function such that
+oo
(s)ids <1, (79)

—00

then there exists a constant ¢ = ¢(q,b) depending on q and b only such that

+oo
/ e FOqr < e, (80)
0

where

Ft) =t — (/joo a(s,t)¢(s>ds)p. (81)

[e.9]

Note that the function ¢, if multiplied by x{s<yy (which here has the role of a),
corresponds to w’ utilized in the proof of Moser’s theorem: however, this time we must
require these more general properties.

Lemma 6 is the key to prove Theorem 10: we begin by it and, afterwards, we will
pass to Theorem 10 and Proposition 8, after which we will be able to prove the most
important result of this entire chapter, namely Adams’ theorem, with the help of this

following and last intermediary statement.
Lemma 7. Let u € C°(R"). Then:

(i) if m is an odd positive integer, we have that

o) = (-1 (o) [

Wnp—1®mn

(i1) if m is an even positive integer, we have that

wf o \' [ Vuly)
u(z) = (—1)2 <w — > / P dy



Remark 16. FExactly as when dealing with the Riesz potential, the integrals appearing
in the previous formulas have both a singularity (when y approaches x ). However, even
this time, they are well defined since n —m < n for every m € N in the even case,

while
T —y 1

e

near y = x in the odd one and, therefore, the condition we get is the same, namely

n—m<n.
We can finally begin to prove these results.

Proof of Lemma 6. We split the proof into three steps.

Step 1: introduction of two auxiliary conditions. We can rewrite (80) as

+o0 too +oo
/ e POt = / {7 >0:e7 7D > t}|dt = / [{r = 0: F(r) < —log(t) }|dt =
0 0 0

400 +oo
- / {r>0: F(7) < AYjedA = / By, (82)

where we used the change of variables \:=—log(t) and set E\:={7 > 0: F(7) < A}.
In order to bound the integral on the right side of (82), we will show that:

(i) 3¢ = ¢(q,b) such that F(t) > —c¢, YVt > 0;
(i) 3A = A(q,b), B = B(q,b) constants such that |F)| < A|\| + B.

It is clear that it suffices to show that, if (i) and (%i) hold, then we have the thesis. In
fact, (i) suggests that 3 \g € R such that |E,| = 0 for A\ < Ag, while (i) tells us that
there is integrability at +o0o. Together, they give us

+o00 +o0 +o0 +oo
/ e FOqp = / |Ex|le ™\ = / |Eyle ™ d) < / (AJA| 4+ B)e A =
0 —

00 Ao Ao

+oo +00 0 +oo +oo
=A / |Ale *d\+B / e N\ = A(— / e A+ / Ae‘%lk) —-B [eﬂ =
Ao Ao Ao 0 Ao

- A([Aé”]i - / P [Aeﬂ ;Oo + / +oo e—w) 4 Be M —
0 Ao 0

0 +00
= A( — doe ™ + [e‘A] — [e"\} ) +Be ™ = A(—Me M —e N +2) + Be M =
o 0

=2A— [A(A\o+ 1) — Ble " =ic < +o0,

where ¢ = ¢(q,b) depends on ¢ and b only. Notice that, here, we are considering the

“worst” case in which A\g < 0 (if Ay > 0, the calculations are very similar and lead to
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the same result).

Step 2: proof of (i). We start by the first claim, which is quite immediate: noting that

p and q are the conjugate exponents of each other, Holder’s inequality yields

(/ ja<s,t>¢<s>ds)p <(/ :Oa(s,t)pds)< - ¢<S>qu)5 < [ atsras-

0 t 400
= / a(s,t)Pds + / a(s,t)Pds + / a(s,t)Pds <P +t=c+t <=
0 ¢

— 00

— F(t) =t — (/ﬁo a(s,t)¢<s)ds)p > e,

which is exactly (i) for ¢ = ¢(q,b) :=bP = ba 1.

Step 3: proof of (7i). For the point (ii), let t € E) (otherwise, if E) is empty, there is
nothing that needs to be shown). Using (77), (78), (79), (81) and Hélder’s inequality

one more time, we get

L= <t—F(t)= (/+Oo a(s,t)qﬁ(s)dg)p _

o0

= ([ atstotras+ [ ats.otns) <

([ atsras) ([ otwas) s ([ atupas) ([ otwpas)'] <

K/ O a(s’t)de/ ta(s’t)pds);( _;OO (s)"ds — - (s)d8q>; +bL(t)r <

—00 0 t

<
<

< [(bp + t)%(1 — L(t)q)% + bL(t)r, (83)

L(t)::( :OO @)%)é.

Now, we make use of two elementary estimates: the first one is given by

having set

(Y+0) <y +27 (v 1o+ 07), (84)
valid for every non-negative real numbers v and § and Vr > 1, while the second one is
(1—2z) <1—lx, (85)

true Vo € [0,1] and VI < 1. Thus, using that L(t) < 1 by hypothesis and applying
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Q|

(84) (for v:= (b + t)%(l — L(t)7) %, §:=bL(t) and r:=p) and (85) (for z:=L(¢)? and
[ =

; %) to (83), one has

D=

t= A< [P +)7 (1= LY +bL(t)] <

Qe

< (W +1)(1— L7 ™T 4201 2 : [bL(t)(b” +1)

- (1= L)) ™0 + VLt <

qf : BL)(7 + 1) + ] =

< (b +1) (1 - %L(t)q> + 27T

q_

:bp—i-t—ﬁ(bp—l—t)[,(t)q—l—q(bp—i-t)‘l?L(t)+62Ibp—l—t—q_l

ol + c10 + C2,

where ¢; = ¢1(q,b) := 27T b, 2 = a(g,b) =271 ;b and 0= (or + t)%L(t). We
notice that, in order to use (85), we had to assume that ¢ > 2: if it is not the case,
namely if 1 < ¢ < 2, then it suffices to use the estimate (1 — x)! < 1 — x valid for
x € [0,1] and for I > 1 instead of (85) to get a similar conclusion (the only difference is
that the coefficient of o? will be 1). Therefore, subtracting ¢ from both sides, reversing

the relation and using Young’s inequality on ¢, we get

1 1 1
A > 0l —cio—cy— b > ol— =0l — - —cy — W <=
q—1 qg—1 q p
1 1 1 1
= | —— -l <-d+a+tl+rA<-d+a+tl +)\ =
g—1 ¢ p p
1 1/(1 q 1 I 1
<:>a<qQ(q—1)Q<]—?c’f+02+bp+|)\|> :(63+c4|)\|)q§2f1<c§+cjf|)\|q):
:C5—|—CG|)\|%, (86)

where we resorted to the inequality (a + b)? < 2¢ (ad + bd), true whenever a,b,d > 0,
and where we also set the four constants ¢ = ¢3(q,b) := (1((]p+1) A +caq(q—1)+q(g—1)b",

1 1
cs =c4(q) =q(qg—1), 5 = ¢5(q,b) :=(2¢3) 7 and ¢ = c6(q) :=(2¢4) 5.
We reiterate that (86) holds for ¢ > 2: for the remaining cases, the discussion is almost

the same (instead of multiplying for ¢(¢ — 1), one has to multiply for qqu to get slightly
different constants but same end). Now, (86) also tells us that A is bounded from above

because this is true for qil o9 — %aq and A is greater that this value. Further, using

the definitions of o and L(t), we get

([ otoras) = @+

Q=
Q|

(v +1) L(t) = 0 < c5 + cg | 5. (87)
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Now, let R > 0 and suppose that E\ N [R,+00) is not empty. Take then two elements
t1, ta € Ex N [R,+00) such that ¢; < ta. Using again (77), (78), (79), (81), Holder’s
inequality and the definition of L(t), we get

n-a<n=re) = ([ asen) <

[e.9]

< ([" as o+ [ as)osds + [ als.t)o(s)ds ) <
(/f / f )

—0o0 t1

< ((fLatwe ”ds) (et qu) g st2>pds)’l’( /h%(s)qu)t
+< a(s t2 pdS) ( qu>;>p§

< ((/; a(s,tg)f’der/Ot1 a(s,ty)Pds ) + (t2 —tl)i< :OO ¢(s)qd8>}z +bL(t1)>p <

< ((bp +4)7 + TL(t) + bL(t1)>p - ((bp +4)7 + (T + b)L(tQ)p,

where we set T':=(ty — tl) We make another use of (84), now with ~:= (b + tl)%
and 0 :=(T+ b)L(t1), and, due to (79), (87) and the previous elementary estimate, we

obtain
1 P
to= A< (7 +1)7 + (T+h)LH)) <

<Vt + 2p—1p((bp + tl)%(T +b)L(t) + (T + b)pL(tl)p) =

=0+t +2ﬁ (bff’+1t1)é L(t )(T+b)+(T+b)PL(t1)”) <
<b”+t1+2q11 q <c5+ca|A|3>(T+b)+(T+b)pL(t1)) <
< p— <

gbp+t1+2qi1qq (<c5+c6|)\| )(T+b)+2p(Tp+bp)L(t1)> <

S tl +C7+Cg(T+b <C5 +06|)\| ) +69L tl

where we set the constants ¢; = ¢7(q, b) : b”(l t o %), cs = cs(q) ::Qq%q%1 and
co = c9(q) == =251 1 . Therefore,
Tp - tz - tl <

< Atertes(T+b) (05 v CGW%) +eoL(t)T? <
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<A 4+ e+ (T +b) (05 + c6|A|5> + g L(t,)TP =
= [A| + 7 + csesT + coesTIA|7 + csb + b A7 + oL ()T =
= A + cio + et T + e T|A|7 + cus|A|7 + coL(t1)T?, (88)

with, now, c¢19 = ¢10(q,b) :==csb + ¢7, c11 = ¢11(q,b) :==c5c8, c12 = c12(q) :=cscs and
c13 = c13(q, b) :=cgb. Now, we introduce two constants ¢ = €(q) > 0 and c14 = ¢14(q):
the first one will be fixed later, while we choose the second one so that |)\|% < Al +c1a.

In this way, making use of Young’s inequality, (88) becomes

TP < ‘)\l + cio+ e + ClgT‘)\’% -+ 613‘)\|% —+ CgL(t1>Tp =

1

Al

‘)\l —|—Clo+ T+C12€T—+Clg‘)\’q +C9L(t1)Tp <

elTP ePT? A
< |)\| + C10 + q ‘|’ D + 012< » ; ’) + 613(|)\| + 014) + CgL(tl)T

q 1
|)\‘+C1o+ +q SPTp—FClzq
qe! q

1
ePrr —l— — ‘)\| +e1afAl + erzers + e L(t) 17 =

c -1
L + ﬁ + 013} A+ cis + {(1 + c19) e CQL(tl)l 17 = ci6|A| + c15 + 17T,

defining, this time, ¢;5 = 015(q, b) ==y L o T C13C14, C16 = c16(q, ) =1+ % +c13 and

a7 = cir(g, b):=[(1+ ci2) 4= LeP + ¢gL(t1)]. Consequently, we have that

(1 — Cl7>Tp < 616|>\‘ + C15:

1
fixing € in an appropriate way, for example ¢ := ( 12)”, and choosing R large
enough so that L(¢;) is small at will (let say L(t;

that cy7 is not greater than =, which means that we

1
1 q-
< L) we are allowed to suppose
=), pp
have achieved

1
§Tp < (1 — 017)Tp < 016’)\‘ + C15
and so, due to the arbitrariness of ¢; and %o,

|Ex N [R, +00)| < 2¢16|A| + 2¢15.

Finally, we also have that

[ExN [0, R)] < ][0, R)| = R,
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which means that, in conclusion, we have achieved
[Exl = [ExN[0, R)| + [EX N [R, 4+00)| < R+ 2c16|A| +2¢15 = A|A| + B

once we set A = A(q,b) :=2c¢16 and B = B(q,b) :=2c¢15 + R. Therefore, we have (even
more than) the point (i) and, consequently, the thesis of the lemma.
[

We are now in position to prove Theorem 10.

Proof of Theorem 10. We are going to use mainly two results already acquired to get
the thesis, namely O’Neil’s theorem and the preceding lemma.
First of all, we consider f to be non-negative without loss of generality: in fact, if this

is not the case, then

n | UgsN@)
][@wnl il
Q

[ &dylg/ MOy (14141 (@)

i I SAFETE

P " [(15*\f\)(w)]p

dl' S f ewn—1 111 11q dl’,
Q

since

[(Lg * f) ()| =

and, obviously, || f[l; = [[ | f]|ls-
We now proceed step by step.

Step 1: utilizing Theorem 8. For convenience, we set u(x):=(Iz * f)(z). In according

to Definition 1, we have

—-n 1 wnfl __n
p, (=181 > 8} = [{J2"™ > 1}| = |{lal <t 77 }| = 2Ly
and therefore, a.e.,
A _ Wn-1 s _ (Wn—1>nn _
e e e S e

B (wn_1>"f N (cun_l)é
ns ns /
Hence, using the definition of p, one has that

1 1 (" rwe1\s 1wao1\p [* 2
[## ::_/ ]# :_/ n—1\pr _ = n—1 p/ -5 _
57 () i), (s)ds i), ( s > ds t( - ) i s rds

1 1

q (Wn-1\» Wn—1\»r

p—1 :t_l( nl)p:q< 1>p:q];£(t).
p

~ N
&
i
—
N—
b
<
~
T
S
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Now, O’Neil’s theorem and the properties of the rearrangement already studied lead
us to

W (1) < utH(t) < LFEE TR (1) / ()T (s
=t(§ / tf#(S)d8>qf?(t)+ [ ) (2 1)%3:
= wn 1 / f#(s)ds + (wn 1) /Hx}s—;f#(s)ds:

where we also used that f is supported on €.

Step 2: utilizing Lemma 6. Next, we change variables by setting

0 if s € (—00,0)
)=

A1 Q8 5 #(100e=)  if s € [0, +00)

in order to apply Lemma 6: we define

0 if s € (—00,0)
a(s,t):=1<1 if s € ]0,1)

ge v if s € [t, +00)

and notice that a is a non-negative Borel measurable function constantly equal to 1 if

€ (0,t) (so that the hypothesis (77) of Lemma 6 is satisfied). Further, we have that

0 +o00 %
b::sup{ (/ a(s,t)Pds +/ a(s,t)pds) } < 00,
t>0 —o0 t

which means that also (78) is valid since, V¢ > 0,

( /_ Ooo a(s, t)Pds + /t+°° a(s,t)pds) _ < /t+oo e ds); _ 4ot <[_€_s} :OO) _

t _t
= qgere r = (.

=
S

Lastly, the hypothesis (79) is satisfied, too, because

+o0

+oo 0
¢(s)ids = ||f||;q/0 Qe (10]e™) ds = —[| fII;* o f#(r)tdr =
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19

— Al [ e = (1) / f(a)ide = 1,

0
where we defined the variable 7:= |Q|e™* and used the properties of the rearrangement
(Corollary 2). So, given F(t) as in (81), Lemma 6 guarantees us that there exists a

constant ¢ = ¢(q,b) = ¢(q) (since b = ¢ in this case) depending on ¢ only such that

+o0
/ e FOqt < ec.
0
We now rewrite F'(t) as

F(t)=t— ( / :o a(s,t)gb(s)ds)p . ( /O ' o(s)ds + /t - qetpsqb(s)ds>p _

t _ 1 _s —s oo *3
:t—(/o A1 1907 e 7 F#(|9e )ds+/ ge 7 |IFII;H 90 e i (10le™)
t

t 1 . 400 s
=t—||f||;p< [ 1) il )as 4 aed [ i (04t (0l )

Q™ dr e [0 T v dr
(= [ ATt [ () e T) -

1€2] L 1 rlale P
Zt—Hqup< /| P gl [ f#<7>d7),

Qle—t

having used again the variable 7 defined as before. It follows that

+oo
/ e P =
0

“+o0 Q] L 1 |Qle~?t P
= [Teo itz ([ @ vatoryE [ ) - da=
0 | 0

Qle—t

[ ([ ot [ o) o ()] £ -
= [ [ (s [t [Tt prinar) ]
A O R | Cetrrmar) e o)

where we introduced the variable £ :=[Q]e~". Finally, by Theorem 1, the definition of
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u, (89) and (90), we get

n [uﬂ*f)u) o, #@]
j[ ewn—l IVHq b/ﬂ wn 1 q dt-<
o ~ 19l
1 1€2]

12| p
e s [ -
e o, o g
- X P » d » F#(s)d dt =
[ e i (a [rtass [sras) ar
:/+006_F(t)dt§c.

We now show the validity of Proposition 8, which is strictly related to Theorem 10

O

(being a sort of completion of it) but will be useful for a result we will enunciate in the

following chapter.

Proof of Proposition 8. Our aim is to show that it is not possible to take any number

contains B := B(0), the unit ball of R™ (we are always allowed to consider this kind of
situation after an appropriate change of coordinates involving the dilatation and the

translation). So, we assume (76)

such a case, we must have n <

Wn—1"
We divide the discussion.

Step 1: introduction of the Riesz conductor capacity Rg,(E, B). Let f(z) > 0 be as
in the hypothesis of Theorem 10 and such that (Ig * f)(x) > 1 whenever z € B,(0),
for a certain radius r € (0,1). If (76) holds with 7 instead o

(Ig*H(@) |P [(Ig*f)(x)} 1 [(Ig*f)(?c)}p
c> ][ NN T | dy = ][ Ue ) doe > — LT dye >
B B

1Bl JB 0y N
ZL/(JM:@®M%¢>USM(WC%i
B.(0) | B |

B
= < tog (Al eIl

Hence, if we define

Rpq(E, B):= ;o nf {11512}, (91)



where F is a compact subset of B and
A(E,B):={f € LYR"): f(z) >0, supp{f} € Band (I3 * f)(z) > 1 on E},

then

1

1= 8 iy R (B0 5) o (2 ) (50.5) -
— {log( )+nlog( )}Rﬁq(B—m) B)* _

— nlog (%)Rm (B0, B) e [1 + nll%%} .

The quantity in (91) is called the Riesz conductor capacity of the compact subset E.

Now, if r — 0%, the constant ¢ does not appear anymore because

logle)
wlog (1)
Therefore, we get
77<n11ménf10g( )RBQ(B (0), B)ﬁ. (92)

We now have to focus on the Riesz conductor capacity Rga4 (BT(O), B).

Step 2: a useful relation. Here, we make some calculations which will be useful later.

Given z € R" and p € (|z|, +00), we have

1 d 1
et ([
Wn—1 Jy|<p |z =y Pyl Wn—1 J{|o|=1}

|| B—n n—1-p3
dt
r—o0 J| J| 7| 5 |do =
t t t

iU
Wn—1 J{jol=1} \ /oo
1 —+00 n—p_3
e
W1 Jjol=1y \J 1L t t
B—n n—p
ti—a |$| dt do =
|| t T

Wn-1 J{ol=1y \ Sl \
1 +oo o dt T gt
= / (/ ‘ti—a _)do‘:/ UB_()dt (93)
Wit Jijol=ry \ izt | [ t bt
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where we defined 4

do

t— —o0o

1
t):=
Uﬁ( ) Wn—1 /{Ial}

for t > 0, as done also in [8]. Notice that, in (93), we changed coordinates twice (by

setting s := £ in the first passage and t := % in the second one) and defined the function
up after an application of Fubini’s theorem. Furthermore, ug turns out to be, apart
from the usual constant appearing in front of the integral, the Riesz potential of order
[ of the unit mass on the unit sphere in R” evaluated at a point of distance ¢ from the
origin.

We observe some properties of ug: firstly, it does not depend on z since we are allowed
to replace the term f;—‘ by any unit vector. In fact, by definition, if we introduce a
matrix M € O(n) and set & := Mz, we get

~ B—n B—n B—n
M M
/ ti—a dO':/ t ];—cr daz/ t—x—a do =
(ol=1} | 17| (ol=1} | |Mz] (ol=13 | 17|
M B—n B—n B—n
:/ 22 o d@:/ M(ti—e>‘ d9:/ tﬁ—e' o,
{|6]=1} || {16]=1} |z {|6]=1} 2]

where we set 0 := 77 and used the fact that ||M|| = 1 (which implies that |[Mz| = |z|

and |f| = |o|). Moreover, there is a definition problem only for ¢ = 1 (in such a case,

the integrand would be null because % and o are both unit vectors). Furthermore, it

is easily seen that:
e up(0) = 1 because
1 1
ug(0) = / | — o|f"do = / do = 1;
W1 J{lol=1) W1 J {jo|=1}

e for t £ 1, we have

B—n—2
1 —
wy(t) = / P g — Q(ti—a)-ida:
Wn—1 {lo|=1} 2 |$| |$| |$|
. B—n—2
:ﬁ n/ tL o (ti—cr)-ida,
Wn1 J{oj=13 | 17| || ||

which means that ug is differentiable for every ¢ # 1 and that

O =2 [ opriea) Dae =T [ (o
{lo|=1} {lo|=1}

Wn—1 |I| Wn—1

L do =0

|

by symmetry (because, for every unit vector &, there is its corresponding antipodal

one that makes the above scalar product the opposite as compared to §);
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e ug is integrable in a neighborhood of t = 1 because, Ve € (0, 1), Fubini’s theorem
tells us that

14¢ 1 1+4e T B—n
/ ug(t)dt = / </ t——o dt) do,
1—¢ Wn—1 J{jo|=1} 1—¢ |IE|
where
1+e B—n B—n+1
x
/ t— —o dt ~ |— — 0o
1—e | |7 |z

near ¢ = 1, which makes ug indeed integrable near this point since, as 5 € (0, n),
then 8 —n+1>-n-+1.

Hence, if
w1 i e (0,1)

vs(t) =9 o) ,

then vs is bounded near t = 0 because, as ¢ — 07, the previous calculations imply
that vs(t) — 0 (after an application of L’'Hopital’s rule). Moreover, we also have that
vg is integrable over (0,+o00): in fact, near ¢ = 0, it is due to its boundedness; in a
neighborhood of ¢ = 1, it is due to the integrability of uz (which implies that of v by
definition); in proximity of +oo, it is due to the fact that

+oo +oo +o0 B—n
t 1 dt
/ Uﬁ(t)dt:/ uﬁ()dt: / (/ ‘ti—a —>d0
1 1 t Wn—1 J{jo|=13 \J1 || t
after applying Fubini’s theorem, with (using that here ¢ is positive)
“+o00 B—n “+o00 B—n —+o0 B—n
/ 'ti—a @:/ |t|ﬂ*ni_z @:/ tP-n-1 +r_g dt <
! |z t N x|t ot )y | ¢

X

+
|z]

+o0 B—n +o00o 1 B—n +oo
< / it ( ) dt = / it (1 + ;) dt < / P La,
1 1 1

where we also used that (1 + %)6_n < 1, from which we have the integrability because

~19

f—n—1< —1,since § € (0,n). Note also that, by its definition, ug is everywhere
non-negative and, therefore, vg is a non-negative function, again by definition, on the
interval (1,400). Thus, being bounded near ¢ = 0, well defined on (0, 1) and integrable
on a neighborhood of ¢t = 1, even |vg| is integrable on (0, +00).

Further, (93) becomes

1 d oo t 1 t +oo t
—/ %2/ Uﬁ()dtz/ _UB()dtJr/ us®) gy
w1 Jiyizp lo =yl Plyl? St ot .

p
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1 +o0
dt
:/ dt+ - +/ .
|| lz] ¢ 1

t 1 1 dt +oo
)dt:/ vg(t)dt+/ 7+/ vs()dt =
o o = !
“+oo

[1og( )]ll +/|:OO vs(t)dt = log (’;) Jr/lm| vs(t)dt. (94)

The above formula will come in handy immediately.

Step 3: estimation of n through an auxiliary function. To complete our estimate for 7
n (92), we define the radial function

0 if |x] € [0,7] U (1, 4+00)

g(x):= [wn_llog(%ﬂxlﬂl if 2] € (r, 1]

and note that, by definition, it is a non-negative function belonging to L?(R™) such
that supp{g} C B, since r € (0,1). Further, for |z| <,

9(y) / dy
Iixg)z) = | —L2 gy = —
oxa)lo) /R w =y YT )yt T — g e log (D) Iyl
B ( 1 / dy 1 / dy )_
(%) Wnt Jyi<a e =y" YT wn Sy [ =yl Pyl
1

~los () o (1) */f syt —og (1) - /m wso)] =

i =]

@[Mg (3)+ /| ustit] - 1+@ /| St ()

where we used (94) twice (with p:=1 the first time and with p:=r the second one).

Now, given an arbitrary ¢ € (0,1), there exists a number rq small enough such that,

for every r € (0,7, we have

! /lil (t)dt‘< ! /+OO| (0)]dt <
—_— v S ——— /Uﬁ s
log () Ju " log (5;) Jo

where in the last passage we used the integrability of the function |vg|. Utilizing the

above relation in (95), we obtain

JE4]

(s % g)(x)] = ‘1+@/M( Uﬁ(?f)dt‘ >

|z
1 /T'
l—|—F—= Ug(t)dt‘ >1—e¢.
log (+) Jia

So, for small enough r, defining the function g(x) := 1( 6),

function ¢ (which implies the one of I3*g) and recalling the linearity of the convolution

using the non-negativity of the
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(see Remark 10), we get

1—c¢ 1—c¢

Iy * 5)(z) = [Iﬁ* (135”(@ _Lxg)@) _|Fro@)]

which means that g € A(BT(O), B). Consequently,

q

& dr =

1—¢

— 1 q I
B Ll — &) wn_1log (%)} /r<|ac<1 [ d =
_ 1 q pl e
| ] [ e

B 1 O S A e
“"“[u—sm_llog(;} /f @ =wnil=e) k’g(F) [?‘

1

)
— ey iog (1) row(©)]! =~ 10 -2 (1) hogto) -

T

IR
—ut-g o (1)

using the definition of 5. Hence, recalling also the one of p, we have

Rsq(B:0), B) < IIgllg = /

R (B0 B) " < [olf o) vlog (1)] T w“‘l—g)() (96)

Finally, using (96) inside (92), one has

1

1 — N log (;
17 < nliminflog (—)Rg,q (BT(O),B> <l (1 —e) " liminf > (7{) -
, 1

r—0t T Who1 r—0+ 10g (r)
- (1-¢)? — n
Wn—1 Wn—1

as e — 0.

]

We still have Lemma 7 left to be proven in order to deal with Adams’ theorem. It

is the last result we prove in this section.

Proof of Lemma 7. The strategy is that of showing the formula for the odd case by
induction and, once we have it, inferring the one for m even.

We split this process into four steps.
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Step 1: introduction of the auxiliary function ;. We begin by a helpful equality which

will be used during the various computations: using the definition of vy, ,, it is easlily

seen that
m—1 % m—1 _ T n—m+l p %
(_1)2( n ) :(_1)2[n wnl( (22 l)} _
Wn—1®m.n Wn—1 n 2m7-(—2 <T+)
1 I‘\(nferl)
—(=1)"= 2 97
( ) 2 2m7'('§ ( ;.]_) ( )
for odd m and
1 1
m P m _ r(r=m Py
Wh—1Cmn wn—1 o \2mm2I(%)
= (-1)2 —at (98)
2mmaT(%)

for even m. Next, we resort to an auxiliary function: for £ € N and x € R" both fixed,

we define, for every y # x, the function

1

klz —y|* (99)

or(y) ==

without writing the dependence of ¢, on x in order to lighten the notation. Thus, we
have that

0 0 1 1 —2k(x; —y;) T — Yi
a_SDk(?J) = v \kle — ulk -7 k2 k+2°
Yi yi \klz —y| ko 2lz—yl |z —y|
V1 <i < n. Consequently,
r—y
Voi(y) = = (100)
Furthermore,
Ao =Y gl =Yg, -
Y2 Oy, ]x _ y’k+2
=1
Z —lv = y[**? + (2 — ya) (k + 2) (2 — i) |lv —y[*
B Iflj — [0+ N
~(k+2)(z; —y)?—|r—y*  (k+2) 2”: 2 _ n|a:—y|2
- |z — y[FHa T e =yl & y|k’+4
k+2)|z —yl? n (k42 n _k+2-n 101
|z — y[F+a o |z — gy |z — y[t2 o |z —y[F2 |z — y[F? (101)
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In particular, ¢,,_o turns out to be a harmonic function (although it is not noteworthy

for our aim). The relation (100) and (101) will come in handy afterwards.

Step 2: proof of the base cases. Now, if m = 1, we have that a function u € C{°(R),

by the fundamental theorem of calculus, can be written as
T 0 +o00
u(x) = / o' (t)dt = / —u'(z — 8)ds = / u'(z — s)ds

—00 +oo 0

once we use the change of variables s:=x —t. The analogous n-dimensional formula is

+o0
u(z) = Vu(z — &) - &dt,
0

where ¢ is any unit vector. The above relation, integrated over the unit sphere in R",
becomes

+oo
e = do = — &) - £dt ) dE,
Wh—1u(z) /{§|1} u(x)do /{§|1}( i Vu(z —&t) - € t> 3

which gives us

1 too
u(z) = o /{|§_1} < i Vu(z — &) - fdt) d¢ =

1 1 Y 1 Y
= / Vu(z —y) -+ dy = / VU(w—y)-Wdyz

Wn—1 Jgn Y[ i Wn—1
1 _
= Vu(z) - T g
Wn-1 Jgn |z — z|"

passing first to Cartesian coordinates and then setting z:=x —y. This is (i) for m = 1

because, in such a case, (97) reads as

( n >é: L) TG _ 1

Wn—101n QW%F(1> 2 Wn—1 ’

B

We continue by showing the base case for even m: for m = 2, we have to utilize the
generalized integration by parts (or, more precisely, Green’s first identity). Being u
supported on a bounded and compact domain by hypothesis, we are allowed to integrate
on the whole space (since u(z) = 0 on R"\supp{u}) instead of only on supp{u} and
to omit the integration over the frontier of supp{u} (since its normal derivative is

everywhere null on that set). This means we will have

n

Vr(y) - Vuly)dy = — / or(y)Au(y)dy. (102)

R
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The latter relation will be used to transfer the gradient from ¢, to V™u, utilizing the
definition itself and the properties of the operator V™. Note that the integral of ¢y
over R" is not always well defined: in fact, if & > n, then it is infinite. Clearly, the
same happens with Vi, and Ay (this time, by (100) and (101), it is infinite whenever
k> mn—1and k > n—2 respectively). However, as stated in Remark 16, we are dealing
with integrable functions even though they have a point of singularity: indeed, we are
going to use (102) with the right k&, namely with the exponent k& which makes all the
forthcoming quantities integrable.

So, by the formula already acquired for m = 1, (99), (100) and (102), one has

u(a) = — / Y Gy = [ Veualy) - Vuly)dy =

 Wnot Jpn |z —y|» ‘ Wn_1 Jgn

- / n—2(y)Au(y)dy = — ! / ( Lufy) dy =

Wn—1 Wn—1 n—2)|z — y|2

1 Viu
= - / (y),Q dy7
(n—2)wp—1 Jrn |z —y|"

which is (%) for m = 2 since, this time, (98) implies that

_(LY’ _TG-y ) e 1

C4nEL(1) 4nE(n—2)

_277'%(71 -2) (n—2wu_1

Wn—102

Notice that we also make use of the recursive formula for the Gamma function, namely
(z+1)==zI(2),Vz e C.

Step 3: proof of (i). Now, assume that m is odd and that Lemma 7 is valid for m — 2,

which means that

u@) = (1) (ﬁ)

3=

r— -
/ VT Ru(y)dy =
R

n ’Z’ _ y’n7m+3

w1, D(2=2E 4 1) r—y
—(=1) =z ! 2 / B VAL dy.
( ) 2m—2ﬂ.§F(m2—1) R |I’ _ y|n—m+3 u(y) Yy
Thus, by (99), (100), (101) and (102), we get
w1, D22 4 1) T—y
—(=1) 2z -1 Zn / X Vm—Q duy =
) = (s [ T

n—m+1
_(—n)m I'( 5 :;_11)
2m= 7T2F<T) R™

Voumia(y) - V(A" uly) ) dy =
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mo D(2=2EL 4] m—1
= (=1)" 2z 2z i A(AT— >d =
0 s ey J u(y))dy
— 1)mT_l F(n—72n+1 +1 / AmTilu(y) du —
B 2m 25T (L) Jga (0 —m + 1)]z — y[r—mH v=
= ( 1)’"7‘1 QF(TL_Tm—H +1) / AmTflu(y)
2m=173 (n —m + l)F(mT_l) je |2 =y

m—1 F(nim+1) ASD — 71(y) m—1
— (2 N O
(=1) 2m*17r5F(—m2_1) /n 1—m u(y)dy

—1

G / ) Apn-m-1(y)A 2 u(y)dy =

2mas (m — 1)0(2L)
m1 F(n—_erl)

= ()

(e ) [ vy

2m s T(2H) Jgn [ — gy|n—mt

= (=)™ !

Venma(y)- V(A T u(y) ) dy =

where we used twice the property of the Gamma function previously mentioned. The

above relation, recalling (97), is exactly the point (i) of the thesis.

Step 4: proof of (7). Finally, if now m is even, the formula for m — 1 tells us that

o) = (0 () [ ety -

Wn—10m—1,n

m_ D552+ 1) r—y
G R e el )
2m=lraT(2) Jgn |2 — y|rmt2

Therefore, with a quite identical computation than before, due to (99), (100), (101)

and (102), we achieve

) = ()T T )y

n | =yl

= (—1)?121:,1(_73;“2 Von-m(y) V(A%”U(y))dy =
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m 20("5™ + 1) / V™u(y)

2m7s (n — m)I(2) Jga |2 —y["m

- (-1)

Y

. T(52) [ T

QWW%F(%) n |z —y|nm

which is the point (i) of the thesis once we recall (98).
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2.3. Proof of Adams’ theorem and sharpness of the constant

We begin by proving Theorem 9, being in possession of the necessary prerequisites. Its
proof will be quite immediate, because the hard work has been already done in the

previous paragraph.

Proof of Theorem 9. Our aim is that of applying Theorem 10 after writing a function
u € Wy"(Q2) (due to the density of C§°(R™) into the latter) in terms of its m-th order
gradient by applying Lemma 7.

As usual, we divide the discussion to make it more compact.

Step 1: an initial consideration. First of all, we have to notice the trivial conclusion

for the function null a.e., in which case we can choose the constant ¢ = ¢(m,n) to be
just 1. Moreover, we observe that ||V"ul|, = 0 <= u = 0 a.e. due to the Poincaré¢
inequality, which affirms that there exists a constant ¢y = ¢o(q, £2) depending on ¢ and
Q2 only such that

/Q lu(z)|dx < ¢ /Q \Vu(z)|%d,

Yu e Wy9(Q). So, if u € Wi(Q), applying the inequality m times takes us to

/|u(m)|qu < 60/ V™ u(x)|?dz,
o Q

for a certain constant ¢y = éo(m, ¢, ) depending on m, g and 2 only, which assures us
that ||[V™ul|, = 0 = u = 0 a.e. (clearly, the reverse is obvious). This means that, if
w is not null a.e. and is as in the hypothesis, then ||V™ul|, € (0, 1].

Step 2: proof of the odd case. Now, for odd m and u € W (Q) not null a.e., we

appeal to Lemma 7 which tells us that

) = (- () % | T

Wn—lam,n
and so
% p
m—1 n r—y
R — Y m(y)dy| <
1
) L - 2 e
- anlam,n Rn l'—y‘n*m wnflgm,n Rn ’x_y’nfm
n
S — - v P,
Wn—-10mn ‘< : | U|)(x>‘
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Hence,
n
Amnlu(z)P <

‘(Im * |Vmu|)(x)‘p

n—1

which means that, by the monotonicity of the exponential and Va € [0, oy, ], we have
][eam(z)wdx < ][ eom U@ g < ][ exp ( n | (L * \Vmu|)(x)|p> dx <
Q Q Q W
(L * |V u]) ()

n—1
n p
< exp ( )d%
]é w1 | [Vl

using the banal relation [[V™ul[ = [|[V™ul[|. Then, being 1 < ¢ < oo and m = ¥,

Theorem 10 assures us that there exists a constant ¢ = ¢(q) = ¢(m,n) depending on

m and n only such that

][eaU(a:)|pdx < ][ exp( 1
Q Q Wn—1

which gives us the thesis for the odd case.

(L * [V ul) ()
[V ully

p
)da: <eg,

Step 3: proof of the even case. Similarly, if m is even, Lemma 7 reads as

l m
u(z) = (4)’3(#)”/ V—“(y)dy,
Wn—1®mn R ’x - y|n_m

wz)fP =|(-1)2 | ————— — 2
| ( >| ’( ) (wn—lam,n) /]Rn |m_y|n—m Y

_ K n ) / V™ u(y) ay / V™u(y) dy
Wn—10mn R™ |I - y|n—m R™ |JZ - y|n—m

p

p

B =

P n
Wp—1Qmn

— L m p
B Wn—-10mn ‘(Im * (V u))(x)| ’
So, we have that
n
A lu(z)|P = - |([m * (Vmu))(a:)’p

Therefore, for every a € [0, ] and ¢ as before, Theorem 10 brings us to

][ea“(x”pd:r; < ][ e@mnlel@ gy — ][ exp ( n | (L * (Vmu))(:v)‘p) dr <
Q Q Q Wn—1

n p
< ][ exp ( )dx <ec.
[9) Wn—1

(L * (V"™u)) ()
AR
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What remains to show is that the number a,, is the greatest value for which
Theorem 9 holds, namely Proposition 7. However, contrary to the corollary of Moser’s
theorem, this result is not a simple application of Adams’ theorem and needs a whole
discussion. The technique we are going to use is the same of Proposition 8 (indeed,
the initial considerations and the first step will be almost identical to the ones of the
aforementioned result). However, some computations will differ and, basically, the

discussion will be longer.

Proof of Proposition 7. The proof of Adams’ theorem showed that, if o < ayy,,,, then
(75) holds. We want here to establish that o, is the greatest value for which this
estimate is true, namely that the constant ¢ = ¢(m,n) depends also on the function
u € Wom’%(Q) taken into consideration if a > ay, .

Let then a be such that the estimate (75) is valid with ¢ = ¢(m,n) depending on m
and n only and assume that Q contains B:= B;(0), the unit ball of R™ (this is not a
loss of generality as noted in the proof of Proposition 8). We assume also that m > 2,
because the case for m = 1 is exactly Theorem 7 which has been already proved. The
proof will be complete if we show that, under such hypothesis, o will be a,, ,, at most.

Once more, the proof will contain several steps.

Step 1: introduction of the conductor capacity C,, ,(E, B). We have

][ clu@P gy < ¢
B

Vu € Wén’%(B) such that |[|[V™ul[l < 1. In particular, by the density of C§°(£2)
into Wy" E(Q), the inequality will be true even for a function v € C§°(B) which

identically equals 1 on a compact subset E of B and such that ||[V™u||, is as small
(but non-null) as possible. However, as noted in the previous proof, one has that
[|V"™ul|, = 0 <= u(x) = 0 a.e. (and this is not our case since u(x) =1 on E and u is
null on 0B).

In other words, given a compact subset E of B, if we define the set
D(E,B):={ue C(B) :u(z) =1lon E},

choose a function u € D(F, B) and consider v(z) := HV“; 7> then we have [V™o]]E = 1.

Hence, being satisfied the hypothesis of Theorem 9, we must have

p
c> ][ @ gy = ][ exp [ [u(@)l” } /exp [ (z)] 1dx =
B B Ivrully | = B |[V™ulfg
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:i/eXpLdl’:@(fM:) ¢ <log Bl —
Bl Jg " LIIVmullg |B| [Ivmalfp = 2]

| B m
<:>a<log(|E| V™ ull?.

If we introduce the quantity

Crg(E,B):= inf {|[V™ul|?} (103)

uweD(E,B)
(which is, as the one in (91), a type of conductor capacity), then

B m
a <log (:E: )Cm,q(E, B)n-m

Now, if E':= B,(0) is the closed ball of R" centered at the origin with radius r € (0, 1),

one has that

m

a < log (| B'ﬁ('))' c)cm,q (T(O), B) "~ log (”"‘1 n i)cm,q (T(o), B) _

- {log( ) +nlog (1)}Cmq<BT(O) B)"*’" -

B 1 log(c)
-t (2 (F.2) [ 20|
)-

being clearly the measure of B,(0) the same as B,.(0). If 7 — 0F, since ¢ is a constant,

the fraction involving it goes to 0: we therefore get

1 e n:nm
a < nliminflog (r)Cmq <BT(O), B) . (104)

r—0+t

m

We have then to work on C,, 4 (BT(O), B) """ appearing in (104).

Step 2: introduction of some auxiliary functions. We shall appeal to some auxiliary
functions. Let ¢ € C*([0,1]) such that:

e ¢0(0) =0,V0<j<m~—1, where ¢©(¢):= ¢(t);
o ¢(1)=1=¢'(1);

e ¢ (1) =0,V2 <k <m—1 (unless m = 2, in which case this last condition is

not present).
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Let then € € (0,1) and £ : (0,4+00) — R such that

ep(L) if t € (0,¢]

W) = t ift € (e,1—¢|

1—ep(=) ifte(l—e1]
(

1 ift € (1,400)

\

Here, the function A is similar to the auxiliary function w utilized in the proof of
Moser’s theorem, since they share similar (nearly equal) properties: in fact, if € is
small enough, the function A is almost the identity in the interval (0, 1) and identically

1 in (1,+00). We now rescale the variables by considering

(<o (3E50h) if || € [r*, 1)
log(|x . P
¢(x>::h(1og<\x|>>:<—1§g<r£> if 2] € [r'~%, )
log(r) 1 —eq(reu=eeldl) if |z € [r,r'~)

(1 if |z] € (0,7)

and notice that i(x) € Wy (B), since h (and therefore 1)) depends only on the function
XS COO([O, 1]) Besides, if |z| < r, then ¢(x) = 1 by definition. Therefore, in such a

case, we will get

[ vru@dn =o, (105)
-(0)

relation which will come in handy later.
We have now to evaluate V" (x).

Step 3: computation of V" (z). Next, we evaluate V" (z) in general: we will make

use of the definition of the m-th order gradient of a function given at the beginning of

this paragraph. Our aim is to get the formulas

V() = AF0a) = st ) e (A o) (106)

2™ log(r) ~ \ log(r) |2|™ log(r
for m even and, V1 < i <n,

32 (V7 100) = 5 (87 0) =

=stmitmn) i () (i) 07
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for m odd, where
(-1)27t ifm =2k
()" ifm=2k—1

and
251D (m) B if = 2k

(n—m—2)!!
5(m’ n) = m—1 n ’
%5 [(mil) 2 iy = 2k — 1

2 (n—m—1)!

VEk € N. First of all, we show the first case (when m = 2). Even though we are not

interested in the case where m = 1, we have to start from here. So, if m = 1, then

CRVRIE iy 1) S )

2|z| log(r) log(r) 2|2 log(r) log(r)

V1 < i <n. Therefore, if m = 2, we obtain

V(a) = Av(a) = 822 (z) = Z;Hi:i;;i;h(l?féii;))w(%)]:

- Z (|x|212g<r> ~ i) () (g =
- (leg(r) ) |x|f|1ﬁ|g?<r>>”(l?f%)) *(W) -

- e (i) o es )

What we got is exactly (106) for m = 2. Now, by induction on the even numbers, we

will obtain the formula (106) and, once we have it, we will deduce also (107). So let us
assume that m is even and that (106) is true for m —2: hence, by definition of V"4 (z),

V() = AT (x) =

= s(m = 2)5(m — 2.) [ W (?fg(lﬂ)) i (m) |

Thus,
Vh(r) = AF(r) = (
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:s(m—Q())ﬁ(m—Q,n) a i[2(1—%) -h(l og(|z ))+ (

osr) 2y dn | P e og)
—n =2 RS (o) o >]
= -n- R s [ (R )

Lol ala 2] _
oProg() )] T

2] log(r) log r)’ ) +0<\fc!ml+g(r)) B
- T TG () () -
= s e () (i) =
= e () (i) =
= s(m)B(m, n) |x|m11 o(r )h,<li)§§ﬂ)> “(W)’

where we also used the properties of the semifactorial and the Gamma function. This
proves the Validity of the formula (106). Now, being in possession of it, we get also
(107) because, if this time m is odd, then

) ) -

log(r) dx; | x|




g Sm= DB =) w (o) |  wm
== D log(r) |x|m+1h(1og(r)>Jr (|x|m+110g(r)>

— m—1) (1) 2 () (n - 2) !y h,(log(|x|)) +O< z; > _

(n —m — D! |z|™*+ 1 og(r) log(r) |z|™*1 log(r)

_ (1) g ("ZH)r (") (n — 2 h,<log(lfﬁl)>Jr ( i >

(n —m — D! |z|m*+ log(r) log(r) |z|™*1 log(r)

PRSP, (=) (n — 2! o h,(log(|x]))+0< i >:

(n —m — D |z|m*+ og(r) log(r) |z|m*1 log(r)

= s(m)B(m. n) |:1:|m+ﬁog(7") h/<l(l)ogg(m)) " O(M—il‘)g(”)’

V1 <i < n. Hence, (107) is proven, too. It follows that, if m is odd,

v7ota) =stmm ) et () + et

and consequently, for both even and odd m,

e = o) s () ) +o (g )| 009

relation which we are going to use immediately.

\)

Step 4: estimation of o through the function . By the definition of ¢ and reminding
(105), the relation (108) takes us to

v = /B V() e =

n
n

sm)B(m, >|x|mlog<r> () (o)

ifg e Cegor) * (ot >)'de‘
e ) e
S ((m)n) [ o (25) + ()| € -
-l o () () F o

~
=:9(r,e,m,n)
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Using the definition of &k, we note that ||I/||o = [|¢'||co in [r,7'7°) U [r€, 1); therefore,
we evaluate the function J(r, e, m, n) obtaining

S
oy ) G o)) -
w1 ) ()] €
[ G )] €
AIG R CIRIE
<mmli ()] ([ € L)

oy Amm)] -

=2 {IWHOO -+ o<10g1(%) >] " + 1og1(;) {1 + %@ﬂ ;(25 — 1) log(r) =

T

=

n

:2s{||¢'||m+o(@)}m+(1—2€){1+0(@)};. (110)

T

The relation (110) tells us that the (non-negative) function ¥(r,e,m,n) is less or equal

to a quantity which goes to 1 as r, ¢ — 07, which means that ¢(r,e,m,n) < 1 in



such a case. Furthermore, by (103) and the calculations made in (109), we get

m

r—0t

lim inf log <1)Cm,q (BT(O), B) < hmmf log ( )(||szp|| ) =

= lim inf log (1) (Wn 15(”;7_1)% 19(7’,6,m,n)> e
r—0+ r log( )

= w, " B(m,n)r-m mhrn_{énfﬁ(r £,m,n)n-

as € — 07, Therefore, (104) becomes

r—0t

1 —— n:nm n
a < nliminf log <T>Cm7q (BT(O), B) < nw" T B(m,n)n—m =

n n

= (wp—18(m,n)) ™. (111)

Wn—1

We now need two final relations (the first for the odd case and the other for the even

one) and we are done.

Step 5: two last helpful relations. Finally, in order to complete the proof, we just need

that the relations

wp—1B(m,n) = (112)

2rri(y)
TR

and .
2mre ()

D=5

Wn_18(m,n) = (113)

hold for even and odd m respectively. We first remind that, if n is odd, we have

r(%) - @ JT. (114)

The formula (114) tells us that we need to further divide the cases:

e if n and m are both even, then

o zoz 1 l(3) ( _ aonT(3) (-2
s B ) =2 ) G2 () w2
_  EoZ L(3 (n—2)t %2%2571”%) (n—2)!!
T E T —m— Y =2 i—m—2)l
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_ X om . 5
me (n—m-2)  (25m—1)l D(2gm

)

277710 (2)  2mail (%) 2mwil (%)
using the properties of the semifactorial and the Gamma function as before, and

so we get exactly (112);

e if n is even and m is odd, similarly to the previous case, we get

wa D(%2)  (n—2)!

Wn_1B(m,n) = 272 2

g TER) o2 D) oo
rz) (n—m-1! (2-1)! (n—m -1
nomin 287I0(E) (= 21! L 2R (mhl)
TR TS w1 Y Tmme
_ 2m7rﬂ’(m;1) _ oM T+1)
(= T )

which, this time, is (113);

e if n is odd and m is even, we have to resort twice to (114), which takes us to

o momo L% (-2 n %F(ﬂ) (n—2)1t
wp—1B(m,n) = 212 2 1F(§) (n—m—2)!!_7r 2 F(%) (n—m—2)!!_
_ oy 27T(8) (-t 27ET(R)
(n—=2)1y/7 (n—m —2)!l V7 (n—m—2)!

_ 2mrel(2)
re)

which is (112) once more;
e if n and m are both odd, in the same way as before we obtain

o nowa (") (-2
encaflmm) = 2m2 2 G

_amn PO (o0 wn 29T (o2
-7 I(%) (n—m—l)ll_7T (n—2)1y/m (n—m—1)I
_ agm 2T(mE)  2nmED(mH)

VT (n—m—1I  D(m=mt)

and, therefore, (113) has been reached even in this case.
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These computations allow us to affirm that the relations present at the beginning of

this step are valid.

Step 6: conclusion. Finally, using the definition of ., , and p, the relations (112) and
(113) tells us that

s | P
n {2’”’””)1 i m = 2k
wno1 | D(ESm)
- (wn_lﬁ(m, n))m = Qpp = ) . (115)
n-l " {%QF(”T)} i = 2% — 1

n

]

Remark 17. As stated in Remark 14, Adams’ oy, agrees with Moser’s o,,. Moreover,
although we assumed that m > 2, the computations just made work for Proposition 7
even if m = 1 (which is basically Corollary 4) as long as we have some general changes.
In fact, in such a case, the conditions in Step 2 are ¢(0) = 0 and ¢(1) = 1 = ¢/(1).
Then, without introducing a parameter €, it suffices to take the identity ¢(t) =t and,

therefore, the function

o(t) ifte(0,1]

1 ifte(l,400)

Subsequently, from Step 3 forward, the same calculations with m = 1 fized take us to
1

1 S L 1 log (L 1
a < nliminflog [ = |C; n(Br(O), B) < nw,~7 liminf 8 (’1") =nw, ] =
r—0+ r ’ r—0t log (;)

= d1p = Qp.

)

T
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Chapter 3

3.1. Unitary Fourier transform and fractional Laplacian

In this third and final part, we further generalize the results obtained in the previous
chapters, following mainly [17]. We will work with spaces of functions analogous to the
Sobolev spaces considered so far; however, these ones contain functions which are, in
some sense, differentiable s times, where s is any positive real number.

The meaning of a non-integer number of derivatives will be explained through the
fractional Laplacian, which will be defined in this paragraph. Clearly, whenever s is
a positive integer, all this generalized notions we are going to give must coincide with
the well-known ones.

We will make use of the Fourier transform, which will be essential in view of a useful
result that merges it with the notion of the fractional Laplacian. The idea behind
this reasoning is that, as the Fourier transform is a multiplier operator if dealing with

derivatives, so the fractional Laplacian must be, too. In fact, for every m € N, one has

Y

((=2)"u)(€) = ¢ Fu(€):
we want this relation to be true even if we have a positive real number s instead of m.

Definition 8. We define:

(i) the Schwartz space, denoted .7 (R™), as the set of all functions of class C*(R™)

whose derivatives decay faster than all negative powers, namely

L (R"):={f € C®R") : sup {|z|N|D° f(2)|} < +00, VN € Nand V3 € N'};
TER?

(i1) the unitary Fourier transform of u, whenever u € ¥ (R™), as the operator

Fu(€) = (2;)3 /n e &y (z)dr;
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(i1i) the unitary Fourier anti-transform of a function u € ./ (R"™) as

a—1 o 1 i€-x
Fu(x) = (27?)% /neg u(§)dg.

Remark 18. There exist other definitions for the Fourier transform (some of them still
make the operator F wunitary, others not), all differing by a multiplicative constant;
for our aim, the one just given is the most convenient. Besides, the operator F is the
inverse of the one given by F ' and vice versa: in fact, for every u € . (R"™), one has
that F 1 (Fu(€))(z) = u(z) and F(F 1 u(x))(§) = u().

Remark 19. One defines the Fourier transform for functions in .#(R™) in order to
have integrability in its definition: in fact, if u € #(R"™), it automatically belongs
to LY(R™) and, therefore, Fu(€) is well defined for every & € R™. However, since
we will continue to work on a bounded domain €2, we do not have to focus on the
best functional space if we use the convention to extend u outside € in the banal way,
namely introducing the function u(x):=u(zx)xa(x) (and still calling it u with abuse of
notation). Roughly speaking, we are able to use the integral operator F whenever it is

well defined, namely whenever
/ e STy (x)dr < +oo

holds. Nevertheless, we still need the definition of the Schwartz space because it is

fundamental to the definition of the fractional Laplacian.
Remark 20. The Fourier transform possesses the following properties:
i) F(au+ pv)(€) = aFul)+ LFv(E), Va,B € R and Yu,v € L(R"), since

1
(2m)2

F(au+ po)(§) := /n e " (au + Bu)(z)de =

— o —i§-x d 6

2n)? /Rne u(x)dx + (2r)

(ii) defining the function v(z):=u(x +y) for a fived y € R™, we achieve the relation
Fo(€) = eV Fu(€), since

Fu(§) = ! e y(z)dr = ! e Sy r =
Fole)= g [ @ = oo [ ey

/ e “my(z)dr = aFu(€) + BFv(€);

w3

1 it (e el —ig. €.
— (2 )E / e Zg (Z y)u(z)dz — (2 )E / e Zﬁ Zu<z)dz — 625 yyu(g);
)2 n T2 n

where we set z:=x + y;
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(i1i) defining the function w(x):=u(Ax) for a fired A > 0, we also get the identity

Fw(€) = &= Fu(}), since

Fulg)i= oy [ e ula)dn - (2;) [ e =

1 e dy 1 1 e 1 3

i€ A XY dy = — Zul >
(21)% /ne RO i i /ne Hruly)dy An‘”(A)’
where we set y:= \x;

(1v) utilizing twice the integration by parts (Green’s first identity, to be precise) and
defining J¢(x) := e~ we have lastly that F(—Au)(§) = |{>Fu(€), since

N3

B

F(—Au)(§) = (2;)3 /n e—ié-m(—A)u(x)dx = — (27; . Ve(x)Au(x)dr =

! Vie(z) - Vu(z)dr = — (2;)3 / AV¢(z)u(z)dr =

C(21)% Jge
s (2’3) / e u(a)de = |EPFu(e),

from which it follows (immediately by induction using the composition property of

the Laplacian) the generalized formula previously stated

((=2)™u) () = [g]*" Fu(g),

)

valid for every m € N.
Clearly, by definition, it is immediate to show that the unitary Fourier anti-transform
has these properties, too (it is due to the fact that F 'u(x) = Fu(—E), essentially).

We enunciate here two technical results concerning the Fourier transform (present,

with slight differences, in [15]), which will be useful for future statements.
Proposition 9. If f, g € .7 (R"), then Z(f * g)(&) = (27):.F f(£).F g(&).

Proof. Since f,g € /(R"), we see that f,g € L'(R") as noted in Remark 19. This
means that the Fourier transform of fx* g is well defined because, due to (53), the latter
belongs to L'(R"). Thus, by definition and Fubini’s theorem,

F1e0) =y [ ([ = satway )as -

— it o ([ e s g )y -

(27)
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(2m)%.7 ()7 g(€),

- (271),21 /n (y)(/n e—i£~(y+z)f(z)dz>dy _
= (27)% [(2;),5 /n e_iéyg(y)dy} [(271)2 /n e_ig'zf(z)dz}

where we set z:=x — y.
Proposition 10. Let A > 0 and define the Gaussian function hy : R" — R such that

]

_le?
47\

Then
Fha(§) = sy

—A7|x|?

r+——e

Proof. In view of the point (i) of Remark 20, it suffices to consider the case A = 1.

Furthermore, since
n
rlzl2 2
hi(z):=e " :He i
i=1

we can assume that n = 1 without any loss of generality. Next, being h; € . (R), by

definition we have
Fin(€) = — [ el gy = L [ emma=ien gy
2m Jr V21 Jr
& i) gy = Ly, (£>f(€).
V2T 2

€ 4rn

2 2
_Ter_iEx—"_%_%dx = e
V2rm Jr
A
Vv

1
=——]ce¢
V2T /R
The function f can be differentiated an arbitrary number of times under the integral

£

—~

(e”(“ifw)z )dx —

sign, which means that f € C*°(R) and
/ — i —T (x+i%)2 ) — i
ro=g( [ )= ], i

“+o00

]

=0.

Hence, the function f is constant and, utilizing the elementary formula
T
/ ae " dy = a\/j,
R b
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valid for every a € R and b € R\ {0}, we get

f(0) = /Re_”Qda: =1

Therefore, f(£) = 1 and, consequently,

The latter equality gives the thesis for the case A and n equal to 1.

Finally, in the general case, using the definition of h) and the property of scaling of

the operator .%, we obtain

|3

£

2
277\5}

_le?

€ 4mA

e

(2m\)2 (2mN)z’
which is exactly the thesis.
O

After defining the unitary Fourier transform and noticing some of its properties, we

are in position to give the definition of the fractional Laplacian operator.

Definition 9. Let u € .7 (R"™) and s > 0. The fractional Laplacian of order s of u
18 defined by
(—=A)'u(z) :==F ([ Fu(§)) (v). (116)

Note that we introduced the operator (—A)® only for functions belonging to .#(R"):
we have, therefore, to generalize this notion. In order to do that, we first give a result
which is, basically, an alternative definition for the fractional Laplacian when the order

is less than 1 (present also in [5]).

Proposition 11. Ife >0, s € (0,1) and u € .7 (R"), then

(—A)’u(z) = C(s,n) lim ulz) = uly) dy, (117)

2
e—0" Jrm\p.(z) |T — y["T?

O(s,n) = (/ %sz(&) dg) - (118)

where
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Remark 21. Some considerations:

(1) since s € (0,1), which implies that n 4+ 2s > n and n + 2s — 2 < n, the (positive)
constant C(s,n) is well defined for both large and small |£| (it is immediate if

|€] — +o00, while we have that

1 — cos(&1) & gr 1

n+2s ~ n+2s n+2s n+2s—2
€] 2[¢] €] €l

near |£] =0);
(1) the integral in (117) is finite for |y| — +oo since n + 2s > n;

(11i) the quantity

u(z) — u(y)

lim s

e—0+ R™\ B (z) ’.73—

1s what is commonly called P. V., the abbreviation of “in the principal value sense”;

(iv) we have to introduce the principal value because the right side of (117) is not well
defined in general (however, whenever s € (O, %), we have integrability because,

given any R > 0 and using the properties of u € #(R™), we obtain

‘/ ‘</ @) —u@)l
En \x—y\"“s = S |z -yl

:/ u(z) — u(y)| dy+/ u(@) — u(y)] dy <
_ n+2s _ n+2s
Br(z) |z — | R"\Bg(z) lz —y

[z —y| dy

s||w||mw/ —dy+2r|u||w/ <
(=) Ba(z) |T — y["t% (=) R\ Bp(z) |7 — Y|"T2

dy dy
2(//Vul [ oo amy + || o o (/ —+/ —):
( (R™) ( )) Br() |:c — y|n+23—1 R\ Ba(z) \x _ y‘n+2s

“+o00
= 2wn—1 (|| Vul|poe@ny + [Jul| Lo ®n)) </ / st) < +00,

since 2s < 1 and 2s +1 > 1, where we introduced polar coordinates in the last

passage);

(v) roughly speaking, even though Proposition 11 is valid for functions u € . (R"), we
are allowed to use the formula (117) (and, more generally, the formula (116) in

Definition 9) whenever the integral on its right side is finite, regardless of whether
u € .L(R") or not.

We need the following technical lemma in order to prove Proposition 11 (which, as

the previous one, is in [5]).
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Lemma 8. If s € (0,1) and u € L (R"™), then

. 1 —y)—2
lim M dy— L / u(z +y) + u(x+2 W) = 2u(@) (g
e=0% Jre\ B, (2) |z — y|n T2 2 Jgn |y| 2
Proof. By setting z:=y — x, one has
lim ulz) — uly) uJEQy) dy = — lim uly) = ulz) uﬁf)
e=0t Jgpm\ p.(z) |T — Y[ e=0t Jrm\B.(z) |T — Y[ T2
= — lim uz + ZL; u) g, (120)
e—0t R"\ Bz (z) ‘Z’n $
Next, defining the variable ¢ := —z, we obtain
lim u(x + z)J; u(z) dy = lim u(xr — Cn)+; u(x) .
e—0+ R™\ B (z) ‘Z|n $ e—0+ R"\ B (z) |<|
which means that (after properly relabeling the variables)
lim u(z + z)+; u(x) iy =
e=0t Jrn\ B, (2) | z|t2s
1 _ _
_ _( lim / u(r + Z)+2 u(x) dy+ lim u(z + z)+2 u(x) dy) _
2\ e=0* Jrm\B. () | z|nt2s e=0% Jrn\ B, (2) |zt 2s
1 lim u(x + 2) + u(x+2— z) — 2u(x) a.
2 e—0t R"\ B, (z) |Z|n §

In conclusion, by inserting the latter relation in (120), we get

e—0" Jrm\B.() |T — Y[ T e=0T Jrn\ B, () |2 |t2s
_ 1 lim u(z + 2) + u(z — 2) — 2u(x) a.
2 -0+ R™\ B (z) |Z‘n+2s

which is exactly (119) once we note that the integral appearing at the end of the latter

relation is integrable near 0. In fact, we have that

u(z + z) +u(r — 2) — 2u(x) 1 [u(x +2) —u(x) N u(r — 2) — u(z)
|22 ||
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which implies that

u(e + 2) + u(z — 2) = 2u(z)] _ [[V2ullr=qn)
|Z|n+25 — |Z|n+25—2 ’

from which the integrability follows because, since s € (0,1), then n + 2s — 2 < n.
]

We can now prove Proposition 11 which, consequently, will give us an equivalent
definition for the fractional Laplacian of order s € (0, 1) for function u € . (R").

Proof of Proposition 11. In view of (119), we define the linear operator

-—_1 s.n u(z +y) + u(x —y) — 2u(x)
Lu(e) =5 Cls.m) [ s "

with C(s,n) defined in (118). Therefore, we are searching for the function v : R* — R
such that
Lu(x) = F7 (o() Fu(€)) (@), (121)

In order to get (117), it suffices that
v(€) = ¢ (122)
because, if this is the case, then (119) and (121) imply that

C(s,n) lim L_:ﬁgs)
e=0% JRrn\ B, (z) |z — y|

1 wx+y)+ulx —y) — 2u(x) . B
=3 C(s,n) /n PRE dy=: Lu(r) =

dy =

= 7 (P Fu(©)) () =(~A) u().

Now, since
u(z +y) + u(z —y) — 2u(z)]
ly[+2e

is an integrable quantity in the variable y over R™ (as noted in the last part of the
proof of Lemma &), by Fubini’s theorem we can exchange the integral in y with the

Fourier transform in x and get

v(€)Fu(§) = F(Lu)(§) =

_ 1 T (u(z +y) +u(z —y) — 2u(x))(€)
=—3 C’(s,n)/n

’y|n+25

dy =
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1 i€y —i&y _ 9
=5 Clon) [ Fu(edy =

|y |+

= C(s,n)Fu() /n Ny dy =
1 — )
= O(s,n).Zu(€) / n % ,

using the definition of Lu, the considerations done in Remark 20, (121) and that
cos(¢) = € V¢ e C. Thus,

v(€) = C(s,n)/ 1_Ls@.y)dy.

|y’n+23

n

Therefore, in order to get (122), it suffices that the relation

/ L CE D gy — Oy (123)

|y |+2s

holds. Next, we define the function g : R — R given by

9(€) ::/n Ls(g'y)dy

|y |2

and show that it is invariant under rotations, namely that

9(&) = g([€]ea). (124)

Clearly, if n = 1 it is obvious because, since cos(t) = cos(—t), we have g(—&) = g(§).
For n > 2, we consider a rotation R € O(n) such that R(|{]e;) = £, whose transpose is

denoted by ‘R, and set z :='Ry, so that we get

g(f):z/nmdy:/n L cos (R(Ele) y)

|y|n+25 |y|n+2s
1 — cos ([€|er - (‘Ry) 1 —cos([¢ley - 2)
-/ |§/|n+zs iy - | e de =g

using the properties of R (basically, utilizing that ||R|| = 1), which proves (124). Hence,
using (118) and (124), we finally obtain

| a6 = elen) = [ FE

’y‘n+23 n |y’n+23

1 — cos(l€l) 1= cos(C) a0 o [ 1~ cos(C)
— [ ZZCOS\SI) g [ 1T CO5%1) @5 2O e
L P | e T e = K L e %
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= C(s,n) "¢

after making the substitution ¢ := [£|y. The result is consequently proven because what
we got is exactly (123).
]

Remark 22. One can immediately notice some properties of the fractional Laplacian

of order s > 0 concerning functions u € ./ (R™). In fact, it turns out that:

(i) Vs,t >0, one has
((=2) 0 (=2) Jule) = F (K7 (- A)u(€))) (@) =
=7 (7 (7 (€ Fu(©) (@) (6) ) (2) =
= F (P Fu()) (@) =(—A)u();
(i) if s =m € N, then
(—8)u(w) = F (g Fu(©) (@) = F7 (1€ Fu(©) (2) = (~A)"u(a),

which means that the fractional Laplacian coincides with the classical one for any

positive integer order;

(iii) if v e L (R™) and o, 5 € R, we have that
(=A) (au(z) + pu()) = F (g F (au + Bv)(€)) (z) =

= F g (aFul§) + BFv(9))) (2) =

= aZ H(|EFu(§)) () + BF (5] Fv(€)) () = a(=A) u(z) + B(=A) v(z).

All this means that the fractional Laplacian for functions u € . (R"™) can be viewed as
the classical one of a certain order composed with the one defined in (116); in other
words, given any s > 0, there exists a positive integer k and a number o € [0,1)
such that s = k + o: consequently, due to what has been just said, we have that
(=A)u(z) = ((A)F o (=A)7)u(z), where (—A)* is the classical Laplacian operator
and (—A)7 is the one defined in (116) (or, equivalently, given by (117)), with the usual

0

convention that (—A)u(z) :=u(x).

We are now in position to give a more general definition for the fractional Laplacian
which extends the preceding one. To this scope, we have to resort to the notion of

tempered distribution.
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Definition 10. Let u € Ly(R™), where s > 0 and

L(R") = {u € L (R™): /R @l +oo}.

W1+ |2

Given a function ¢ € Z(R™), the fractional Laplacian (—A)°u of order s of u is

defined as a tempered distribution via the formula

(~A)u, o) ;:/ (@) (= A) o(z)dz. (125)

n

Remark 23. Two more observations:

(i) one can replace s with 5 everywhere inside Definition 10 and get the analogous
definition of (—A)%u (sometimes, this reasoning is advantageous and, later on,
we will make use of it);

(ii) the equation (125) is a generalization of (116) because, similarly for the case
regarding the classical Laplacian, they coincide whenever u € (R™) (in such a
case, both ¢ and w can be chosen as a test function) since, using Plancherel’s

theorem (see again [15]), we get

(-8yug)i= [

n

u(a)(=A) o (x)da = / u(e) Z (|6 7 o(€)) () da =

- [ FuF(# (P eO) @) s = | FolelFFue)ie -

— [ @ F (g FuO)@ido = [ o) (-A) ul)ds = (~A)p.u).

Before proceeding further, we have to prove that Definition 10 is consistent, namely
that the right side of (125) is finite. This is established by the following proposition,
which appears in [12].

Proposition 12. For any number s > 0 and function ¢ € #(R"™), there ezists a
constant ¢ = c(s,n) depending on s and n only such that

(A0l <
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Remark 24. Proposition 12 makes indeed (125) consistent because we now have that

(=A)u, @)= [ w@)(=A)p(z)dr < | |u(@)]|[(-A)"p(z)|dz <

R" R

Cof My ([ b bl
Rn |T["T28 (z|>1} 7|28 (lzj<1} |72

with the constant ¢ = ¢(s,n) as before and where we used that:

o for large x € R", one has

/ lu(z)| dx N/ u()| .
(2|1} 1] T2 (zl>1y 1+ |z["T2s

the latter being finite by hypothesis because u € Ls(R™);

o for |z [0, 1],

(zj<1y |[" 2 (u)<1y (2lz)nt2s =

< 2n+25/ u()] dy < 2n+25/ [u()] d
(lzj<1y (1 + |z])n+2s (lz)<1y 1+ [x]nF2s

holds (where we also resort to the estimate (1+ |x])"™% > 14 |z|"™2%), which gives

again the integrability to us since u € Lg(R™).

Proof of Proposition 12. We divide the proof in two steps: first, a sufficient condition

to get the thesis will be introduced and, subsequently, it will be proven.

Step 1: rewriting the problem. We introduce the spaces

Zr(R") :={p € L (R") : D*F(0) =0, V]a| <k} =

~{oer@): [ yeta=o.via <k}

for k € Ny and
S (R") :=Z(R").
If we show that there exists a constant ¢y = co(0, k,n) depending on o, k and n only

such that, for k € Ny U {—1},

(—A)74(z)| < m— (126)

holds V¢ € .#,(R™) and o € (0, 1), then we are done noticing first that, ¥k € Ny and
Vi € .7 1(R™), we have that A*) € S, 1(R"): in fact, given o such that |o| < 2k—1,
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we see that

| ratowiy= | Aty =0

Rn
once we integrate by parts 2k times (where the various boundary conditions are absent
due to the properties of the Schwartz space).

As we were saying, if (126) holds, then we can write s = k+ o for two certain elements
k € Ngand o € (0,1), take into consideration the function ¢ (z) :=(—A)*p(x) belonging
to Sp—1(R™) and get

(=A) p(@)| = (=) p(@)| = [((-=2)7 o (A)*)p()| = |(=A)"¥(z)| <

Co Co Co

< [Ttk T (g [nta(eo) — [gfntas’

where we used the composition property of the fractional Laplacian (see Remark 22).
Therefore, we are now focused on (126) which, once proven, gives the desired result to
us (with ¢ = ¢(s,n) :=¢y depending on s and n only, since s = k + o).

Step 2: proof of (126). It suffices to prove the inequality (126) for large x € R™ since
(—=A)7¢p € C°(R"™) whenever ¢ € ./ (R"). For a fixed zo € R"\{0}, we split R" into
B, := B@(O) and By :=R™\ B;. Using (119), we have that

/ pl@+y) + ol —y) — 2p(x) dy‘ <

|y[t2e a
< %C’(a, n) (L1 (z) + I(x)),
where
)| [ NN =2,
and

I(z) = ‘ /32 p(z +y) +‘s;’(:’+2—g y) — 2¢(x) dy‘_

With the same computations already done at the end of the proof of Lemma 8 and set

E := Bay (70), we have
2

lp(z +y) + oz —y) — 20(2)| < ||[V|| L (m) ||,

which takes us to

r+y)+ el —y) —2p@ d
/ o(r+y) + plr —y) — 2¢( )dy’ < ||V2¢||LM<E>/ T =
B1 ?

Li(z):=
|y|n+20 ) |y|n+20—2
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lz] n—1 2
= wn1||V <PHL°°<E)/ P ez P = Wt Vel / 2" L

= 1|Vl oo (i) 2P

once we pass to polar coordinates, for a certain constant ¢; = ¢;(o,n) depending on o
and n only (where we used that 20 — 1 < 1 to establish the integrability of p'=27). On
the other hand, using that p(z —y) > ¢(z +y) due to the hypothesis on ¢ and passing

again to polar coordinates, we get

90(1’ +y) +plr —y) — 2p(x)
|y|n+2cr

< 2|p(x !/ ’/ ’=
|y\”+2” B !y|”+2"

L(x):=

dy‘ <

p(r —y)
= 2wy, _1|p(x dp+2 / —dy‘z
1| ( )| pn+20- By |y|n+20
400 d P
P ez —y)
= 2wn—1|90< )| P2U+1 +2 |y|n+20' ‘ -

—2¢ oz —y) ‘
=c z)| |z + 2 / -2 d
2|80( )H ‘ J By |y|n+20 y/

—: I(w)

with, this time, p=2°~! integrable since 20 + 1 > 1, which gives us another constant

¢y = ca(0,n) as before. Next, setting z:=x — y, we obtain

/ / B CIR
Bs |y|n+20 {|x z\>m} ’x_z|n+20

90 z)
dz| <
‘/{|$ z|>‘ ol > lel ‘} |£E—Z’n+2‘7 ’ ‘/{l |<|:1;|} |$_Z|n+20 ‘ —

‘ /{|:pz|2|‘"2”} |9§' - Z|n+2‘7 B |$ — z|n+20

~ ©(2)
< o 2o T
> C3||90||L (Bz)|95| +‘/Bl |x_Z|n+2a Z”

=:Ii(x)

for a certain constant c¢3 = c3(o,n) depending on ¢ and n only (where we used the

integrability of the first integrand in the same way as before). Therefore, we have to
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bound I4: using that

since ¢ € .Z,(R™) and defining

for x € R"\ {0}, we get

> Da(f!(m) / y*e(y)dy = 0.

loo| <k
Consequently,
B ) B U B D“f ¥ [ . B
/31 -y / o —yprer |Z|<:k , /y ply)dy =
/ % -2 = f / v e(y)dy — Y %@/ Yy o(y)dy =
lad<k b o<k B
:/ ) [f(x V-2 Da&fl(m)}dy 3 Da§1($)/ Y p(y)dy =
o la| <k ‘ oer Y B
= [ o) X st - 3 ZLE [ otay
o |Bl=k+1 <k - B

where Rg(&,) satisfies

> y'Rs(E) = -y Daf

|B|=k+1 || <k

fory € By and &, € E. We have written {, instead of only £ to highlight the dependence
of £ on y. Basically, this R(,) is the reminder of the right side of the previous equality
and it is such that

o Cs
Ra(€)l < ea sup {ID*f(2)]} < TR
|a\ k—i—l

for two certain constants ¢y = ¢4(0, k,n) and ¢5 = ¢5(0, k,n) depending on o, k and n

/ G R
B, v — 2|t

< 3 [ el Roe)idy+ 3 EHEL [ oty <

|8]=h-+1 ol <k

only. Therefore,
I4 (l’) =
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= |z|nt2o+k+1 /Rn o ()llyl**dy + || +2o it Z /Rn [y (y)ldy < 4o,

la|<k
where we used the hypothesis on ¢ and set two additional constants cg = cg(o, k,n)
and ¢; = ¢7(0, k,n) depending on o, k and n only. Consequently, we have succeeded
to bound I; and I, (and, hence, the left side of (126) in the previous step) through a
constant depending on o, k and n only, which means that we get the desired result.
m

Remark 25. Being the definition of the fractional Laplacian for functions u € Lg(R™)
heavily based on the one for functions ¢ € #(R"), it is easily seen that the properties
listed in Remark 22 are still valid. In fact, given such u and ¢, one has that:

(i) Vs,t >0,

(i1) if s =m € N, then

((=A)°u, @) 12/

where (—A)™ is the classical Laplacian operator;

u(@)(=A)p(x)dz =/ u(@)(=A)"p(z)dr = ((=A)"u, ),

n n

(i1i) if v € L (R™) and o, 5 € R, then

(=AY (au+ Bv), )= | (au(x)+ Bo(x)) (—A)p(x)ds =

Rn

—a / ule)(~AYp(a)dn + 5 [ o)A pla)dr =

R

= oz<(—A)5u, <,0> + B<(—A)Sv, <p>.

Remark 26. Having in mind the previous results concerning the fractional Laplacian,
one can affirm that it has some similarities with the classical one (see, for instance,
Remark 25). However, there are also some differences: the (probably) most important
one is that the operator (—A)*® is not local in the sense that, even if u(x) = 0 on a given
ball B, (x), it can happen that (—A)*u(z) #Z 0 on B,(x) (clearly, this phenomenon does
not happen with the classical Laplacian operator). The following result is in [3| and

establishes this (let say unusual) behavior the fractional Laplacian may have.
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Proposition 13. If s € (0,1) and w, : R — R is such that ws(x) := x5, then there

exists a positive constant ¢ = c(s) depending on s only for which

—c(s)|z|™*  ifz € (—o0,0)

—A)w,(x) =
(=A) () 0 if x € (0,400)

holds.

This proposition shows the validity of Remark 26. Note, in fact, that w; is identically
null on the negative semiaxis and strictly increasing on the positive one, while the
behavior of (—A)*w, is quite the opposite because it is strictly decreasing on the
negative semiaxis and identically null on the positive one. In order to prove it, we need

three intermediate results.

Lemma 9. For any s € (0,1), we have that

LA+t +(1—6°5—2 O (1 4 ¢)® 1
/(+)+< ) dt+/ —(Jr)dt:;.
0 1

t1+2s tl+2s

Proof. Introducing ¢ € (0, 1) and integrating by parts, we get

A4+t +(1—=18)°5—2 1 [t
/‘<+w«+< =2

t1+25 25 .

[(A+2)°+ (1 —1) - 2]%(t‘25)dt =

{(1+t)5+(1—t)5—2}1+ 1 /615[(1+t)5‘1—(1—t)5‘1} g

t23 % t25

{28—2_ <1+5)8+(1—8)5—2} +1/1 (14t —(1—t)?

dt =

623 5 t23

:9(575)_28+2+1(/1(1+—t)s_ldt_/lwdt), (127)

25 2 t2s t2s

&=

where
(1+e)f+(1—e)—2
628

_>O

g(s,e):=
as € — 07. In fact, by applying twice L’'Hopital’s rule, we see that

(1+e)f+(1—e)—2 s(1+e) ™t —s(1—¢g)s?

lim g(s,e) = lim

e—0t e—0t g2s e—0t 25251
B e R e S C | B e O L RS el
2 0+ g2 1 2 oo (25 — 1)e26-1)
-1 1 s—2 1 — s—2
_ s lim A+ +0—-¢)
2(2s — 1) e—o* g2(s—1)
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s—1 . 82(1_5) 62(1_5)
225 — 1) et [T 1o T (12>

=0

for s € (0, 1)\{%} while, applying it only once, we get

N|=

(17{5) . (l+e)i+(1—e)-2 - (1+e)2—(1—e)"

lim
g e—0+ € e—0t 2

e—0t

1 1 1
L et =0

for s = 5. Moreover, setting 7:= ;& (which means that ¢ = ), we have that

/1 = [ (- B (R R
e t2s e 147 147 1+7)2
/+°o 1 s—1 T —2s dr /+oo 728 p
= _— = T =
= 1+71 1+71 (1+7)2 e (14 7)5 12542

1—¢e

_ /-l-oo (1 +7.)s—1 0

. 7—25
1—e¢

By plugging this into (127) (and relabeling the variables), we obtain

/1 (1+t)5+(1—t)5—2dt:

t1+28

__9s 1 s—1 1 _ 4\s—1
:g(s,s) 2 +2+1 / (1+1) dt—/ (1—1) gt —
2s 2\ J. 12 . t2s

_gls,e) =20+ 2 +1(/1 (L) /+°° (Lo dt)

25 2 12s 1i 12s
— 9(87 5) - 28 + 2 _|_ 1 /15_5 (1 + t)S—l dt /+OO (1 + t>8_1 dt (128)
B 25 2\ /. 12s L t2s '

Now, since

t28 t4s

A+t (s—1)(141)" 2> —2s(1+¢)> 1>
il

(1—s)(1+t)"2  2s(1+¢t)?
B 125 As+1 <0

for every ¢t > 0 and Vs € (0, 1), we can write

= 1 s—1 = 1 s—1 = 1 s—1
‘/ e —:21;) dt‘:/ (Gl dt</ (Gl

t23 828
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R A R (s e A (142! &2
e =

g2s . g2s 1—c¢ g2s 1—c¢
52(1—8)
= _— 0
(1+e)l==(1—¢)
as € — 07. Hence,
= 14 ¢)s 1 2(1-s)

lim U+ < tim c = 0.
e—0t J, 12s e—0t (1 +e)l=5(1 —¢)

Consequently, by passing to the limit in (128), we get

1 1
1+1¢)* 1—1%)" -2 1+1¢t)° 1—¢)°*—2
0 tl+2s e—0+ J, tlt2s
—25492 1 = (14 ¢)5! o0 (1 4 ¢)s!
— lim g(s,¢) + + = /1 ﬁdt—/ Ldt —
<€—>0+ 25 2 e tQS 1 t28
2 _ 25 1 +oo (1 _|_ t)sfl
= - = ~—Z dt. 129
2s 2/1 t2s (129)
Integrating once more by parts yields to
+o00 (1 + t)sfl 1 +o00 d
~ 7 dt== 2B [(1+t)*| dt =
/1 t2s 3/1 dt [( +1) ]
1 (1 +t>s +o0 +o0 (1 +t)s 98 /+oo (1 +t>s
= —| | —% 2 dt | = —— +2 dt
S ( |: t25 :| ) +2s /1 t1+28 S + 1 t1+23

which, inserted into (129), takes us to

P4 4+ (1=t -2 2-2° 1 [T (140!
/<+>+< )2 / (Lo
0 1

$1F2s 25 2 2s

292 1] 2 o0 (1 4 ¢)° 225 20 [TO(141)
— — | -=42 dt| = —— + — — dt.
2s 2 [ s * /1 i+2s 2s + 2s /1 i+2s

s

Note that both (1?2):71 and (tlli?s are integrable for ¢ — +o00 since their asymptotic

behavior is the same as t~*~! which is, indeed, integrable because —s — 1 < —1, being

s € (0,1). The latter relation implies the desired result, since now we have that

/1 (1+t)5+(1—t)5—2dt+/+°° (L+0)°

t1+2s t1+2s
2925 925 T (1 4+ ¢)8 T (1 4 ¢)s
_ +__/ <1+2) dt+/ (1+2>dt:
2s 2s 1 pit2s 1 pltzs
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which is finally the thesis.

Corollary 5. If wy is as in the statement of Proposition 13, then (—A)*w4(1) = 0.

Proof. Since the function h : R — R such that h(t):=(1+¢)* + (1 — t)* — 2 is even,
we have that

YA+ (1) -2 A+ (1) -2
/_ 1 e dt = 2 /0 e dr. (130)
Furthermore, setting 7:= —t, one has
-1 s 1 s +o00 s
(1—¢t)°—2 (14+7)° =2 (147)°—2
/OO £+ dt = — TR dr = ) 1t2s dr. (131)

Therefore, due to the definition of wyg, (130), (131) and Lemma 9, we get

/ ws(14t) + ws(1 — 1) — 2w,(1)

|t‘1+23

dt =

[ [, 2,

- ’t‘1+25 " |t‘1+2s t1+23
LA+t +(1—1)—2 TR (14t)F -2
22/0 ECF dt”/l e A=
YA+t + (1 -1 -2 T (1 41)* oo gt
= 2[/0 1425 dt+/1 1125 dt — 2/1 t1+23:| =

1 +o0 —257 +00
=9 __2/ _at -9 l_gt —9 o2y (1 1) _
s .t s —2s], s 2s s s

Note that here we have used both Lemma 8 and Proposition 11 in writing the fractional
Laplacian because, although wy ¢ . (R™), we are allowed to do that since the preceding
computation gives a finite number, in according to the consideration done in the point
(v) of Remark 21. Hence,

(8w, (1) = —5 C(s, 1) /[R el £6) T;’S; = 2u(l) gy g

O

The last result we need to deal with Proposition 13 is the following, which is no

more than a simple observation.
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Lemma 10. If wy is as in the statement of Proposition 13, then (—A)%ws(—1) < 0.
Proof. By definition,

ws(—1+ ) + ws(—1 —t) = 2wy(=1) = (=1 + )5+ (-1 -85 >0
and, since (—1 4 t)5 + (=1 — ¢)%. is not identically null (it is equal to 1 for ¢ = 2, for
example), it must be that

+ ws(—1 —t) — 2ws(—1)

B dt < 0.

(—A) wy(—1) = _%C(s’l)AwS(_l +1)

We have now the required elements to prove Proposition 13.

Proof of Proposition 13. We split the discussion in two steps.

Step 1: a useful relation. Let © € R\{0} and denote by o € {—1,1} its sign. We begin

by introducing a useful relation, which is

/%“w4d1+w)+w4ﬂ1—ﬂ>—m%“%ﬁ:
N jt]+2
= /%O ws(0 +1) +ws(o —t) — 2wy(0) dt (132)
—00 ‘t|1+2s |

This relation is tautological and does not need to be proven: in fact, when x > 0,
substituting o with 1 gives immediately the desired result while, if z > 0, the same

happens writing —1 instead of o.

Step 2: conclusion. Now, noticing that

ws(|z|r) =(|z|r)} = |z[*r] = [z[*ws(r),
Vr € R, which implies that
ws(zr) = wy(o|z|r) = |z ws(or),

we obtain

/ wy(x +t) + ws(x — t) — 2w, ()
dt =
R jt[1 2

:U%/MJM1+Q)+wJﬂ1—®)—m%u)

|| 125 |¢[1+2s d§ =

_ |x|/R |z*ws (0(1+6)) + [l ws(0(1 = §)) — 2|z[*ws(0)

|| 1+2s | ¢ 142 g =
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ws 1+£ +ws( ( f)) _2ws(0)
dé —
=P / e ¢

Wy O'—I—f +ws(0-_€) —2w5(0)

dg,
le 19
where we set £ := = and used ( 132) in the last passage. Consequently,
s 1 ws(z +t) + ws(x —t) — 2ws(x)
(—A)wy(x) = ~3 C(s, 1)/R miE=2 dt =
1 ws(a + f) + ’UJS(O' _ S) _ 211)5(0') ( A)Sws<0->
=———0C(s,1 / d§ = —————
2 Y ), Gl oF
or equivalently, once we divide the cases for o,
. 1 . 2|75 (—A)*ws(—1)  ifz € (—00,0)
(=A)'ws(z) = —(=A)wi(o) = ¢ _ :
|z 2|75 (—A) ws(1) if x € (0, 400)

which finally gives the thesis to us due to Corollary 5 and Lemma 10, because they tell
us that (—A)*w,(1) = 0 and (—A)*ws(—1) < 0.
]

This (apparently counterintuitive) property of the fractional Laplacian is due to the
nature itself of the latter. It is not to be confused with the classical Laplacian which
deals with the ordinary derivatives: this new notion generalizes it (since, as we saw
before, they coincide when the order is a positive integer), which means there is no
reason why the operator (—A)®, applied to a function f, should be identically null on
a neighborhood of a point in which f is identically null. Clearly, as we said before, this
phenomenon happens when s € N.

Hence, we have now to introduce the functional spaces we will work on to generalize

Adams’ theorem.
Definition 11. For 1 < p < oo, we define:
(i) the fractional Laplacian space of order s as
H*P(R"):={u € LP(R") : (— A)zu e LP(R™)},

endowed with the norm

ey = oy + [1(=23) 2] gy
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(ii) the bounded fractional Laplacian space of order s as
HyP(Q):={u € H*P(R") : u(x) = 0 in R"\Q},

whose norm s

lull g @) = lull o) + [[(=2)3u]| -

Remark 27. Some considerations:

(i) as noted in Remark 23, we are now considering the fractional Laplacian of u of
order 3 instead of s (it will be helpful in view of future results, although now it
may seem ambiguous to define a space of order s in which the fractional Laplacian

of order 3 appears);

(ii) the norm of a function u € H3P(Y) contains the one of (—A)2u on Q and not on
the whole R™ because, although they can be different even if u(z) =0 on R™\Q (as
established with Proposition 13), they are equivalent (see [10] for this fact);

(iii) when s is an even positive integer, it is well-known that H*?(Q) = W*P(Q2) and
HyP(Q)) = WP(Q) (in particular, for p = 2, they turn out to be Hilbert spaces).

Our penultimate result of this section concerns the fundamental solution of the
operator (—A)2, namely it identifies the function whose fractional Laplacian of order
5 (in the sense of tempered distributions as in Definition 11) is equal to the Dirac delta
distribution centered at the origin. Surprisingly, the answer is the same of the case

regarding the classical Laplacian.

Theorem 11. The fundamental solution of (—A)z for s € (0,n) on R™ is the function

" (133)

In other words, given such a Fs, we have that Fs € Ls(R") and (=A)2F,(x) = do(),
where the latter identity is meant in the sense of distributions in according to Definition

10, namely

Fia)(-B)tg@)ts = [ aa(w)ela)ds = p(0).

R

valid for every p € ./ (R™). Moreover,
(=2)3(F+ (o) = f(2) (134)

holds for, again, every f € . (R™).
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Proof. We divide the proof into four steps.

Step 1: an initial consideration. Firstly, we show that F, € L= (R”) this is immediate

because, for large x € R"”, we have that

F s d
/ @] dx ~/ B dx N/ —ZZ < +o0,
re 1+ |27t re 1+ [zt re |2

since 2n > n for every n € N.

Step 2: a useful relation. Next, given a function ¢ € .#(R"), our aim is to achieve the

relation

(08 sug) @) = CE (ot (139

which will be useful in the next step. Note that this identity appears also in [15].

Our starting point is the elementary formula

1K 0

valid (at least) for every s € (0,n). It comes from an immediate computation after

writing the definition of the Gamma function: indeed, being

s teo
F(—) ::/ A2 le A,
2 0

oo _g? Ar [+ [ dx \2 !
Az~ AN = — “tdt =
/ 15\2/ (W) o
_Aw (4w sl g, 47T)§ (5>_28W;F(§)
B i dt=— ) r(2)=2"1\2/
L (5) ! e (\512 2 &

where we set t:= % A. Further, this identity becomes

we see that

9s EF s 400 N +o00 ﬁ)\
2rr() :/ AL = (27?)2/ A=
[3K 0 0 (27T)2
n +Oo S—n
= (27?)2/0 AT T T h (§)dA (136)
once we resort to Proposition 10 applied to the function
_mlzl?
hi(z):=e"" 37,

being allowed to do that since % >0<= \A>0.
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Using the definition of the unitary Fourier anti-transform, the formula (136) just stated
Fubini’s theorem, Proposition 9, Definition 6 and the definition of the Gaussian function

h1i, we obtain
~ ooy [ (@t [Ty on) Fee -
( | a7 <£>d5)dA—

)

(

+0o0
:/ >\52
0
+o00 S 1 "
= 2~ o mehl*go §d§)d)\—
/ (e Lo tes 00
too +o0
:/ NG (F (hy *<p)(§))(;c)d)\:/ AF (b + ) (@) =
0 0
oo oo rlz—y|?
:ﬂ/ Azl(/jhA@%—ww@ﬁw)dAZ:/ A21(/‘e 5 w@ﬁ@)dk:
0 n 0 n
+oo s=n rlz—y|?
:/ </ A2 lem s d)\)go(y)dy (137)
» \Jo
Now, setting 7:= "= and using again (136), we get
+o0 9 0 2751 2 2
/ NS = - / {(2”) } T <27T2) dr =
0 +o00 T T
o0 2 s—n—2 x— y2 2 oo n—s I*y2
=/ (7?5)771 e~ T @) dr = (2 )_”/ e
0 73 1 T2 0
on—s %F n—s SE"F n—s I(n=s
— (271_)5—” T (_2 ) — T ( 2 ) — (ngs) |x_y|s— (138)
| —y|"~ e —yl" xS
Hence, putting (138) inside (137) and using the commutativity of the convolution (see
Remark 10), we see that
28 QF oo s—n Tlz—y
7 (P8 se0) = [ ([Tt e =
» \Jo
F n—s
e(y)dy = injs) (i ") (2),

2

F n—s
“ﬁ) |z —y
2 R»

T
which is exactly the relation (135).
Step 3: proof of (—A)zF,(x) = dp(z). Utilizing the auxiliary formula proven in Step 2
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we infer

ﬁ(w Fol6)) o) = LT (s o) (0)

m 2

@Jﬁp(f): 25 F (@) (€) =

[€1°F (0 # |2[*7) (&) =

W—) E1° F (&) F (J«*™") () =

- <2w>3|5|%<§>ﬁ(% o' )(6) = (2n)FIEP PR F RS

= PR =1 PR = g (139)

(2m)z [¢]°
where we also used the formula for the Fourier transform of the convolution established
in Proposition 9 and the definition of F; written in (133). Hence, we found a writing for
the Fourier transform of the function F;, which will prove useful even in the following

corollary. Further, we have that

Foo(€) = —— / i€ (2)dr = e = L (140)
(2m)2 Jgn (2m)2  (2m)2

Note that, here, we have used the Fourier transform in relation to the Dirac delta

distribution, which is a measure and not a function. Nevertheless, we are able to do

that because, since the result is a number, it still makes sense (it is, in fact, a standard

operation widely used). Therefore, by Plancherel’s theorem, Definition 9, (139) and

(140), it follows that, V¢ € S (R"™),

[ @i = [ FREOF(-8)0) € -
_ [ ZFE Q) @) [ T
/. CRHEE R e T

- /n ii;i) € = o F00(§)F p(§)dE = - do(x)p(x)dz = ¢(0),

which is the desired result.

Step 4: proof of (134). Finally, we show the remaining relation given by (134): at this

point, it is immediate once we use again Proposition 9 and the formula for the Fourier
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transform of F, appearing in (139). In fact, we obtain
(—A)3(Fs  f)(@):=FH([EF (Fo x [)(€)) (2) =

- P @I FROFION ) = 7 (mtl

vV fe L (RY).

We state here a consequence of the preceding theorem which will be used later (and

which appears also in [15]).

Corollary 6. For a, 8 € (0,n) such that « + 5 € (0,n), we have

(ol x o) () = = Q () )

|| oA, (141)

Proof. We start from the formula (139) appearing in the previous proof: thus, using

the definition of the function F, and the properties of the operator .%, we see that

1
(27?)% s

FF(§) = = ¢ = 2n)EFF(E) = 2n): T (—2%(2

. T(nzs
~ (@m)} %%xwm = F (7)) =

These relations hold whenever s € (0,n): therefore, by hypothesis, they still hold if
we replace s with o, 8 or a + . Note also that we did not exemplify further the
calculations for reasons of convenience.

We shall now compute .Z (|z]|*™ * |[z|°~")(£): before doing that, it is imperative to
note that, although (|z|*™" * |z|*~")(z) & /(R™), we are still allowed to make such a

calculation. In fact, since

dy
_ y‘nfaly’nfﬁ’

(2" % 2P ) (@) o= [ [z — gl |y)Pdy = /
R™ Rn \x

then:

e we have that

(2™ * |2*~) (x) N/ s < +00

n

near |y| = 0, because n — < n;
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e we have also that

dy

a—n B—n

x * | xT) ~ < +
(e s ) @)~ [ b < oo

near y = x, because n — a < n;

e we have lastly that

dy

a—n B—n

T * | xX) ~ —_—— < 40
(1 =) @) /]R" [y[?= et

for large y € R", because 2n — (a4 ) > 2n —n = n.

Consequently,

dy

] * " |27 () =
( ) re |7 =yl eyl o

< +00.

Furthermore, using also Proposition 9, it follows that

1 win(s) L1 PR
= (277)2 — _ —
0 e raes 1 G T
_ 1 _ 2a+ﬁ7rn1“(% F(%) |€|—(o¢+,8)
(2m)2 T(23)0(%5%)
_ 1 2a+6ﬂnr(% F(g) % F(n_g_ﬂ) ar at+fB—n
"t () O (e T IO

2f T O rer )
(TR
“ (e )

which is equivalent to

(Jzl* = |2)77) (2) =
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3.2. Fractional Moser-Adams’ theorem

Adams’ techniques do not work if dealing with the fractional Laplacian. The critical
issue is the non-local property of this operator: in the previous chapter, in fact, we
deduced Theorem 9 from Theorem 10 applied to the function f(z):=V™u(z) for both
even and odd cases. However, in order to apply Theorem 10, it was crucial to have
a function f such that supp{f} C Q: clearly, there is no problem for a function f
defined as above but, if we take f(z):=(—A)%u(z) for a certain s € (0,+00)\N, the
aforementioned hypothesis is no more valid in view of Remark 26.

In order to circumvent this issue, instead of introducing the Riesz potential, we will
write u in terms of a Green representation formula (similarly to what has been done in
Lemma 7). To this scope, we will mainly use Theorem 11 of the preceding section and
a density theorem due to Netrusov (see [20] for the latter), as well as some technical
results which will be enunciated afterwards. After that, we will be able to finally use
Theorem 10 (and Proposition 8, which was previously stated and proven but never
utilized) and get the thesis.

Another interesting outcome is that, this time, the following theorem holds even for the
unidimensional case. In fact, Moser’s theorem does not concern such a case because,
—2; similarly, in Adams’ theorem one has two positive integers n

and m with the condition that n > m (which is clearly not possible if we fix n = 1).

by hypothesis, p:=

However, Theorem 10 requires no hypothesis on the dimension and we will not directly
use Theorem 7 or Theorem 9: therefore, since now s > 0, the condition s < n can be

satisfied for some s even if n = 1.

Theorem 12 (fractional Moser-Adams). Let n € N, s > 0 such that s < n and
we Hy*(Q). Assume that

el = ([ J-)tutoae) <1,

where we set q:="2 € (1,+00). Then, Va € [0, ay,], there exists a constant ¢ = c(s,n)

depending on s and n only such that

][ @I gy < c, (142)
Q

where p = q%l = 1 is the conjugate exponent of q and

-
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Remark 28. Obviously, due to their definitions, this o, coincides with Adams’ cuy,
when s is an even positive integer (that is the reason we have chosen the same notation
for as,). In such a case, Theorem 12 is automatically true because it comes down to
Adams’ theorem for even m (remembering that Hgk’g’“(ﬁ) = ngi(ﬂ) for k € N, as
noted in Remark 27).

We enunciate now the usual result concerning the sharpness of the constant o ,,.

Corollary 7. If a > as,,, the estimate (142) is no more true in the sense that

sup {][ e""“(x)pd:v} = +00.
uweHS(Q) Q

[[(=A)2Zul[Lg(q)<1

In other words, if there exists a constant ¢ for which

][ @I g < ¢
Q

holds for a > «, when the remaining hypothesis of Theorem 12 are satisfied, then

¢ = c(s,n,u) is forced to depend also on the function u as well.

In order to prove Theorem 12, we need two intermediate results which allow us to

write u in terms of a Green representation formula, as stated previously.

Proposition 14. Let o € (0,2] such that o < n. Then, for every xo € ), there exists
a function G,(xo,y) € L'(R™) satisfying

(=A)2G, (0, y) = 0o (y)  ify €

, (143)
Go(r0,y) =0 ify € R"\Q

where the first equation of (143), in according to Definition 10, is meant in the sense

of distributions, namely

G0, (-2 pl)dy = [ b ()(0)dy = olao).
Rn n
Vo e C3°(2). Moreover, given Fy as in (133), we have that
0 S go‘(xﬂ)y) S fa(xo - y) (144)

for a.e. y € Q such that y # xy. Furthermore, if 1 < p < oo and u € Hj"(),
) = | Guler ) (-2)Fulr)y (145)
holds for a.e. x € ).
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Remark 29. The Green representation formula of u is consistent, namely the right side
of (145) is well defined due to Theorem 11 and (144). Furthermore, the first equation of
(143), intended in the sense of distributions, is valid for functions belonging to C§°(£2)

and not to ./ (R™), another supposition we are allowed to make.

Proposition 15. Let s > 0 such that s = 2k + o < n, for some k € Ny and o € (0,2].
Define

ZL‘ y /gz T, Y1 {/% Y1, Y2 [ {/QQ Yk— hyk)g (ylm )d?/k} }dyz}dyl,

where the functions Gy and G, are as in Proposition 1. Then

0< Gu(e,y) < (Fo Fot 5 Fy o)z —y) = Fulw — y). (146)

~
k times

Moreover, if 1 < p < oo and u € Hy"(Q2), then

/QS z,y)(—A)2u(y)dy (147)

holds for a.e. x € ).
Remark 30. More generally, the Green representation formula given by (147) is valid

for functions u which can be approximated by a sequence {uy}ren lying in C§(2) due
to Netrusov’s density theorem, which affirms that, given s > 0 and 1 < p < o0,
Cs°(Q2) is dense in HyP(Q). Hence, in such a situation, one gets ug(x) — u(x) and
(—=A)3uy(x) — (=A)2u(z) both in L'(S).

We state, one after the other, four results which the previous two propositions are,
in turn, based on. Doing this, we divide the discussion into several parts in order to

soften the discourse. The following is present in [5].

Lemma 11. For o € (0,2) and u € W32(R"), define

1
2

sy =VEC(50) AVl e (149

Then

where C’(%, n) is the usual constant appearing in (118). In other words, we have that

H2*(R") = WE*(R") = {u € LX(R") : [u] 3.2y < +00}
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Lemma 12. Define the bilinear form

By(u.v) = / </ (u(z) = u(y)) (v(z) —v(y)) dx>dy (149)

|z — y|nte

for u,v € H22(R"). Given o € (0,2), f € L*(Q) and g : R® — R such that

/n (/ (gfjl—yﬁl(ﬁf dw) dy < +o0, (150)

there exists a unique function u € H2(Q) such that the function a(z) = a(x + g(x
0

solves, for every function v € HO%’z(R”), the problem

By (u,v) = f( Ju(z)dz (151)

Moreover, such @ satisfies the relation (—A)2u(z) = 5 C(5,n) f(z) in Q in the sense

of distributions, namely the relation

/n a(z)(=A) 2 p(z)dx :% (— n)/ (152)

holds for every ¢ € C5°(Q), where the constant C(%,n) is the one defined in (118).
Conversely, if u satisfies (152), then it also satisfies (151).

Remark 31. The right side of (149) is well defined thanks to Lemma 11 (and Hélder’s
inequality), being u,v € H2?(R").

Corollary 8. Under the same hypothesis of Lemma 12, if we add the requests that
f(x) >0 on Q and g(x) > 0 on R"\Q, then the unique function u(x):=u(x) + g(x)
solving (151) is such that u(z) > 0 a.e. on R".

Remark 32. The latter result is a sort of generalization of the classical maximum

principle for the fractional Laplacian.

Lemma 13. Let F, be the fundamental solution of (—A)z for o € (0,2) on R™, with
o < n. Then there exist a number X\ > 0 and a function Uy € C*(R™) such that

Ui(z) < Fo(z) (153)
on R”,
Wy(2) = Fol2) (154)
on R™\ By(0) and, again on R™,
(—=A)3T,(z) > 0. (155)



Remark 33. The previous lemma is taken from [23] and, basically, allows to consider
a new function based on the fundamental solution F (it is, indeed, an approzimation
of Fs) which is, however, better than the latter since it removes the singularity present

in the origin.
We now pass to the proof of these auxiliary statements.

Proof of Lemma 11. We divide the proof in two steps.

Step 1: rewriting the problem. The relation (148), due to Plancherel’s formula (being
here p = 2) appearing in [15] applied to the function (—A)%u and using Definition 9,

is achieved if we show that

w

-1
0- ag
5oy =20(50) [ 1€FIZ P (156)

In fact, if this relation holds, then we get
o ~1
2 _ e o\ g 2 _
(B 5oy =20(50) [ leFIZu@ P =

o

_ 20<f,n>_1\| €15 7] gy = 26’(%,71)_1“35(91(]£|255u(§))(x)>‘ ’

L2(R™)

Therefore, it is enough if we reach (156).

Step 2: proof of (156). For a fixed y € R"™, we set z:=x — y, use Fubini’s theorem and

resort again to Plancherel’s formula in order to get

oo~ ([ Yo [ (] 25 -

2

= /n (/n u(y jILzTZ; uy) 2aly) dz = /n u jILZZIZ; ul) Lz(Rn)dz =

Subsequently, using the properties of the unitary Fourier transform already studied,
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the equation (123) and Fubini’s theorem once more, we see that

LI L L (52
(2 e [ ([ S e

|21
- 1 —cos(§-2) . B o -1 o
—2/n(//—;p;——wyju@W%>ﬂC(?n) | leriFu©Pde, (158)

where, in the fourth passage, we used that

|ei§~z o 1|2 — |62i§~z o 26i§-z + 1| —

e—if-z(e%S-z _ 2ei§~z + 1)
efié-z

B e — 2 + 77|
= e

=[2cos(§ - z) — 2| = 2| cos(€ - z) — 1] = 2(1 — cos( - 2)),

noticing that cos(() = % and cos(¢) <1, V(¢ € C.

In conclusion, joining (157) and (158), we obtain

[l 52y :/n y(u(drz?l; u('))

Bl
which is exactly the identity (156).

2
o

-1
dz:2C(—J0 €| Z (o) de,
R’ﬂ

2

L2(Rr)

]

Proof of Lemma 12. We have to prove three statements: therefore, we divide the proof

in three steps.

Step 1: proof of the first statement. In order to prove the first claim, we resort to the

abstract Dirichlet principle (see [9]): we start by noticing that, given an arbitrary

function v € Woi’z(R"), the generalized Poincaré inequality states that

][z < vl g2 gm)

holds for a certain constant ¢ = ¢(s,n) depending on s and n only. Hence, after setting
H73(Q):=W?22R") and, similarly, H? (Q) := WOE’Q(]R”) for reasons of convenience, the
linear operator 7 : HZ () — R such that

fHﬁLf@M@M

is continuous (thanks to Holder’s inequality) for every v € HZ (Q). Furthermore, if we
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now define

1
||U||H%(Q) = B(,(U, U)Q

(L (L b=y
(/n (/n %Cﬁt)@)%

is an equivalent norm on the Hilbert space HO% (©) due to (148)
Besides, the linear functional L : HO% () — R such that

UH/f 2)dz — By (g, )

:'[U]W%72(Rn)7
then that ||- ||Hg

is bounded because
jcol =| [ o = Bg.0)| < [l + 18 (o.0) <

< ||f||L2(Q)||U||L2(Q) + /n (/n l9(z) - f;(gi)|g’/1])£fz — W)l dx)dy

gHMHQWMﬁmfié(/JM@—%@HM@—U@NM)MS

IN

o=y oy
1 1
lg(x) =g | \? lu(z) —v()* , \?
S HfHLQ(Q)HUHH%(Q)‘f’/S; (/nwd.ﬁ nwdl’ dyf

<Al vl 5 o)+

L ) (] e o))

‘.Z' _ y‘nJra

xTr) — 2 ;
il + ([, ([ 0 )) s

(R™)

1
lg(z) — g(y)I? g
e G A = S P N
9(x) — g(y)I? :
= (Wt + ([ ([ E2= 0 oY) el < Mol

for a certain number M = M(f,g) depending on the functions f and g only, where
we used Holder’s inequality, the hypothesis on f and v (especially the vanishing of the

2
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latter outside 2) and (150). Therefore, the boundedness of £ follows since

1£llop:=" sup  {|Lo(z)|} < sup  {Mo]ly5.} < M.
velﬁ(a) vEHF (Q)
Il ¢ @ ol g (Q)<1

Consequently, the Dirichlet principle tells us that the functional

1
o) =3 o]l

HE(Q)

— Lo(x)

has a unique minimizer @ € HO% (Q), which means that the function @(z) :=u(z) + g(z)

is the only solution of (151): in fact, we see that

K(w) = £ [0l g, — Lo(e) = [/f s = B,(g.0)| =

:;B(vv—l—B /f

[Bo(0,0) + 284(9,0) + Bo(9,9)] — 5 5:(9,9) - / (o) =

| —

;B(v+g,v+g)——l’>’ (9,9) /f (x) + g(x dm+/f =

=5 Balv g0t 9) =~ [ f@)ele) + gla))do o+
Q
where we defined the constant

c=c(f,9): /f d$——B< 9)

depending on the functions f and g only and used the property of linearity of the

bilinear form B,, namely the identity
B (v + g,v + g) = B (v,v) + 2B,(g,v) + B,(9g, 9)-

Therefore, again by the Dirichlet principle (and ignoring the constant term which does

not play any role), we can affirm that 4(x) :=u(x) + g(x) is the unique minimizer of

—Ba(v,v)—/ﬂf(x)v(x)dx

and, besides, it is also the unique solution of

By(u,v) = | f(x)v(x)dz



for every v € HO%’Q(R”).

Step 2: proof of the second statement. Here, we want to show that the function @ found

in the previous step satisfies also the relation (152). Since, by Definition 11, we have
that C3°(Q) C Hg () N.#(R"), then Proposition 11 implies that

/n i(2)(—A)5 p(x)ds = / i) {C(%n) lim, /RH\BE(@ %dy] dz =

=c(Gon) [ gm [ EZ e

= 50(Gn)B@a = 10(5m) [ et

where, in the penultimate passage, we used the fact that, once defined the quantities

A::/ a(;c)[hm/ Mdy}dx
n e=0t Jgm\p.(z) T — Y[

B::/ ﬁ(y){ lim / de} dy,
n e=0t Jpm\ () |T — Y™

then clearly A = B = 5 (A + B), which implies that

/ a(x) [ lim / M dy} dx =
n e=0t Jro\ B (@) |7 —y["T
1 _
== (/ u(z) { lim / M dy] dz+
2 n e—0t Jgm\ () 1T — Y[
_ . p(y) — o(x)
+/uy{hm/ —————Ldz|dy | =
n ) e—0+ Jpm\B.(2) [T — Y|
1 _
= —(/ [ lim / u(z) plz) = ely) dx} dy+
2 Rn | €—07F R™\ Be (z) |ZE — y|n+g
. oY) — ()
+/ {hm/ u(y) ———————=dz|dy | =
R [ =07 JRe\ B, (2) @) |z — y|"to

N %(/IR” Lli%i /]R"\Bs(x) o i(ﬂyz)zgﬁ(f") A dm] dy> -
1 ( / { / (a(x) — a(y)) (¢(z) = 2(y)) dx] dy) _ % Bl )

2 ‘.T _ y‘nJro'

and

using Fubini’s theorem.
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Step 3: proof of the third statement. This last part is very similar to the second one:
in fact, if @ satisfies (152), then

M)

;o(g,n) [ e = [ ale)-)ipla)da -

. o . p(r) — oY)
= u(x)|C| =,n | lim / —— L dy|dr =
/R" ( ){ (2 )5—’0+ Rm\B.(z) |T—y["7 Y

1
=3 C<§ n) B(a, ¢),
for every function ¢ € C§°(£2), where in the penultimate identity we made use of the

exact same computation done in the preceding step. All this clearly means that
B(u,p) = | f(z)p(z)dr
RTZ

In conclusion, by the density of C§°(2) into HO% 2(Q) due to Netrusov’s theorem, we
have that the above relation is still valid even for an arbitrary function v € HO% 2(9)
replacing .

O

Proof of Corollary 8. Since @i_ lies in W2-?(R") (and the same is true regarding the
function o(z):=—u_(x), clearly), in view of Definition 11 and (148) we have that ©
belongs to HD% ’Q(Q), too, where the vanishing of it outside 2 is due to the fact that
the minimum between @ and 0 is the latter outside €2 by hypothesis and its definition,
since @(z) :=u(z) + g(x), with a(z) = 0 and g(z) > 0 in R™\Q. Therefore, from (151)

and the definition of the function o, it follows that

[ rntone =g, = [ ([ DTG0 ),

/ (/ i () — iy (y) + - (y)) (3(x) — 5(y)) dx)dy:

|z — y|"te

( ) + (@) — @ (y) = (y)) (5(2) — 5(y))

|z — y|"to

dx) dy =

_ / ( [ (8 (2) = 4 () (B(2) = 5(y) + (3(x) = 0(»))° dx) s

B |z — y|rto

L (S oo
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where we used that f(x)v(z) <0 (because f(x) > 0 and 9(z) < 0) and that
(it (x) = 4. () (B(2) = 0(y)) = Ty (2)0(x) — @y (2)D(y) — Gy () D(2) + Ty (y)D(y) =

= — (@4 (2)0(y) + a1 (y)o(x)) >0,

since U4 (2)0(x) = 0 = 4 (y)0(y) and a4 (x)0(y), uy(y)v(z) <0, Va,y € R™.

- <2
[ ([ E 0 )
n n |ZL‘ - y|n g
which implies that o(x) = 0 a.e., and so does @_(z). This proves that a(x) > 0 a.e. on
the whole R™.

Hence, it must be that

]

Proof of Lemma 13. 1t is easy to create a function W, starting from F, lying (at least)
in C'(R") and which satisfies (153) and (154). In fact, if we take an auxiliary function
U which identically equals F, on R"\ B;(0) and which is, inside B;(0), a paraboloid
from below attaining its maximum at the origin that connects, in a sufficiently smooth
way so that ¥ € C'(R"), itself with F, over B;(0), then it is enough to take an
element A > 0 and define

\If)\(l') = \f\lqg_§2 .

Indeed, that ¥, belongs to C'(R") and satisfies the first two requests, namely the
relations (153) and (154), is an immediate check that follows from the definitions of
U, and F,, since they are equal on R™\ B,(0) and, inside B,(0), F, has a singularity
in correspondence of the origin.

To show that even the last property of W, is satisfied, we appeal to Proposition 11
(being allowed since o € (0,2) by hypothesis) and write

(AW, (z) = C(gn> lim /R s Ua(z) = DY) (159)

e—0+ |z — y|rte

where C' (%,n) is the usual constant defined in (118). We reiterate again that, in
according to the point (v) of Remark 21, we can make use of (117) whenever the
integrand is finite (and this is the case because n + o > n). We already know, thanks
to Theorem 11, that (—A)2F,(x) = do(z) if s € (0,n): hence, if 2y € R™\ By(0), then

i = oG iy [ b,
R™\ Be (z0)

e—0+ |z — y|mte
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9

> C(—,n) lim / Fol@o) = Fo(y) dy = 0,
2 e=0" Jrm\B.(zo)  |To — Y["T

where we used that Wy (xy) = F,(z¢) and, for every y € R”, that ¥, (y) < F,(y) (with
U, (y) < F,(y) over By(0), in particular) due to (154) and (153) respectively.

Instead, if zop € By(0)\{0}, there exist an element x; € R"\{z} and a number § > 0
such that the function F(z,0,x,6):= F,(x — 1) + 0 touches ¥, from above at the

point ¢ (it follows by the definition itself of W). Therefore, once again, we get

- o , Ua(mo) — Wa(y)
—A)2U,(x :C’(—,n) lim / dy >
( ) >\( 0) 92 0t R\ B. (20) |ZL'0 _ y|n+0'

>C<g7n> lim / ‘F(x070-7x175)_.r<y,0',1'1,5) dy:
2 R™\ B (z0)

e—0+ |z — y|nte
o (0 — 0 — Foly — -0
— C(g,n) lim / Folwo —21) + ]-:r(y 1) dy =
2 e=0% JRrn\ B, (20) |zo — y|nte
:C’(g,n) lim / fa($0—$1>_~717(y—$1) dy =0,
2 e—0t R™\ Bz (20) ‘iL’o — y‘n o

since now W, (zg) = Flzo, 0, x1,0) :=F,(xg — x1) + 0 and, for an arbitrary y € R",

Ua(y) < Foly —x1) < Foly —x1) + 6= F(y,0,71,9).
Lastly, ¥, attains its maximum at the origin by definition, and so

(—A)50,(0) = c(i,n> lim / ¥a(0) = ¥aly) dy > 0
2 R™\ B (20)

e—0* [yl +e

because we are integrating a positive quantity (since W, (0) > W, (y), Yy € R*\{0}).
In conclusion, we managed to achieve (even more than) the relation (155), being
(—=A)2W,(z) > 0 on the whole R™.

O

Remark 34. In the previous proof, we did not define numerically the function ¥ (and,
consequently, we do not possess a rigorous writing of Wy ) because it is not relevant:
i fact, in the forthcoming proof of Proposition 14, we will make use of Lemma 12
which gives a unique function to us, let say u, due to the abstract Dirichlet principle,
as seen in its proof. Therefore, since it allows us to determine such a function but not
to construct it, there is no need to find rigorously the definition of ¥, because we will

use it along with u, considering indeed the function ¥y — u.

We are now able to prove the two propositions concerning the Green representation
formula for u: the first one dealt with the case for the fractional Laplacian of order not

greater than 1, while the second one generalized it allowing to consider any order.
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Proof of Proposition 14. We proceed step by step.

Step 1: the case 0 = 2. The limit case in which o = 2 is well-known, because it comes

down to the integer case: here, in fact, we have the classical Laplacian operator (—A).
Hence, we already know that the relations (143), (144) and (145) hold (the last one is
exactly the point (i) of the thesis of Lemma 7 once we reconstruct the function G,).

Consequently, from now on, we are focused on the case o € (0, 2).

Step 2: proof of (143). Next, we take an element xq € €2, set § ::% dist(z, 02) > 0 and
choose any function g,, € C'(R™) such that g,,(y):=F,(zo — y) for y € R™\ Bs(z),
where F, is the fundamental solution of (—A)2 for s € (0,n) on R™ defined in (133).
Note that Bs(zg) € Q by definition of 4. We claim that

/Q (/ (9:0(%) = 920 () dy) dz < +oo. (160)

‘y _ Z|n+0'

In order to prove that, we split the internal integral for a fixed zy € §2, obtaining

/ (90 () = 920(2)°

ly — 2|t

2 2
_ / (ga:() (y) - g:ci(z)) dy +/ (gzo (y) - gzj:(Z)) dy ‘
Bi(20) ly — 2|7t R\ Bi (20) ly — 2|t

(. J/ .

-~

— 1 (2) — Iy(2)
Thus, we see that there exists a constant ¢; = ¢;(0,n) depending on ¢ and n only

(since n + o — 2 < n) such that

(gzo (y) — Gz (Z>)2 |gxo (y) — Yz (Z)|2
I(z):= dy = dy <
2 /Bl(zo) ’ /Bl(Zo) ’

|y _ Z|n+0 |y _ Z|n+a
2
IV ol = (B120p [y = 21) dy
< dy = |V a2 (50 / ——— <
/Bl(zo) |y _ Z|n+a 011> (B1(20)) Br(20) |y _ Z|n+cf—2

< Cl||vgxo||%°°(31(20))'

Similarly, there exists also another constant ¢y = ¢y(0, n) depending on o and n only

(since n + o > n) such that

2
[2(2) ::/ (gx()(y) - ng(Z)) dy _ / |gw0(y) — gmo(z)‘z dy <
R T S e

2 2
</ (1920 ®)] + 19w (2)1]) dy</ Cllgaoll=)”
~ JRM\Bi(20) ’y_z‘nJrU ~ JBi(z0) ‘y_z‘n+g
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dy
— 4]]gay P / W ] ga P,
Zo |l Loo(R") By (20) |y_z|n+a xo || Loo (R7)

/Q (/n <g$0|(5)__2ﬁﬁ52))2 dy> dz = /Q (]1(2) + ]2(2))dz <

Hence,

= <01||v9$0||%°°(31(zo)) + 4C2||ga:o||%oo(Rn)> Q[ < +oo,

since g, € C*(R™). This proves (160).

Now, thanks to the estimate just proven, the hypothesis of Lemma 12 are satisfied if we
take f(x) = 0 which, trivially, belongs to L?(2): consequently, we are able to use it and
affirm that there exists a unique function H, € H%’Q(Q) such that (—A)>H, (0,y) =0
in Q (in the sense of distributions), Where Ho (20, y) = Ho (20, y) + guy (y). Furthermore,
using the definition of the space H;; 5 (Q), we can summarize the conditions obtained

by writing

(—A)2H, (20, y) =

Ho(0,) = gm(y) ify € RM\Q
Moreover, being f(z) = 0 on 2 and g¢,,(y) > 0 on R"\Q by definition, Corollary 8 tells
us that H,(xo,y) > 0 a.e. on the whole R™.

Next, if we define the function

ify e Q
nY (161)

W0, y) = =Ho(wo,y) + sup {ga(2)},

z€R™M\Q

then h still satisfies the relation (—A)2h(z¢,y) = 0 because

NI

(—A)2h(z0.y) = (~A) (— M, (20,y) + sup {gm<z>}) _

z€R™\Q

= (2o ) + (-7 _sup {025} ) =0
z€R™\Q
by (161) and the fact that the supremum appearing above is a constant (which makes
the integral representation of (—A)2w in (117) null). Consequently, if we replace the

function g,, with

Juo(y) = sup {gue(2)} — Guo(v)
z€R™M\Q

n (160), the latter is still valid using the same computations done earlier (we, indeed,

used mainly the fact that |g,,(y)| < [|gzo||poomny for every y € R™ and, here, it is
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still the case): therefore, by Lemma 11, h satisfies the problem (151) with f(z) = 0
and, hence, it must be a non-negative function by Corollary 8 (since, by definition,
Gz (y) > 0 on the whole R™), which means that

0 < h(‘r()?y) = _HU(x07y) + sup {9330 (Z)} <= sup {g:vo (Z)} > Ha<x0a y)
Z€R™\Q ZER™\Q

Thus, by definition of g,,, we get

sup {F,(xg—2)} > Ho(x0,y).
z€R™\Q

What we obtained is that

0 < Ho(wo,y) < sup {Fo(zo —2)}, (162)
2€RM\Q
for a.e. y €  (notice that, by definition of H,(x¢,y), the validity of (162) is immediate
if y € R™\ (), which means that it is true everywhere).
Further, if we now define G, (¢, y) := F,(zo —y) — Ho (20, y), then G, satisfies (143): in
fact, using the linearity of the fractional Laplacian, Theorem 11 (up to a translation),
(161) and the definition of g,,, we infer

(M)

(_A)%ga@o,y) = (_A> (-Fo($0 - y) - Ho(l’o,y)) =

SIS

= (_A)%'Fa(xo - y) - (_A) Ha(x07y) - 5:co<y)

for y € Q, while

Go (20, y) := Folr0 = y) = Ho(0,y) = guo(y) = gao(y) = 0

for y € R"\Q. Note that this G, belongs to L'(R"): in fact, by definition, it is not
greater than F,, which is in Lj, (R") because, by Theorem 11, it lies in Ls (R"). Hence,

it must be that G, € L'(Q) and, since in this case they are equivalent conditions due
to the vanishing of G, outside ), that G, € L*(R™).

Step 3: proof of (144). To the scope of having (144), it suffices to bound G, from below
because, in view of (162), we have that H,(x,y) > 0 a.e., which implies that

Go (w0, y) = Folxo — y) — Holwo,y) < Folzo — y)-

Therefore, it remains to show that G,(xp,y) > 0 for a.e. y € Q. Since, again by
(162), H, is bounded, choosing an element ¢ € (0, ] sufficiently small takes us to have
Fo(xo —y) > Hy(zo,y) for a.e. y € Bo(xp) because, in proximity of xg, we reach the
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singularity of the fundamental solution F,. Therefore,

gg(iio,y) ::Fa(xo - Z/) - Ha(x07y> >0

in B.(xg). Next, using Lemma 13, we modify the function F, in B.(xy) in order to
obtain a new function W,, lying in C'(R") and satisfying the relations (153), (154)
and (155), namely it is such that U, (y) < Fy(zo —y) on R, U, (y) = Fy(zo —y) on
R™\ B. (7o) and (—A)2 ¥, (y) > 0 on R". We reiterate that the last condition can be
even more strict, namely we could consider (—A)2 W, (y) to be everywhere positive;
nevertheless, it is enough if we have that (—A)2 W, (y) > 0 on the whole R".

We have to clarify that, using an abuse of notation, we wrote ¥, instead of ¥, (which
was the notation utilized in Lemma 13) in order to highlight the dependence of the
aforementioned function on xg and to hide the one on ¢, since the latter is not relevant.
Besides, notice also that we used Lemma 13 after a translation.

Now, we make another claim by affirming that ¥, — H, € HO% 2(Q) First of all,
the function ¥,, — g,, belongs to C'(R") because ¥,, € C'(R") and g¢,, € C'(R").

Furthermore, it vanishes outside 2 since, over (at least) R™\ (2, we have that

Vo (¥) = Fo (@0 — Y) = o (Y),

being B.(x¢) C Bs(xg) € 2. Moreover, a similar computation respect to the ones done
to prove (160) takes us to state that

/ ( [ [(wx()(y)—g%(y))—(wm0<z>—gmo<z>)]2dy>dz<+OO_

ly — z|nte

Indeed, using the elementary estimate |a + b|P < 2P(|al? + |b|P) valid for every a,b € R
and p > 1, we have that

/ ( / (Vo (1) = 920 (4)) = (Ve () = gy (2))]° dy) b

ly — 2"t

_ / ( / (W () - \vm<|z>> . (920(s) - s (2)) | dy) i <
Q n y—z|"?

< 4/9 </ Ve, (y) — \I’m(é)l_z ;ino(y) — 9y (2)? dy) gy —

(P e ([ et )]

< 4[(63HV%0H%%<BI<ZO>) + 404”‘1%011%@(11%“)) |21+
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(111 G e ) + 411G e ey ) 1€21] < 00,

where we consider the same zy € €2 and compute the same calculations used in Step 2,
which allow us to state that, since ¥,, € C'(R"),

Wy (y) = T ()
/Q(/ 0 0 dy dz S <03||V\I/xo||%°°(31(20))+4C4||\11m0||%00(Rn)>|Q|

ly — 2|t

holds, similarly as before, for two constants c3 = c3(o,n) and ¢4 = c¢4(0,n) depending
on o and n only (the constants ¢; and ¢y are, in fact, the same). Consequently, it
follows that

2

Wao—9azoly g2 @ny = </n (/n (% (9) = gwo(?ﬁ)——dg?&) — 2o (2))] dy) dz)é )

_ </n (/n [(W,(y) —gzo(?ry))_—z|(i:0(z) ()] dy) dz>;

is finite, which implies (due to Lemma 11) that ¥,, — g,, € W22(R") = H22(R").
Hence, by the vanishing of the latter outside €2, we have also that ¥, —g,, € HZ 2(Q)
Therefore, since we already know that H,(zo,y) — g, (y) € HZ ’Q(Q), it must be that

\chvo (y) - HU(I(],y) = (\ijo (y) — Yz (y)) - (Hcr(%,y) — Yz (y))

lies in Hog’z(Q), as claimed. Thus, this statement means that W, (y) — H,(xg,y) =0
over R™\ .

Moreover, one has that
(_A)%<\Dx0(y) - Hg(l'g,y)) = (—A)%\IJxO(y) - <_A)%HU(:E07Q) = (_A)%\on(y) 2 0

on € by (161) and the properties of ¥, . Taking now the (positive) function

(VB

F=20(Fn) (A7 (0 0) ~ Kot ),

which belongs to L*(Q) by Definition 11 because W, (y) — H,(z0,y) € HO%’Q(Q), we

have that

C(% n> 20(%, n) _1(—A)% (Wao () — Holz0,)) =

—5¢(50) 10

Further, the function ¥, (y) satisfies (150) because, on R™\ Bs(x), it coincides with
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gz, (Which makes the aforementioned estimate true) and, since they both lie in C*'(R"),
the methods utilized to prove (160) are still valid once we replace g,, with U, (y). It
follows at once that, since ¥, (y) — Ho (2o, y) satisfies the above relation with such a
function f, it also satisfies (151) (by Lemma 11) and that, since ¥, (y) is non-negative,
V.. (y) — Ho(xo,y) > 0 (by Corollary 8). Hence, we have that W, (y) — H(x0,y) > 0
inside {2, which implies that

g(f(any) ::Fa<x0 - y) - Ho‘(xﬂ’y) Z \Pmo(y) - Ho(xmy) Z 0

in Q, proving (144).

Step 4: proof of (145). To the scope of showing the last part of this result, we begin by

considering a function u € C§°(2). Then, using u as a test function in (143), we infer

@) = [ S.ly)uly)dy = / Go(z,y)(~A)Fu(y)dy = ((—A)3G,.u),  (163)

Rn

reminding that G, vanishes outside Q. If now u € Hj*(Q), let {uy}ren belonging
to Cg°(2) and converging to u in HJP(2), which means that u(z) — wu(x) and
(—=A)2u(z) — (—=A)Zu(z) both in LP(R") (and, therefore, in L'(Q) due to the
boundedness of €2). Note that this is possible thanks to the density theorem of C§°(€2)
into H*(§2) achieved by Netrusov. Using now (163), one has that

uk(2) = ((~A)5G,, up) = / G () (— ) S (y)dy. (164)

Next, we show that

/Q Go () (— ) S (y)dy — / G, y)(—A) Fu(y)dy (165)

in L'(Q). In fact, by (144) and Fubini’s theorem,

J

/Q G (2, ) (=) S un(y)dy — / Go (2, ) (— ) Fuy)dy

124



/ 1B = o)l | (~A) Fun(y) — (—A)Su(y)|dy <
< sup {17, ~ s} / (~A)Fur(y) — (—A) Fu(y)|dy =
= Sup{HFU - y ’Ll }H % - (—A)%U(y)”LI(Q) — 0
yeN

as k —— +00, where we also used that |[F,(- — y)|[z1(q) is bounded by a constant
depending on ¢ and n only (hence, independent of y) for every y € Q. In fact, for
every 1o € €2 fixed, using Minkowski’s inequality and the definition of F, takes us to

[ Fo (- = yolllzr) < [1Fo(- = vo)llerBrwo)) + |1 Fo (- — yo)ll L1 @\Bi(o)) =

= / Fo(x —yo)dx + / Fo(x —yo)dx =
(yo)

Q\B1(o)

F n—o
= ”—22 (/ |z — yo|” "dx + / |z — y0|"_”dx) <
2021 (5) \J Br(wo) O\B1 (40)

F n—ao
S(TL—QZ(/ —dx_+/ dx)_ ( Z
2U7TQF(§) Bi(wo) 1T — Yo" 77 O\ B1 (y0) 2°m (—)

2
where we used the inequality |z — 30/7"™ < 1 valid over Q\ B;(yo) and introduced a

(e +1921).

constant c5 = ¢5(o, n) depending on ¢ and n only, being able to do that since n—o < n.
Thus, we got (165) which, along with (164), tells us that

o

u(z) — ug(z /gaxy )2ug(y dy—>/gaxy (—A)Zu(y)dy

both times in L'(€2). Hence, we are finally done by the uniqueness of the limit, which

allows us to affirm that

/ Go(,y) (=) u(y)dy.

Proof of Proposition 15. We divide the proof into two steps.
Step 1: proof of (146). Using the relation (144), we will deduce (146). In fact, that

Gs(z,y) > 0 is clear since G, is, for every o € (0,2], a non-negative function, which

implies also the non-negativity of G¢ by its definition. Subsequently, using (144), we
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have that

(z,9) /92 T, Y [/92 Y1, Y2 { {/92 Y1, Yr)Go (Y )dyk} }dyzldmﬁ
/Fz T = {/fz Y1 — Y2 { [/]:2 Yr-1 = Yr)Fo(yr — )dyk} ]dy2]dy1:

:(;F2*~F2*"'*~F2/*~FU)($_?J)>

TV
k times

where the last identity follows after a change of variables by setting z; :=vy; — y;+1,
for every 1 < j < k —1, and z:=yr — y. In fact, doing that, the determinant of the
Jacobian matrix (which is the sum of the identity with the matrix having -1 on the
supradiagonal and 0 elsewhere) is 1 and we find that the above convolution becomes

equal to

/]:2<x—y Zz]) sz 2 { [/B 251)Fy (zk)dzk} ]d,@: dz =
/B T =Y [/]:2 Y1 — Y2 { [/]:2 Y1 — Y) Fo(Yr — )dyk] —

since the sum appearing in the first integral is telescoping and gives y; — y as result.

dy2] dy,

Lastly, it remains to show that

~ - 2572

k times

F n—s
(fg sk Fox ok FoxFo)(x —y) = Fs(x —y):= ("—)ﬁ) |z —y|*™".
2

This identity follows by the definition of the function Fy; and Corollary 6 once we
proceed by induction on s = 2k 4+ o. Firstly, if s € (0,2], then & = 0 and, therefore,

F(nfo)
Folr —y)i=—s2r< v —y[7™"
2721 (%)
Now, for every k € N, we show that
(Fox Fox -k Fo)(x —y) = For(x — y):= Mu—m%_".

k times

If £ = 1, there is nothing that needs to be shown since, in such a situation, we have

exactly the definition on F3. We continue with the case in which k& = 2, where we get

Foe e =) = [ (2 b} o (2 ) -0 =

22 22
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ACO T C

4—n
= 7 ano i |T— = F —vY),
247T5F(%) |z —y| a(z —y)

where we used the usual properties of the Gamma function and the identity (141) with
a:=2=:(, being here a + § =4 < 4+ 0 = s < n. Next, assuming the identity true

for k — 1, we obtain

(FoxFox-xFp)(x—y) = (FoxFox - x FoxF)(v —y) = (Fap2*x F2)(v —y) =

[ty ) o (o) - -
)

(n+2 2k) (n

2
2%k (252)  T(3

2

_ﬁ| — Y = Fa(w — ),

where we used again (141) with, this time, ov:=2k — 2 and :=2, being once more

allowed to resort to Corollary 6 since, now, o + = 2k < 2k 4+ 0 = s < n.

Having this formula, we can complete the proof of (146) because we infer

(Fox Fox - x FyxFo)(w —y) = (Faux Fo)(x —y) =

TV
k times

=[(2§;(n T)) |)(2 (g;é) T CEE

(
Fe5)r(e7) = rE)rEr

— 2 2 2 (n_22k_0) | |2k+0 n _
22k+cr7rn1“(%)r( ) F(2k’;—a)r(n—22k)r(n;o)
_ F(%ﬂ) 2k+o—n __ F(n;S) .
o 221@—}—07.‘.%1“(2/&;-0) ’SL’ o y’ - 9s %F(;) |l‘ - y| Fs(x y)7

where we used, for the third and last time, (141) after setting « := 2k and 8 := o, being
able to do that since a + =2k +0=s<n.
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Step 2: proof of (147). In order to prove (147), we first consider, as before, a function
u € C§(€2). Thanks to the properties of the fractional Laplacian (see Remark 22 and

Remark 25), we are able to write

(—A)2u(z) = ((~A) o (=A) o0 (=A)o(=A)F )u(z). (166)

Consequently, using k + 1 times the identity (145) (the first & times with o :=2), one

obtains

- / G, ) (— Ay )y =

- [t [ 92<y1,y2><—A>2u<yz>dy2] dy ==
[ [foin o] [t srimnfn o
A R RS
i e st
- [[ o] [ st >dyk] ]dy1]<—A>5u<y>dy—

_ / G.(z, y)(—A)uly)dy,

where we also used (166), Fubini’s theorem repeatedly and the definition of Gj.
When u is not smooth, we can replicate the techniques utilized in the last part of the
preceding proof and will get the thesis (basically, we can use again Netrusov’s theorem
as done before and (147) will follow by density).

O
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3.3. Proof of Moser-Adams’ theorem and its sharpness

In this last section of the issue, we finally prove Theorem 12 (which has now become a
simple application of Proposition 15 and Theorem 10) and the usual result concerning

the sharpness of the constant a,,.

Proof of Theorem 12. We split the proof in two steps.

Step 1: an initial consideration. Given an arbitrary function u € Hg’%(Q), we take
f(z):=|(—=A)2u(z)| as our auxiliary function. By hypothesis, we have that f € L1((2)

and || f||za) < 1, where ¢:= 2.

We first notice that, similarly to what happened in the proof of Adams’ theorem, we
get f(z) = 0 <= u(x) = 0 over . Indeed, if u(x) = 0, then clearly f(z) = 0 by
the definition of the Fourier transform and the properties of the fractional Laplacian.
Conversely, if f(z) =0, then 0 = |f(z)| = |(—A)2u(z)| and, using (134), we infer that

|(=A)2u(@)| = |f(2)] = [(~A)2(F; * ) (x)

Y

which means that, up to a sign, u is equal to F¢x f: this is due to the fact that, whenever
we are given two functions g; and g» (belonging, for instance, to C§°(R"), so that we
can subsequently use the density of the latter into Hg’%(Q) and the initial definition
for the fractional Laplacian through the Fourier transform and anti-transform given in
the first section of this chapter) such that

s

(=A)2gi(2) = (—A)2ga(x),

then one has necessarily that
FHIEPF () (@) =:(=A)2 g1 (2) = (=A)2ga(w) := FH(|E]" F 92(6)) (2) <=

= £’ Fq(§) = £’ F 2(§) = Fg1(§) = Fg2(§) = q1(2) = g2()

using the properties of the Fourier transform. Thus, we had that u(z) = (Fs * f)(x)
which, however, is null because f(z) = 0. This shows that u(z) =0 on .

Therefore, if u(x) = 0, then the thesis is obvious (it suffices to replace the constant ¢
with 1 in (142) and the integral is bounded). Instead, if u(x) # 0, then f(z) # 0, too,
which means that || f||Ls@) € (0,1].

Step 2: conclusion. After having dealt with the trivial case in which u(xz) = 0, we

shall consider a function u which is not identically null. As done earlier, this will

prove helpful because, in such a situation, we are allowed to divide by || f||Ls(q) since
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f(x) # 0. Due to Proposition 15, we can bound u and get

@wzy&gxayx—Aﬁu@wa:Léggﬁynﬁﬁﬂw:

- [ Gty dy—?mr = gty U D@, (0

where I (z):=|z|*"" is exactly the same function introduced in Theorem 10. Note

also that, this time, we have the complete Riesz potential, since we remind that it was

defined as . 1)
_ y
T/ =5 [

where § € (0,n) and

NG
10 =2 ()2)

P

which implies that

1 /() TP G
L3 =5 L i = gy (b D)

Consequently, (167) implies that

asnlu(x)]? < asm[

R e it

Wn—1 2571'2 F(

using the definition of oy ,,. In conclusion, being here p := q%, s=1 and [5(z) = |z|*™"

we are allowed to apply Theorem 10 and get

n n_[Usxf)@)]”
][6a|u(m)pdx S][eas’"m(r)pdac S][ewn1(Is*f)(ac)de Sj[ewnl[ g ] dr =
Q Q Q Q
— f ewnnfl
Q

for every a € [0, v ] and for a certain constant ¢ = ¢(s, n) depending on s and n only,

Tsxf) () |P
M7Tlq

dx <c,

which is the desired result.

]

After proving the main theorem of this chapter, it remains to show the sharpness of
the constant ay,,. To this scope, we have to introduce another helpful lemma, which

will be the last auxiliary result before finally proving Corollary 7.
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Lemma 14. Let 9 € C§°(B1(0)) be a function such that 9(z) € [0,1] on R" and, in
particular, ¥(x) = 1 in B%(O). Given s > 0, € (0,n), p € (0, %} and 1 < q < o0,
there exists a constant ¢ = c¢(s,n,q, 3) depending on s, n, q¢ and 3 only such that

(=205 (1 = DTs 5 D) gy < 0 11115, (168)

holds for every f € C§° (BP(O)), where p:= q%l and I5(x) = |z|°~™ as always.

Proof. Once again, we divide the discussion into two steps.

Step 1: a useful estimate. Our starting point is to prove that, given ¢ € .#(R") and

set B:= B (0) for convenience, the estimate

(175 5 (1= 9)(=2)30)|| oy < ol [lioan) (169)

holds for a certain constant ¢y = ¢y(s,n,q, ) depending on s, n, ¢ and 5 only, where
pi= qqu is the conjugate exponent of g.
We set ¥4 (z) :=1 — J(x) and choose a function ¥, € C§° (Bi(O)) such that ¥o(z) >0
over R” and ¥5(xz) = 1 in B. Hence, by definition, ¥;(z) € [0,1] and 9J1(z) = 0 in
B% (0), which means that the supports of ©; and )5 are disjoint and, in particular, one
has that dist(supp{¢:},supp{v}) > 1.

Next, we consider the function

_ Vi(y)da(x)
g(ac, y) T |ZE _ y|n_5 :

That ¢ is smooth (in both z and y) thanks to the disjointness of supp{?}; } and supp{v }
just established. Besides, by definition, it is non-negative for every choice of x and y.
Moreover, V2 € B and for every ¢ € .Z(R"™), we get

(Is+ (1 = 0)(=2)2¢) ) (2) = Va(2) (L5 * (01 (=A)20)) () =
ey MO E) |, [ 01(y)9:(x)

|z —y|"P n o —y[rh

— [ sww-ayui = |

where we resorted to the definition of the function g, utilized the properties of the

(=2 g, )b (y)dy = / W, y)d(y)dy, (170)

fractional Laplacian (in particular, the one appearing in the point (i) of Remark 23)
and set h(z,y):=(—A,)2g(z,y). Note also that we had to denote by (—A,)? the
fractional Laplacian operator because, this time, we are dealing with a function in two
variables and, therefore, one has to declare in which variable it is done. Moreover, h is

smooth (because, basically, g is).
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We are now focused on the asymptotic behavior of the function h: it turns out that
it decays, at most, like |y|~"~* uniformly with respect to z € B (see also [16] for this

fact). Indeed, as usual, we can write s = 2k + ¢ for some k € Ny and o € (0,2) so

g

that, using its properties, we are able to split the operator (—A)z into (—A)*o (—A)z.
Subsequently, using (117), we get

NS

g(z,y) = C(o,n) lim g(z,y) — g(::,z) "
e—0t R”\Bg(z) ’y —_ z’n o

(=4y)

9

where the constant C'(o,n) is given by (118), as always. For z € B and for sufficiently
large y, we get

g . g(x,y)—g(x,z)
—Ay))2g(z,y) = C(o,n) lim dz <
(=&)2dle.y) = Clom) Jun, R\Bo(a) Y= 2"
: dz
< C(o,n)g(x,y) lim _ (171)

e—0+ Jpm\B.(z) [y — 2"
where we used that g(z,z) > 0 and, in particular, that it is strictly greater than 0
outside Bj(0). This implies that

ly|"*e

[y (=Ay) 2 g(z,y) < Clo,n)g(x,y) lim

— L dz <
e=0F Jrm\B.(x) 1Y — 2" 7

for a certain constant ¢; = ¢;(o,n, 8) depending on o, n and  only (where we used

that n + o > n and that, for large y, the function ¢ is not greater than 1). Hence,

C1
ly|nto

(M)

(—Ay)2g(z,y) <

Thus, using (171) and differentiating repeatedly, we get

(=02 g(z,y) = ((=Ay)F o (—A))2)g(z,y) =

= (—Ay)’“{(](a, n) lim 9(w,y) —g(x,2) 1 _
=0t Jpmp.) |y — 2"
< et mgto .
e=0% JRrn\ B, (x) |y — Z|n+o
. .,
= Clon) lim, . (@(—Ay)’“ (%)c& <

< ¢, lim R e
=0t Jam gy 1y — 2P T ot Jam gy Iy — 27

where co = (s, n,3) is another constant depending on s, n and S only. Therefore,
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with a similar computation as before, we now have that

n+s
[y (=Ay)2g(x, y) < cp lim %

dz S Cs3,
e=0% Jro\ B, (2) ly

with ¢3 = ¢3(s,n, 8) depending, again, on s, n and § only. This means that we finally
achieve
s C3
<_Ay)zg(x7y) < 7’1+S7
|yl
which is the desired estimate. Hence, we can affirm that h decays less than |y|™*

uniformly with respect to x € B. Next, by Holder’s inequality, we obtain

esssupd [ hGe)tu)dy ) < esssup{1IhGe, osen HIvl e <
n xE

zeB

< call|zoen) (172)

where ¢4, = ¢4(s,n,q, 5) is a constant depending on s, n, ¢ and § only. The existence
of such a constant is due to the fact that h is smooth and, decaying as |y|~" %, belongs
to LI(R™) since |y|~"* does (the reason of the latter follows because, as usual, we have
that g(n +s) > n+ s > n). Thus, joining (170) and (172), we see that

HIB * ((1 — ﬂ)(—A)Sw) ‘ ‘LM(B) ::es:es;p{(lg % ((1 — ﬂ)(—A)%z/J))(x)} =

— ess Sup{ /n h(x,y)z/z(y)dy} < el |Y]| Ly,

z€eB

proving (169) once one sets ¢y = co(s,n,q, ) :==c4.

Step 2: conclusion. To the scope of proving (168), by duality (being 1 < ¢ < o) it
suffices to have that, for every v € . (R"),

Hlﬁ * ((1 - 19)(_A>%w)HLP(BP(O)) < C5p%‘|w”Lp(R") (173)

holds for a certain constant c¢5 = ¢5(s,n,q, 3) depending on s, n, ¢ and § only. This
estimates follows by (169) since, using it, we get

P

s+ (=22 = [ 10 (= D)) @) <

»(0)

- <”fﬂ (1 =0)(=2)30) |7 / . dx); _

= {175 5 (= D) 30) |y (22 7)” =
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= (=)0 1 (1 = )(=2)30)]| oy <

n

1
Wn—-1\»p n n
< () o [lmen) = e [ e

1
where we set ¢5 = c5(s,n,q,5) = (%)pco. This proves the estimate (173) and,
consequently, also the one in (168).

O

Remark 35. The previous result is valid even for s = 0, since such a situation does
not create any problems in its proof. We reiterate that, as always, (—A)%u means just

u (in fact, in view of Definition 9, one would have, let say heuristically, that
(~A)ue) = Z7 (e Fu(€)) (x) = F (Fu(€)) () = u(a)

holds).
We lastly prove Corollary 7 and, afterwards, the discussion will be concluded.

Proof of Corollary 7. The reasoning will contain similar considerations and techniques
compared to the ones utilized when proving Proposition 7 and Proposition 8. We,
in fact, suppose (without loss of generality, as previously noted) that B;(0) C €2 and
consider functions belonging to C§° (BI(O)), being able to do that thanks to Netrusov’s
density theorem. Next, we fix & > as,,, choose a number p € (O, %} (which will be later
fixed), take a cut-off function ¥ € C§°(B1(0)) such that J(x) € [0,1] on R™ with, in
particular, 9(x) =1 in B 1 (0) and consider an arbitrary function f € C§°(B,(0)) such
that || f|[ze(B,0)) = 1. Just to fix ideas, the latter request can be satisfied by choosing
a positive mollifier ¢ supported on B,(0) which, by definition, is such that

Y(z)de =1
By (0)

and, then, consider the function ¢ (x) := w(x)%, so that one gets

1 o, 0 = ( /B o |¢<x>\qu); = ( / " () qu)é .
- ( /B o [1/;<ac>fz}qdac)é = ( Bﬂ(o)zb(x)dx); 1

We now proceed step by step.

Q=

Step 1: introduction of two auxiliary functions. Taking an element € > 0 which makes
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the relation

~ 87 >
R FEs TR
satisfied, we define the functions
o(w) =0T () = o2 e @)L ) e)
Ta0(5)
and ()
v(x
(w):= 1+¢’

where Z, f is exactly the Riesz potential of order s of f defined in the previous chapter.
Now, with the help of Theorem 11 (by (133) and (134), in particular), we get

(—A)2u(x) = (A2 [I(2)T, f(x)] = (A [(L+9(z) — 1), f(x)] =

— CARE o) = G A = @) 1)) -
T (25 S
)= G (1 )+ N0, (174

where we also used the linearity of the fractional Laplacian and the definition of Z f.
Thus, being satisfied all the hypothesis of Lemma 14, we are able to affirm that there

exists a constant ¢ = ¢(s,n, q, 8) depending on s, n, ¢ and § only such that

(=2)2 (L =) Ts * )] oy < P71 f a0 = P

Hence,
P2 AVE (1 — (T s B
’ 257-‘-%1“(3)( A) ((1 19)<Iﬁ f)) Lo
r() ; (%) w o
= QSW%F(%) H<_A)2((1 —19)(]5 * f))HLq(Rn) < mcpp = Ccop?r, (175)

where we clearly set

Co = CO(Sa n,q, B) =

We shall now fix the radius p.
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Step 2: a useful estimate. Now, we fix p € (0, é] such that the estimates

1+ copr <

1 176
1+ — ( )

holds. Since

b

1 b n n 9 e\" —£
M§1<:>1+copp§1+g<:>pp§—<:>p§<—> :g%con7
1+¢ Co Co

_P
this can be done by just setting p:=min {%, E%CO E } Therefore, we obtain

s s v 1 s

8l = |95 ()| = 2 N80l =
1 (%5 ;

= - A (1= (I * f <

1 K% ;
< o(Bn _ —A)3((1 = 9)(I, <
< gz (Il + |y 5= 0en)|| )

1 n\ 1+cop%
§—1+€<1+copz’>——1+€ <1 (177)

using the definitions of the functions v and v, (174), Minkowski’s inequality, (175) and
(176).

Step 3: conclusion. The estimate (177) just proven tells us that the function u satisfies

the hypothesis of Theorem 12. Hence, using also the definition of & and the hypothesis

on v, we now have that

/ olu(@P g / o
B1(0) B1(0)

v(x)
1+4e€

p
do = / e TV g
B1(0)

p)dx, (178)
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where || f||, denotes the L¢(R™)-norm of f. Since & > aj,, one has that

w) ~on ] [

5] o
5

consequently, Proposition 8 assures us that it is not

fow”
Bp(0)

by a constant depending on s and n only. In conclusion, by (178), we obtain

i [zsﬂ(zla()g)} = o {2 W(S

Therefore,

n__.

is strictly greater than —

possible to bound

Us*f) (=) |P
M71lq

dx

o erar = o [ e A g
B1(0) 1B1(0)| /5,0 \
_ p—n ‘BP<O>’ e (I‘s‘}f‘ﬁéz) dr — p_n Wh—1 pn n ][ en (IT‘a}fH);z) dr —
1B1(0)| /5,0 n Wn—1J B, (0)

Us*f) (=) |P
[1f1lq

dx,

= f 677
B, (0)
p—n][ ea\u(m)|pdl,

B1(0)

][ @) g
B1(0)

because, since p has been fixed, p™" is now a constant) can be bounded by a constant

which means that neither

(and, obviously,

depending on s and n only. This proves the sharpness of as,.
O
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