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Abstract

We study the problem of prescribing Gaussian and geodesic curvature on a surface
with boundary, which leads to a nonlinear elliptic PDE with a nonlinear Neumann
boundary condition. We first investigate obstructions to existence, develop a vari-
ational framework, and analyze the blow-up behavior of solutions. Finally, in the
case of a bounded domain in R2, we construct new blowing-up solutions via a Lya-
punov–Schmidt reduction.
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Chapter 1

Introduction

Let Σ be a compact surface with boundary ∂Σ, endowed with a Riemannian metric
g̃ with Gaussian curvature K̃ and geodesic curvature h̃ along the boundary. Given
functions K : Σ → R and h : ∂Σ → R, we look for a conformal metric

g = eug̃

whose Gaussian curvature is K and whose geodesic curvature along ∂Σ is h. The
conformal factor u satisfies

−∆u+ 2K̃(x) = 2K(x)eu, in Σ,
∂u

∂n
+ 2h̃(x) = 2h(x)eu/2, on ∂Σ,

(1.1)

where n denotes the outward unit normal.
Two particular cases will be considered throughout the thesis. The first is the

unit disk D equipped with the Euclidean metric. Since in this case K̃ ≡ 0 and h̃ ≡ 1,
(1.1) becomes 

−∆u = 2K(x)eu, in D,
∂u

∂n
+ 2 = 2h(x)eu/2, on ∂D.

(1.2)

The second case is obtained by choosing the background metric so that K̃ is constant
and ∂Σ is geodesic, namely h̃ ≡ 0. As shown in Proposition 3.1, this normalization
can always be achieved, and the problem takes the form

−∆u+ 2K̃ = 2K(x)eu, in Σ,
∂u

∂n
= 2h(x)eu/2, on ∂Σ.

(1.3)
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Equation (1.3) is the setting of the variational analysis in Chapter 3, while the flat
problem (1.2) is the model considered in the blow-up analysis of Chapter 4 and in
the construction of solutions in Chapter 5.

A first obstruction to solvability is obtained by integrating (1.1) and using the
Gauss–Bonnet Theorem for both g and g̃:

∫
Σ
K̃ +

∫
∂Σ
h̃ = 2πχ(Σ) =

∫
Σ
Keu +

∫
∂Σ
heu/2.

Thus the topology of Σ imposes a compatibility condition on the prescribed cur-
vatures. Chapter 2 develops this point of view further, proving a topological ob-
struction and deriving a Pohozaev-type identity, which in the disk case yields a
Kazdan–Warner identity. Together with the variational theory of Chapter 3 and the
blow-up analysis of Chapter 4, with the exception of Sections 2.2 and 4.3, where we
followed [20], these results follow closely the approach of López Soriano, Malchiodi
and Ruiz [29].

Chapter 3 is devoted to the variational structure of (1.3). The associated energy
functional is studied first in the coercive regime, where existence follows by direct
minimization. When coercivity fails, a min-max construction is developed by com-
bining the monotonicity argument of Struwe, in the form introduced by Jeanjean,
with a deformation argument of Fang and Ghoussoub.

The failure of compactness of the corresponding solutions is studied in Chapter
4. We first analyze the limiting problems in the plane, the half-plane and the
disk, including the relation between the possible blow-up profiles and their Morse
index. We then consider the case of negative Gaussian curvature on a general
compact surface and describe the possible concentration phenomena under suitable
boundedness assumptions. In the case of the disk, Section 4.3 gives a more precise
description of the blow-up: under the assumptions of Theorem 4.21, a blowing-up
sequence concentrates at a single point p ∈ ∂D, admits a sharp asymptotic profile,
and the concentration point satisfies the criticality condition for

φ(p) := h(p) +
√
h(p)2 +K(p).

This part follows the analysis of Jevnikar, López Soriano, Medina and Ruiz [20].
Chapter 5 addresses the corresponding existence problem for blowing-up solu-

tions. Section 5.1 considers the disk and, under suitable non-degeneracy assumptions
at a critical point of φ, constructs a family of solutions concentrating at that point
by means of a Lyapunov–Schmidt reduction, following the construction of Battaglia,
Medina and Pistoia [4].
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In Section 5.2 we consider an analogous construction on a smooth bounded do-
main Ω ⊂ R2, allowing for m distinct concentration points on ∂Ω. This is obtained
by adapting the construction of Dávila, del Pino and Musso in [10], but in our case
the boundary condition contains a nonlocal term depending on the global interior
and boundary mass of the solution, due to the compatibility of the problem. The
finite-dimensional reduction developed in this section leads to a system of equa-
tions for the locations of the concentration points and provides the existence of the
resulting concentrating solutions.
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Chapter 2

Obstructions to Existence

We begin by deriving necessary conditions to the existence of solutions, including
some obstructions for the existence of solutions to problem (1.1), which in some sense
complement the existence results given in Theorems 3.4, 3.5, and 3.14. Moreover, we
establish a Pohozaev-type identity, from which we derive a Kazdan–Warner identity
in the case of the disk, this Pohozaev-type identity will also be used in subsequent
computations.

The first tool to derive necessary conditions is the Gauss–Bonnet theorem, ap-
plied both to the metric g and to the metric g̃ (after integrating and summing the
equations), which yields

∫
Σ
K +

∮
∂Σ
h = 2πχ(Σ) =

∫
Σ
Keu +

∮
∂Σ
heu/2. (2.1)

For example, the first equality implies that a disk with Gaussian curvature −1
and constant geodesic curvature h exists only when h > 1. In [21], the problem of
prescribing constant curvatures K, h1, and h2 on an annulus is addressed. In this
case, all solutions are known explicitly; in particular, the following result is proved
(see [21], [Corollary 1, Section 3]):

Theorem 2.1. Let Σ be an annulus with K ≡ −1 and constant geodesic curvatures
h1 and h2 on its two boundary components. Then:

i) either h1 + h2 > 0 and both hi < 1;

ii) or h1 + h2 < 0 and some hi > 1;

iii) or h1 = 1, h2 = −1, or vice versa.

As can be seen, Theorem 3.5 corresponds to case (i), whereas Theorem 3.14 is
related to case (ii).
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2.1 A Topological Obstruction

The assumptions of Theorems 3.4, 3.5, and 3.14 are also natural in view of the
following result:

Theorem 2.2. Let Σ be a compact surface with boundary ∂Σ, and denote by h its
geodesic curvature. Assume that

h(x) >
√

|K−(p)| for all x ∈ ∂Σ, p ∈ Σ.

Then Σ is homeomorphic to a disc.

Proof. Assume by contradiction that Σ is not a topological disc, and consider the
following two cases:

Case 1: ∂Σ is not connected. Let Λ0 be a connected component of ∂Σ, and let γ be a
curve minimizing the distance between Λ0 and ∂Σ \ Λ0. Then the length of γ
solves the problem

L = inf {Length(γ) : γ : [0, 1] → Σ, γ(0) ∈ Λ0, γ(1) ∈ ∂Σ \ Λ0} .

We may assume that γ is parametrized by arc-length, and set p = γ(0),
q = γ(1). The curve γ exists since the above infimum is attained, by the
Ascoli–Arzelà theorem.

Take a neighborhood O ⊂ Σ of γ([0, L]), and define Λt ⊂ O to be the parallel
curve to Λ0 at distance t ∈ [0, L], namely

Λt = {x ∈ O : d(x,Λ0) = t},

where d denotes the geodesic distance in Σ. Observe that Λt is the image of

γt(s) = expϕ(s)(tn(s)),

where ϕ is a local parametrization of Λ0 around p, and n(s) is the outward
unit normal to Λ0.

We now show that γt is a regular curve for each t ∈ [0, L], provided O is suffi-
ciently small. Suppose by contradiction that there exists t̄ such that γ̇t̄(0) = 0.
Let λ0 be the first eigenvalue of the operator J = ∂2

t + K with Neumann
boundary conditions. Since γ minimizes the distance between two connected
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components of ∂Σ, we have λ0 > 0. Let ϕ0 be the corresponding (positive)
eigenfunction.

Define ψ(t) = g(γ̇t(0), v(t)), where v is the parallel unit normal field along γ
with v(0) = ϕ′(s0). Since γt(s) = expϕ(s)(tn(s)), the field t 7→ γ̇t(0) is a Jacobi
field along γ, so ψ solves J(ψ) = ψ′′ +Kψ = 0 with ψ(0) = 1. Its derivative at
t = 0 is not zero: by the standard formula for the variation field of a normal
exponential map along a curve, ψ′(0) = −⟨∇ϕ′(s0)n, ϕ

′(s0)⟩ = −h(p), since Λ0

has geodesic curvature h(p) at p with respect to n. By assumption, ψ(t̄) = 0.

This means that t̄ is a focal point of Λ0 along γ. But γ realizes the distance
between Λ0 and ∂Σ \ Λ0, meeting each orthogonally; by the classical fact that
a geodesic realizing the distance between two submanifolds contains no focal
point of either one in the open interval (0, L) (see e.g. [33], Appendix A), this
is a contradiction.

Case 2: ∂Σ is connected.

Let Σ̃ be the compact surface obtained by identifying ∂Σ to a single point. If
Σ is not a topological disc, then Σ̃ is not homeomorphic to a sphere, hence it
is not simply connected. Consider the following minimization problem:

inf {Length(γ) : γ : [0, L] → Σ, {γ(0), γ(L)} ⊂ ∂Σ, [γ̃] non-trivial} ,

where γ̃ : [0, L] → Σ̃ denotes the curve obtained from γ by applying the
identification, and [γ̃] its homotopy class.

Figure 2.1: A curve minimizing the distance in Σ with non-trivial homotopy class
in Σ̃.

Clearly, this infimum is attained at some γ (as in Figure 2.1, below), which is
a local minimizer of the distance. We can now repeat the arguments of Case 1
and again reach a contradiction.
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Remark 2.3. Let us point out that in case of a disk we can have h(x) >
√

|K−(p)|
for all x ∈ ∂Σ, p ∈ Σ. For instance, in the Poincaré disk there are balls with constant
geodesic curvature h > 1.

2.2 A Pohozaev type identity and a Kazdan-Warner
identity

The following lemma gives a Pohozaev type identity, depending on an arbitrary field
F .

Lemma 2.4. Let u be a solution of

−∆u+ 2K̃ = 2K(x)eu, in Σ.

Then, given any vector field F : Σ → TΣ, there holds:
∮
∂Σ

[4K(x)eu(F · ν) + 2(∇u · ν)(∇u · F ) − |∇u|2F · ν]

=
∫

Σ
[4K̃∇u · F + 4eu(∇K · F +K ∇ · F ) + 2DF (∇u,∇u) − ∇ · F |∇u|2].

Proof. We start from the following basic identity:

2∆u (∇u · F ) = ∇ ·
(

2(∇u · F )∇u− |∇u|2F
)

− 2DF (∇u,∇u) + |∇u|2∇ · F, (2.2)

where DF (∇u,∇u) = ∑
i,j ∂iFj ∂iu ∂ju.

Multiplying the equation ∆u + 2Keu = 2K̃ by 2∇u · F and integrating over Σ,
we get ∫

Σ
2∆u (∇u · F ) =

∫
Σ

4K̃(∇u · F ) −
∫

Σ
4Keu(∇u · F ).

Using the divergence theorem in (2.2):
∫

Σ
2∆u (∇u·F ) =

∫
∂Σ

[
2(∇u·F )(∇u·ν)−|∇u|2(F ·ν)

]
+
∫

Σ

[
−2DF (∇u,∇u)+|∇u|2∇·F

]
.

For the nonlinear term, again by the divergence theorem:

4
∫

Σ
Keu(∇u · F ) = 4

 ∫
∂Σ
Keu(F · ν) −

∫
Σ
eu(∇K · F +K∇ · F )

.
Combining all these expressions, we obtain the final identity.
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From this we can obtain the following Kazdan-Warner identity.

Proposition 2.5. Let u is a solution of (1.2). Then
∫
D
eu ∇K · F = 4

∫
∂D
hτe

u/2y,

where F (x, y) := (1 − x2 + y2,−2xy), or in complex notation, F (z) = 1 − z2.

Proof. Consider
fλ(z) := λ+ z

1 + λz

with λ ∈ (−1, 1). We define vλ(z) = u(fλ(z))+2 log(|f ′
λ(z)|). By direct computation,

using the notation z = x+ iy, we can see that

d

dλ
vλ(z)

∣∣∣∣∣
λ=0

= ∇u · F − 4x.

Observe that on ∂D, F is a tangential vector field, and F · τ = −2y, where τ(x, y) =
(−y, x). Moreover, since F is holomorphic, the Cauchy-Riemann conditions yield

DF (∇u,∇u) − ∇ · F |∇u|2

2 = 0.

Then, inserting in the Pohozaev-type identity of the previous Lemma, we obtain
∫
∂D

(2heu/2 − 2)(−2y)uτ =
∫
D

2eu(∇K · F − 4xK). (2.3)

We now multiply (1.2) by 4x and integrate to obtain

8
∫
D
Keux = 4

∫
D
ux − 4

∫
∂D
x∇u · ν = 4

∫
D
ux − 4

∫
∂D
x(2heu/2 − 2)

= 4
∫
D
ux + 4

∫
∂D
y(2hτeu/2 + heu/2uτ ).

(2.4)

Observe also that, integrating by parts,
∫
∂D
yuτ = −

∫
∂D
xu = −

∫
D
ux. (2.5)

Putting together (2.3), (2.4) and (2.5) we conclude.

Remark 2.6. By symmetry, exchanging the roles of the variables x and y and re-
versing the orientation of the tangential vector τ , one obtains an analogous identity.
More precisely, let

F̃ (x, y) := (1 − y2 + x2, −2xy),
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which corresponds in complex notation to F̃ (z) = i(1 + z2). Then, if u is a solution
of (1.2), it holds ∫

D
eu ∇K · F̃ = −4

∫
∂D
hτe

u/2x.

Remark 2.7. Let us observe that the Kazdan-Warner identity given in Proposition
2.5 can be written as

∫
D
eu(1 + x2 + y2)2 ∇K · ∇T = −8

∫
∂D
hτTτe

u/2,

where T (x, y) = x
1+x2+y2 . As a consequence, if ∇K · ∇T , hτTτ are both positive (or

negative), then (1.2) does not admit any solution.
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Chapter 3

Variational Study of the Energy
Functional

3.1 Reduction to Constant K̃ and h̃ = 0

The first result of the section let us show that we can always prescribe zero geodesic
curvature and constant Gaussian curvature.

Proposition 3.1. Equation 1.1 is always solvable if h = 0 and K = sgnχ(Σ). The
solution is unique if K = −1, unique up to a constant if K = 0, and unique up to
a Möbius transformations if K = 1.

Proof. • Case χ(Σ) < 0: We need to study the energy functional

J(u) =
∫

Σ

(1
2 |∇u|2 + 2K̃u+ 2eu

)
+
∮
∂Σ

2h̃u

=
∫

Σ

(1
2 |∇u|2 + 2K̃

(
u− −

∫
Σ
u
)

+ e−
∫

Σ u2eu− −
∫

Σ u
)

+
∮
∂Σ

2h̃(u− −
∫

Σ
u) + 2 −

∫
Σ
u
(∫

Σ
K̃ +

∫
∂Σ
h̃
)
.

Let v = u − −
∫

Σ u. By the continuous embedding H1(Σ) ↪→ L2(∂Σ), Hölder’s
inequality and Poincaré’s inequality, we have∣∣∣∣∫

Σ
2K̃v

∣∣∣∣ ≤ 2 ∥K̃∥L2(Σ)∥v∥L2(Σ) ≤ C∥∇v∥L2(Σ),∣∣∣∣∮
∂Σ

2h̃v
∣∣∣∣ ≤ 2 ∥h̃∥L2(∂Σ)∥v∥L2(∂Σ) ≤ C∥v∥H1(Σ) ≤ C∥∇v∥L2(Σ).

Moreover, by Young’s inequality, we have

C∥∇v∥L2(Σ) ≤ 1
2

(1
2∥∇v∥2

L2(Σ) + 2C2
)
. (3.1)
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Furthermore, by Jensen’s inequality we know that

−
∫

Σ
ev ≥ 1 (3.2)

With these estimates in hand and recalling that by the Gauss-Bonnet theorem
∫

Σ
K̃ +

∫
∂Σ
h̃ = 2πχ(Σ),

we have the coercivity of the functional:

J(u) ≥ 1
4 ||∇u||2L2 − C + 4πχ(Σ) −

∫
Σ
u+ 2|Σ|e−

∫
Σ u → +∞

when ||u||H1(Σ) → +∞.

We now prove that J is weakly lower semicontinuous: Let un ⇀ u in H1(Σ),
then ∇un ⇀ ∇u in L2(Σ) and un ⇀ u in L2(Σ), so for the lower semicontinuity
of the norm and since the terms with K̃ and h̃ are in L2(Σ)∗ we have

||∇u||L2(Σ) ≤ lim inf
n→∞

||∇un||L2(Σ)∫
Σ

2K̃u = lim
n→∞

∫
Σ

2K̃un∮
∂Σ

2h̃u = lim
n→∞

∮
∂Σ

2h̃un

moreover, up to subsequences, un → u a.e. and so by Fatou’s lemma
∫

Σ
eu ≤ lim inf

n→∞

∫
Σ
eun .

Thus
J(u) ≤ lim inf

n→∞
J(un)

Since the functional J is weakly lower semicontinuous and coercive it attains
its minimum. Uniqueness follows from the strict convexity of the functional
J .

• Case χ(Σ) = 0: We are looking for a solution to


−∆u+ 2K̃ = 0, in Σ,

∂u
∂n

+ 2h̃ = 0, on ∂Σ,
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which is equivalent to finding u ∈ H1(Σ) such that
∫

Σ
∇u · ∇ϕ dV =

∫
Σ

2K̃ϕ dV +
∫
∂Σ

2h̃ϕ dS ∀ϕ ∈ H1(Σ).

We consider the Hilbert space

H1(Σ) :=
{
u ∈ H1(Σ)

∣∣∣ −
∫

Σ
u dV = 0

}
.

On this space, the bilinear form
∫

Σ ∇u·∇ϕ dV defines an inner product equiva-
lent to the standard H1-inner product. Moreover, the right-hand side defines a
continuous linear functional on H1(Σ). Hence, by the Lax–Milgram theorem,
there exists a unique solution u ∈ H1(Σ) (so unique up to additive constant
in H1(Σ)).

• Case χ(Σ) > 0: The only case is χ(Σ) = 1, then Σ is topologically a disk. By
the Uniformization Theorem, Σ is conformally equivalent to the hemisphere
so the statement follows.

Thanks to the above result, we can assume that our initial metric has constant
Gaussian curvature and that ∂Σ is geodesic. Hence our problem reduces to the
study of the functional

I(u) =
∫

Σ

(1
2 |∇u|2 + 2K̃u− 2K(x)eu

)
− 4

∮
∂Σ
h(x)eu/2. (3.3)

3.2 Existence results by minimization

We start by defining the quantity that appear in the existence theorems:

D(x) := h(x)√
|K(x)|

. (3.4)

The following estimate will be crucial in the variational study of I.

Lemma 3.2. Define D̄ = max{D+(x) : x ∈ ∂Σ}. For any ε > 0 there exists C > 0
such that:

4
∮
∂Σ
heu/2 ≤ (D̄ + ε)

(∫
Σ

1
2 |∇u|2 + 2|K|eu

)
+ C.

Proof. Take a finite partition of unity {ϕj}Mj=1 of ∂Σ such that for all j one has
diam(suppϕj) < δ for some fixed δ > 0. We denote by Σj the support of ϕj. Take
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a smooth vector field N in Σ such that N(x) = ν(x) on the boundary, |N(x)| ≤ 1.
Then, we use the divergence theorem to obtain:

∮
∂Σ
ϕje

u/2 =
∮
∂Σ
ϕje

u/2N(x) · ν(x)

=
∫

Σ
eu/2

[
∇ϕj ·N + ϕj divN + 1

2ϕj∇u ·N
]

≤ C
∫

Σ
eu/2 + 1

2

∫
Σ
eu/2|∇u|ϕj. (3.5)

Let us set h̄j = supx∈Σj{h
+(x)}. If the diameter of Σj is small enough, one has

that h̄j ≤ (D̄ + ε)
√

|K(x)| for any x ∈ Σj (continuity of D+). Then

4
∮
∂Σ
heu/2 = 4

M∑
j=1

∮
∂Σ
ϕjhe

u/2 ≤ 4
M∑
j=1

h̄j

∮
∂Σ
ϕje

u/2

≤ C
∫

Σ
eu/2 + (D̄ + ε)

M∑
j=1

2
∫

Σ

√
|K|ϕjeu/2|∇u|

≤ C
∫

Σ
eu/2 + (D̄ + ε)

 M∑
j=1

2
∫

Σ
|K|ϕjeu + 1

2

∫
Σ
ϕj|∇u|2


= C

∫
Σ
eu/2 + (D̄ + ε)

(
2
∫

Σ
|K|eu + 1

2

∫
Σ

|∇u|2
)
.

We conclude by observing that
∫

Σ e
u/2 ≤ ε

∫
Σ e

u+C and renaming ε appropriately.

Remark 3.3. Under the hypothesis of the Moser–Trudinger inequality on Σ, sum-
ming over all j in (3.5) and applying Young’s inequality as in the previous proof,
we obtain that the family

{eu|∂Σ : u ∈ H1(Σ), ∥u∥H1(Σ) ≤ C}

is uniformly integrable on ∂Σ.

The first existence result regard the case K̃ < 0:

Theorem 3.4. Assume that K̃ < 0. Let K,h be continuous functions such that
K < 0 and D(p) < 1 for all p ∈ ∂Σ. Then I attains its infimum and hence problem
1.1 admits a solution. If moreover h ≤ 0, then the solution is unique.

Proof. Recalling the notation from the previous Lemma we have D̄ < 1, so we can
choose ε with D̄ + ε < 1 − ε. By inserting the inequality of the Lemma 3.2 into the
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definition of I and using Jensen inequality, we obtain coercivity:

I(u) ≥
∫

Σ

(
ε

2 |∇u|2 + 2ε|K|eu + 2K̃u
)

− C

≥
∫

Σ

ε

2 |∇u|2 + 2ε|Σ| min
Σ

|K| e−
∫

Σ u + 2|Σ|K̃ −
∫

Σ
u− C −−−−−−→

∥u∥H1 →∞
+∞.

As shown in Proposition 3.1, the terms in the integral over Σ are weakly lower
semicontinuous. We now prove that the boundary contribution enjoys the same
property: Let un ⇀ u in H1(Σ) then, up to subsequences, un → u a.e in ∂Σ. and by
the Remark 3.3 eun is uniformly integrable, hence by Vitali’s convergence theorem

∮
∂Σ
eun −→

∮
∂Σ
eu

.
Therefore, I attains its minimum. If h ≤ 0, the functional is strictly convex, and

thus the solution is unique.

We now consider the case K̃ = 0.

Theorem 3.5. Assume that K̃ = 0. Let K, h be continuous functions such that
K < 0 and

1. D(p) < 1 for all p ∈ ∂Σ;

2.
∮
∂Σ h(x) > 0.

Then I attains its infimum and hence problem (1.1) admits a solution.

Proof. By Lemma 3.2 we obtain

I(u) ≥
∫

Σ

(
ε

2 |∇u|2 + 2ε|K|eu
)

− C. (3.6)

This implies I is bounded from below, but we do not have coercivity in this case.
First, let us show that inf I < 0. Indeed, take u = −c, with c > 0. Then:

I(−c) = e− c
2

(
e− c

2

∫
Σ

2|K| − 4
∮
∂Σ
h
)

which is negative for large c, since
∫
∂Σ h > 0.

Take now a minimizing sequence un for I. By (3.6),
∫

Σ |∇un|2 is bounded. We
conclude if we show that −

∫
Σ un is bounded. Up to a subsequence, we can assume

that
un − −

∫
Σ
un ⇀ u0 in H1(Σ).
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Then, by Moser-Trudinger inequality,

eun− −
∫

Σ un → eu0 in L1(Σ), e(un− −
∫

Σ un)/2 → eu0/2 in L1(∂Σ).

If now −
∫

Σ un → +∞, then

∫
Σ

|K|eun = e−
∫

Σ un
∫

Σ
|K|eun− −

∫
Σ un → +∞,

contradicting (3.6).
So, we now consider the remaining case −

∫
Σ un → −∞. In such a case,

∮
∂Σ
h eun/2 = e

−
∫

Σ
un

2

∮
∂Σ
h e(un− −

∫
Σ un)/2 → 0.

By the definition of I we conclude that

lim inf
n→+∞

I(un) ≥ 0,

which is a contradiction.

3.3 Min-max structure

In this section we prove the Theorem 3.14, assuming the blow-up analysis that will
be carried out in the next chapter.

Lemma 3.6. If K < 0 and D(p) > 1 for some p ∈ ∂Σ, then there exists a sequence
un such that I(un) → −∞ and

∮
∂Σ e

un/2 → +∞.

Proof. The proof is given in section 1 of the Appendix A.

Lemma 3.7. If K̃ = 0 and
∮
∂Σ h < 0, then there exists ε > 0, δ > 0 such that

I(u) > ε ∀u ∈ H1(Σ) with
∮
∂Σ
eu/2 = δ.

Proof. First we claim that for any δ > 0, the infimum:

αδ = inf
{
I(u) : u ∈ H1(Σ) with

∮
∂Σ
eu/2 = δ

}
is attained. Recall the definition of I given in (3.3); this implies that αδ ̸= −∞.
Moreover, for a minimizing sequence un the integral

∫
Σ |∇un|2 must be bounded,

otherwise I(un) → +∞. Up to a subsequence,

un − −
∫

Σ
un ⇀ u0 in H1(Σ),
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which implies that

eun− −
∫

Σ un → eu0 in L1(Σ), e(un− −
∫

Σ un)/2 → eu0/2 in L1(∂Σ).

Moreover,

0 < δ =
∮
∂Σ
eu/2 = e

−
∫

Σ
un

2

∮
∂Σ
he(un− −

∫
Σ un)/2,

which implies that −
∫

Σ un is bounded. Hence un is bounded in H1(Σ) and the conclu-
sion of the claim follows from Banach-Alaoglu Theorem and the lower semicontinuity
of the functional.

By contradiction, assume that there exists un ∈ H1(Σ) such that:

lim inf
n

I(un) ≤ 0,
∮
∂Σ
eun/2 → 0.

By the definition of I it readily follows that
∫

Σ |∇un|2 → 0, hence un− −
∫

Σ un → 0
in H1(Σ). Therefore,

I(un) =
∫

Σ

1
2 |∇un|2 + 2|K|eun − 4

∫
∂Σ
heun/2 ≥ −4e−

∫
Σ un/2

∫
∂Σ
he(un/− −

∫
Σ un)/2,

but
∫
∂Σ he

(un/− −
∫

Σ un)/2 →
∫
h < 0, hence I(un) > 0 for sufficiently large n.

Proposition 3.8. Assume that K̃ = 0, K < 0,
∮
∂Σ h < 0 and D(p) > 1 for some

p ∈ ∂Σ. Then there exist u0, u1 ∈ H1(Σ) such that:

c = inf
γ

max
t

{I(γ(t)) : t ∈ [0, 1], γ ∈ Γ} > max{I(u0), I(u1)} > 0,

where Γ = {γ : [0, 1] → H1(Σ) continuous : γ(0) = u0, γ(1) = u1}.

Proof. Fix ε > 0, δ > 0 as given by Lemma 3.7. Take a constant c > 0 so large that

I(−c) = 2
∫

Σ
|K|e−c − 4

∮
∂Σ
he−c/2 ∈

(
0, ε2

)
,

and moreover
∮
∂Σ e

−c/2 < δ. We define u0 = −c.
By Lemma 3.6, there exists also u1 with

∮
∂Σ e

u1/2 > δ satisfying I(u1) < 0.
Observe that for any γ ∈ Γ there exists t ∈ (0, 1) such that

∮
∂Σ e

γ(t)/2 = δ. As a
consequence, c ≥ ε > max{I(u0), I(u1)} > 0.

The main difficulty in proving Theorem 3.14 is that we do not know whether
the Palais–Smale condition holds for I. The strategy is to construct a sequence
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of solutions un to a perturbed version of (1.1), namely (4.22) (where K̃n and h̃n

are as in Theorem 4.7), whose Morse index does not exceed 1. The main tool is
a monotonicity argument, originally due to Struwe (see [31]), but used in the form
given by Jeanjean (see [19]), combined with a deformation argument from [13].

For ε close to zero, we consider the following family of functionals

Iε(u) = I(u) + εJ(u),

where I is as in (3.3), and

J(u) =
∫

Σ

(
|∇u|2 + eu − u

)
.

Notice that, since
eu − u → +∞ as u → ±∞,

J(u) is coercive on H1(Σ).
For a small ε0 > 0 and ε ∈ (0, ε0) we can reason as in the proof of Proposition

3.8, to find two elements u0, u1 ∈ H1(Σ) for which

cε := inf
γ∈Γ

max
t∈[0,1]

Iε(γ(t)) > max{Iε(u0), Iε(u1)} + δ > δ, (3.7)

where δ > 0 is a fixed positive number and where Γ, again, stands for the class of
admissible curves

Γ =
{
γ ∈ C([0, 1];H1(Σ)) : γ(0) = u0, γ(1) = u1

}
.

Under these assumptions, the function ε 7→ cε is monotone non-decreasing and
therefore cε is a.e. differentiable in ε. Let ε an arbitrary fixed value where c′

ε exists
and {εn} so that εn ↘ ε.

Lemma 3.9. There exists a sequence of paths {γn} ⊂ Γ and M = M(c′
ε) > 0, such

that

1. ||γn(t)|| ≤ M , if γn(t) satisfies

Iε(γn(t)) ≥ cε − (εn − ε)

2. max
t∈[0,1]

Iε(γn(t)) ≤ cε + (2 + c′
ε)(εn − ε).
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Proof. 1. Let {γn} be a sequence such that

max
t∈[0,1]

Iεn(γn(t)) ≤ cεn + (εn − ε).

Since c′
ε exists, there is N ∈ N such that ∀n ≥ N

−c′
ε − 1 ≤ cεn − cε

εn − ε
≤ c′

ε + 1. (3.8)

Hence ∀n ≥ N

J(γn(t)) = Iεn(γn(t)) − Iε(γn(t))
εn − ε

≤ cεn − cε
εn − ε

+ 2 ≤ c′
ε + 3.

Therefore, boundedness follows from the coercivity of J .

2. From 3.8 we have
cεn ≤ cε + (εn − ε)(c′

ε + 1),

thus ∀t ∈ [0, 1] we obtain

Iε(γn(t)) ≤ Iεn(γn(t)) ≤ cεn + (εn − ε) ≤ cε + (2 + c′
ε)(εn − ε).

Now, for α > 0, we define

Fα = {u ∈ H1(Σ) : ||u|| ≤ M + 1 , |Iε − cε| ≤ α}

where the constant M > 0 is given by the previous lemma.

Proposition 3.10. For all α > 0,

inf{∥I ′
ε(u)∥ : u ∈ Fα} = 0.

Proof. Suppose by contradiction that inf
u∈Fα

∥I ′
ε(u)∥ > 0. Let u0, u1 and cε be as

above, and take

0 < α < min
{
A,

1
2
(
cε − max{Iε(u0), Iε(u1)}

)}
.

By the classical Deformation Lemma, there exist δ ∈ (0, α) and a map η : H1(Σ) −→
H1(Σ) such that:

(i) η(u) = u if |Iε(u) − cε| ≥ α.
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(ii) Iε(η(u)) ≤ Iε(u) for all u ∈ H1(Σ).

(iii) Iε(η(u)) ≤ cε − δ for all u ∈ H1(Σ) with ∥u∥ ≤ M and Iε(u) ≤ cε + δ.

Let {γn} be given by the previous lemma, and choose m ∈ N sufficiently large
so that (2 + c′

ε)(εm − ε) < δ. Observe that (i) implies η(γm) ∈ Γ.
If Iε(γm(t)) ≤ cε − (εm − ε), then by (ii)

Iε(η(γm(t))) ≤ cε − (εm − ε).

Otherwise, if Iε(γm(t)) > cε− (εm−ε), then by the first point of the previous lemma
we have ∥γm∥ ≤ M , and by the second point and our choice of m,

Iε(γm(t)) ≤ cε + δ.

Thus, by (iii) we obtain

Iε(η(γm(t))) ≤ cε − (εm − ε).

Therefore the estimate

Iε(η(γm(t))) ≤ cε − (εm − ε)

holds in any case and for all t ∈ [0, 1]. Taking the maximum over t in this inequality
contradicts the definition of cε.

Theorem 3.11. Iε has a critical point in Fα.

Proof. The previous proposition and the definition of Fα ensures that exists a
bounded Palais-Smale sequence {un} at level cε, so we have just to prove that this
sequence is compact. By boundedness, up to subsequences we can suppose un ⇀ u

in H1(Σ), ∇un ⇀ ∇u in L2(Σ) and

eun → eu in Lp(Σ) e
un
2 → e

u
2 in Lp(∂Σ).

We can also suppose, up to subsequences, that un → u in L2 and almost everywhere.
The first derivative of Iε is

⟨I ′
ε(v), φ⟩ =

∫
Σ

(
2
(

1
2 + ε

)
∇v · ∇φ− (2K − ε)evφ− εφ

)
− 2

∫
∂Σ
h ev/2φ,

22



Thus

(1 + 2ε)
∫

Σ
∇un · ∇φ = (⟨I ′

ε(un), φ⟩) +
∫

Σ
((2K − ε)eunφ+ εφ) + 2

∮
∂Σ
he

un
2 φ

By the above convergences and the fact that un is a Palais-Smale sequence the
right term converge in H−1(Σ). Hence, ||∇un||L2 converges to ||∇u||L2 and then un
converges to u strongly in H1.

Now we state an abstract result of Fang and Ghoussoub (Corollary 1 in [13]):

Theorem 3.12. Let I be a real-valued C2− functional on a HIlbert space H and let
u0, u1 ∈ H be such that

max{I(u0), I(u1)} < c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)).

where Γ = {γ : [0, 1] → H1(Σ) continuous : γ(0) = u0, γ(1) = u1}. Suppose that
I ′ and I ′′ are Holder continuous in a neighborhood of {I = c}. Then there exists a
Palais-Smale sequence {xn}n in H such that:

For each n, if ⟨I ′′(xn)u, u⟩ < − 1
n
||u||2 for all u in a subspace E of H, then

dim(E) ≤ 1.

The sequence in the Theorem is obtained by starting from curves γ(t) whose
maximal value supt∈[0,1] I(γ(t)) is close to c. One then applies a deformation that
acts only at those points where I(γ(t)) is sufficiently large. This deformation alters
the path γ(t) only in a very small neighborhood of its highest energy region, as
ensured by estimate (21) in the proof of Theorem 1.bis in [13]. Unfortunately, in
this case, the strips {cε − ρ ≤ Iε ≤ cε + ρ} are unbounded, hence the above Holder
continuity property is not guaranteed. However, by the just done monotonicity
argument, we can use the deformation only inside the set Fα, where the Holder
continuity property holds thanks to boundness of the set. Thus, we obtain a bounded
Palais-Smale sequence for Iε at level cε also satisfying the property of the Theorem
3.12.

We now gather the conclusions reached so far into the following proposition:

Proposition 3.13. Suppose that we are under the assumptions of Theorem 3.14.
Then there exists a sequence εn ↘ 0 and solutions un to the problem

−∆un + 2K̃n(x) = 2Kn(x)eun , in Σ,
∂un
∂n

+ 2h̃n(x) = 2hn(x)eun/2, on ∂Σ,
(3.9)

23



with

K̃n = −εn/2
1 + 2εn

; Kn(x) = K(x) − εn/2
1 + 2εn

; hn(x) = h(x)
1 + 2εn

; h̃n = 0.

Moreover ind(un) ≤ 1.

We now are able to prove Theorem 3.14, assuming the validity of Theorem 4.7,
which will be proved in the next section.

Theorem 3.14. Assume that K̃ = 0. Let K, h be C1 functions such that K < 0
and

1. D(p) > 1 for some p ∈ ∂Σ;

2.
∮
∂Σ h(x) < 0;

3. Dτ (p) ̸= 0 for any p ∈ ∂Σ with D(p) = 1.

Then problem (1.1) admits a solution.

Proof. Consider the sequence un given by the previous proposition with εn ↘ 0.
Observe that χn =

∫
Σ
K̃n +

∮
∂Σ
h̃n ≤ 0. By Theorem 4.7 (4) and our assumptions

on the function D, un must be uniformly bounded from above. Thanks to upper
boundedness of un, we have that the right-hand sides of 3.9 are uniformly bounded.
By elliptic regularity theory, un − −

∫
Σ un has a subsequence that converges in C1(Σ)

to a function w. Let’s assume by contradiction that inf
Σ
un → −∞. We have

inf
Σ
un = inf

Σ

(
un − −

∫
Σ
un

)
+ −
∫

Σ
un

and so −
∫

Σ un → −∞. However this would imply

eun = eun− −
∫

Σ une−
∫

Σ un → 0,

uniformly on Σ. As a consequence, w is harmonic in Σ and satisfies homogeneous
Neumann boundary conditions. Since

∫
Σ w = 0, we must have w ≡ 0 and therefore

Iεn(un) → 0, which is a contradiction with (3.7).
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Chapter 4

Blow-up analysis

4.1 Limit problems

4.1.1 Solutions of the problem in the plane

The classification of finite-mass solutions to Liouville-type problems was first ob-
tained in [8] for the whole space R2 and is by now well-known. More precisely, the
unique solutions of the problem

−∆v = 2K0e
v in R2,

∫
R2
ev < +∞, (4.1)

exist only if K0 > 0 and are given by

v(x) = 2 log
{

2λ
K0λ2 + |x− x0|2

}
, x0 ∈ R2, λ > 0. (4.2)

All such solutions satisfy the quantization property

K0

∫
R2
ev = 4π. (4.3)

4.1.2 Solutions of the problem in the half-plane and their
Morse index

We now turn to the case of the half-plane, where we will perform also a Morse index
computation.

 −∆v = 2K0e
v, in R2

+,
∂v
∂n

= 2h0e
v/2, on ∂R2

+,
(4.4)
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where K0 and h0 are constants, and R2
+ = {(s, t) ∈ R2 : t ≥ 0}. The classification

of solutions to this problem has been established in [15, 37], and can be summarized
as follows:

Theorem 4.1. Consider the problem (4.4) in R2
+ with constants K0 and h0, and

define
D0 := h0√

|K0|
.

Then:

1. If D0 < 1 and K0 < 0, problem (4.4) admits no solutions.

2. If D0 = 1 and K0 < 0, the only solutions are of the form

vλ(s, t) = 2 log
(

λ

1 + λt

)
− log |K0|, λ > 0. (4.5)

3. If D0 > 1 or K0 ≥ 0, there exist solutions of finite mass, which mean

either
∫
R2

+

ev < +∞ or
∮
∂R2

+

ev/2 < +∞. (4.6)

given explicitly by

vλ(s, t) = 2 log
(

2λ
K0λ2 + (s− s0)2 + (t+ λh0)2

)
, s0 ∈ R, λ > 0. (4.7)

In this case, the solutions satisfy the quantization formulas
∫
R2

+

K0e
vλ = 2π − β,

∮
∂R2

+

h0e
vλ/2 = β, (4.8)

where
β = 2π h0√

h2
0 +K0

. (4.9)

4. More generally, if D0 > 1 and K0 < 0, the solution can also be represented as

v(z) = 2 log
(

2|g′(z)|
1 − |g(z)|2

)
− log |K0|,

where g is a locally univalent holomorphic map from R2
+ onto a disk of geodesic

curvature D0 in the Poincaré disk H2. In particular, g is a Möbius transfor-
mation if and only if the solution has finite mass, and then it reduces to (4.7).
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Next, we compute the Morse index of these solutions in the case K0 < 0. By
performing the change of variable v 7→ v + log |K0|, we can assume K0 = −1 and
rewrite the problem as

 −∆v = −2ev, in R2
+,

∂v
∂n

= 2D0e
v/2, on ∂R2

+.
(4.10)

We focus on the quadratic form

Q(ψ) =
∫
R2

+

|∇ψ|2 dVg + 2
∫
R2

+

evψ2 dVg − D0

∮
∂R2

+

ev/2ψ2 dyg, (4.11)

for test functions ψ ∈ C∞
0 (R2

+) (compactly supported, not necessarily vanishing on
the boundary). The Morse index of a solution v of (4.10) is defined as

ind(v) = sup
{

dim(E) : E ⊂ C∞
0 (R2

+), Q(ψ) < 0 ∀ψ ∈ E
}
.

If the above set is unbounded, we set ind(v) = +∞.

Remark 4.2. Suppose we have a strictly positive solution ψ of the linearized prob-
lem −∆ψ = f ′(v)ψ,

∂ψ
∂n

= g′(v)ψ.

Then the solution v is stable, meaning that the quadratic form

Q(ϕ) =
∫

Σ
|∇ϕ|2 −

∫
Σ
f ′(v)ϕ2 −

∮
∂Σ
g′(v)ϕ2

is nonnegative.
To see this, one simply multiplies the linearized equation by ϕ2

ψ
, integrates over

Σ, and integrates by parts:

∫
Σ
f ′(v)ϕ2 dx =

∫
Σ
(−∆ψ)ϕ

2

ψ
dx

=
∫

Σ
∇ψ · ∇

(
ϕ2

ψ

)
dx−

∮
∂Σ

∂ψ

∂n

ϕ2

ψ
dS

= 2
∫

Σ

ϕ∇ψ · ∇ϕ
ψ

dx−
∫

Σ

ϕ2|∇ψ|2

ψ2 dx−
∮
∂Σ
g′(v)ϕ2 dS

≤
∫

Σ
|∇ϕ|2 dx−

∮
∂Σ
g′(v)ϕ2 dS,

where the last step follows from Young’s inequality. This establishes the non-
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negativity of Q(ϕ).

Theorem 4.3. Let v be a solution of problem (4.10), with K0 < 0. Then:

a) If D0 = 1, then ind(v) = 0, i.e., v is stable.

b) If D0 > 1, then:

• If (4.6) holds, ind(v) = 1.

• Otherwise, ind(v) = +∞.

Proof. In case a), the solution v is given by (4.5). Consider the linearized problem
around v1: −∆ψ + 2 1

(1+t)2ψ = 0, in R2
+,

∂ψ
∂n

= ψ, on ∂R2
+.

An explicit positive solution is ψ(s, t) = ψ(t) = 1
1+t . By the previous remark,

this implies that v is stable.
In case b), let g be given by the classification above. Composing with a symmetry

of H2, we may assume, without loss of generality, that g(R2
+) is contained in a disk

DR ⊂ H2 centered at 0, with Euclidean radius

R = D0 −
√
D0

2 − 1 < 1.

In this setting, the Gaussian and geodesic curvatures of DR in H2 are transported
to R2

+ via g.
In what follows we set ρ(s) = 4

(1 − s2)2 . To study stability we pass to the disk
DR and consider the quadratic form

QR(ψ) =
∫
DR

|∇ψ|2 dz+2
∫
DR

ψ2 ρ(|z|) dz−D0

∫
∂DR

ψ2
√
ρ(R) dσ, ψ ∈ C∞(DR),

where dσ denotes the surface measure on ∂DR. We claim that QR has Morse index
1.

To see this, consider nontrivial ψ solving the boundary value problem


−∆ψ + 2ρ(|z|)ψ = 0, in DR,

∂ψ

∂n
− D0

√
ρ(R)ψ = λψ, on ∂DR.

(4.12)
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Note that the only solution of (4.12) vanishing identically on ∂DR is ψ ≡ 0. For
any nontrivial solution of (4.12) an integration by parts gives the identity

QR(ψ) = λ
∫
∂DR

ψ2 dσ,

so the sign of QR(ψ) agrees with the sign of λ. The first eigenvalue admits the
variational characterization (Rayleigh quotient)

λ0 = inf
ψ|∂DR ̸≡0

QR(ψ)∫
∂DR

ψ2 dσ
,

and higher eigenvalues are obtained by minimization on subspaces orthogonal (with
respect to the L2(∂DR) inner product) to the previous eigenfunctions.

One easily checks that the two functions

x1

1 − |x|2
,

x2

1 − |x|2

satisfy (4.12) with λ = 0. These elements of the kernel correspond to the invariance
of the problem under translations. Using the Fourier expansion in polar coordinates

ψ(r, θ) =
∞∑
m=0

(
um(r) cos(mθ) + vm(r) sin(mθ)

)
,

the two functions above correspond precisely to the modes u1(r) cos θ and v1(r) sin θ.
Note also that different Fourier modes are orthogonal for the boundary integrals
appearing in QR.

For the radial sector (m = 0) there is an explicit bounded solution arising from
the dilation invariance:

γ(r) = 1 + r2

1 − r2 .

The radial equation reduces to

ψ′′
0(r) + 1

r
ψ′

0(r) − 8
(1 − r2)2ψ0(r) = 0.

Writing a general radial solution as ψ0(r) = c(r)γ(r) one finds a second, linearly
independent solution of the form

ψsing(r) = γ(r) log r + 2
1 − r2 ,

which is singular at r = 0 and therefore does not belong to our admissible space (it is
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not bounded in DR). Hence the space of bounded radial solutions is one-dimensional
and is spanned by γ.

The function γ is bounded on DR for R ∈ (0, 1) and satisfies the boundary
condition

∂γ

∂n
= 1

D0

√
ρ(R) γ on ∂DR.

Comparing this with (4.12) we see that γ is an eigenfunction of that problem with
eigenvalue

λ0 = 1
D0

− D0 < 0.

(thanks to the fact that D0 > 1).
Finally, eigenvalues increase with the Fourier mode m. Indeed, for fixed radial

profile u(r) and integers m ≥ m′ ≥ 0,

QR

(
u(r) cos(mθ)

)
∫
∂DR

(u(r) cos(mθ))2 dσ
=
∫ R

0

(
u′(r)2 + m2

r2 u(r)2 + 2ρ(r)u(r)2
)
r dr − D0

√
ρ(R)Ru(R)2

πRu(R)2 ,

and since m2 ≥ (m′)2 the quotient for m is not smaller than that for m′. The same
conclusion holds for the sine modes. Therefore the eigenvalues satisfy

λ0 ≤ λ1 ≤ λ2 ≤ · · · ,

and, using the explicit information above, we obtain λ0 < 0, λ1 = 0, and λm ≥ 0 for
m ≥ 2. This proves the claim that QR has Morse index 1.

Define now ψ = γ ◦ g. By construction, ψ satisfies


−∆ψ + 2evψ = 0, in R2
+,

∂ψ

∂n
= 1

D0

ev/2 ψ, on ∂R2
+.

(4.13)

We first deal with the case of finite mass, namely when (4.6) holds. Since the
Möbius map g is invertible, we can transfer the second variation from the disk DR

to the half-plane R2
+, which immediately gives

Q(ψ) < 0.

Observe that ψ is uniformly bounded in R2
+; in addition, since ev ∈ L1(R2

+),
ev/2 ∈ L1(∂R2

+), and ψ has a finite limit at infinity, we may approximate ψ by a
compactly supported function ψ̃ such that still Q(ψ̃) < 0. Hence ind(v) ≥ 1.

Assume by contradiction that the index is strictly larger than one. Then we
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could find a two–dimensional subspace E2, spanned by smooth compactly supported
functions, such that the quadratic form Q is negative definite on E2. Define the
corresponding two–dimensional space on the disk DR by

Ê2 := {ϕ ◦ g−1 : ϕ ∈ E2 }.

For every ϕ̂ ∈ Ê2 we would have QR(ϕ̂) < 0, contradicting the fact that the Morse
index of QR is exactly 1. Thus, if (4.6) holds, we conclude that ind(v) = 1.

Assume now that
∮
∂R2

+

ev/2 = +∞. We show that the solution v is unstable

outside every compact set, which in particular implies that its Morse index is infinite.
Multiply (4.13) by ϕ2ψ and integrate, where ϕ is a suitable cut–off function:

0 =
∫
R2

+

(−∆ψ + 2evψ)ϕ2ψ =
∫
R2

+

∇ψ · ∇(ϕ2ψ) + 2evψ2ϕ2 −
∮
∂R2

+

1
D0

ev/2ψ2ϕ2.

Using the identity

|∇(ϕψ)|2 = ∇ψ · ∇(ϕ2ψ) + ψ2|∇ϕ|2,

we obtain
∫
R2

+

ψ2|∇ϕ|2 =
∫
R2

+

|∇(ϕψ)|2 + 2ev(ϕψ)2 −
∮
∂R2

+

1
D0

ev/2(ϕψ)2. (4.14)

Note that the right-hand side resembles the expression forQ(ϕψ) in (4.11), except
that the boundary coefficient is 1

D0
instead of D0.

Fix M0 > 0 and let M be large. Choose ϕ = ϕM a nonnegative cut–off function
such that

ϕ = 0 in B0(M0), ϕ = 1 in A(0; 2M0,M), ϕ = 0 outside B0(2M),

and ∫
R2

|∇ϕM |2 ≤ C, with C independent of M.

From (4.14) we obtain ∫
R2

+

ψ2|∇ϕ|2 ≤ C.

Since ψ ≥ 1, we have
∮
∂R2

+

ev/2(ϕψ)2 ≥
∮
∂R2

+∩A(0;2M0,M)
ev/2.

31



Because
∮
∂R2

+

ev/2 = +∞ and M0 is fixed, the last quantity diverges as M → ∞.

Thus, for M sufficiently large, we obtain Q(ϕψ) < 0. Since M0 is arbitrary, this
proves instability outside any compact set, as claimed.

4.1.3 Solution of the problem in the disk

We focus on the analysis of the following limit problem:
−∆v = 2K0e

v in D,
∂v

∂ν
+ 2 = 2h0e

v/2 on ∂D,
(4.15)

where K0 and h0 are real constants.
We introduce the group of conformal automorphisms of the unit disk, defined as

G :=
{
eiθfa : D → D; θ ∈ [0, 2π), fa(z) = a+ z

1 + az
, a ∈ D

}
. (4.16)

It is well known that problem (4.15) is invariant under conformal transforma-
tions. More precisely, if v is a solution of (4.15) and f ∈ G, then the function

vf (z) := v(f(z)) + 2 log |f ′(z)|

is again a solution of (4.15). Using the Möbius map ϕ(z) = z−i
z+i , we can pass from

the upper half-plane to the disk, so we have the following classification result:

Lemma 4.4. Problem (4.15) admits a solution if and only if

either K0 > 0 or K0 ≤ 0 and h0 >
√

−K0. (4.17)

Whenever this condition is satisfied, every solution is given by

va(z) := 2 log
{

2ϕ0(1 − |a|2)
ϕ2

0|1 − az|2 +K0|z − a|2

}
, (4.18)

where ϕ0 := h0 +
√
h2

0 +K0 and a ∈ D.

Remark 4.5. In particular, there exists a unique solution to (4.15) satisfying the
normalization conditions

∫
D
xev(z) = 0,

∫
D
yev(z) = 0.
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This solution corresponds to the profile in (4.18) with a = 0, namely

v0(z) = 2 log
{

2ϕ0

ϕ2
0 +K0|z|2

}
. (4.19)

Lemma 4.6. Consider the linearized problem
−∆ψ = 2K0e

v0ψ in D,
∂ψ

∂ν
= 2h0e

v0/2ψ on ∂D,
(4.20)

where v0 is given by (4.19). Then the space of solutions to (4.20) is two–dimensional
and is spanned by the functions

ψ1(z) := x

ϕ2
0 +K0|z|2

, ψ2(z) := y

ϕ2
0 +K0|z|2

,

where ϕ0 := h0 +
√
h2

0 +K0. In particular, any solution ψ of (4.20) satisfying the
orthogonality conditions

∫
D
xev0(z)ψ(z) = 0,

∫
D
yev0(z)ψ(z) = 0,

must be identically zero.

Proof. We present the proof only in the case K0 = 1, since the remaining cases can
be treated analogously. As shown in the previous lemma, the surface (D, ev0dz) is
isometric to a spherical cap of S2, namely

U =
(x1, x2, x3) ∈ S2 : x3 ≥ h0√

1 + h2
0

 .
Through this conformal identification, problem (4.20) is transformed into


−∆ψ = 2ψ in U,
∂ψ

∂ν
= 2h0ψ on ∂U.

It is well known that the coordinate functions x and y generate the space of solutions
of this problem. Pulling them back through the conformal map yields precisely the
functions ψ1 and ψ2.
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4.2 The case of negative Gaussian curvature

Let us define the singular set:

S = {p ∈ Σ : ∃ xn → p such that un(xn) → +∞}, (4.21)

The blow-up statement that we aim to prove in this section is

Theorem 4.7. Let un be a blowing-up sequence (namely, supΣ un → +∞) of solu-
tions to −∆un + 2K̃n(x) = 2Kn(x)eun , in Σ,

∂un
∂n

+ 2h̃n(x) = 2hn(x)eun/2, on ∂Σ,
(4.22)

with K̃n → K̃, Kn → K, h̃n → h̃ and hn → h in the C1 sense, with K < 0. Define
the singular set S as in (4.21), and

χn =
∫

Σ
K̃n +

∮
∂Σ
h̃n. (4.23)

Then the following assertions hold true:

1. S ⊂ {p ∈ ∂Σ : D(p) ≥ 1}.

2. If
∫

Σ e
un is bounded, then there exists m ∈ N such that

S = {p1, . . . pm} ⊂ {p ∈ ∂Σ : D(p) > 1}.

In this case |Kn|eun ⇀ ∑m
i=1(βi−2π)δpi, hneun/2 ⇀

∑m
i=1 βiδpi for some suitable

βi > 0. In particular, χn → 2πm.

3. If
∫

Σ e
un is unbounded, there exists a unit positive measure σ on Σ such that:

a) |Kn|eun∫
Σ |Kn|eun

⇀ σ, hne
un/2∮

∂Σ hne
un/2 ⇀ σ|∂Σ;

b) supp σ ⊂ {p ∈ ∂Σ : D(p) ≥ 1, Dτ (p) = 0}.

4. If there exists m ∈ N such that ind(un) ≤ m for all n, then S = S0 ∪ S1,
where:

S0 ⊂ {p ∈ ∂Σ : D(p) = 1, Dτ (p) = 0},

S1 = {p1, . . . pk} ⊂ {p ∈ ∂Σ : D(p) > 1}, k ≤ m.

If moreover χn ≤ 0, then S1 is empty.
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We emphasize that this result holds for general solutions of the PDE problem,
independently on any connection to the geometric problem of prescribing curvatures.

The proof of Theorem 4.7 is divided into several steps, including preliminary
properties of the singular set, the case of unbounded mass, and the case of bounded
mass or bounded Morse index. These are presented in the following subsections.

4.2.1 Localization of singular points and preliminary esti-
mates

In this section we focus on some general properties of blowing-up sequences of solu-
tions to (4.22) in the case where Σ not a disk. In particular we will derive a proof
of the first assertion in Theorem 4.7.

The spirit of the proof is simple: if p ∈ S, then one can rescale around p to obtain
a solution on the half-plane, and this is possible only if D(p) ≥ 1. The non-trivial
point here is to be able to rescale and pass to a limit problem even if p is not isolated
in S. This is possible by choosing carefully a sequence xn ∈ Σ (not necessarily local
maxima) such that xn → p and un(xn) → +∞. Let us point out that this is a
technical novelty even for the classical problem considered in [5, 25]: one can pass
to the limit around a singular point without knowing if the singular set is finite.

For this purpose we shall use Ekeland’s variational principle, which we recall
below (see Chapter 5 in [32] for a proof):

Theorem 4.8. Let (X, d) be a complete metric space and consider a function φ :
X → (−∞,+∞] that is lower semi-continuous, bounded from below and not identical
to +∞. Let ε > 0 and λ > 0 be given and let x ∈ X be such that φ(x) ≤ infX φ+ ε.
Then there exists xε ∈ X such that

1. φ(xε) ≤ φ(x),

2. d(xε, x) ≤ λ,

3. φ(xε) < φ(z) + ε
1
λ
d(xε, z) for every z ̸= xε.

Proposition 4.9. The singular set S defined in (4.21) satisfies

S ⊂ {p ∈ ∂Σ : D(p) ≥ 1} .

Proof. Let p be a point in S. By conformal invariance, we can pass from a neigh-
borhood of p to a domain B ⊂ R2, where B denotes B0(r) ⊂ R2, if p ∈ int(Σ), or
B+

0 (r), if p ∈ ∂Σ. We can choose this conformal map so that p is mapped to 0.
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Let us take a sequence yn in B such that yn → 0 and un(yn) → +∞, and define

εn = e−un(yn)
2 .

We apply Theorem 4.8 taking φ = e−un
2 and λ = √

εn: then there exists a
sequence xn ∈ B such that

a) un(yn) ≤ un(xn),

b) d(xn, yn) ≤
√
εn,

c) e−un(xn)
2 < e−un(z)

2 + √
εnd(xn, z) for every z ̸= xn.

As a consequence of a) and b) above, xn → 0 and un(xn) → +∞. The idea is
that the new sequence xn is convenient for rescaling and passing to a limit problem.

Now, define δn = e−un(xn)
2 , Bn = Bxn( r2) ∩B and

vn(x) = un(δnx+ xn) + 2 log δn, (4.24)

which is defined in B̃n = 1
δn
Bn. Clearly, vn(0) = 0.

We claim that, given any R > 0, ε > 0,

vn(x) ≤ ε ∀ x ∈ B̃n, |x| < R, (4.25)

for sufficiently large n. Indeed, using c), we have that if |z − xn| < Rδn, then

(1 −
√
εnR)e−un(xn)

2 < e−un(z)
2 .

From this we get:

un(z) < un(xn) − 2 log(1 −
√
εnR), if |z − xn| < Rδn.

And this prove the claim.
In what follows we distinguish two cases:
Case 1 p ∈ ∂Σ and, up to a subsequence:

d(xn,Γ+
0 (r)) = O(δn) as n → +∞.

Passing to a subsequence we can assume that d(xn,Γ+
0 (r))

δn
→ t0 ≥ 0. Then, the
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function vn solves
−∆vn + 2δ2

nK̃n(δnx+ xn) = 2Kn(δnx+ xn)evn , in B̃n,
∂vn
∂n

+ 2δnh̃n(δnx+ xn) = 2hn(δnx+ xn)evn/2, on Γ̃n,
(4.26)

where Γ̃n is the straight portion of ∂B̃n.
Taking into account (4.25), by the Harnack inequality (A.2) proved in the Ap-

pendix A (applied at vn − ε), vn is uniformly bounded in L∞
loc(R × (−t0,+∞)).

Therefore, up to subsequence,

vn → v in C2
loc(R × (−t0,+∞)), (4.27)

which is a solution of the equation


−∆v = 2K(0)ev, in R × (−t0,+∞),
∂v

∂n
= 2h(0)ev/2, if t = −t0.

(4.28)

If K(0) < 0 and h(0) > 0, the latter problem admits solutions only if D(0) ≥ 1,
as we have seen in the previous section.

Case 2
d(xn,Γ+

0 (r))
δn

→ +∞, as n → +∞.

In this situation the rescaled domains B̃n invade all of R2. Hence, reasoning as
before, up to subsequence we have

vn → v uniformly in C2
loc(R2),

which is a solution of the equation

−∆v = 2K(0)ev, in R2. (4.29)

If K(0) < 0, is it well known, via Liouville’s formula, that problem (4.29) does
not admit any solution.

Remark 4.10. In the above proof, in Case 1, we arrive to a solution of (4.28).
Moreover v(0) = 0 and, by (4.25), v(x) ≤ 0 for all x ∈ R × [−t0,+∞)]. By the
maximum principle this implies that actually t0 = 0. That is, one obtains the more
precise conclusion d(xn,Γ+

0 (r)) = o(δn).
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We now state and prove a lemma for later use.

Lemma 4.11. There holds:

a) For any q ∈ (1, 2),
∫

Σ |∇u−
n |q < O(1).

b) If, moreover, χn ≤ 0, then
∫

Σ |∇u−
n |2 < O(1).

c) For any K ⊂ Σ compact set with K ∩ S = ∅, we have that:

sup
K
un − inf

K
un = O(1),

∫
K

|∇un|2 = O(1).

Bounds like those in c) frequently appear in Liouville-type problems and are
typically derived via a Green’s function representation. In our situation, however,
this approach cannot be applied unless the total mass is finite. The proof, that
follows, rely on estimates for u−

n combined with local regularity techniques.
The control of u−

n is usually proved with the Kato inequality (for example in [11]).
The difficulty here is that the boundary condition satisfied by u−

n is not immediately
clear, so we use, as in [29], a smooth approximation of the map u 7→ u−.

Proof. Define w : R → R a C2 function such that:

w(u) = u u ≤ 0,
w(u) = 1 u ≥ 1,
w′(u) ≥ 0 u ∈ R,
w′′(u) ≤ 0 u ∈ R.

Then the function wn = w(un) satisfies

−∆wn = −w′′(un)|∇un|2 − 2w′(un)(K̃n + |Kn|eun), x ∈ Σ,
∂wn
∂ν

+ 2w′(un)h̃n = 2w′(un)hneun/2, x ∈ ∂Σ.
. (4.30)

Just by integrating we find that

0 ≤
∫

Σ
−w′′(un)|∇un|2 ≤ O(1).

As a consequence, the right-hand side of the first equation in (4.30) is bounded in
L1, whereas the boundary data are bounded in L∞. By elliptic regularity estimates,∫

Σ |∇wn|q < O(1) for any q ∈ (1, 2). This implies a).
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We now prove b): We multiply (4.22) by u−
n and integrate, to get

∫
Σ

|∇u−
n |2 + 2u−

n (K̃n + |Kn|eun)] = 2
∮
∂Σ
u−
n (hneun/2 − h̃n).

Clearly the functions u−
n e

un , u−
n e

un/2 are bounded in L∞. Hence,
∫

Σ
|∇u−

n |2 = −2
[∫

Σ
K̃nu

−
n +

∮
∂Σ
h̃nu

−
n

]
+O(1).

We are able to estimate the right hand side by the assumption on χn. We split
u−
n = (u−

n − −
∫

Σ u
−
n ) + −

∫
Σ u

−
n , and, making use of a), the Poincaré inequality and the

Trace inequality, we obtain:∣∣∣∣∫
Σ
K̃n(u−

n − −
∫

Σ
u−
n )
∣∣∣∣ ≤ O(1),

∣∣∣∣∮
∂Σ
h̃n(u−

n − −
∫

Σ
u−
n )
∣∣∣∣ ≤ O(1).

Moreover,
−2

[∫
Σ
K̃n −

∫
Σ
u−
n +

∮
∂Σ
h̃n −
∫

Σ
u−
n

]
= −2χn −

∫
Σ
u−
n ≤ 0,

yielding the assertion.
Finally, let us show c). We can assume, without lose of generality, that K =

Bp(r) where Bp(4r) ∩ S = ∅ with p ∈ Σ and:

1. either Bp(4r) ⊂ int(Σ),

2. or p ∈ ∂Σ.

Via a conformal map we can pass to a problem in B0(4r) ⊂ R2 or B+
0 (4r) ⊂ R2

+.
Observe that in any case un ≤ C in Bp(2r) for some C > 0. Recall that as in

a), we have that the function vn = min{un, C} satisfies
∫

Σ |∇vn|q = O(1) for all
q ∈ [1, 2). As a consequence, thanks to the Poincaré inequality and to the fact that
vn = un in Bp(2r), the function ũn = un − −

∫
Bp(2r) un is bounded in Lq

′(Bp(2r)) for
any q′ > 1.

In case (1) we have that ũn solves:

−∆ũn = fn, in B0(2r),

with fn bounded in L∞. We conclude then by local regularity estimates (see for
instance [16, Theorem 8.17 and Theorem 8.32]).

In case 2 we are led to the problem:


−∆ũn = fn, in B+
0 (2r),

∂ũn
∂n

= gn, on Γ+
0 (2r),
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with fn, gn bounded in L∞. We conclude by local regularity estimates for the
Neumann problem (see for instance [27, Theorem 5.36 and Lemma 5.51]).

4.2.2 Blow-up with Unbounded Mass

Example 4.12. Consider the problem:


−∆u = −2eu, in A(0; r, 1),
∂u

∂n
+ 2 = 2h1e

u/2, on |x| = 1,
∂u

∂n
− 2/r = 2h2e

u/2, on |x| = r,

(4.31)

where h1, h2 are two real constants. All explicit solutions of this problem have been
classified by [21]; here we exhibit some of them observing that they form families of
blowing-up solutions with infinite mass.

As a first example (see [21, Equation (3) and Lemma 2]), the functions

uλ(x) = log
(

4
|x|2(λ+ 2 log |x|)2

)
, for any λ /∈ [0,−2 log r],

are solutions of (4.31); if λ < 0 then h1 = 1 and h2 = −1, whereas if λ > −2 log r,
h1 = −1 and h2 = 1. Observe that if λ tends to 0 or −2 log r, then the functions
u blow up at a whole component of the boundary, which is indeed the one with
curvature equal to 1. In particular, the blowing-up set S is infinite here and the
mass is infinite since

∫
A(0;r,1)

euλ ∼ 4π
(

1
λ+ 2 log r − 1

λ

)

Let us give a second example. Given any h1 > 1, for any γ ∈ N, there exists an
explicit solution in the form (we use complex variable notation):

uγ(z) = 2 log
(

γ|z|γ−1

h1 +Re(zγ)

)
, (4.32)

where h2 = −h1r
−γ.

Observe that the solutions in (4.32) form a blowing-up sequence as γ → +∞,
keeping h1 > 1 fixed. Indeed,

uγ(z) → −∞ if |z| < 1, uγ(z) → +∞ if |z| = 1.
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Hence, in this case S = {|z| = 1} and h1 > 1, the solutions concentrate entirely
on the unit circle as γ → +∞.

Let us compute the asymptotic profile of these solutions. Fix a point of blow-up
z = −1, and define the rescaling:

vγ(z) = uγ

(
1 − z

γ

)
− 2 log γ.

Hence v can be written in the form:

vγ(z) = 2 log
 |1 − z

γ
|γ−1

h1 +Re((1 − z
γ
)γ)

 .
Clearly,

lim
γ→+∞

(
1 − z

γ

)γ
= e−z,

so vγ converges, at least point-wise, to the function:

v(z) = 2 log
(

|e−z|
h1 +Re(e−z)

)
= 2 log

(
e−t

h1 + e−t cos s

)
,

which is defined in the half-plane {(s, t) ∈ R2 : t ≥ 0}. This is indeed a solution to
the limit problem in the half-space with K = −1, h1 > 1, infinite mass and infinite
Morse index, according to our results.

This example shows that infinite Morse index blowing up solutions exist, even in
this geometric context. Moreover, the blow-up limits can be entire solutions in the
half-plane with infinite Morse index. Let us point out, though, that this example
is not under the conditions of Theorem 4.7 since h2 = −h1r

−γ diverges negatively.
Whether the infinite Morse index assumption is necessary or not in Theorem 4.7 (4)
remains as an interesting open problem.

We now investigate the blow-up phenomenon in the regime of diverging mass.
As we shall show, under the assumption χn ≤ 0 this is the only admissible blow-up
behaviour, revealing a genuinely new scenario for this class of geometric problems.

We introduce the quantity

ρn :=
∮
∂Σ
hne

un/2 =
∫

Σ
|Kn| eun +O(1) −→ +∞,

and, up to subsequences, obtain the weak convergences

hne
un/2

ρn
⇀ σ,

|Kn|eun
ρn

⇀ ξ,
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where σ and ξ are nonnegative Radon probability measures supported on ∂Σ and Σ
respectively.

The next statement corresponds to case (3a) of Theorem 4.7.

Proposition 4.13. The limiting measure ξ is supported on the boundary, and co-
incides there with σ. More precisely,

ξ|int(Σ) = 0, ξ|∂Σ = σ.

Proof. Let ϕ ∈ C2(Σ) and multiply equation (4.22) by ϕ. Using Green’s identity we
obtain

2
∮
∂Σ

(hneun/2 − h̃n)ϕ− 2
∫

Σ

(
K̂nϕ+ |Kn|eunϕ

)
=
∫

Σ
un∆ϕ+

∮
∂Σ
un
∂ϕ

∂ν
.

We estimate the right-hand side by separating un = u+
n + u−

n . For the positive
part, ∣∣∣∣∣

∫
Σ
u+
n∆ϕ+

∮
∂Σ
u+
n

∂ϕ

∂ν

∣∣∣∣∣ ≤ C

(∫
Σ
u+
n +

∮
∂Σ
u+
n

)
= o(ρn),

.
For the negative part we write

∫
Σ
u−
n∆ϕ+

∮
∂Σ
u−
n

∂ϕ

∂ν
=
∫

Σ

(
u−
n − −

∫
Σ
u−
n

)
∆ϕ+

∮
∂Σ

(
u−
n − −

∫
Σ
u−
n

)
∂ϕ

∂ν
.

By Lemma 4.11(a) we have, for any q ∈ (1, 2),
∫

Σ
|u−
n − −

∫
Σ
u−
n | +

∮
∂Σ

|u−
n − −

∫
Σ
u−
n | ≤ C

∫
Σ

|∇u−
n |q,

and the last quantity is uniformly bounded. Thus the right-hand side is o(ρn).
Using these facts, we pass to the limit in the first identity of the proof and we

obtain

∮
∂Σ
ϕ dσ =

∫
Σ
ϕ dξ.

The arbitrariness of ϕ yields the claim.

By Proposition 4.9 we already know that

supp σ ⊂ S ⊂ {p ∈ ∂Σ : D(p) ≥ 1}.
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The goal of this subsection is to refine this information and show that

supp σ ⊂ {p ∈ ∂Σ : Dτ (p) = 0},

The argument is delicate because the support of σ may be infinite and because
we do not control the asymptotic Dirichlet energy. The strategy is to apply the
Pohozaev-type identity from Lemma 2.4 to holomorphic vector fields, for which the
Cauchy–Riemann equations force the energy contributions to vanish. A conformal
change of coordinates allows us to work in an annulus where analytic extensions can
be performed.

Proposition 4.14. We have

supp σ ⊂ {p ∈ ∂Σ : Dτ (p) = 0}.

Proof. Let Λ0 be a boundary component with σ(Λ0) > 0, and let U be a smooth
neighborhood. By the Uniformization Theorem for annuli (see [14, IV.7]) there
exists a conformal chart sending U onto an annulus A(0; r, 1), r < 1, mapping Λ0 to
the outer boundary {|x| = 1}.

In these coordinates the equation becomes


−∆gun + 2K̃n = 2Kne
un in A(0; r, 1),

∂νun + 2h̃n = 2hneun/2 on Λ0,

where g = evg0 is conformal to the Euclidean metric. Setting ûn = un + v one
obtains the Euclidean system


−∆ûn + 2K̂n = 2Kne

ûn in A(0; r, 1),

∂ν ûn + 2ĥn = 2hneûn/2 on Λ0.
(4.33)

Let f be a real analytic function on Λ0, and define F (p) = f(p)τ(p), where
τ is the unit tangent vector. Analytic continuation extends F holomorphically to
A(0; r, 1) (possibly after shrinking r). Choose a cut-off function ϕ supported near
Λ0 and set F̃ = Fϕ. Applying Lemma 2.4 to F̃ yields∮

Λ0
4f (hneûn/2 − ĥn) (ûn)τ =

∫
A(0;r0,1)

[
4K̂n∇ûn · F + 4eûn(∇Kn · F +Kn∇ · F )

]
+O(1).

Since F is holomorphic, the Cauchy–Riemann equations imply

2DF (∇ûn,∇ûn) − (∇ · F ) |∇ûn|2 = 0.
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We now estimate each term. The contributions involving ∇û−
n are bounded by

Lemma 4.11, while those involving û+
n are o(ρn) by integration by parts:

∣∣∣∣∣
∫
A(0;r0,1)

4K̂n∇û+
n · F

∣∣∣∣∣ ≤
∣∣∣∣∣
∮

Λ0
4K̂nû

+
nF · ν −

∫
A(0;r0,1)

û+
n∇ · (K̂nF )

∣∣∣∣∣+O(1)

≤ C

(∮
Λ0
û+
n +

∫
A(0;r0,1)

û+
n

)
+O(1) = o(ρn).

A similar argument shows
∮

Λ0
fĥn(ûn)τ = o(ρn).

Integrating by parts on Λ0 gives

4
∮

Λ0
hnfe

ûn/2(∇ûn · F ) = −8
∮

Λ0
(hnf)τeûn/2.

Combining all terms we obtain

−8
∮

Λ0
((hn)τf + hnfτ ) eûn/2 =

∫
A(0;r0,1)

(4∇Kn · F + 4Kn∇ · F ) eûn + o(ρn).

Since on Λ0 we have ∇ · F = 2fτ , using Proposition 4.13 and dividing by ρn

yields in the limit

−8
∮

Λ0

(
hτ
h
f + fτ

)
dσ = −

∮
Λ0

(
4f Kτ

K
+ 8fτ

)
dσ.

The fτ terms cancel, and we obtain

∮
Λ0

(
2hτ
h

− Kτ

K

)
f dσ = 0 for all analytic f.

Set
µ :=

(
2hτ
h

− Kτ

K

)
σ.

Since analytic functions are dense in C0(Λ0), the above identity forces µ ≡ 0.
Finally,

2hτ
h

− Kτ

K
= 2Dτ

D
,

which implies Dτ (p) = 0 for all p ∈ supp σ.
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4.2.3 Blow-up with Bounded Mass or Morse Index

In this section, we focus on the case where the sequence un either has bounded
mass or bounded Morse index. We leverage this property to provide a more detailed
description of the blow-up phenomena, thereby proving statements (2) and (4) in
Theorem 4.7. The crucial point is that if D(p) > 1, then the only limit profiles with
bounded mass or bounded Morse index are the bubbles of the form (4.7).

We begin with the following lemma:

Lemma 4.15. Assume that
∫

Σ e
un is uniformly bounded in n. Then,

S ⊂ {p ∈ ∂Σ : D(p) > 1} .

Proof. Let p ∈ S and consider the function vn defined in (4.24). Using Fatou’s
lemma, the classification of entire solutions on the upper half-plane, and Remark 4.10,
we deduce that for some r > 0:

C ≥ lim
n→+∞

∫
B+
p (r)

|Kn|eun = lim
n→+∞

∫
B̃n

|Kn|evn ≥
∫
R2

+

|K(p0)|ev,

where B̃n = B+
xn−p
δn

( r
δn

) and v is a solution of the limit problem (4.28). Observe
that if D(p) = 1, then v takes the form (4.5), violating the volume bound. Hence,
D(p) > 1.

The main outcome of this section is the following proposition, which completes
the proof of Theorem 4.7 and describes the asymptotic behavior of blowing-up se-
quences near singular points.

Proposition 4.16. Let un be a blowing-up sequence (i.e., supΣ un → +∞) of solu-
tions to (4.22) under the assumptions of Theorem 4.7, and assume further that

either
∫

Σ
eun or ind(un) is bounded. (4.34)

Then S = S0 ∪ S1 with

S0 ⊂ {p ∈ ∂Σ : D(p) = 1, Dτ (p) = 0}, S1 = {p1, . . . , pm} ⊂ {p ∈ ∂Σ : D(p) > 1}.

Moreover, the following asymptotic profiles hold:

a) If p ∈ S0, there exist sequences xn → p, λn → 0, Rn → +∞ such that
d(xn, ∂Σ) = o(λn) and

un(y) = vλn(0, t) + o(1), y ∈ Bxn(Rnδn), (4.35)
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where vλ is the one-dimensional solution in (4.5) and t = d(y, ∂Σ).

b) If p ∈ S1, there exist sequences (sn, tn) → p and λn → 0 such that

un(s, t) = 2 log
(

2λn
(s− sn)2 + (t+ D(p)λn)2 − λ2

n

)
+O(1), (4.36)

in B+
p (r) ⊂ R2, with d(p, pj) > 2r for all j = 1, . . . ,m, where (s, t) are

isothermal coordinates centered at p. Moreover,

∇un(x) = −4 x− p

|x− p|2
+o

(
1

|x− p|2

)
, x ∈ B+

p (r)\B+
p (λn log(1/λn)). (4.37)

c) Finally, if χn ≤ 0, then S1 is empty.

This proposition is a consequence of the following lemmas.

Lemma 4.17. Under assumption (4.34), the set S1 is finite. Moreover, for any
p ∈ S1, the blow-up profile v constructed in the proof of Proposition 4.9 has finite
volume.

Proof. Recall the profile v is defined as the limit

vn(x) = un(δnx+ xn) + 2 log δn, δn = e−un(xn)/2.

If v did not have finite mass, Fatou’s lemma would imply
∫

Σ e
un → ∞. Moreover,

according to Theorem 4.3 b), we can select compactly supported functions (with
mutually disjoint supports) ψ1, . . . , ψm+1 such that

ai :=
∫
R2

+

[
|∇ψi|2 + 2evψ2

i

]
−
∫
∂R2

+

1
D(p)e

v/2ψ2
i < 0

for each i = 1, . . . ,m+ 1.
Next, define the rescaled functions

ψi,n := ψi

(
x− xn
δn

)
.

By changing variables and using the expression

Qn(ψ) =
∫

Σ
[|∇ψ|2 + 2|Kn(x)|eunψ2] −

∮
∂Σ
hne

un/2ψ2, (4.38)

it is straightforward to check that

Qn(ψi,n) = ai + on(1) < 0, i = 1, . . . ,m+ 1.
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Since the supports of the ψi,n are also disjoint, we conclude that ind(un) ≥ m + 1
for sufficiently large n, leading to a contradiction with (4.34).

We now observe that at each point in S1, one can construct a blow-up profile v
satisfying (4.6), with Morse index equal to 1. Furthermore, by (4.9),

lim inf
n→+∞

∫
Σ

|Kn|eun ≥
∫
R2

+

|K(p0)|ev = 2π
 h(p0)√

h2(p0) +K(p0)
− 1

 > δ,

for some suitable δ > 0 (independent of the choice of p0). Since each blow-up point
in S1 contributes at least δ to the integral, the total number of blow-up points
must be finite in order to satisfy the uniform bound imposed by condition (4.34).
Therefore, the set S of blow-up points is finite.

Lemma 4.18. Let p ∈ S1. Then there exist constants r, C > 0 such that
∫
Bp(r)∩Σ

eun ≤ C,
∮
Bp(r)∩∂Σ

eun/2 ≤ C, un → −∞ on ∂Bp(r) ∩ Σ.

Proof. First, using a conformal local chart, we reduce to the Euclidean case. Next
we divide the proof into several steps:

Step 1 Blowing a first bubble: From Lemma 4.17, we already know that the subset S1

of the blow-up set S is finite. Hence, by subharmonicity, for sufficiently large
n (up to a subsequence), the functions un attain local maxima xn on Γ+

0 (r),
with xn → p.

We then rescale the solutions un as

vn(x) := un(xn + δnx) + 2 log δn, with e−2δn = un(xn).

Reasoning as in the proof of Proposition 4.9, we can find a sequence Rn → +∞
(growing slowly) such that

∥vn − v∥C2(B+
0 (2Rn)) → 0,

where v is a solution of (4.28).

By the classification result 4.1, the limit v must have the form

v(s, t) = 2 log
(

2λ
−λ2 + (s− s0)2 + (t+ t0)2

)
,
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for some λ > 0, s0 ∈ R, and t0 determined by t0 = D(p)λ. Notice that, at
infinity, v satisfies

v(s, t) ∼ −4 log |(s, t) − (s0,−t0)| . (4.39)

We also recall that this solution has Morse index one, according to Theorem
4.3.

Step 2 Blowing (possibly) other bubbles: Let r be as before and let Rn → +∞ as in
the previous step. We then consider the maximization problem

sup
Rnδn≤|x−xn|≤r/2

(un(x) + 2 log |x− xn|) .

If this supremum diverges, then, following the argument in the proof of Lemma
4 in [25], one could again rescale un near a maximum point of the function
un + 2 log |x− xn| to obtain a new limiting profile.

Since all limiting profiles are of the same form as the function v described
above, and each has Morse index one and a fixed mass, condition (4.34) ensures
that this procedure can produce only finitely many bubbles.

Consequently, there exist an integer k, with 1 ≤ k ≤ m, sequences of boundary
points xin ∈ B+

0 (r) for i = 1, . . . , k, sequences (δin)n with δin → 0, and sequences
(Ri

n)n with Ri
n → ∞, as well as a fixed constant C, such that the following

properties hold:

(i) The rescaled functions

vin(x) := un(xin + δinx) + 2 log δin

converge in C2(B+
0 (Ri

n)) to the profile v;

(ii) The balls are disjoint:

B+
xin

(4Ri
nδ

i
n) ∩B+

xjn
(4Rj

nδ
j
n) = ∅ for i ̸= j;

(iii) Outside the rescaled balls, the function is uniformly bounded:

sup
B+

0 (r/2)\
⋃k

i=1 B
+
xin

(Rinδin)

(
un(x) + 2 log min

i
|x− xin|

)
≤ C.
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Step 3 Harnack inequality: For sin ∈ [2Ri
nδ

i
n,

1
8 minj ̸=i |xin − xjn|] with sin ≤ r/8, we

consider the rescaled function

win(x) := un(xin + sinx) + 2 log sin, x ∈ B+
0 (4) \B+

0 (1/2).

Thanks to the uniform bound on un given in (iii), the functions win are uni-
formly bounded from above, and they satisfy a differential equation with uni-
formly bounded coefficients in B+

0 (4) \B+
0 (1/2).

Arguing as in (4.27), we deduce a Harnack inequality for ewin in B+
0 (2)\B+

0 (1),
which implies that win has uniformly bounded oscillation in this region.

Next, define the (semi-circular) average

uin(s) := 1
|∂+Bxin

(s)|

∮
∂+B

xin
(s)
un.

The Harnack inequality then gives a constant C > 0, independent of n and s,
such that

un(x) ≤ uin(s) + C, x ∈ B+
xin

(2s) \B+
xin

(s/2),

for all s ∈ [2Ri
nδ

i
n,

1
8 minj ̸=i |xin − xjn|].

Step 4 Local radial decay: Let us first assume that there exists xjn ̸= xin as in Step 2
such that |xin − xjn| → 0. We aim to show that, after an appropriate rescaling,
the functions un retain the same blow-up profile as in (4.39) for |x − xin| ≤
O
(

minj ̸=i |xin − xjn|
)
. In particular, this implies that the accumulation of

volume is finite up to that scale.

Let νs denote the outer unit normal to ∂+Bxin
(s). Then we have

|∂+Bxin
(s)| d

ds
uin(s) =

∮
∂+B

xin
(s)

∂un
∂νs

. (4.40)

Fix a small positive number δ. We claim that

uin(s) ≤ uin(Ri
nδ

i
n) − (4 − δ)

(
log s− log(Ri

nδ
i
n)
)

(4.41)

for all s ∈ [2Ri
nδ

i
n,

1
8 minj ̸=i |xin − xjn|].

Assume by contradiction that (4.41) is false, and let tin be the infimum of the
radii s such that

uin(s) > uin(Ri
nδ

i
n) − (4 − δ)

(
log s− log(Ri

nδ
i
n)
)
.
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By definition of tin, we then also have

tin
d

ds

∣∣∣
s=tin

uin(s) ≥ δ − 4.

Using (4.40) and the fact that |∂+Bxin
(s)| = πs, we obtain

∮
∂+B

xin
(tin)

∂un
∂νtin

≥ (δ − 4)π
(
1 +O((tin)2)

)
.

On the other hand, by the convergence in Step 1 and the asymptotic profile
(4.39), we have

∮
∂+B

xin
(Rinδin)

∂un
∂νRinδin

→ −4π as n → +∞.

Integrating (4.22) and using the above two formulas, together with tin → 0, we
find

2
∫
B+
xin

(tin)\B+
xin

(Rinδin)
(Kne

un − K̃nun) + 2
∮

Γ+
xin

(tin)\Γ+
xin

(Rinδin)
(hneun/2 − h̃nun)

≤ −δπ + on(1).

However, by the definition of tin and the Harnack inequality, in the same regions
we have

eun(x) ≤ C(δin)−2(Ri
n)−4

(
Ri
nδ

i
n

|x|

)4−δ

, |x| ∈ [Ri
nδ

i
n, t

i
n], (4.42)

and, moreover, by the asymptotics of un,

|un(x) − un

(
δinR

i
n

|x|
x

)
| ≤ C log |x|

δinR
i
n

, |x| ∈ [Ri
nδ

i
n, t

i
n].

Hence, where un is positive we can bound it by its exponential, and where
it is negative we can estimate it by the logarithmic bound above. Together,
these estimates show that the integrals in (4.2.3) converge to zero, giving a
contradiction.

Finally, if there is no xjn ̸= xin (i.e., only one bubble exists), we choose the
upper bound for tin in the formula after (4.41) to be a small fixed number
r̃ > 0. Then all the above arguments remain valid, except that the right-hand
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side of (4.2.3) becomes −δπ + O(r̃2) + on(1). Choosing r̃ small relative to δ
yields the same contradiction.

Step 5 Global radial decay: This step can be omitted when only a single bubble
appears in the previous stage. If instead multiple bubbles arise, for simplicity
we assume that there are exactly two of them, namely x1

n and x2
n. The general

situation is analogous, and can be handled by suitably grouping the points
into clusters.

From the previous step, fixing any small δ > 0, we obtain inequality (4.41);
moreover, we also have

u2
n(s) ≤ u2

n(R2
nδ

2
n) − (4 − δ)

(
log s− log(R2

nδ
2
n)
)
,

for every
s ∈

[
2R2

nδ
2
n,

1
8 |x1

n − x2
n|
]
.

By the Harnack inequality obtained in Step 3, the difference between the radial
averages satisfies

∣∣∣u2
n(1

8 |x1
n − x2

n|) − u1
n(1

8 |x1
n − x2

n|)
∣∣∣ ≤ C,

uniformly in n. Furthermore, using also (4.42), we have

|un(x) − u1
n(1

8 |x1
n − x2

n|)| ≤ C for every x ∈ Ωn,

and ∫
Ωn
eun → 0,

∮
Ξn
eun/2 → 0.

Here we denoted

Ωn = B+
x1
n
(8|x1

n − x2
n|) \

(
B+
x1
n
(1

8 |x1
n − x2

n|) ∪B+
x2
n
(1

8 |x1
n − x2

n|)
)
,

Ξn = Γ+
x1
n
(8|x1

n − x2
n|) \

(
Γ+
x1
n
(1

8 |x1
n − x2

n|) ∪ Γ+
x2
n
(1

8 |x1
n − x2

n|)
)
.

Integrating (4.22) and arguing as in the previous step, we deduce that

∮
∂+B

x1
n

(8|x1
n−x2

n|)

∂un
∂νn

−→ −8π as n → +∞,

because the total flux of ∇un through ∂Ωn tends to zero. Repeating the
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argument of Step 4 then yields

u1
n(s) ≤ u1

n(8|x1
n − x2

n|) − 2(4 − δ)
(

log s− log(8|x1
n − x2

n|)
)

+ C,

for all
s ∈ [8|x1

n − x2
n|, r̃],

where C > 0 is a fixed constant and r̃ > 0 is small but independent of n.
These estimates also imply that on the region Ωn, both

∫
Ωn e

un and
∮

Ξn e
un/2

tend to zero.

Step 6 Conclusion: Combining the conclusions of Step 4 and Step 5, we obtain that
the bulk integral of eun (and similarly the boundary integral of eun/2) remains
uniformly bounded in some fixed neighborhood of p. This proves the first claim
of the proposition. It also follows directly that un tends to −∞ on ∂+Bp(r).

Lemma 4.19. Under the assumptions of Proposition 4.16, the asymptotic profiles
described in (4.35) and (4.36) hold. Moreover, if χn ≤ 0, then the set S1 is empty.

Proof. If p ∈ S0, the conclusion follows directly from Case 1 in the proof of Propo-
sition 4.9. Recall that when D(p) = 1, equation (4.28) admits only the explicit
solution in (4.5) (see Section 4). In this regard we also refer to Remark 4.10.

We now focus on the case p ∈ S1, where the main issue is excluding the formation
of a blow-up cluster. Using a conformal chart, the problem may be transferred to a
half-ball B+

0 (r) ⊂ R2 where p corresponds to the origin. In this setting one has the
distributional convergence

(|Kn|eun)|Bp(r)∩Σ ⇀ m̃ (2π − β)δp, hne
un/2|∂Bp(r)∩Σ ⇀ m̃β δp, (4.43)

for some m̃ ∈ N, where

β = 2π
 h(p)√

h2(p) +K(p)

 . (4.44)

To identify m̃, we employ a Pohozaev-type identity. Choose r > 0 small enough
so that B+

0 (r)∩S = {0} and apply Lemma 2.4 to B+
0 (r) with F (x) = x. This yields

∮
∂B+

0 (r)
[4Kne

un(x · ν) + 2(∇un · x)(∇un · ν) − |∇un|2x · ν]

=
∫
B+

0 (r)
[4K̃n∇un · x+ 8Kne

un + (∇Kn · x)eun ].
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Splitting the boundary into Γ+
0 (r) and ∂+B0(r) gives

∮
Γ+

0 (r)

[
4hneun/2(∇un ·x) − 4h̃n(∇un ·x)

]
+ (4.45)

r
∮
∂+B0(r)

[
4Kne

un + 2
(∇un ·x

r

)2
− |∇un|2

]
(4.46)

=
∫
B+

0 (r)

[
4K̃n∇un ·x+ 8Kne

un + (∇Kn ·x)eun
]
. (4.47)

Since |∇Kn| ≤ C in B+
0 (r), we obtain

∫
B+

0 (r)
(∇Kn ·x)eun ≤ r

∫
B+

0 (r)
|∇Kn|eun = O(r). (4.48)

Integrating by parts on Γ+
0 (r) yields

∮
Γ+

0 (r)
4hneun/2(∇un ·x) =

[
8hneun/2x1

] r
−r

− 8
∮

Γ+
0 (r)

∇hn ·x eun/2 − 8
∮

Γ+
0 (r)

hne
un/2.

Using |∇hn| ≤ C we deduce
∮

Γ+
0 (r)

∇hn ·x eun/2 = O(r). (4.49)

By Lemma 5.6, [
hne

un/2x1

] r
−r

→ 0,
∫
∂+B0(r)

Kne
un → 0. (4.50)

Next, it is needed to estimate the gradient terms. In order to do it, we introduce
the function vn = un − inf

∂+B0(r)
un − wn, where vn, wn satisfy


−∆vn + 2K̃n = 2Kne

un , in B+
0 (r),

∂vn
∂n

+ 2h̃n = 2hneun/2, on Γ+
0 (r),

vn = 0, on ∂+B0(r),
∆wn = 0, in B+

0 (r),
∂wn
∂n

= 0, on Γ+
0 (r),

wn = un − inf
∂+B0(r)

un, on ∂+B0(r).

Recall the Green’s representation formula for vn
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vn(x) = −1
π

∫
B+

0 (r)
log |x− y| (2Kn(y)eun(y) − 2K̃n(y))dy

− 1
π

∮
Γ+

0 (r)
log |x− y|

(
2hn(y)eun(y)/2 − 2h̃n(y)

)
dy +Rn(x), (4.51)

where Rn is uniformly bounded.
Let us define the function

φn = un − inf
B+

0 (r)
un ≥ 0.

By Lemma 4.11, c), we know that φn ≤ C on ∂+B0(r), so using the Green’s
representation formula for φn we obtain that

φn(x) = −1
π

∫
B+

0 (r)
log |x− y|(2Kn(y)eun(y) − 2K̃n(y)) dy

− 1
π

∮
Γ+

0 (r)
log |x− y|(2hn(y)eun(y)/2 − 2h̃n(y)) dy + O(1).

Therefore,

φn → φ = −4m̃ log |x| + ϕ uniformly in C2
(
B+

0 (r) \ {0}
)
,

where ϕ is a regular function on B+
0 (r). As a consequence, we obtain that

∇un = ∇φn → −4m̃ x

|x|2
+ ∇ϕ. (4.52)

Now, by the boundedness of K̃n, h̃n and (4.52) one gets

∫
B+

0 (r)
K̃n (∇un · x) = O(r),

∫
Γ+

0 (r)
h̃n (∇un · x) = O(r). (4.53)

By (4.81), (4.82), (4.83), (4.53) and (4.52), we can pass to the limit in (4.45) as
r → 0 to conclude that m̃ = 1.

We now turn to the pointwise estimates in (4.36). The argument parallels the
proof of Theorem 1.6 in [2], combining Green’s representation, a Pohozaev identity,
and (4.27) together with Lemma 4.11 (c). Considering the limit equation (4.28), for
the scaled function vn introduced in (4.24) one obtains

vn(s, t) = 2 log
(

2λ0

s2 + (t+ t0)2 − λ2
0

)
+O(1), in B+

0

(
r

δn

)
,
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where t0 = D(0)λ0 and λ0 = 2
D2(0)−1 (because v(0) = 0). Using Remark 4.10 and

that xn ∈ Γ+
0 (r), this expansion translates into (4.36) for un, with λn = λ0δn. The

gradient estimate (4.37) follows similarly.

Finally, combining (4.36) and (4.37) we get

∫
B+

0 (r)
|∇u−

n |2 ≥ 16
∫
B+

0 (r)\B+
0 (δn log δn)

1
|x|2

+o
(

1
|x|2

)
= −4 log(δn log δn)+o(log(δn log δn)).

Thus ∫
B+

0 (r)
|∇u−

n |2 → +∞, (4.54)

which contradicts Lemma 4.11 (b). Hence the proof is complete.

Lemma 4.20. For every p ∈ S0, one has Dτ (p) = 0.

Proof. Assume by contradiction that Dτ (p) ̸= 0 for some p ∈ S0. Then p is isolated
in S0, and since S1 is finite by the previous lemma, it is also isolated in S.

Using a conformal chart we reduce the problem to a half-ball B+
p (r) ⊂ R2 where

p is the only singular point. At points in S0 the blow-up profiles are given by
(4.5), which implies that the amount of local volume diverges to +∞. Consequently
ρn(un) → +∞.

We now select F (s, t) = (1, 0) in Lemma 2.4, cutting it off near p. Repeating the
argument of Proposition 4.14, but replacing the global mass ρn with the localized
quantity

∫
B+
p (r) e

ûn (for a fixed small r), and using Lemma 4.11 (c), we again conclude
that Dτ (p) = 0, a contradiction.

4.3 The case of the disk

The main result of the blow-up analysis on the disk, which will be used in Chapter
5 to build solutions, is the following

Theorem 4.21. Let un be a sequence of solutions of the problem
−∆un = 2Kne

un in D,
∂un
∂ν

+ 2 = 2hneun/2 on ∂D,
(4.55)

where Kn → K in C2(D) and hn → h in C2(∂D) as n → +∞. Assume moreover
that un is blowing-up, namely, sup{un} → +∞, with bounded global mass,

∫
D
eun +

∫
∂D
eun/2 ≤ C. (4.56)
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Then there exists a unique point p ∈ ∂D such that

i) If K(p) ≤ 0 then h(p) >
√

−K(p).

ii) There exists an → p so that

un(z) = uan(z) + ψn(z),

uan(z) := 2 log
 2ϕ̂n(1 − |an|2)
ϕ̂2
n|1 − anz|2 + k̂n|z − an|2

 ,
with

ϕ̂n := ϕn

(
an
|an|

)
, k̂n := Kn

(
an
|an|

)
,

where
ϕn(z) := hn(z) +

√
hn(z)2 +Kn(z). (4.57)

Moreover, the error term ψn satisfies:

∥ψn∥C0,α(D) → 0 for any α ∈ (0, 1/2).

iii) Let H denote the harmonic extension of h, that is,
 ∆H = 0 in D,
H = h on ∂D.

Define:
φ(z) := H(z) +

√
H(z)2 +K(z), (4.58)

which, by i), is positive and well defined at least in a neighborhood of p. Then:

∇φ(p) = 0. (4.59)

We note that condition (4.59) is equivalent to

hτ (p) = −Kτ (p)
2φ(p) , (−∆)1/2h(p) = −Kν(p)

2φ(p) .

Here τ denotes the tangent vector to ∂D at the point p. As a consequence, we
obtain a compactness criterion: if no such point p exists, then the sequence un is
uniformly bounded from above and hence precompact. This criterion depends on
local quantities involving K and h, as well as on the half-Laplacian of h evaluated
at the blow-up point.
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Remark 4.22. There are examples in which the finite mass hypothesis (4.56) holds.
If h > 0 and K > 0, it follows from the Gauss–Bonnet theorem; moreover, there are
also cases in which either h or K is zero, as pointed out in the Appendix of [20],
Proposition A.2, using the isoperimetric inequality and Toponogov’s length bound.

Lemma 4.23. Let ψ be a solution of


−∆ψ = c(z) in D,
∂ψ

∂ν
= d(z) on ∂D,

with
∫
D
ψ = 0.

Then, for any q > 1, there exists a constant Cq > 0 such that

∥ψ∥W 1+1/q,q(D) ≤ Cq
(
∥c∥Lq(D) + ∥d∥Lq(∂D)

)
.

Lemma 4.24. For any q > 1 there exists Cq > 0 such that the following holds. Let
ψ be a solution of the nonhomogeneous linearized problem

−∆ψ = 2K0e
v0ψ + c(z) in D,

∂ψ

∂ν
= 2h0e

v0/2ψ + d(z) on ∂D,
(4.60)

and assume that ψ satisfies the orthogonality conditions
∫
D
xev0(z)ψ(z) = 0,

∫
D
yev0(z)ψ(z) = 0. (4.61)

Then
∥ψ∥W 1+1/q,q(D) ≤ Cq

(
∥c∥Lq(D) + ∥d∥Lq(∂D)

)
.

Proof. Let ψn be a sequence of solutions to
−∆ψn = 2K0e

v0ψn + cn(z) in D,
∂ψn
∂ν

= 2h0e
v0/2ψn + dn(z) on ∂D.

We may assume that the functions ψn are sufficiently smooth; otherwise, the ar-
gument follows by density. Arguing by contradiction, suppose that there exist se-
quences cn, dn and corresponding solutions ψn such that

∥cn∥Lq(D) + ∥dn∥Lq(∂D) = 1, ∥ψn∥W 1+1/q,q(D) → +∞.

Define the normalized functions

ψ̃n := ∥ψn∥−1
W 1+1/q,q(D)ψn.
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Up to a subsequence, we have ψ̃n ⇀ ψ̃0 weakly in W 1+1/q,q(D). By compactness,

2K0e
v0ψ̃n + cn

∥ψn∥W 1+1/q,q(D)
→ 2K0e

v0ψ̃0 in Lq(D),

and
2h0e

v0/2ψ̃n + dn
∥ψn∥W 1+1/q,q(D)

→ 2h0e
v0/2ψ̃0 in Lq(∂D).

Applying Lemma 4.23, we deduce that ψ̃n → ψ̃0 strongly in W 1+1/q,q(D). In partic-
ular,

∥ψ̃0∥W 1+1/q,q(D) = 1.

Moreover, the orthogonality conditions (4.61) are preserved in the limit. Lemma 4.6
then implies ψ̃0 = 0, which yields a contradiction.

4.3.1 Single-Point Blow-up and Asymptotic Profile

The purpose of this section is to provide a proof of Proposition 4.25 stated below.
Under the assumptions of Theorem 4.21, we introduce the sequence

un(z̃n) := max
D

un(z) → +∞. (4.62)

We define the singular set associated with the blowing-up sequence as

S := {p ∈ D : ∃ zn ∈ D, zn → p such that un(zn) → +∞}. (4.63)

By (4.62), after possibly passing to a subsequence, we may assume that z̃n →
p ∈ S as n → +∞.

The main result of this section is the following.

Proposition 4.25. Under the assumptions of Theorem 4.21, S = {p} ⊂ ∂D and,
up to a subsequence,

un → −∞ locally uniform in D \ {p},

hne
un/2 ⇀ βδp, Kne

un ⇀ (2π − β)δp, (4.64)

in the sense of measures, where

β := 2π h(p)√
h2(p) +K(p)

. (4.65)
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Moreover,

un(z) = 2 log
{

2ϕn(p)(1 − |ζn|2)
ϕ2
n(p)|1 − ζnz|2 +Kn(p)|z − ζn|2

}
+O(1), (4.66)

where z ∈ D, the function ϕn is defined in (4.57) and ζn ∈ D, with ζn → p.

Proposition 4.25 represents a preliminary step toward the derivation of the
asymptotic behavior stated in Theorem 4.21. In the next section, we shall refine the
above description by improving the error term in (4.66) from O(1) to o(1).

The proof of Proposition 4.25 relies on the following result, which concerns a
broader class of Liouville-type equations.

Proposition 4.26. Let un be a sequence of solutions of the problems
−∆un + 2K̃n = 2Kne

un in D,
∂un
∂ν

+ 2h̃n = 2hneun/2 on ∂D,
(4.67)

where Kn → K, K̃n → K̃ in C2(D) and hn → h, ĥn → ĥ in C2(∂D) as n → +∞.
Assume moreover sup{un} → +∞, but it has bounded global mass:

∫
D
eun +

∫
∂D
eun/2 ≤ C. (4.68)

Then the singular set S is finite. Moreover,

i) If p ∈ S \ ∂D, then K(p) > 0;

ii) If p ∈ S ∩ (∂D) and K(p) ≤ 0, then h(p) >
√

−K(p);

iii) un → −∞ locally uniformly in D \ S;

iv)
Kne

un ⇀
∑

p∈S\(∂D)
4πδp +

∑
p∈S∩∂D

γpδp, (4.69)

and
hne

un/2 ⇀
∑

p∈S∩∂D
γ′
pδp, (4.70)

where γp + γ′
p = 2π and

γp := 2π h(p)√
h2(p) +K(p)

. (4.71)

First, we introduce a minimal-mass lemma:
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Lemma 4.27. Under the assumptions of Proposition 4.26, let p ∈ D and r > 0 be
such that Br(p) ⊂ D. If ∫

Br(p)
K+
n e

un ≤ ε < 2π, (4.72)

then u+
n is uniformly bounded in L∞(B r

2
(p)).

If instead p ∈ ∂D and
∫
Br(p)∩D

K+
n e

un ≤ ε <
π

2 ,
∫
Br(p)∩∂D

h+
n e

un/2 ≤ ε <
π

2 , (4.73)

then u+
n is uniformly bounded in L∞(B r

2
(p) ∩ D).

Proof. The first part of the statement follows directly from [5], Corollary 4.
For the second part, we decompose

un = u1n,+ + u1n,− + u2n,+ + u2n,− + u3n,

where u1n,± and u2n,± satisfy the following problems:


−∆u1n,± = 2K̃±
n e

un = f̃±
n in B+

r (0),

∂νu1n,± = 0 on Γr(0),

u1n,± = 0 on ∂+Br(0),


∆u2n,± = 0 in B+
r (0),

∂νu2n,± = 2h̃±
n e

un/2 = g̃±
n on Γr(0),

u2n,± = 0 on ∂+Br(0).

Clearly, u1n,−, u2n,− ≤ 0. By extending u1n,+ and f̃+
n evenly to Br(0), we can

apply Corollary 4 of [5] to obtain
∫
B+
r (0)

ep|u1n,+| ≤ C,

for some p > 1. On the other hand, according to [22, Lemma 3.2], for 0 < δ1 < 4π
and 0 < δ2 < 2π, we have

∫
B+
r (0)

e

4π−δ1
∥̃g+
n ∥

L1
|u2n,+|

≤ C,
∫

Γr(0)
e

2π−δ2
∥̃g+
n ∥

L1
|u2n,+|

≤ C,

where ∥g̃+
n ∥L1 =

∫
Γr(0) g̃

+
n .

60



Since ∥g̃+
n ∥L1 < 2π, it follows that

∫
B+
r (0)

ep1|u2n,+| ≤ C,
∫

Γr(0)
ep2|u2n,+| ≤ C,

for some p1, p2 > 1. Consequently, u1n,+, u2n,+ ∈ L1(B+
r (0)), and moreover, u+

n ∈
L1(B+

r (0)) by the bounded-mass assumption.
Observe that u+

3n = u+
n + u1n,+ + u2n,+, so applying the mean-value property of

harmonic functions, we deduce u+
3n ∈ L∞(B+

r/2(0)).
Therefore, f̃n ∈ Lq(B+

r/2(0)) and g̃n ∈ Lq(Γr/2(0)) for some q > 1. Finally,
standard elliptic estimates imply the desired uniform bound.

As a consequence, the singular set S (defined in (4.63)) is necessarily finite.
Moreover, we have the following weak convergences:

Kne
un ⇀

∑
p∈S∩D

αpδp +
∑

p∈S∩∂D
γpδp + Ψ, (4.74)

and
hne

un/2 ⇀
∑

p∈S∩∂D
γ′
pδp + Ψ′, (4.75)

where αp ≥ 2π, γp ≥ π
2 or γ′

p ≥ π
2 , and Ψ ∈ L1(D) ∩ L∞

loc(D \ S), Ψ′ ∈ L1(∂D) ∩
L∞

loc(∂D \ S).

Taking (4.68) into account, for any point p ∈ S ∩ D we obtain

2π ≤
∫
Br(p)

K+
n e

un ≤
∫
Br(p)

(
K+
n (p) + r∥∇K+

n ∥L∞(Br(p))

)
eun

≤ C
(
K+
n (p) + r∥∇K+

n ∥L∞

)
.

Choosing r > 0 sufficiently small yields K(p) > 0, and thus statement (i) of Propo-
sition 4.26 follows.

Remark 4.28. We point out that, outside the set S, eun can be assumed to be
uniformly bounded. Moreover, the proof of point (c) in Lemma 4.11 remains valid
in the case of the disk, which implies that un has bounded oscillation away from S.
In particular, we have

|un(z1) − un(z2)| ≤ C ∀z1, z2 ∈ D \
⋃
p∈S

Br(p), (4.76)

for some fixed r > 0.
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Consider now a point p ∈ S ∩ ∂D and a neighborhood around it that does
not contain any other singular points. Using a conformal map, we can reduce the
problem to a half-ball. More precisely, we may assume without loss of generality
that p = (1, 0). Then, via the Möbius transformation

f1 : R2
+ −→ D
w 7−→ z = i−w

w+i ,

we can map a half-ball B+
1 (0) ⊂ R2

+ into the right half of the unit disk, so that p
corresponds to the origin. Define

vn(w) := un(f1(w)) + 2 log |f ′
1(w)| = un(f1(w)) + 2 log 2

|w + i|2
.

Then vn satisfies the problem
−∆vn + 2K̂n = 2Kne

vn in B+
r0(0),

∂vn
∂ν

+ 2ĥn = 2hnevn/2 on Γr0(0) := (−r0, r0) × {0}
(4.77)

Reasoning as in the proof of Lemma 5.6 we have the following Lemma:

Lemma 4.29. There exist a finite number of sequences Σn := {wn1 , . . . , wnℓ , ŵn1 , . . . , ŵnk} →
0 and positive sequences εn1 , . . . , εnℓ → 0, ε̂n1 , . . . , ε̂nk → 0 such that

a) vn(wni ) = max{vn(w) : w ∈ Bεni
(wni ) ∩ R2

+} for i = 1, . . . , ℓ,

b) ε̂ni ≤ dist(ŵni ,Γr0(0)) and vn(ŵni ) = max{vn(w) : w ∈ Bε̂ni
(ŵni )} for i =

1, . . . , k,

c) If K(0) ≤ 0 then k = 0 and h(0) >
√

−K(0),

d)
∫
B+
r (0)

Kne
vn +

∫
Γr(0)

hne
vn/2 → 2πℓ+ 4πk,

e) vn → −∞ uniformly on compact subsets of B+
r (0) \ {0}.

Remark 4.30. In the analysis performed in the proof of Lemma 5.6 only the points
wni appear. This is because in that case we were considering only the case where K
is strictly negative and hence no solution in the entire plane exists (see also Case 2
in the proof of proposition 4.9).

We point out that the coefficients γ, γ′ appearing in the expansions (4.74) and
(4.75) (we omit the dependence on p) satisfy

γ := lim
r→0

lim
n→+∞

∫
B+
r (0)

Kne
vn , (4.78)
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γ′ := lim
r→0

lim
n→+∞

∫
Γr(0)

hne
vn/2 . (4.79)

We next prove the quantization of these values by means of a suitable Pohozaev-type
identity together with the asymptotic estimates obtained above.

Lemma 4.31. Let γ and γ′ be as in (4.78) and (4.79). Then

γ + γ′ = 2π. (4.80)

Proof. Apply a Pohozaev-type identity in B+
r (0) for 0 < r < r0, with r0 as in (4.77).

More precisely, using Lemma 2.4 with F = w, we obtain∫
∂B+

r (0)

[
2Kne

vn(w · ν) + (2hnevn/2 − 2ĥn)(∇vn · w) − |∇vn|2
2 (w · ν)

]
dw

=
∫
B+
r (0)

[
2evn(∇Kn · w + 2Kn) + 2K̂n(∇vn · w)

]
dw.

Splitting ∂B+
r = ∂+Br ∪ Γr yields

∫
∂B+

r (0)

[
2Kne

vn(w · ν) + (2hnevn/2 − 2ĥn)(∇vn · w) − |∇vn|2
2 (w · ν)

]
dw

=
∫
∂+Br(0)

[
2rKne

vn + (2hnevn/2 − 2ĥn)(∇vn · w) − |∇vn|2
2 r

]
dw

+
∫

Γr(0)
(2hnevn/2 − 2ĥn)∂1vnw1 dw,

where we wrote w = w1 + iw2. Since |∇Kn| ≤ C uniformly in B+
r (0), we have

∫
B+
r (0)

(∇Kn · w)evn dw ≤ r
∫
B+
r (0)

|∇Kn|evn dw = O(r). (4.81)

Integrating by parts on the boundary term gives

∫
Γr(0)

2hnevn/2(∇vn · w) dw = 4
[
hne

vn/2w1

](r,0)

w=(−r,0)
− 4

∫
Γr(0)

(∇hn · w) evn/2 dw

− 4
∫

Γr(0)
hne

vn/2 dw.

Again, since |∇hn| ≤ C, we obtain
∫

Γr(0)
(∇hn · w) evn/2 dw = O(r). (4.82)

Moreover, by Lemma 4.29(e) we deduce

[
hne

vn/2w1

](r,0)

w=(−r,0)
→ 0,

∫
∂+Br(0)

Kne
vnr dw → 0 as n → +∞. (4.83)
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Using the Green representation formula we have

∇vn(w) = 1
π

∫
B+
r (0)

w − z

|w − z|2
2Kn(z)evn(z) dz

+ 1
π

∫
Γr(0)

w − z

|w − z|2
2hn(z)evn(z)/2 dz +O(r),

and, using (4.74) and (4.75),

∇vn(w) → ∇G = 2
π

(γ + γ′) w

|w|2
+O(r) outside the origin.

Hence ∫
∂+Br(0)

∇vn · w dw →
∫
∂+Br(0)

∇G · w dw = O(r),
∫
Br(0)

∇vn · w dw →
∫
Br(0)

∇G · w dw = O(r),

and ∫
∂+Br(0)

|∇vn|2
2 r dw →

∫
∂+Br(0)

|∇G|2
2 r dw = 2(γ + γ′)2 1

π
+O(r).

Plugging these limits into the Pohozaev identity above yields

2(γ + γ′)2 1
π

= 4(γ + γ′) +O(r),

and letting r → 0 we obtain the claim.

Observe that the previous lemma, together with Lemma 4.29(d), implies that
ℓ = 1 and k = 0. Moreover, by (4.65) we have

γ = 2π h(0)
h2(0) +K(0) .

This completes the proof of Proposition 4.26.
We now return to the proof of 4.25. In this particular setting we first prove that

the singular set consists of a single point lying on ∂D.

Lemma 4.32. The blow-up set is S = {p} ⊂ ∂D.

Proof. From (2.1) we have
∫
D
Kne

un +
∫
∂D
hne

un/2 = 2π.

Moreover, Proposition 4.26 shows that
∫
D
Kne

un +
∫
∂D
hne

un/2 → 4πN + 2πM,
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where N = |S ∩ D| and M = |S ∩ ∂D|. Therefore the only possibility is N = 0 and
M = 1.

Next, we derive global pointwise estimates for the bubbling sequence near the
origin.

Lemma 4.33. If K(p) ≤ 0, then h(p) >
√

−K(p). Moreover, the solutions vn of
(4.77) satisfy

vn(w1, w2) = 2 log
{

2λn
Kn(0)λ2

n + (w1 − w1,n)2 + (w2 − w2,n + hn(0)λn)2

}
+O(1),

(4.84)
in B+

r0(0), where wn = (w1,n, w2,n) → 0 is so that

vn(wn) = max
B

+
r0 (0)

vn(w) → +∞

and
λn := 2δn

Kn(0) + h2
n(0) with δn := e− vn(wn)

2 . (4.85)

Proof. Define the rescaled function

ṽn(w) := vn(wn + δnw) + 2 log δn,

that satisfies the problem


−∆ṽn = 2Kn(wn + δnw)eṽn in B+
r0/δn

(
−wn

δn

)
,

∂ṽn
∂ν

= 2hn(wn + δnw)e ṽn2 on Γr0/δn

(
−wn

δn

)
,

(4.86)

where

B+
r0/δn

(
−wn
δn

)
:=
{

(w1, w2) ∈ Br0/δn

(
−wn
δn

)
: w2 ≥ −wn

δn

}
,

Γr0/δn

(
−wn
δn

)
:= (−r0/δn, r0/δn) ×

{
−wn
δn

}
.

By simplicity we assume −wn
δn

→ q = 0. Thus, by the Harnack inequality ( see
Appendix A):

ṽn is uniformly bounded in L∞
loc(R2

+), (4.87)

and
ṽn → v0 in C2

loc(R2
+), (4.88)
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where v0 is the entire solution of the problem

−∆v0 = 2K(0)ev0 in R2
+,

∂v0
∂ν

= 2h(0)e
v0
2 on ∂R2

+,

v0(0) = 0,

(4.89)

with ∫
R2

+

ev0 +
∫
∂R2

+

ev0/2 < C.

According to (4.1) , if K(0) ≤ 0, then h(0) >
√

−K(0). Moreover, v0 takes the
form:

v0(w1, w2) = 2 log
{

2λ0

K(0)λ2
0 + w2

1 + (w2 + λ0h(0))2

}
, (4.90)

where λ0 := 2
K(0)+h(0)2 > 0. In addition, we have that

|wn| ≤ Cδn. (4.91)

We are now concerned with the global O(1) estimate. By the analysis in Lemma
(5.6)(see in particular Step 4), we conclude that for every ε there exists Rε > 1 such
that

ṽn(w) ≤ (4 − ε) log |w| + Cε, for |w| ≥ 2Rε. (4.92)

Taking into account (4.76) and (4.88), by Green representation formula one has
that

ṽn(w) + Mn

π
log |w| = 1

π

∫
B+
r0/δn

(−wn
δn

)
log

(
|w||z|

|w − z|

)
2Kn(wn + δnz)eṽn(z) dz

+ 1
π

∫
Γr0/δn(−wn

δn
)

log
(

|w||z|
|w − z|

)
2hn(wn + δnz)e

ṽn(z)
2 dz + Ψn,

where Ψn is uniformly bounded in B+
r0/δn

(
−wn

δn

)
and Mn is defined as

Mn :=
∫
B+
r0 (0)

2Kne
vn +

∫
Γr0 (0)

2hne
vn
2

=
∫
B+
r0/δn

(−wn
δn

)
2Kn(wn + δnw)eṽn +

∫
Γr0/δn(−wn

δn
)

2hn(wn + δnw)e
ṽn
2 .

We can estimate the expression above using the asymptotic behavior given by (4.92)
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in order to conclude that∣∣∣∣ṽn(w) + Mn

π
log |w|

∣∣∣∣ = O(1) for 3 ≤ |w| ≤ r0

δn
. (4.93)

See Lemma 4.2.4. in [34] for further details on the computations of the logarithmic
terms.

Finally, using a Pohozaev type identity in B+
−δn log δn(0) one can obtain that

|Mn − 4π| = O
(
| log δn|−1

)
. (4.94)

We refer the reader to Lemma 4.2.5. in [34] for more details.

Combining (4.87), (4.88), (4.93) and (4.94), we conclude
∣∣∣∣∣ṽn(w1, w2) − 2 log

{
2λ0

K(0)λ2
0 + w2

1 + (w2 + h(0)λ0)2

}∣∣∣∣∣ ≤ C, in B
+
r0/δn(0).

Using the definition of ṽn and wn, scaling back to vn we obtain (4.84).

We conclude the proof of Proposition 4.25 by establishing the estimate (4.66).
To this aim, we transform the solution of (4.77) into a solution defined on the set

D :=
{
z = x+ iy ∈ D : x > 1 − r0

1 + r0

}
.

More precisely, we have

un(z) = vn(f−1
1 (z)) + 2 log 2

|z + 1|2
,

where f−1
1 is the inverse of the Möbius transformation f1, namely

f−1
1 : D −→ R2

+

z 7−→ w = i1−z
z+1 .

In particular, this gives

un(z) = 2 log


4λn[

Kn(0)λ2
n +

(
2y

|z+1|2 − w1,n
)2

+
(

1−|z|2
|z+1|2 − w2,n + hn(0)λn

)2
]

|z + 1|2

 .
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To complete the proof, we introduce the sequence

ζn :=
(

1 − λn
ϕ2
n(p) +Kn(p)

ϕn(p)

)
p.

Using (4.85), we observe that ζn → p as n → +∞ and |ζn| < 1. Moreover, (4.91)
holds by the definition of ζn.

We then consider the function

ũn(z) := 2 log
{

2ϕn(p)(1 − |ζn|2)
ϕ2
n(p)|1 − ζnz|2 +Kn(p)|z − ζn|2

}
, z ∈ D. (4.95)

It can be shown that
|ũn(z) − un(z)| = O(1),

that is,
un(z) = ũn(z) +O(1), z ∈ D.

Finally, we extend this estimate to the entire disk. For any z ∈ D and z1 ∈ D,
by (4.76) and (4.95) we obtain

∣∣∣∣∣un(z) − 2 log
{

2ϕn(p)(1 − |ζn|2)
ϕ2
n(p)|1 − ζnz|2 +Kn(p)|z − ζn|2

}∣∣∣∣∣
≤
∣∣∣∣∣un(z1) − 2 log

{
2ϕn(p)(1 − |ζn|2)

ϕ2
n(p)|1 − ζnz|2 +Kn(p)|z − ζn|2

}∣∣∣∣∣+ |un(z) − un(z1)|

≤ C,

which provides the desired conclusion.

4.3.2 Estimate of the remainder term

Proposition 4.34. Assume that the hypotheses of Theorem 4.21 hold. Then there
exists a sequence an ∈ D such that, setting

vn(z) := un(fan(z)) + 2 log 1 − |an|2

|1 + anz|2
, fa(z) := a+ z

1 + az
,

the following properties are satisfied:

(a) vn solves 
−∆vn = 2Kn(fan(z))evn(z) in D,
∂vn
∂ν

+ 2 = 2hn(fan(z))evn(z)/2 on ∂D;
(4.96)
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(b) ∫
D
xevn(z) dz =

∫
D
yevn(z) dz = 0;

(c) an → p, where p ∈ ∂D is the blow–up point;

(d) the sequence vn is uniformly bounded;

(e) vn admits the decomposition

vn(z) = 2 log
 2ϕ̂n
ϕ̂2
n + k̂n|z|2

+ ξn(z),

where
ϕ̂n := ϕn

(
an
|an|

)
, k̂n := Kn

(
an
|an|

)
,

ϕn is defined in (4.57), and

∥ξn∥C0,α(D) ≤ C(1 − |an|)1−α for every α ∈ (0, 1/2).

Proof. Property (a) follows directly from the definition of vn. We next prove (b).
For a given continuous function u, define the map Γ : D → R2 by

Γ(a) :=
∫
D
zeva(z) dz, va(z) := u(fa(z)) + 2 log |f ′

a(z)|.

We claim that there exists a ∈ D such that Γ(a) = 0. Indeed, if an → a ∈ ∂D, then
by the change of variables z′ = fan(z) and the Lebesgue dominated convergence
theorem, ∫

D
zevan (z) dz =

∫
D
zeu(fan (z))|f ′

an(z)|2 dz =
∫
D
f−an(z′)eu(z′) dz′

−→ −a
∫
D
eu(z′) dz′.

Hence Γ extends continuously to ∂D by setting Γ(a) = −a
∫
D e

u. It follows that the
Brouwer degree of Γ is equal to 1, and the claim is proved.

We now establish (c). Suppose by contradiction that, up to a subsequence,
an → a0 ∈ D with a0 ̸= p. Since fan → fa0 uniformly on Bp(r) for small r > 0, and
recalling from Proposition 4.25 that Kne

un ⇀ βδp, we compute

0 =
∫
D
zevn(z) dz =

∫
D
zeun(fan (z))|f ′

an(z)|2 dz

=
∫
D
f−an(z)eun(z) dz −→ c0

−a0 + p

1 − a0p
,
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for some constant c0 ̸= 0, yielding a contradiction. Therefore an → p.
Let un be as in Proposition 4.25 and define

vn(z) := un(fan(z)) + 2 log 1 − |an|2

|1 + anz|2
.

Using the explicit expansion of un, we obtain

vn(z) = 2 log
(

2ϕn(p)(1 − |ζn|2)(1 − |an|2)
ϕ2
n(p)|1 − ζnan + z(an − ζn)|2 +Kn(p)|an − ζn + z(1 − anζn)|2

)
+O(1).

Introducing
ãn := an − ζn

1 − anζn
∈ D,

this expression can be rewritten as

vn(z) = 2 log
(

2ϕn(p)(1 − |ãn|2)
ϕ2
n(p)|1 − ãnz|2 +Kn(p)|z − ãn|2

)
+O(1).

If ãn → ã ∈ ∂D, then vn(ãn) → +∞ and evn → 0 locally in D \ {ã}, contradicting
the fact that vn has vanishing barycenter. Hence |ãn| ≤ 1 − ε for some ε > 0, which
proves (d).

We finally prove (e). By (d), the right–hand sides of (4.96) are uniformly
bounded in L∞. Lemma 4.23 yields uniform bounds for vn in W 1+1/q,q(D) for all
q > 1, and by Sobolev embeddings, vn is bounded in C0,α(D). Up to a subsequence,
vn → v0 in C0,α(D), where v0 solves


−∆v0 = 2K(p)ev0 in D,
∂v0

∂ν
+ 2 = 2h(p)ev0/2 on ∂D,

and satisfies
∫
D xe

v0 =
∫
D ye

v0 = 0. By Remark 4.5, v0 coincides with the radial
profile (4.19).

Set

ṽn(z) := 2 log
 2ϕ̂n
ϕ̂2
n + k̂n|z|2

 , ξn := vn − ṽn.

Then, ξn → 0 in C0,α(D) for every α ∈ (0, 1). We now aim to obtain a quantita-
tive rate for this convergence.

70



Notice that ξn solves the following problem:
−∆ξn = 2Kn

(
fan

(
an
|an|

))
eṽn ξn + cn(z) in D,

∂ξn
∂ν

= 2hn
(
fan

(
an
|an|

))
eṽn/2 ξn + dn(z) on ∂D,

where
cn(z) := 2

[
Kn(fan(z)) −Kn

(
fan

(
an
|an|

))]
evn

+ 2Kn

(
fan

(
an
|an|

))
eṽn
(
eξn − 1 − ξn

)
,

dn(z) := 2
[
hn(fan(z)) − hn

(
fan

(
an
|an|

))]
evn/2

+ 2hn
(
fan

(
an
|an|

))
eṽn/2

(
eξn/2 − 1 − ξn/2

)
.

By the mean value theorem, there exists a constant C > 0 such that
∣∣∣Kn(fan(z)) −Kn

(
fan

(
an

|an|

))∣∣∣ ≤ C
∣∣∣fan(z) − fan

(
an

|an|

)∣∣∣,
and similarly

∣∣∣hn(fan(z)) − hn
(
fan

(
an

|an|

))∣∣∣ ≤ C
∣∣∣fan(z) − fan

(
an

|an|

)∣∣∣.
Applying Lemma 4.36 below, we deduce that for every 1 < q < 2,

∫
D

∣∣∣fan(z) − fan
(
an

|an|

)∣∣∣q ≤ C(1 − |an|)q,
∫
∂D

∣∣∣fan(z) − fan
(
an

|an|

)∣∣∣q ≤ C(1 − |an|).

Since ξn → 0 uniformly, we also have

∥eξn − 1 − ξn∥Lq(D) ≤ C∥ξn∥L∞(D)∥ξn∥Lq(D).

We can therefore apply Lemma 4.24 to obtain

∥ξn∥W 1+1/q,q(D) ≤ Cq(1 − |an|)1/q + on(1)
(
∥ξn∥Lq(D) + ∥ξn∥Lq(∂D)

)
. (4.97)

On the other hand, the Sobolev trace estimate yields

∥ξn∥Lq(D) + ∥ξn∥Lq(∂D) ≤ C∥ξn∥W 1+1/q,q(D).
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Hence, choosing n sufficiently large, inequality (4.97) gives

∥ξn∥W 1+1/q,q(D) ≤ (Cq + 2)(1 − |an|)1/q.

Finally, recalling the continuous embedding

W 1+1/q,q(D) ↪→ C0,α(D), α = 1 − 1
q
,

we conclude the proof of Proposition 4.34.

Remark 4.35. We are now able to prove part i) and ii) of Theorem 4.21: From
the previous discussion, conclusion i) follows immediately. Furthermore, using the
notation of Proposition 4.34, assertion ii) is achieved by setting

un(z) := vn
(
f−an(z)

)
− 2 log 1 − |an|2

|1 + anz|2
.

Note that
ψn(z) = ξn

(
f−an(z)

)
,

and that |f ′
−an(z)| ≤ C(1 − |an|). Consequently, the mean value theorem yields the

following estimate for the C0,α norm of ψn:

|ψn(z1) − ψn(z2)| =
∣∣∣ξn(f−an(z1)) − ξn(f−an(z2))

∣∣∣
≤ C(1 − |an|)1−α|f−an(z1) − f−an(z2)|α

≤ C(1 − |an|)1−2α|z1 − z2|α.

For the sake of clarity of the exposition, we isolate the purely technical estimates
of the previous proposition in the following lemma.

Lemma 4.36. Let 1 < q < 2 and let {an} ⊂ D be a sequence such that |an| → 1 as
n → +∞. Then there exists a constant C > 0, independent of n, such that

i) ∫
D

∣∣∣∣∣fan(z) − fan

(
an
|an|

)∣∣∣∣∣
q

≤ C(1 − |an|)q,

ii) ∫
∂D

∣∣∣∣∣fan(z) − fan

(
an
|an|

)∣∣∣∣∣
q

≤ C(1 − |an|),

where fa(z) := a+ z

1 + az
.
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Proof. By the explicit expression of the Möbius transformation fa, we compute∣∣∣∣∣fan(z) − fan

(
an
|an|

)∣∣∣∣∣ =
∣∣∣∣∣ an + z

1 + anz
− an

|an|

∣∣∣∣∣
= 1 − |an|

|an|

∣∣∣∣∣an − |an|z
1 + anz

∣∣∣∣∣ ≤ C(1 − |an|) 1
|1 + anz|

,

for |an| sufficiently close to 1.
Consequently,

∫
D

∣∣∣∣∣fan(z) − fan

(
an
|an|

)∣∣∣∣∣
q

≤ C(1 − |an|)q
∫
D

1
|1 + anz|q

. (4.98)

The integrand is singular at the point

z0 = − 1
an

= − an
|an|2

,

which satisfies |z0| > 1 and hence does not belong to D. Since 1 < q < 2, the integral
on the right-hand side of (4.98) is finite, and this yields assertion (i).

We now turn to the estimate on the boundary. For z ∈ ∂D, we observe that

|1 + anz| = |z + an| = |z + an| = dist(z,−an).

Arguing as above, we deduce

∫
∂D

∣∣∣∣∣fan(z) − fan

(
an
|an|

)∣∣∣∣∣
q

≤ C(1 − |an|)q
∫
∂D

1
|1 + anz|q

= C(1 − |an|)q
∫
∂D

1
dist(z,−an)q .

(4.99)

Notice that
dist(z,−an) ≥ dist

(
− an

|an|
,−an

)
= 1 − |an|.

We decompose the boundary as

Σ1 := ∂D \B1

(
− an

|an|

)
, Σ2 := ∂D ∩B1

(
− an

|an|

)
.

If z ∈ Σ1, there exists a constant c > 0, independent of n, such that dist(z,−an) ≥
c. Therefore, ∫

Σ1

1
dist(z,−an)q ≤ c−q|Σ1| ≤ c−q|∂D|. (4.100)
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To estimate the contribution of Σ2, we partition it into annular arcs:

L1 := B(1−|an|)

(
− an

|an|

)
∩ Σ2,

Lj :=
(
Bj(1−|an|)

(
− an

|an|

)
\B(j−1)(1−|an|)

(
− an

|an|

))
∩ Σ2, j = 2, . . . , Jn,

where Jn := ⌈(1 − |an|)−1⌉.
We note that

|Lj| ≃ 2(1 − |an|),

and that
dist(z,−an) ≥ 1 − |an|, z ∈ L1,

dist(z,−an) ≥ (j − 1)(1 − |an|), z ∈ Lj, j ≥ 2.

Hence, ∫
L1

1
dist(z,−an)q ≤ C(1 − |an|)1−q,

and for j ≥ 2, ∫
Lj

1
dist(z,−an)q ≤ C

(j − 1)q (1 − |an|)1−q.

Summing over j we obtain

∫
Σ2

1
dist(z,−an)q ≤ C(1 − |an|)1−q

1 +
+∞∑
j=1

1
jq


≤ C(1 − |an|)1−q.

(4.101)

Combining (4.100) and (4.101) with (4.99), we conclude the proof of (ii).

4.3.3 The criticality condition at the blow-up point

In this section we complete the proof of Theorem 4.21 by establishing point (iii).
By testing equation (4.55) against a suitably chosen vector field and integrating, we
derive a first necessary blow–up condition.

Proposition 4.37. Let p ∈ S and let φ be defined as in (4.58). Then the following
identity holds:

2hτ (p) + Kτ (p)
φ(p) = 0, (4.102)

or, equivalently, φτ (p) = 0.
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Proof. Let us introduce the vector field F : D → R2 given by

F (x, y) = (−y, x).

Notice that F is tangent to ∂D. Applying Lemma 2.4 and performing an integration
by parts, we obtain

−2
∫
∂D

(un)τ = 4
∫
∂D

(hn)τeun/2 + 2
∫
D

∇Kn · F eun , (4.103)

where un denotes the solution of (4.55) satisfying assumptions (i) and (ii) of Theo-
rem 4.21. In deriving (4.103) we have used that ∇·F = 0 and that DF (∇un,∇un) =
0.

Arguing as in the proof of the distributional convergences (4.64), and exploiting
the mass quantization stated in Proposition 4.25, we deduce that

(hn)τeun/2 ⇀ 2π hτ (p)√
h2(p) +K(p)

δp,

and
φne

un ⇀ 2π 1√
h2(p) +K(p)

δp,

where Φ is defined in (4.58).
Using these convergences, together with pointwise estimates on un, and multi-

plying and dividing appropriately by φn, we infer that the right–hand side of (4.103)
converges to

8π hτ (p)√
h2(p) +K(p)

+ 4π Kτ (p)
φ(p)

√
h2(p) +K(p)

. (4.104)

Since ∫
∂D

(un)τ = 0,

the limit in (4.104) must vanish, which yields (4.37).

From now on, without loss of generality, we assume that p = (1, 0). By composing
Kn and hn with suitable rotations, we may also suppose that λn ∈ R and λn → 1.
We then consider the family

uλn(x, y) := 2 log
 2(1 − λ2

n)ϕ̂n
ϕ̂2
n(1 − λnx)2 + ϕ̂2

n(λny)2 + k̂n(x− λn)2 + k̂ny2

 , (4.105)

which corresponds to the blow–up profile described in Theorem 4.21. Observe that
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the denominator is strictly positive as a consequence of the condition

φ(p)2 +K(p) > 0.

Lemma 4.38. Assume that un = uλn + ψn, where uλn is defined by (4.105) and

∥ψn∥C0,α ≤ C(1 − λn)1−2α, α ∈ (0, 1/2).

Then the following asymptotic expansions hold:

(i) ∫
∂D

(hn)τe
un
2 y = e

ψn(p)
2

∫
∂D

(hn)τe
uλn

2 y + on(1)(1 − λn).

(ii)
∫
D

(
(Kn)yxy − (Kn)x(1 − x2 + y2)

)
eun

= eψn(p)
∫
D

(
(Kn)yxy − (Kn)x(1 − x2 + y2)

)
euλn + on(1)(1 − λn).

Here on(1) → 0 as n → ∞.

Proof. By definition,

e
un
2 = e

uλn
+ψn
2 = e

ψn(p)
2 e

uλn
2 e

ψn−ψn(p)
2 = e

ψn(p)
2 e

uλn
2
(
1 +O(ψn − ψn(p))

)
.

Therefore,
∫
∂D

(hn)τe
un
2 y = e

ψn(p)
2

∫
∂D

(hn)τe
uλn

2 y

+ e
ψn(p)

2

∫
∂D

(hn)τe
uλn

2 y O(ψn − ψn(p)) =: I.

Using the Hölder bound on ψn, we estimate

|I| ≤ C(1 − λn)1−2α
∫
∂D
e
uλn

2 |y||z − 1|α dz

≤ C(1 − λn)2−2α
∫
∂D

|y||z − 1|α

ϕ̂2
n(1 − λnx)2 + ϕ̂2

n(λny)2 + k̂n(x− λn)2 + k̂ny2
dz

≤ C(1 − λn)2−2α,

which proves (i).
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The proof of (ii) follows along the same lines. Indeed,
∫
D

(
(Kn)yxy − (Kn)x(1 − x2 + y2)

)
eun

= eψn(p)
∫
D

(
(Kn)yxy − (Kn)x(1 − x2 + y2)

)
euλn

+ eψn(p)
∫
D

(
(Kn)yxy − (Kn)x(1 − x2 + y2)

)
euλn O(ψn − ψn(p)) =: II,

and one checks that

|II| ≤ C(1 − λn)2−2α
∫
D

(|x||y| + |1 − x| + |y|2)|z − 1|α(1 + λn)
(ϕ̂2

n(1 − λnx)2 + ϕ̂2
n(λny)2 + k̂n(x− λn)2 + k̂ny2)2

dz

≤ C(1 − λn)2−2α,

which completes the proof.

The following result completes the proof of Theorem 4.21.

Theorem 4.39. Let φ be defined as in (4.58). Then the identity

2(−∆)1/2h(p) + Kx(p)
φ(p) = 0 (4.106)

holds, or equivalently φν(p) = 0.

Proof. Let un(z) = uλn(z) +ψn(z) be a solution of (4.55) satisfying assumption (ii)
of Theorem 4.21, where uλn is given by (4.105) and λn ∈ (−1, 1). By Proposition 2.5
we have

2
∫
D
(Kn)yeunxy −

∫
D
(Kn)xeun(1 − x2 + y2) = −4

∫
∂D

(hn)τeun/2y. (4.107)

Applying Lemma 4.38, the previous identity becomes

2
∫
D
(Kn)yeuλnxy −

∫
D
(Kn)xeuλn (1 − x2 + y2) = −4

∫
∂D

(hn)τeuλn/2y + on(1)(1 − λn).

(4.108)

We first analyze the boundary term on the right–hand side. Integrating by parts
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and inserting the explicit expression of uλn , we obtain

−4
∫
∂D

(hn)τeuλn/2y = −4
∫
∂D

(hn − hn(p))τeuλn/2y

= 4
∫
∂D

(hn − hn(p))
(
euλn/2 (uλn)τ

2 y + euλn/2x

)

= 8(1 − λ2
n) ϕ̂n

ϕ̂2
n + k̂n

∫
∂D

(hn − hn(p)) x(1 − λn)2 + 2λn(x− 1)
((1 − λn)2 − 2λn(x− 1))2 .

We now turn to the left–hand side of (4.108). A further integration by parts
yields

2
∫
D
(Kn)y euλnxy −

∫
D
(Kn)x euλn (1 − x2 + y2)

=
∫
D
(Kn −Kn(p))

[
(euλn )x(1 − x2 + y2) − 2(euλn )yxy − 4xeuλn

]
= −16(1 − λ2

n)2ϕ̂2
n(ϕ̂2

n + k̂n)
∫
D
(Kn −Kn(p))

× −λn((1 − x)2 + y2) + (1 − λn)2x[
ϕ̂2
n(1 − λnx)2 + ϕ̂2

n(λny)2 + k̂n(x− λn)2 + k̂ny2
]3 .

Setting

In :=
∫
∂D

(hn − hn(p)) x(1 − λn)2 + 2λn(x− 1)
((1 − λn)2 − 2λn(x− 1))2 ,

IIn := (1 − λn)
∫
D

(Kn −Kn(p))
(

− λn((1 − x)2 + y2) + (1 − λn)2x
)

(ϕ̂2
n(1 − λnx)2 + ϕ̂2

n(λny)2 + k̂n(x− λn)2 + k̂ny2)3
,

equation (4.108) is equivalent to

In = −2(1 + λn)ϕ̂n(ϕ̂2
n + k̂n)2IIn + on(1). (4.109)

We now pass to the limit as n → ∞, corresponding to the concentration of the
bubble at p.

Fix ε > 0 and assume 1 − λn < ε. Writing

fn(x, y) := x(1 − λn)2 + 2λn(x− 1)
((1 − λn)2 − 2λn(x− 1))2 ,

we decompose

In =
∫
∂D\Bε(p)

(hn − hn(p))fn +
∫
∂D∩(Bε(p)\B1−λn (p))

(hn − hn(p))fn

+
∫
∂D∩B1−λn (p)

(hn − hn(p))fn =: I1 + I2 + I3.
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Since the integrand is uniformly integrable on ∂D \Bε(p), by dominated conver-
gence we find

lim
n→∞

I1 =
∫
∂D\Bε(p)

h(p) − h

2(1 − x) .

Using the symmetry of fn with respect to y, together with uniform C2 bounds on
hn, one checks that

|I2| ≤ Cε, |I3| ≤ C(1 − λn),

hence
lim
n→∞

I2 = O(ε), lim
n→∞

I3 = 0.

We now estimate IIn. Writing

gn(x, y) := −λn((1 − x)2 + y2) + (1 − λn)2x

(ϕ̂2
n(1 − λnx)2 + ϕ̂2

n(λny)2 + k̂n(x− λn)2 + k̂ny2)3
,

we decompose

IIn = (1−λn)
∫
D\Bρ(p)

(Kn−Kn(p))gn+(1−λn)
∫
D∩Bρ(p)

(Kn−Kn(p))gn =: II1 +II2.

We start by examining the region D \ Bρ(p). For a fixed 0 < ρ < 1 and for z =
(x, y) one has |x− 1| ≥ c(ρ) > 0 for some constant depending on ρ. Consequently,

|x− λn| = |x− 1 − λn + 1| ≥ |x− 1| − |1 − λn| ≥ c(ρ) − |1 − λn| ≥ c(ρ)
2

for λn sufficiently close to 1. Moreover,

(1 − λnx)2 ≥ (x− λn)2,

so, assuming Φ(p)2 +K(p) > 0, for λn near 1 we obtain

|II1| ≤ C(1 − λn)∥K∥L∞(D),

where C is a positive constant independent of n. Hence

lim
n→∞

II1 = 0.

We now estimate II2. Using the expansion

Kn(x, y) −Kn(p) − (Kn)y(p)y = (Kn)x(p)(x− 1) +O(|z − 1|2),
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and the fact that gn is even in y, we split the integral as

II2 = (1 − λn)(Kn)x(p)
∫
D∩Bρ(p)

(x− 1)gn + (1 − λn)
∫
D∩Bρ(p)

O(|z − 1|2)gn

=: II21 + II22.

After the change of variables

1 − x = x̃(1 − λn), y = ỹ(1 − λn),

we get

II21 = (Kn)x(p)
∫

(R+×R)∩B ρ
1−λn

(0)

x̃(x̃(1 − λn) − 1 + λn(x̃2 + ỹ2)) dỹ dx̃
(ϕ̂2

n(1 + λnx̃)2 + ϕ̂2
n(λnỹ)2 + k̂n(1 − x̃)2 + k̂nỹ2)3

.

First suppose K(p) > 0. Since x̃ ≥ 0 and (1+λnx̃)2 ≥ 1+λ2
nx̃

2, for λn sufficiently
close to 1 we have the pointwise bound∣∣∣∣∣ x̃(x̃(1 − λn) − 1 + λn(x̃2 + ỹ2))

(ϕ̂2
n(1 + λnx̃)2 + ϕ̂2

n(λnỹ)2 + k̂n(1 − x̃)2 + k̂nỹ2)3
χ(R+×R)∩B ρ

1−λn
(0)

∣∣∣∣∣
≤ C

x̃(2(x̃2 + ỹ2) + 1)
(φ(p)2 + φ(p)2 x̃2

2 +K(p)ỹ2)3
,

which belongs to L1(R+ × R).
If instead K(p) ≤ 0, then for λn close to 1 one has

ϕ̂2
n(1 + λnx̃)2 + k̂n(1 − x̃)2 = ϕ̂2

n + k̂n + x̃2(ϕ̂2
nλ

2
n + k̂n) − 2x̃(−λnϕ̂2 + k̂n)

≥ ϕ̂2
n + k̂n + x̃2(ϕ̂2

nλ
2
n + k̂n),

because x̃ ≥ 0 and Φ(p)2 +K(p) > 0. Therefore there exists c0 > 0, independent of
λn, such that∣∣∣∣∣ x̃(x̃(1 − λn) − 1 + λn(x̃2 + ỹ2))

(ϕ̂2
n(1 + λnx̃)2 + ϕ̂2

n(λnỹ)2 + k̂n(1 − x̃)2 + k̂nỹ2)3
χ(R+×R)∩B ρ

1−λn
(0)

∣∣∣∣∣
≤ c0

x̃(2(x̃2 + ỹ2) + 1)
(1 + x̃2 + ỹ2)3 ∈ L1(R+ × R).

By dominated convergence we can pass to the limit in the integral and obtain

lim
n→∞

II21 = Kx(p)
[∫

R+×R

x̃((x̃2 + ỹ2) − 1) dỹ dx̃
(φ(p)2(1 + x̃)2 + (φ(p)2 +K(p))ỹ2 +K(p)(1 − x̃)2)3

]

= π

8φ(p)2(K(p) + φ(p)2)2Kx(p).
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Next, for II22 we estimate

|II22| ≤ C(1 − λn)
∫

(R+×R)∩B ρ
1−λn

(0)

(x̃2 + ỹ2)|x̃(1 − λn) − 1 + λn(x̃2 + ỹ2)| dỹ dx̃
|ϕ̂2
n(1 + λnx̃)2 + ϕ̂2

n(λnỹ)2 + k̂n(1 − x̃)2 + k̂nỹ2|3

≤ C(1 − λn)
∫

(R+×R)∩B ρ
1−λn

(0)

(x̃2 + ỹ2)(2(x̃2 + ỹ2) + 1) dỹ dx̃
(1 + x̃2 + ỹ2)3

= O ((1 − λn) log(1 − λn)) ,

which implies
lim
n→∞

II22 = 0.

Taking the limit in (4.109) yields

∫
∂D\Bε(p)

h(p) − h

2(1 − x) +O(ε) = − π

2Φ(p)Kx(p).

Letting ε → 0 we obtain

p.v.
∫
∂D

h(p) − h

2(1 − x) = − π

2Φ(p)Kx(p).

Recalling the definition of (−∆)1/2 on S1, we conclude:

2(−∆)1/2h(p) + Kx(p)
φ(p) = 0.

Remark 4.40. As shown above, any concentration point of a blowing-up sequence
must be a critical point of φ. This can be interpreted in a variational way. Consider
the energy functional associated to (1.2),

I(u) :=
∫
D

1
2 |∇u|2 − 2Keu +

∫
∂D

2u− 4heu/2, I : H1(D) → R.

Evaluate I on the family uλn from (4.105) as λn → 1. Due to concentration, one has

I(uλn) = Ĩ(uλn) + on(1),

where Ĩ is the limiting functional obtained by freezing the curvatures at p,

Ĩ(u) :=
∫
D

1
2 |∇u|2 − 2K(p)eu +

∫
∂D

2u− 4h(p)eu/2.

Note that Ĩ(uλn) does not depend on λn, so for convenience we may set λn = 0.
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Thus
u0(z) = 2 log

(
2φ(p)

φ(p)2 +K(p)|z|2

)
.

We compute the terms

∫
D

1
2 |∇u0|2 = 8K(p)2

φ(p)4 2π
∫ 1

0

r3 dr

(1 + K(p)
φ(p)2 r2)2

= 8π
∫ K(p)

φ(p)2

0

s ds

(1 + s)2

= 8π
(

log
(

1 + K(p)
φ(p)2

)
+ φ(p)2

φ(p)2 +K(p) − 1
)
,

and ∫
∂D

2u0 = 8π log 2φ(p)
φ(p)2 +K(p) .

Using the known values of the exponential integrals (see (4.64)), we obtain

Ĩ(u0) = 8π
(

log(2/φ(p)) + φ(p)2

φ(p)2 +K(p) − 1
)

− 4π
(

1 + h(p)
h2(p) +K(p)

)

= −8π + 4π
(

2 log(2/φ(p)) + 2φ(p)2

φ(p)2 +K(p) − 1 − h(p)
h2(p) +K(p)

)
.

By the defining relation 2φ(p)2

φ(p)2+K(p) − 1 − h(p)
h2(p)+K(p) = 0, it follows that

Ĩ(u0) = −8π(1 + log(φ(p)/2)).
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Chapter 5

Constructing Solutions via
Ljapunov-Schmidt Reduction

5.1 The inverse problem on the disk

Motivated by the Theorem 4.21, one can ask the following natural question: If
p ∈ ∂D is a critical point of the function φ, does there exist a family of solutions
which blow-up at p?. In this chapter, we give a positive answer and obtain blow-up
solutions via a method that accurately describes their behavior.

Up to compose with a rotation, we can suppose p = 1, thus the condition of
Theorem 4.21 can be rewritten as

h(1)2 +K(1) > 0, φ(1) = h(1) +
√
h(1)2 +K(1) > 0. (5.1)

and

∂xK(1) + 2φ(1)(−∆) 1
2h(1) = 0 and ∂yK(1) + 2φ(1)∂τh(1) = 0. (5.2)

We impose the following non-degeneracy assumptions at the critical point:

∆K(1) + 4|∇H(1)|2 ̸= 0, (5.3)

∂yyK(1) + 2φ(1)h′′(1) ̸= 0, (5.4)

and we also assume
2K(1) + φ(1)h(1) ̸= 0. (5.5)

We next introduce suitable linear perturbations of the functions K and h leading

83



to blowing-up solutions. More precisely, we set

Kε(z) := K(z) + εG(z), hε(z) := h(z) + εI(z),

where G ∈ C2(D2) and I ∈ C2(∂D2). For simplicity, we assume that the perturba-
tions vanish at the concentration point, namely

G(1) = I(1) = 0, (5.6)

which is not a restrictive condition.
In addition, we impose the generic assumption

∂1G(1) + 2φ(1)(−∆) 1
2 I(1) ̸=

(
∂2G(1) + 2φ(1)I ′(1)

)
∂12K(1) + 2φ(1)(−∆) 1

2h′(1)
∂yyK(1) + 2φ(1)h′′(1) .

(5.7)
Although (5.7) may appear technical, it represents a natural transversality condition
on the perturbations G and I. Indeed, if we define the perturbed map

φ̃(ξ, ε) = Hε(ξ) +
√
Hε(ξ)2 +Kε(ξ),

where Hε denotes the harmonic extension of hε, a direct computation shows that
(5.7) is equivalent to requiring that the vectors ∂ξ2∇ξΦ̃(0, 0) and ∂ε∇ξΦ̃(0, 0) are
not parallel, namely

det
∂ξ1,ξ2φ̃(0, 0) ∂ξ1,εφ̃(0, 0)
∂ξ2,ξ2φ̃(0, 0) ∂ξ2,εφ̃(0, 0)

 ̸= 0.

This is the main result of the chapter:

Theorem 5.1. Assume (5.1)-(5.7). Then, there exists ε0 > 0 such that, for every
ε ∈ (0, ε0) or for every ε ∈ (−ε0, 0) there exists a solution uε of

−∆u = 2Kε(z)eu in D,

∂νu+ 2 = 2hε(z)e
u
2 on ∂D,

(5.8)

which blows-up at 1 as ε → 0.
Moreover, there exist δε > 0 and ξε ∈ ∂D with

δε = O

 |ε|
log 1

|ε|

 and ξε = 1 +O (|ε|)
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such that

uε(fδε,ξε(z))+2 log
∣∣∣f ′
δε,ξε(z)

∣∣∣−2 log
(

2φ(1)
φ(1)2 +K(1)|z|2

)
= O

 |ε|
log 1

|ε|

 in H1(D).

Here fδ,ξ is the conformal map

f = fδ,ξ(z) := z + (1 − δ)ξ
1 + (1 − δ)ξz

, δ ∈ R, z, ξ ∈ C. (5.9)

From now on we identify R2 with C, and thus we regard every point z, ξ as a
complex number.

Let us briefly outline the proof and clarify the role of the assumptions. Observe
that u solves (5.8) if and only if

v(z) := u(f(z)) + 2 log |f ′(z)|

solves −∆v = 2Kε(f(z))ev in D,

∂νv + 2 = 2hε(f(z))e v2 on ∂D,
(5.10)

where f = fδ,ξ is given by (5.9). We choose δ = δε → 0 and ξ = ξε → 1 (equivalently,
ξ = eiη with ηε → 0).

To prove Theorem 5.1, we perform a Ljapunov-Schmidt reduction. Roughly
speaking, we look for a solution of the form

v(z) = V (z) + oε(1),

where
Vξ(z) = 2 log

(
2φ(ξ)

φ(ξ)2 +K(ξ)|z|2

)
, (5.11)

which solves −∆V = 2K(ξ)eV in D,

∂νV + 2 = 2h(ξ)eV2 on ∂D.
(5.12)

However, taking V as first approximation produces an error that is too large. To
refine the ansatz, we introduce the correction term

Wξ(z) = − 2
π

2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D

log |z − w| (h(f(w)) − h(ξ)) dw, (5.13)
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which solves−∆W = 0 in D,

∂νW = 2(h(f(z)) − h(ξ))eV2 − 1
π
e
V
2
∫
∂D(h(f(w)) − h(ξ)) dw on ∂D.

(5.14)

Since V is constant on ∂D2 and the solution of (5.14) is defined up to additive
constants, we further modify the ansatz by adding a small parameter τ = τξ. We
therefore look for a solution in the form

v(z) = V (z) +W (z) + τ + ϕ(z),

where ϕ is a small term obtained through a suitable linear theory.
The introduction of the parameter τ is essential, since the linear analysis is

carried out in a Hilbert space that excludes constant functions; this is possible
thanks to assumption (5.5).

Once ϕ is constructed, the problem reduces to determining the finite-dimensional
parameters δ, ξ, and τ . Their existence follows from assumptions (5.3), (5.4), (5.6),
and (5.7).

5.1.1 Ansatz and error estimates

We look for a solution of (5.10) of the form

v(z) = V (z) +W (z) + τ + ϕ(z),

where V = Vξ and W = Wξ are given by (5.12) and (5.14), τ = τξ is a constant,
and ϕ(z) = ϕξ,δ,τ (z) is a small correction term. Our goal is to determine the three
parameters δ = δε > 0 with δε →

ε→0
0, ξ = ξε ∈ ∂D with ξε →

ε→0
1 (equivalently, ξ = eıη

with η = ηε →
ε→0

0), and τε →
ε→0

0 such that ϕ satisfies

−∆(V +W + τ + ϕ) = 2Kε(f(z))eV+W+τ+ϕ in D,

∂ν(V +W + τ + ϕ) + 2 = 2hε(f(z))eV+W+τ+ϕ
2 on ∂D,

where f = fδ,ξ denotes the conformal map defined in (5.9). The positivity of δ
ensures that (1 − δ)ξ forms a sequence of points approaching ξ0 from the interior of
the disk.
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Equivalently, the problem can be rewritten as

−∆ϕ− 2K(ξ)eV ϕ = 2
(
Kε(f(z))eW+τ −K(ξ)

)
eV

+ 2
(
Kε(f(z))eW+τ −K(ξ)

)
eV ϕ

+ 2Kε(f(z))eV+W+τ
(
eϕ − 1 − ϕ

)
in D,

with boundary condition

∂νϕ− h(ξ)eV2 ϕ = 2
(
hε(f(z))eW+τ

2 − h(f(z))
)
e
V
2 + 1

π
e
V
2

∫
∂D2

(h(f(w)) − h(ξ)) dw

+
(
hε(f(z))eW+τ

2 − h(ξ)
)
e
V
2 ϕ

+ 2hε(f(z))eV+W+τ
2

(
e
ϕ
2 − 1 − ϕ

2
)

on ∂D,

which can be compactly expressed as
LInt

0 ϕ = E Int + LIntϕ+ N Int(ϕ) in D,

L∂
0ϕ = E∂ + L∂ϕ+ N ∂(ϕ) on ∂D,

(5.15)

with

LInt
0 ϕ := −∆ϕ− 2K(ξ)eV ϕ,
E Int := 2

(
Kε(f(z))eW+τ −K(ξ)

)
eV , (5.16)

LIntϕ := 2
(
Kε(f(z))eW+τ −K(ξ)

)
eV ϕ,

N Int(ϕ) := 2Kε(f(z))eV+W+τ (eϕ − 1 − ϕ),

and, for z ∈ ∂D2,

L∂
0ϕ := ∂νϕ− h(ξ)eV2 ϕ,

E∂ := 2
(
hε(f(z))eW+τ

2 − h(f(z))
)
e
V
2 + 1

π
e
V
2

∫
∂D

(h(f(w)) − h(ξ)) dw, (5.17)

L∂ϕ :=
(
hε(f(z))eW+τ

2 − h(ξ)
)
e
V
2 ϕ,

N ∂(ϕ) := 2hε(f(z))eV+W+τ
2

(
e
ϕ
2 − 1 − ϕ

2
)
.

We impose the scaling

δ = O
( |ε|

log 1
|ε|

)
, τ = O

( |ε|
log 1

|ε|

)
, η = O(|ε|), (5.18)
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where ξ = eıη. These orders are justified at the final step of the finite-dimensional
reduction and will be assumed throughout for notational simplicity.

Lemma 5.2. The correction W satisfies

W (z) = 8φ(ξ)
φ(ξ)2 +K(ξ)δ

(
(−∆)1/2h(ξ) log |z + ξ| + h′(ξ) arctan ⟨z, ξ⊥⟩

1 + ⟨z, ξ⟩

)

+O
(

δ2

δ + |z + ξ|

(
1 +

∣∣∣∣log |z + ξ|
δ

∣∣∣∣)).
In particular,

W (z) = O

(
δ

(
1 + log 1

|z + ξ|

))
, (5.19)

and for any p ∈ [1,+∞) and δ sufficiently small,

∥W∥Lp(D) + ∥W∥Lp(∂D) = O(δ), ∥e|W |∥Lp(D) +
∥∥∥∥e |W |

2

∥∥∥∥
Lp(∂D)

= O(1). (5.20)

Proof. By Proposition A.3 we write

W (z) = − 2
π

∫
∂D2

log |z − w| (h(f(w)) − h(ξ)) 2φ(ξ)
φ(ξ)2 +K(ξ) dw

= − 4φ(ξ)
π(φ(ξ)2 +K(ξ))

 log |z + ξ|
∫
∂D2

(h(f(w)) − h(ξ)) dw

︸ ︷︷ ︸
=:I1

+δh′(ξ)
∫
∂D2

log |z − w|
|z + ξ|

Θ(w) dw

︸ ︷︷ ︸
=:I2

+
∫
∂D2

log |z − w|
|z + ξ|

(
h(f(w)) − h(ξ) − δh′(ξ)Θ(w)

)
dw

︸ ︷︷ ︸
=:I3

,

where

Θ(w) :=
2
〈
w, ξ⊥

〉
1 + (1 − δ)2 + 2(1 − δ)⟨w, ξ⟩ .

From Proposition A.4 we know that

I1 = −2πδ(−∆) 1
2h(ξ) +O(δ2);
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hence the result follows if we prove

I2 = −2π arctan

〈
z, ξ⊥

〉
1 + ⟨z, ξ⟩

+O

(
δ

δ + |z + ξ|

)
, (5.21)

I3 = O(A(z)), (5.22)

where
A(z) = Aδ,ξ(z) := δ2

δ + |z + ξ|

(
1 +

∣∣∣∣∣log |z + ξ|
δ

∣∣∣∣∣
)
.

To deal with (5.21) we use the fact that Θ is odd with respect to the map
w 7→ ξ2w, so that ∫

∂D2

Θ(w) dw = 0,

and, by Green’s representation formula, I2 is the solution to
−∆I2 = 0 in D2,

∂νI2 = −πΘ on ∂D2,

that is

I2 = − 2π
1 − δ

arctan
(1 − δ)

〈
z, ξ⊥

〉
1 + (1 − δ)⟨z, ξ⟩ .

Using the fundamental theorem of calculus and estimates in the proof of Propo-
sition A.3 we get

− 2π
1 − δ

arctan
(1 − δ)

〈
z, ξ⊥

〉
1 + (1 − δ)⟨z, ξ⟩ −

−2π arctan

〈
z, ξ⊥

〉
1 + ⟨z, ξ⟩


= 2π

arctan

〈
z, ξ⊥

〉
1 + ⟨z, ξ⟩

− arctan
(1 − δ)

〈
z, ξ⊥

〉
1 + (1 − δ)⟨z, ξ⟩


+2π δ

1 − δ
arctan

(1 − δ)
〈
z, ξ⊥

〉
1 + (1 − δ)⟨z, ξ⟩

= −2π
∫ δ

0

〈
z, ξ⊥

〉
∣∣∣1 + (1 − s)ξz

∣∣∣2 ds+O(δ)

= O

(∫ δ

0

|z + ξ|
(s+ |z + ξ|)2 ds+ δ

)

= O

(
δ

δ + |z + ξ|

)
,

hence (5.21) is proved.
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We are left with showing (5.22); thanks to Proposition A.3, we need to show:
∣∣∣∣∣∣
∫
∂D2

log |z − w|
|z + ξ|

(
δ

δ + |w + ξ|

)2

dw

∣∣∣∣∣∣ = O(A(z)).

We split the integral in three parts, depending on whether z is much closer to w
than to −ξ, much farther, or the distances are comparable.

If |z − w| ≤ |z+ξ|
2 , then |w + ξ| ≥ |z+ξ|

2 , and
∣∣∣∣∣∣∣∣

∫
{|z−w|≤ |z+ξ|

2 }
log |z − w|

|z + ξ|

(
δ

δ + |w + ξ|

)2

dw

∣∣∣∣∣∣∣∣
= O


 δ

δ + |z+ξ|
2

2 ∫
{|z−w|≤ |z+ξ|

2 }
log |z + ξ|

|z − w|
dw


= O

( δ

δ + |z + ξ|

)2
 |z + ξ|

∫
{t< 1

2}
log 1

t
dt

= O

(
δ2

δ + |z + ξ|

)
= O(A(z)).

If |z+ξ|
2 < |z − w| ≤ 2|z + ξ|, then

∣∣∣∣∣log |z − w|
|z + ξ|

∣∣∣∣∣ =
∣∣∣∣∣log

(
1 + |z − w| − |z + ξ|

|z + ξ|

)∣∣∣∣∣ = O

(
|z − w| − |z + ξ|

|z + ξ|

)
= O

(
|w + ξ|
|z + ξ|

)
;
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moreover, |w + ξ| ≤ 3|z + ξ|, therefore

∫
{ |z+ξ|

2 <|z−w|≤2|z+ξ|}

∣∣∣∣∣log |z − w|
|z + ξ|

∣∣∣∣∣
(

δ

δ + |w + ξ|

)2

dw

= O

 ∫
{|w+ξ|≤3|z+ξ|}

|w + ξ|
|z + ξ|

(
δ

δ + |w + ξ|

)2

dw


= O

 ∫
{|w+ξ|≤min{δ,3|z+ξ|}}

|w + ξ|
|z + ξ|

dw

+
∫

{min{δ,3|z+ξ|}≤|w+ξ|≤3|z+ξ|}

δ2

|z + ξ||w + ξ|
dw


= O

(
min{δ, 3|z + ξ|}2

|z + ξ|
+ δ2

|z + ξ|
log+ 3|z + ξ|

δ

)
= O(A(z)),

Finally, if |z−w|
|z+ξ| > 2, then

log |z − w|
|z + ξ|

= O

(
1 + log

(
|z − w|
|z + ξ|

− 1
))

= O

(
1 + log |w + ξ|

|z + ξ|

)
;
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moreover, |w + ξ| ≥ |z + ξ|, therefore

∫
{|z−w|>2|z+ξ|}

log |z − w|
|z + ξ|

(
δ

δ + |w + ξ|

)2

dw

= O

 ∫
{|w+ξ|>|z+ξ|}

(
1 + log |w + ξ|

|z + ξ|

)(
δ

δ + |w + ξ|

)2

dw


= O

 ∫
{|z+ξ|<|w+ξ|≤δ}

(
1 + log |w + ξ|

|z + ξ|

)
dw

+
∫

{|w+ξ|>δ}

(
1 + log |w + ξ|

|z + ξ|

)
δ2

|w + ξ|2
dw



= O

 ∫
{1<t≤ δ

|z+ξ|}
|z + ξ|(1 + log t) dt

+
∫

{t> δ
|z+ξ|}

δ2

|z + ξ|
1 + log t

t2
dt


= O

(
δ log δ

|z + ξ|
+ δ2

|z + ξ|

)
= O(A(z)).

The pointwise estimate (5.19) and the Lp-estimates follow immediately.

Proposition 5.3. Let E Int and E∂ denote the interior and boundary error terms
defined in (5.16) and (5.17), respectively. Then, for 1 < p < 2,

∥E∥p :=
∥∥∥E Int

∥∥∥
Lp(D)

+
∥∥∥E∂∥∥∥

Lp(∂D)
= O

 |ε|
log 1

|ε|

 .
Proof. We begin by estimating the interior contribution in D2. We decompose

E Int = 2(K(f(z)) + εG(f(z)))(eW+τ − 1)eV︸ ︷︷ ︸
=:EInt

1

+ 2(K(f(z)) −K(ξ) + ε(G(f(z)) −G(ξ)))eV︸ ︷︷ ︸
=:EInt

2

+ 2εG(ξ)eV︸ ︷︷ ︸
=:EInt

3

. (5.23)

To estimate the first term we use the elementary bound

eW+τ − 1 = O
(
(1 + eW+τ )(W + τ)

)
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together with (5.20). This yields

∥∥∥E Int
1

∥∥∥
Lp(D)

= O
(

∥K + εG∥L∞(D)

∥∥∥1 + eW+τ
∥∥∥
L2p(D)

∥W + τ∥L2p(D)

∥∥∥eV ∥∥∥
L∞(D)

)
= O(δ+|τ |).

For the second term we apply the mean value theorem and Proposition A.3,
obtaining

∥∥∥E Int
2

∥∥∥
Lp(D)

= O
(

∥∇(K + εG)∥L∞(D) ∥f(z) − ξ∥Lp(D)

∥∥∥eV ∥∥∥
L∞(D)

)
= O(δ).

For the third term we use that G(1) = 0, which implies G(ξ) = O(|η|). Hence
∥∥∥E Int

3

∥∥∥
Lp(D)

= O(|η||ε|).

Combining the above estimates we obtain
∥∥∥E Int

∥∥∥
Lp(D)

= O(δ + |η||ε| + |τ |). (5.24)

We now turn to the boundary contribution. We write

E∂ = 2h(f(z))(eW+τ
2 − 1)eV2︸ ︷︷ ︸

=:E∂1

+ 2εI(f(z))eV+W+τ
2︸ ︷︷ ︸

=:E∂2

+ 1
π
e
V
2

∫
∂D

(h(f(w)) − h(ξ)) dw︸ ︷︷ ︸
=:E∂3

.

(5.25)
The first term is estimated exactly as above using (5.20), which gives

∥∥∥E∂1 ∥∥∥Lp(∂D)
= O

(
∥h∥L∞(∂D)

∥∥∥1 + eW+τ
∥∥∥
L2p(∂D)

∥W + τ∥L2p(∂D)

∥∥∥eV ∥∥∥
L∞(∂D)

)
= O(δ + τ). (5.26)

For the second boundary term we recall that, by I(1) = 0,

I(f(z)) = O(|f(z) − ξ| + |η|).

Using Proposition A.3 together with (5.20) we obtain

∥∥∥E∂2 ∥∥∥Lp(∂D)
= O

(
|ε|∥|f(z) − ξ| + |η|∥L2p(∂D)

∥∥∥eV+W+τ
2

∥∥∥
L2p(∂D)

)
= O

(
|ε|
(
δ

1
2p + |η|

))
= O

(
|ε|
(
δ

1
4 + |η|

))
. (5.27)
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Finally, since eV is constant on ∂D, Proposition A.4 implies
∥∥∥E∂3 ∥∥∥Lp(∂D)

= O(δ).

This concludes the proof.

5.1.2 Invertibility of the Linearized Operator

We define

C :=
{
ξ ∈ ∂D : 2K(ξ)

∫
D
eVξ + h(ξ)

∫
∂D
e
Vξ
2 = 2K(ξ)

∫
D
eVξ + h(ξ) 4πφ(ξ)

φ(ξ)2 +K(ξ) ̸= 0
}
.

For any ξ ∈ C we introduce the Hilbert space

Hξ :=
{
ϕ ∈ H1(D2) : 2K(ξ)

∫
D
eVξϕ+ h(ξ) 2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D
ϕ = 0

}
,

endowed with the scalar product

⟨u, v⟩ :=
∫
D

∇u · ∇v

and the corresponding norm

∥u∥ := ∥∇u∥L2(D) =
(∫

D
|∇u|2

)1/2
.

Notice that non–zero constant functions do not belong to Hξ.
Moreover, in view of Proposition A.9, the condition ξ ∈ C is equivalent to

2K(ξ) + φ(ξ)h(ξ) ̸= 0.

Since we assume (5.5), it follows that ξ ∈ C for any ξ sufficiently close to 1.

Lemma 5.4. 1. For any compact set C′ ⋐ C there exists a constant C > 0 such
that

∥ϕ∥L2(D2) ≤ C∥∇ϕ∥L2(D2) ∀ϕ ∈ Hξ, ξ ∈ C′.

2. The norm ∥·∥ is equivalent to the standard norm of H1(D2) and the embeddings

Hξ ↪→ Lp(D2), Hξ ↪→ Lp(∂D2)

are continuous and compact for any p > 1.
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3. There exists a constant C (depending only on p and on the compact set C′)
such that

∥ϕ∥Lp(D2) + ∥ϕ∥Lp(∂D2) ≤ C∥ϕ∥ ∀ϕ ∈ Hξ, ξ ∈ C′.

Proof. We only prove (1), since (2) and (3) follow directly from it. We argue by
contradiction. Suppose that there exist sequences ξn ∈ C′ for some C′ ⋐ C and
ϕn ∈ H1(D2) such that

2K(ξn)
∫
D2
eVξnϕn + h(ξn) 2φ(ξn)

φ(ξn)2 +K(ξn)

∫
∂D2

ϕn = 0, (5.28)

and
∥ϕn∥L2(D2) = 1, ∥∇ϕn∥L2(D2) → 0 as n → +∞. (5.29)

Up to a subsequence we may assume that

ξn → ξ ∈ C, ϕn → ϕ in L2(D2), ∇ϕn ⇀ ∇ϕ in L2(D2).

From (5.29) we deduce that ∥ϕ∥L2(D2) = 1 and ∥∇ϕ∥L2(D2) = 0. Hence ϕ must be
constant on D2, namely

ϕ ≡ ± 1√
π
.

On the other hand, passing to the limit in (5.28) and using

2K(ξn)eVξn → 2K(ξ)eVξ uniformly in D2 (5.30)

and

h(ξn) 2φ(ξn)
φ(ξn)2 +K(ξn) → h(ξ) 2φ(ξ)

φ(ξ)2 +K(ξ) uniformly on ∂D2, (5.31)

we obtain
± 1√

π

(
2K(ξ)

∫
D2
eVξ + h(ξ) 4πφ(ξ)

φ(ξ)2 +K(ξ)

)
︸ ︷︷ ︸

̸=0 since ξ∈C

= 0,

which is a contradiction.

We also remark that a Moser–Trudinger type inequality holds in Hξ.

Lemma 5.5. For any ϕ ∈ Hξ and any p > 1 one has

∥∥∥e|ϕ|
∥∥∥
Lp(D2)

+
∥∥∥∥e |ϕ|

2

∥∥∥∥
Lp(∂D2)

= O
(
eO(∥ϕ∥2)

)
.
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Proof. Since ϕ ∈ Hξ, using the definition of Vξ in (5.11) we obtain

8φ(ξ)2K(ξ)
∫
D2

ϕ(z)
(φ(ξ)2 +K(ξ)|z|2)2 dz + 2h(ξ)φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

ϕ = 0.

Hence, by Proposition A.9, we can write

ϕ = ϕ− 1
2π

∫
∂D2

ϕ︸ ︷︷ ︸
=:ϕ0

−2φ(ξ)2K(ξ)(φ(ξ)2 +K(ξ))
π(2K(ξ) + φ(ξ)h(ξ))

∫
D2

(
ϕ(z) − 1

2π

∫
∂D2

ϕ
)

dz

(φ(ξ)2 +K(ξ)|z|2)2︸ ︷︷ ︸
=:c

.

By the Poincaré–Wirtinger inequality we have |c| = O(∥ϕ∥). Moreover, since∫
∂D2 ϕ0 = 0, we can estimate ∥e|ϕ|∥Lp(D2) using a Moser–Trudinger inequality from

[7], obtaining
∫
D2
ep|ϕ0| = O

(
e
p2∥ϕ0∥2

8π

∫
D2
e

2π
∥ϕ0∥2 ϕ

2
0
)

= O
(
eO(∥ϕ0∥2)

)
.

Therefore ∥∥∥e|ϕ|
∥∥∥
Lp(D2)

= O
(
eO(|c|)∥e|ϕ0|∥Lp(D2)

)
= O

(
eO(∥ϕ∥2)

)
.

Similarly, using the boundary Moser–Trudinger inequality from [24], we obtain
∫
∂D2

ep
|ϕ0|

2 = O
(
eO(∥ϕ0∥2)

)
,

which yields ∥∥∥∥e |ϕ|
2

∥∥∥∥
Lp(∂D2)

= O
(
eO(∥ϕ∥2)

)
.

Define the functions

Z1(z) := ⟨z, ξ⟩
φ(ξ)2 +K(ξ)|z|2 , Z2(z) :=

〈
z, ξ⊥

〉
φ(ξ)2 +K(ξ)|z|2 , (5.32)

that satisfy −∆Zi = 2K(ξ)eV Zi in D2

∂νZi = h(ξ)eV2 Zi on ∂D2,
i = 1, 2. (5.33)

Thus, we can state the following linear invertibility result.

Theorem 5.6. Fix p > 1 and let C′ ⋐ C. For any ξ ∈ C′ and any c ∈ Lp(D2),
d ∈ Lp(∂D2) satisfying

∫
D2
c+

∫
∂D2

d = 0,
∫
D2
cZi +

∫
∂D2

dZi = 0, i = 1, 2, (5.34)
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there exists a unique solution ϕ ∈ H1(D2) of



−∆ϕ = 2K(ξ)eVξϕ+ c in D2,

∂νϕ = h(ξ)e
Vξ
2 ϕ+ d on ∂D2,

2K(ξ)
∫
D2
eVξϕ+ h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

ϕ = 0,

2K(ξ)
∫
D2
eVξϕZi + h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

ϕZi = 0, i = 1, 2.

Moreover,
∥ϕ∥ ≤ Cp

(
∥c∥Lp(D2) + ∥d∥Lp(∂D2)

)
, (5.35)

where the constant Cp depends only on p and on the compact set C′.

Proof. For p > 1 we introduce the Banach space

L :=
{

(f, g) ∈ Lp(D2) × Lp(∂D2) :
∫
D2
f +

∫
∂D2

g = 0
}
,

endowed with the norm

∥(f, g)∥ := ∥f∥Lp(D2) + ∥g∥Lp(∂D2).

Let Jξ : L → Hξ be the operator defined by Jξ(f, g) = u, where u is the unique
element of Hξ solving −∆u = f in D2,

∂νu = g on ∂D2.

Equivalently, u satisfies
∫
D2

∇u∇ζ =
∫
D2
fζ +

∫
∂D2

gζ ∀ζ ∈ H1(D2). (5.36)

By Lemma 5.4 (3) we deduce the estimate

∥u∥ = ∥Jξ(f, g)∥ ≤ Cp
(
∥f∥Lp(D2) + ∥g∥Lp(∂D2)

)
, (5.37)

where Cp depends only on p and on the compact set C′.
Consider now the linear problem

−∆ϕ = 2K(ξ)eVξϕ+ c in D2,

∂νϕ = h(ξ)e
Vξ
2 ϕ+ d on ∂D2.
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If ϕ ∈ Hξ, this equation can be rewritten as

ϕ = Jξ

(
2K(ξ)eVξϕ, h(ξ)e

Vξ
2 ϕ
)

︸ ︷︷ ︸
=:Kξ(ϕ)

+Jξ(c, d), i.e. (I − Kξ)ϕ = Jξ(c, d). (5.38)

From the Lemma 4.6 we know that the kernel of I −Kξ in Hξ is two–dimensional
and is generated by the functions

Zξ1(z) = Z1(z), Zξ2(z) = Z2(z)

defined in (5.32).
Set

Kξ := span{Zξ1,Zξ2}.

Then
K⊥
ξ =

{
ϕ ∈ Hξ : ⟨ϕ,Zξi⟩ = 0, i = 1, 2

}
,

where
⟨ϕ,Zξi⟩ = 2K(ξ)

∫
D2
eVξϕZξi + h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

ϕZξi.

Since, by Lemma 5.4(2), the operator

Kξ : Hξ → Hξ

is compact, the Fredholm alternative implies that (5.38) admits a unique solution
ϕ ∈ K⊥

ξ if and only if
Jξ(c, d) ∈ K⊥

ξ ,

namely
0 = ⟨Jξ(c, d),Zξi⟩ =

∫
D2
cZξi +

∫
∂D2

dZξi, i = 1, 2,

which coincides with condition (5.34).
It remains to prove that estimate (5.35) is uniform with respect to ξ ∈ C′. We

claim that there exists C > 0 such that

∥I − Kξ∥L(K⊥
ξ

) ≥ C ∀ξ ∈ C′. (5.39)

Indeed, if (5.39) holds then, from (I − Kξ)ϕ = Jξ(c, d) and using (5.37), we
obtain

∥ϕ∥ ≤ ∥I − Kξ∥−1∥(I − Kξ)ϕ∥ ≤ C
(
∥c∥Lp(D2) + ∥d∥Lp(∂D2)

)
.

We prove (5.39) by contradiction. Suppose that there exist sequences ξn ∈ C′
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and ϕn, ψn ∈ K⊥
ξn such that

∥ϕn∥ = 1, ∥ψn∥ → 0, (I − Kξn)ϕn = ψn.

Up to a subsequence,

ξn → ξ ∈ C, ϕn → ϕ in L2(D2), ∇ϕn ⇀ ∇ϕ in L2(D2).

Using (5.30)–(5.31) we deduce that ϕ ∈ K⊥
ξ .

Moreover, from (I − Kξn)ϕn = ψn and (5.36), for any ζ ∈ H1(D2) we have

∫
D2

∇ϕn∇ζ − 2K(ξn)
∫
D2
eVξnϕnζ − h(ξn)2φ(ξn)

φ(ξn)2 +K(ξn)

∫
∂D2

ϕnζ =
∫
D2
ψnζ. (5.40)

Passing to the limit we obtain

∫
D2

∇ϕ∇ζ − 2K(ξ)
∫
D2
eVξϕζ − h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

ϕζ = 0,

that is,
(I − Kξ)ϕ = 0.

Since ϕ ∈ K⊥
ξ , this implies ϕ ≡ 0. However, choosing ζ = ϕn in the identity

(5.40) yields

1 − 2K(ξ)
∫
D2
eVξϕ2 − h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

ϕ2 = 0,

which shows that ϕ ̸≡ 0, giving a contradiction. This concludes the proof.

5.1.3 The nonlinear projected problem

To solve (5.15), we first address the corresponding projected problem
LInt

0 ϕ = E Int + LIntϕ+ N Int(ϕ) + c0 + 2K(ξ)eV (c1Z1 + c2Z2) in D2,

L∂
0ϕ = E∂ + L∂ϕ+ N ∂(ϕ) + c0 + h(ξ)eV2 (c1Z1 + c2Z2) on ∂D2,

(5.41)

where the operators LInt
0 , E Int, LInt, N Int, L∂

0 , E∂, L∂, and N ∂ are those introduced
in (5.15)–(5.17), while Z1,Z2 are defined in (5.32). The constants c0, c1, c2 ∈ R arise
from the orthogonality conditions.

For convenience, we introduce the notation

L0 := (LInt
0 ,L∂

0), E := (E Int, E∂), L := (LInt,L∂), N := (N Int,N ∂).
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The next lemmas provide the estimates needed for the fixed point argument.

Lemma 5.7. Let ϕ ∈ Hξ. Then, for every 1 < p < 4
3 ,

∥Lϕ∥p :=
∥∥∥LIntϕ

∥∥∥
Lp(D2)

+
∥∥∥L∂ϕ

∥∥∥
Lp(∂D2)

= O


 |ε|

log 1
|ε|

 1
2

∥ϕ∥

 .
Proof. By definition, the boundary contribution can be decomposed as

L∂ = (h(f(z)) − h(ξ))eW+τ+V
2 + h(ξ)

(
e
W+τ

2 − 1
)
e
V
2 + εI(f(z))eW+τ+V

2 .

Proceeding exactly as in the estimates of E∂1 and E∂2 in (5.25), one obtains
∥∥∥∥(h(f(·)) − h(ξ))e

W (·)+τ+V
2

∥∥∥∥
Lp(∂D2)

= O
(
δ

1
p

)
,∥∥∥∥h(ξ)

(
e
W (·)+τ

2 − 1
)
e
V
2

∥∥∥∥
Lp(∂D2)

= O(δ + τ),∥∥∥∥εI(f(·))e
W (·)+τ+V

2

∥∥∥∥
Lp(∂D2)

= O
(
|ε|(δ

1
p + |η|)

)
.

Since LIntϕ = E Intϕ, combining these bounds with (5.24) yields

∥Lϕ∥p = O
(∥∥∥E Intϕ

∥∥∥
Lp(D2)

+
∥∥∥L∂ϕ

∥∥∥
Lp(∂D2)

)
= O

(∥∥∥E Int
∥∥∥
L

3
2 p(D2)

∥ϕ∥L3p(D2) +
∥∥∥L∂

∥∥∥
L

3
2 p(∂D2)

∥ϕ∥L3p(∂D2)

)
= O

(
(δ 1

2 + δ + δ
1
4 |ε| + |η||ε| + |τ |)∥ϕ∥

)
.

This concludes the proof.

Lemma 5.8. Let ϕ, ϕ′ ∈ Hξ. For every p > 1,

∥N (ϕ) − N (ϕ′)∥p :=
∥∥∥N Int(ϕ) − N Int(ϕ′)

∥∥∥
Lp(D2)

+
∥∥∥N ∂(ϕ) − N ∂(ϕ′)

∥∥∥
Lp(∂D2)

= O
(
∥ϕ− ϕ′∥(∥ϕ∥ + ∥ϕ′∥)eO(∥ϕ∥2+∥ϕ′∥2)

)
.

In particular, choosing ϕ′ = 0, one obtains

∥N (ϕ)∥p = O
(
∥ϕ∥2eO(∥ϕ∥2)

)
.

Proof. Using (5.20), together with Lemma 5.4 and Lemma 5.5, we estimate
∥∥∥N Int(ϕ) − N Int(ϕ′)

∥∥∥
Lp(D2)

=
∥∥∥2Kε(f(z))eV+W+τ

(
eϕ − ϕ− eϕ

′ + ϕ′
)∥∥∥

Lp(D2)
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= O
(∥∥∥eW+τ |ϕ− ϕ′|(|ϕ| + |ϕ′|)(1 + eϕ+ϕ′)

∥∥∥
Lp(D2)

)

= O
(∥∥∥eW+τ

∥∥∥
L4p(D2)

∥ϕ− ϕ′∥L4p(D2)(∥ϕ∥L4p(D2) + ∥ϕ′∥L4p(D2))
∥∥∥1 + eϕ+ϕ′

∥∥∥
L4p(D2)

)
= O

(
∥ϕ− ϕ′∥(∥ϕ∥ + ∥ϕ′∥)eO(∥ϕ+ϕ′∥2)

)
.

Here we used the elementary inequality

et − t− es + s = O
(
|s− t|(|s| + |t|)(1 + es+t)

)
.

The boundary term N ∂ is treated in the same way.

Proposition 5.9. Assume that δ, |η|, |τ |, |ε| ≤ ε0 ≪ 1. Then there exists a unique
quadruple

(ϕ, c0, c1, c2) ∈ Hξ × R3

solving (5.41). Moreover,

∥ϕ∥ = O

 |ε|
log 1

|ε|

 . (5.42)

Proof. Consider the operator

A := ΠH ◦ Jξ ◦ ΠL ◦ L0 : K⊥
ξ → K⊥

ξ ,

where ΠH : Hξ → K⊥
ξ denotes the orthogonal projection, Jξ : L → Hξ is the

operator introduced in the proof of Theorem 5.6, and ΠL is defined by

ΠL(f, g) =
(
f − 1

3π

(∫
D2
f +

∫
∂D2

g
)
, g − 1

3π

(∫
D2
f +

∫
∂D2

g
))

.

Equivalently, ψ = Aϕ if and only if
−∆ψ = LInt

0 ϕ+ a0 + a12K(ξ)eV Z1 + a22K(ξ)eV Z2 in D2,

∂νψ = L∂
0ϕ+ a0 + a1h(ξ)eV2 Z1 + a2h(ξ)eV2 Z2 on ∂D2,

for suitable constants a0, a1, a2 chosen so that the orthogonality conditions (5.34)
are satisfied.

By Theorem 5.6 and Sobolev embeddings, A is invertible and

∥A−1ϕ∥ = O(∥ϕ∥)

uniformly.
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Hence solving (5.41) is equivalent to finding a fixed point of

Tξ : K⊥
ξ → K⊥

ξ , Tξ(ϕ) = (A−1 ◦ ΠH ◦ Jξ ◦ ΠL)(E + Lϕ+ N (ϕ)).

Using Proposition 5.3 together with Lemmas 5.7 and 5.8, we obtain

∥Tξ(ϕ)∥ = O(∥E∥p + ∥Lϕ∥p + ∥N (ϕ)∥p)

= O

 |ε|
log 1

|ε|
+
 |ε|

log 1
|ε|

 1
2

∥ϕ∥ + ∥ϕ∥2eO(∥ϕ∥2)


= O

 |ε|
log 1

|ε|
+ ∥ϕ∥2eO(∥ϕ∥2)

 , (5.43)

and similarly

∥Tξ(ϕ) − Tξ(ϕ′)∥ = O
(
∥L(ϕ− ϕ′)∥p + ∥N (ϕ) − N (ϕ′)∥p

)
= O

∥ϕ− ϕ′∥


 |ε|

log 1
|ε|

 1
2

+ (∥ϕ∥ + ∥ϕ′∥)eO(∥ϕ∥2+∥ϕ′∥2)


 .
(5.44)

Choosing R > 0 sufficiently large and |ε| sufficiently small, (5.43) we have

∥ϕ∥ ≤ R
|ε|

log 1
|ε|

=⇒ ∥Tξ(ϕ)∥ ≤ R
|ε|

log 1
|ε|
.

Moreover, if δ, |η|, |τ |, |ε| are sufficiently small, estimate (5.44) ensures that

sup
ϕ̸=ϕ′

∥Tξ(ϕ) − Tξ(ϕ′)∥
∥ϕ− ϕ′∥

< 1.

Therefore Tξ is a contraction on a suitable ball of K⊥
ξ , and Banach’s fixed point

theorem yields the existence and uniqueness of a fixed point satisfying (5.42).

5.1.4 Estimates on the projections

Let ϕ be the solution to problem (5.41) provided by Proposition 5.9. Notice that if
we can show

c0 = c1 = c2 = 0,

then ϕ actually solves (5.15). Therefore, it is necessary to identify the exact expres-
sions of these constants.
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Multiplying (5.41) by Z1 and integrating, we find that, due to the angular sym-
metry of Z1 and Z2 and the radiality of V ,

2K(ξ)
∫
D2
eV Z1Z2 = 2h(ξ)φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

Z1Z2 = 2K(ξ)
∫
D2
eV Zi

= 2h(ξ)φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

Zi = 0, i = 1, 2,

and hence

c1 2K(ξ)
∫
D2
eV Z2

1 =
∫
D2

LInt
0 ϕZ1 −

∫
D2

E IntZ1 −
∫
D2

LIntϕZ1 −
∫
D2

N Int(ϕ)Z1,

c1
2h(ξ)φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D2

Z2
1 =

∫
∂D2

L∂
0ϕZ1 −

∫
∂D2

E∂Z1 −
∫
∂D2

L∂ϕZ1 −
∫
∂D2

N ∂(ϕ)Z1.

Integrating by parts and using (5.33), we obtain
∫
D2

(LInt
0 ϕ)Z1 +

∫
∂D2

(L∂
0ϕ)Z1 =

∫
D2

(LInt
0 Z1)ϕ+

∫
∂D2

(L∂
0Z1)ϕ = 0,

and therefore

c1

2K(ξ)
∫
D2
eV Z2

1 + 2h(ξ)φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

Z2
1

 = −
∫
D2

E IntZ1 −
∫
D2

LIntϕZ1 −
∫
D2

N Int(ϕ)Z1

−
∫
∂D2

E∂Z1 −
∫
∂D2

L∂ϕZ1 −
∫
∂D2

N ∂(ϕ)Z1.

A similar formula holds for Z2. Moreover, since ϕ ∈ Hξ, we have
∫
D2

LInt
0 ϕ+

∫
∂D2

L∂
0ϕ = 0,

and integrating (5.41) gives

3πc0 = −
∫
D2

E Int −
∫
D2

LIntϕ−
∫
D2

N Int(ϕ) −
∫
∂D2

E∂ −
∫
∂D2

L∂ϕ−
∫
∂D2

N ∂(ϕ).

Recalling (5.18), we now estimate all the integral terms involved.

Proposition 5.10.

∫
D2

E IntZ1 = 4π
(φ(ξ)2 +K(ξ))2 δ

(
∂xK(1) + η∂xyK(1) + ε∂xG(1) − δ log 1

δ

2φ(1)2

φ(1)2 +K(1)∆K(1)
)

+
∫
D2

2K(ξ)WeV Z1 +O
( |ε|2

log2 1
|ε|

)
.

Proof. We split E Int = E Int
1 + E Int

2 + E Int
3 as in (5.23) and start by estimating the first
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term. We can write:

E Int
1 = 2K(ξ)(W + τ)eV + 2(K(f(z)) −K(ξ))(W + τ)eV

+ 2(K(f(z)) + εG(f(z)))
(
eW+τ − 1 − (W + τ)

)
eV

= 2K(ξ)WeV + 2K(ξ)τeV +O
(

|f(z) − ξ|(|W | + |τ |) + (|W | + |τ |)2(1 + eW+τ )
)
.

(5.45)

Since V is radial,
∫
D2 eV Z1 = 0. Therefore, using Lemma 5.2 and Proposition

A.3,
∫
D2

E Int
1 Z1 = 2K(ξ)

∫
D2
WeV Z1 + 2K(ξ)τ

∫
D2
eV Z1

+
∫
D2
O
(

|f(z) − ξ|(|W | + |τ |) + (|W | + |τ |)2(1 + eW+τ )
)

=
∫
D2

2K(ξ)WeV Z1 +O(δ2 + δ|τ | + |τ |2). (5.46)

For E Int
2 , we perform a Taylor expansion:

E Int
2 = 2⟨∇K(ξ), f(z) − ξ⟩eV + ⟨D2K(ξ)(f(z) − ξ), f(z) − ξ⟩eV + 2ε⟨∇G(ξ), f(z) − ξ⟩eV

+O
(
|f(z) − ξ|3 + |ε||f(z) − ξ|2

)
= 2δ

〈
∇K(ξ), z − ξ

1 + (1 − δ)ξz

〉
eV + δ2

〈
D2K(ξ) z − ξ

1 + (1 − δ)ξz
,

z − ξ

1 + (1 − δ)ξz

〉
eV

+ 2δε
〈

∇G(ξ), z − ξ

1 + (1 − δ)ξz

〉
eV +O

(
δ3

(δ + |z + ξ|)3 + |ε|δ2

(δ + |z + ξ|)2

)
.

(5.47)

The terms involving the first derivatives can be handled by making a rotation w = ξz

and then using Proposition A.5:

∫
D2

〈
∇K(ξ), z − ξ

1 + (1 − δ)ξz

〉
eV Z1

=
∫
D2

〈
∇K(ξ), ξ w − 1

1 + (1 − δ)w

〉
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3w1 dw

=
∫
D2

〈
∇K(ξ), ξ (1 − δ)|w|2 − 1 + δw1 + i(2 − δ)w2

|1 + (1 − δ)w|2

〉
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3w1 dw
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= ⟨∇K(ξ), ξ⟩
∫
D2

(1 − δ)|w|2 − 1 + δw1

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3w1 dw

+ ⟨∇K(ξ), ξ⊥⟩
∫
D2

(2 − δ)w2

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3w1 dw

=
(

2π
(φ(ξ)2 +K(ξ))2 +O(δ)

)
⟨∇K(ξ), ξ⟩

=
(

2π
(φ(ξ)2 +K(ξ))2 +O(δ)

)〈
∇K(1) + η(∂xyK(1) + i∂yyK(1)) +O(|η|2), 1 +O(|η|)

〉
= 2π

(φ(ξ)2 +K(ξ))2 (∂xK(1) + η∂xyK(1)) +O(δ + |η|2).

Likewise,
∫
D2

⟨∇G(ξ), f(z) − ξ⟩eV Z1 = 2π
(φ(ξ)2 +K(ξ))2∂xG(1) +O(δ + |η|).

To estimate the second order integral, observe that

z − ξ

1 + (1 − δ)ξz
= −2ξ

1 + (1 − δ)ξz
+O

( |z + ξ|
δ + |z + ξ|

)
,

therefore
∫
D2

〈
D2K(ξ) z − ξ

1 + (1 − δ)ξz
,

z − ξ

1 + (1 − δ)ξz

〉
eV Z1

=
∫
D2

(〈
D2K(ξ) −2ξ

1 + (1 − δ)ξz
,

−2ξ
1 + (1 − δ)ξz

〉
+O

( |z + ξ|
(δ + |z + ξ|)2

))

·
( −4φ(ξ)2

(φ(ξ)2 +K(ξ))3 +O(|z + ξ|)
)
dz

= − 16φ(ξ)2

(φ(ξ)2 +K(ξ))3

∫
D2

(〈
D2K(ξ) ξ

1 + (1 − δ)ξz
,

ξ

1 + (1 − δ)ξz

〉
+O

( |z + ξ|
(δ + |z + ξ|)2

))
dz

= − 16φ(ξ)2

(φ(ξ)2 +K(ξ))3
1

(1 − δ)2

∫
Ωδ

〈
D2K(ξ) ξ

1 + w
,

ξ

1 + w

〉
dw +O(1),

where w = 1−δ
δ

(ξz + 1) transforms D2 into

Ωδ :=
{∣∣∣∣∣w − 1 − δ

δ

∣∣∣∣∣ ≤ 1 − δ

δ

}
.

Using
ξ

1 + w
= eiη(1 + w)

|1 + w|2
,
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⟨D2K(ξ)(z1+iz2), z1+iz2⟩ = ∆K(ξ)
2 |z|2+∂xxK(ξ) − ∂yyK(ξ)

2 (z2
1−z2

2)+2∂xyK(ξ)z1z2,

and Proposition A.6, we obtain

∫
Ωδ

〈
D2K(ξ) ξ

1 + w
,

ξ

1 + w

〉
= π

2 ∆K(ξ) log 1
δ

+O(1).

Hence,

∫
D2

〈
D2K(ξ) z − ξ

1 + (1 − δ)ξz
,

z − ξ

1 + (1 − δ)ξz

〉
eV Z1

= − 16πφ(ξ)2

(φ(ξ)2 +K(ξ))3 (1 +O(δ))
(
π

2 ∆K(ξ) log 1
δ

+O(1)
)

+O(1)

= − 8π2φ(ξ)2

(φ(ξ)2 +K(ξ))3 ∆K(1) log 1
δ

+O(1).

Finally, since

∫
D2

δ3

(δ + |z + ξ|)3 Z1 = O(δ2),
∫
D2

|ε|δ2

(δ + |z + ξ|)2 Z1 = O(δ2 log 1
δ
|ε|),

equation (5.47) gives

∫
D2

E Int
2 Z1 = 4π

(φ(ξ)2 +K(ξ))2 δ
(
∂xK(1) + η∂xyK(1) + ε∂xG(1) − δ log 1

δ

2φ(1)2

φ(1)2 +K(1)∆K(1)
)

(5.48)

+O
(
δ(δ + |η|2 + δ log 1

δ
|η| + δ log 1

δ
|ε| + |η||ε|)

)
.

Finally, since eV is radially symmetric and Z1 is odd with respect to ξ, we have
∫
D2

E Int
3 Z1 = 0,

and putting together (5.46) and (5.48) concludes the proof.
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Proposition 5.11.

∫
∂D2

E∂Z1 = 8πφ(ξ)(
φ(ξ)2 +K(ξ)

)2 δ
(

(−∆) 1
2h(1) + η(−∆) 1

2h′(1) + ε(−∆) 1
2 I(1)

− δ log 1
δ

4φ(1)
φ(1)2 +K(1)

((
(−∆) 1

2h(1)
)2

+ h′(1)2
))

− 2K(ξ)
∫
D2
WeV Z1 +O

( |ε|2

log2 1
|ε|

)
.

Proof. We split E∂ = E∂x + E∂y + E∂3 as in (5.25).
To estimate the first term we see that

E∂x = h(ξ)(W + τ)eV2 + (h(f(z)) − h(ξ))(W + τ)eV2 + 2h(f(z))
(
e
W+τ

2 − 1 − W + τ

2

)
e
V
2

= h(ξ)We
V
2 + τh(ξ)eV2 + (h(f(z)) − h(ξ))We

V
2 + τ(h(f(z)) − h(ξ))eV2

+O
(

(|W | + |τ |)2(1 + eW+τ )
)
. (5.49)

Since W,Z1 are solutions to (5.14) and (5.33) respectively, an integration by
parts gives:

2φ(ξ)h(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

WZ1 =
∫
∂D2

W∂νZ1

=
∫
∂D2

Z1∂νW +
∫
D2

(W∆Z1 − Z1∆W )

= 2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

2(h(f(z)) − h(ξ))Z1

− 1
π

2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(h(f(w)) − h(ξ)) dw
∫
∂D2

Z1

− 2K(ξ)
∫
D2
WeV Z1

= 4φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(h(f(z)) − h(ξ))Z1 − 2K(ξ)
∫
D2
WeV Z1.
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The first integral can be estimated by means of Proposition A.7:

2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(h(f(z)) − h(ξ))Z1 = 2φ(ξ)(
φ(ξ)2 +K(ξ)

)2

∫
∂D2

(h(f(z)) − h(ξ))⟨z, ξ⟩ dz

= 4πφ(ξ)(
φ(ξ)2 +K(ξ)

)2 δ(−∆) 1
2h(ξ) +O(δ2)

= 4πφ(ξ)(
φ(ξ)2 +K(ξ)

)2 δ
(

(−∆) 1
2h(1) + η(−∆) 1

2h′(1)
)

+O
(
δ(δ + |η|2)

)
.

On the other hand, for the estimates involving W we will use (5.19) and then
Proposition A.8:

2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(h(f(z)) − h(ξ))WZ1

= 2φ(ξ)
(φ(ξ)2 +K(ξ))2

∫
∂D2

(h(f(z)) − h(ξ))W (z)⟨z, ξ⟩ dz

= 16φ(ξ)2

(φ(ξ)2 +K(ξ))3 δ

(−∆) 1
2h(ξ)

∫
∂D2

(h(f(z)) − h(ξ)) log |z + ξ|⟨z, ξ⟩ dz

+ h′(ξ)
∫
∂D2

(h(f(z)) − h(ξ)) arctan ⟨z, ξ⊥⟩
1 + ⟨z, ξ⟩

⟨z, ξ⟩ dz


+ 2φ(ξ)

(φ(ξ)2 +K(ξ))2

∫
∂D2

(h(f(z)) − h(ξ))O
(

δ2

δ + |z + ξ|

(
1 +

∣∣∣∣∣log |z + ξ|
δ

∣∣∣∣∣
))

⟨z, ξ⟩ dz

= −32πφ(ξ)2

(φ(ξ)2 +K(ξ))3 δ
((

(−∆) 1
2h(ξ)

)2
+ h′(ξ)2

)
δ log 1

δ
+O(δ)

+ O

 ∫
∂D2

δ3

(δ + |z + ξ|)2

(
1 +

∣∣∣∣∣log |z + ξ|
δ

∣∣∣∣∣
)
dz


= −32πφ(ξ)2

(φ(ξ)2 +K(ξ))3 δ
2 log 1

δ

((
(−∆) 1

2h(ξ)
)2

+ h′(ξ)2
)

+O(δ2)

+ O

 +∞∫
0

δ2

(1 + t)2 (1 + | log t|) dt


= −32πφ(ξ)2

(φ(1)2 +K(1))3 δ
2 log 1

δ

((
(−∆) 1

2h(1)
)2

+ h′(1)2
)

+O
(
δ2 + δ2 log 1

δ
|η|
)
.
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Moreover, since eV2 is constant on ∂D2, then
∫
∂D2

e
V
2 Z1 = 0,

and therefore the decomposition (5.49) gives:

∫
∂D2

E∂xZ1 = (2 + τ) 2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(h(f(z)) − h(ξ))Z1

+ 2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(h(f(z)) − h(ξ))WZ1

− 2K(ξ)
∫
D2

WeV Z1 +
∫
∂D2

O
(
(|W | + |τ |)2(1 + eW+τ )

)
Z1

= (2 +O(|τ |)) 4πφ(ξ)
(φ(ξ)2 +K(ξ))2 δ

(
(−∆) 1

2h(1) + η(−∆) 1
2h′(1)

)
− −32πφ(ξ)2

(φ(ξ)2 +K(ξ))3 δ
2 log 1

δ

((
(−∆) 1

2h(1)
)2

+ h′(1)2
)

+ O
(
δ2 + δ2 log 1

δ
|η|
)

− 2K(ξ)
∫
D2

WeV Z1

+
∫
∂D2

(
δ

(
1 + log 1

|z + ξ|

)
+ |τ |

)2 (
1 + 1

|z + ξ|O(δ)

)

= 8πφ(ξ)
(φ(ξ)2 +K(ξ))2 δ

(−∆) 1
2h(1) + η(−∆) 1

2h′(1)

− δ log 1
δ

4φ(1)2

φ(1)2 +K(1)

((
(−∆) 1

2h(ξ)
)2

+ h′(ξ)2
)

− 2K(ξ)
∫
D2

WeV Z1 +O
(
δ2 + δ|τ | + δ|η|2 + δ2 log 1

δ
|η| + |τ |2

)
.(5.50)
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To deal with E∂y , we use Proposition A.7 similarly as before:

∫
∂D2

E∂y Z1 = 2ε 2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(I(f(z)) − I(ξ))Z1

+ 2ε 2φ(ξ)
φ(ξ)2 +K(ξ)I(ξ)

∫
∂D2

Z1

= 2ε
(

4πφ(ξ)
(φ(ξ)2 +K(ξ))2 δ(−∆) 1

2 I(ξ) +O(δ2)
)

+ 4εI(ξ)φ(ξ)
(φ(ξ)2 +K(ξ))2

∫
∂D2

⟨z, ξ⟩ dz

= 8πφ(ξ)
(φ(ξ)2 +K(ξ))2 δε(−∆) 1

2 I(1) +O(δ|ε|(δ + |η|)) . (5.51)

Finally, since E∂3 is constant, then
∫
∂D2

E∂3 Z1 = 0,

therefore the proof follows by putting together (5.50) and (5.51).

By analogous computations, we obtain the following two propositions.

Proposition 5.12.
∫
D2

E IntZ2 = 4π
(φ(ξ)2 +K(ξ))2 δ(∂yK(1) + η∂yyK(1) + ε∂yG(1)) + 2K(ξ)

∫
D2

WeV Z2

+ O

 |ε|2

log2 1
|ε|

 .
Proposition 5.13.

∫
∂D2

E∂Z2 = 8πφ(ξ)
(φ(ξ)2 +K(ξ))2 δ(h

′(1) + ηh′′(1) + εI ′(1)) − 2K(ξ)
∫
D2

WeV Z2

+ O

 |ε|2

log2 1
|ε|

 .
Now, we state and prove the analogous propositions for the estimate of c0.

Proposition 5.14.

∫
D2

E Int = 8π
φ(ξ)2 +K(ξ) (−δ∂xK(1) +K(1)τ) +O

 |ε|2

log 1
|ε|

 .
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Proof. We split E Int as in (5.23), and E Int
1 again following (5.45). To deal with the

term with W we integrate by parts and then use the fact that V is constant along
∂D2 and Proposition A.9:

2K(ξ)
∫
D2
WeV = −

∫
D2
V∆W +

∫
∂D2

(V ∂νW −W∂νV )

= V (ξ)
∫
∂D2

∂νW − 2h(ξ) 2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

W

= 2φ(ξ)h(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

(
− 2
π

2φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

log |z − w|(h(f(w)) − h(ξ)) dw
)
dz

= − 8φ(ξ)2h(ξ)
π(φ(ξ)2 +K(ξ))2

∫
∂D2

(h(f(w)) − h(ξ))
(∫

∂D2
log |z − w| dz

)
dw

= 0.

Applying Proposition A.9 again gives

2K(ξ)τ
∫
D2
eV = 8πK(ξ)

φ(ξ)2 +K(ξ)τ = 8πK(1)
φ(ξ)2 +K(ξ)τ +O(|η||τ |),

therefore

∫
D2

E Int
1 = 2K(ξ)

∫
D2
WeV + 2K(ξ)τ

∫
D2
eV

+
∫
D2
O
(

|f(z) − ξ|(|W | + |τ |) + (|W | + |τ |)2(1 + eW+τ )
)

= 8πK(1)
φ(ξ)2 +K(ξ) τ +O

(
δ2 + |τ |2

)
.

(5.52)

Concerning the second term, we write

E Int
2 = 2 ⟨∇K(ξ), f(z) − ξ⟩ eV +O

(
|f(z) − ξ|2 + |ε||f(z) − ξ|

)
= 2δ

〈
∇K(ξ), z − ξ

1 + (1 − δ)ξz

〉
eV +O

(
δ2

(δ + |z + ξ|)2 + |ε|δ
δ + |z + ξ|

)
.
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Then, we argue as in the proof of (5.10), (5.12) and apply Proposition A.10:

∫
D2

〈
∇K(ξ), z − ξ

1 + (1 − δ)ξz

〉
eV = ⟨∇K(ξ), ξ⟩

∫
D2

(1 − δ)2|w|2 − 1 + δw1

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)2 dw

+
〈
∇K(ξ), ξ⊥

〉 ∫
D2

(2 − δ)w2

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)2 dw

= − 4π
φ(ξ)2 +K(ξ)⟨∇K(ξ), ξ⟩

= − 4π
φ(ξ)2 +K(ξ)∂xK(1) +O(|η|).

Therefore,

∫
D2

E Int
2 = 2δ

∫
D2

〈
∇K(ξ), z − ξ

1 + (1 − δ)ξz

〉
eV +

∫
D2
O

(
δ2

(δ + |z + ξ|)2 + |ε|δ
δ + |z + ξ|

)

= − 8π∂xK(1)
φ(ξ)2 +K(ξ)δ +O

(
δ
(
δ log 1

δ
+ |η| + |ε|

))
. (5.53)

Finally, since G(ξ) = O(|η|), then
∫
D2

E Int
3 = O(|η||ε|),

and the result follows by (5.52) and (5.53).

Proposition 5.15.

∫
∂D2

E∂ = 4πφ(ξ)
φ(ξ)2 +K(ξ)

(
−2δ(−∆) 1

2h(1) + τh(1)
)

+O

 |ε|2

log 1
|ε|

 .
Proof. We split again as in (5.25), and we write

E∂x = 2h(ξ)φ(ξ)
φ(ξ)2 +K(ξ)W + 2h(ξ)φ(ξ)

φ(ξ)2 +K(ξ)τ

+ O
(
|f(z) − ξ|(|W | + τ)

)
+O

(
(|W | + |τ |)2(1 + eW+τ )

)
.

The integral of the first term vanishes because, as in the proof of Proposition
5.14,

2h(ξ)φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

W = − 4φ(ξ)2h(ξ)
π(φ(ξ)2 +K(ξ))2

∫
∂D2

(h(f(w))−h(ξ))
(∫

∂D2
log |z − w| dz

)
dw = 0.
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On the other hand, the second term is constant,

2h(ξ)φ(ξ)
φ(ξ)2 +K(ξ)τ

∫
∂D2

1 = 4πφ(ξ)
φ(ξ)2 +K(ξ)τh(ξ) = 4πφ(ξ)

φ(ξ)2 +K(ξ)τh(1) +O(|η||τ |).

Therefore,

∫
∂D2

E∂x = 4πφ(ξ)
φ(ξ)2 +K(ξ)τh(1) +O(|η||τ |) +

∫
∂D2

δ

δ + |z + ξ|
δ

(
1 + log 1

|z + ξ|

)

+
∫
∂D2

(
δ

(
1 + log 1

|z + ξ|

)
+ |τ |

)2 (
1 + 1

|z + ξ|O(δ)

)

= 4πφ(ξ)
φ(ξ)2 +K(ξ)τh(1) +O

(
δ2 log2 1

δ
+ |η||τ | + |τ |2

)
.

To estimate E∂y , we use that I(f(z)) = O(|f(z) − ξ| + |η|), hence

∫
∂D2

E∂y =
∫
∂D2

O
(
|ε|(|f(z) − ξ| + |η|)eW

)
= O

(
|ε|
(
δ log 1

δ
+ |η|

))
.

Finally, since E∂3 is constant, we can use Proposition A.4 to conclude the proof:

∫
∂D2

E∂3 = − 8πφ(ξ)
φ(ξ)2 +K(ξ)δ(−∆) 1

2h(ξ) +O(δ2)

= − 8πφ(ξ)
φ(ξ)2 +K(ξ)δ(−∆) 1

2h(1) +O
(
δ(δ + |η|)

)
.

We are now in a position to derive the precise expansions of the constants c0, c1,
and c2.
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Corollary 5.16. The constants c0, c1, c2 appearing in problem (5.41) satisfy

c1 = −A0
4

(φ(1)2 +K(1))2 δ

η (∂xyK(1) + 2φ(1)(−∆) 1
2h′(1)

)
︸ ︷︷ ︸

=:a11

+ε
(
∂xG(1) + 2φ(1)(−∆) 1

2 I(1)
)

︸ ︷︷ ︸
=:b1

+ δ log 1
δ

(
− 2φ(1)2

φ(1)2 +K(1)
(
∆K(1) + 4|∇H(1)|2

))
︸ ︷︷ ︸

=:a12

+O
( |ε|2

log2 1
|ε|

+ ∥ϕ∥2eO(∥ϕ∥2)
)
,

c2 = −A0
4

(φ(1)2 +K(1))2 δ

η (∂yyK(1) + 2φ(1)h′′(1)
)

︸ ︷︷ ︸
=:a21

+ε
(
∂yG(1) + 2φ(1)I ′(1)

)
︸ ︷︷ ︸

=:b2



+ O
( |ε|2

log2 1
|ε|

+ ∥ϕ∥2eO(∥ϕ∥2)
)
,

c0 = − 1
3π

4
φ(1)2 +K(1)

δ (−
(
2∂xK(1) + 2φ(1)(−∆) 1

2h(1)
))

︸ ︷︷ ︸
=:a32

+τ
(
2K(1) + φ(1)h(1)

)
︸ ︷︷ ︸

=:a33



+ O
( |ε|2

log 1
|ε|

+ ∥ϕ∥2eO(∥ϕ∥2)
)
,

where
A0 := 3φ(1)2(φ(1)2 +K(1))3

3φ(1)4 + 3φ(1)2K(1) + 2K(1)2 .

Proof. We only derive the expansion for c1, since the arguments for c0 and c2 are
completely analogous.

First, recall that ξ = 1 is a critical point of φ. In particular,

∂xK(1) + 2φ(1)(−∆) 1
2h(1) = 0, φ(ξ) = φ(1) +O(|η|2).
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Therefore, combining (5.10) and (5.11), we obtain
∫
D2

E IntZ1 +
∫
∂D2

E∂Z1

= 4π
(φ(ξ)2 +K(ξ))2 δ

∂xK(1) + η∂xyK(1) + ε∂xG(1) − δ log 1
δ

2φ(1)2

φ(1)2 +K(1)∆K(1)


+ 4π
(φ(ξ)2 +K(ξ))2 δ

2φ(ξ)
(

(−∆) 1
2h(1) + η(−∆) 1

2h′(1) + ε(−∆) 1
2 I(1)

)
− 4π

(φ(ξ)2 +K(ξ))2 δ
2 log 1

δ

8φ(1)2

φ(1)2 +K(1)

(
((−∆) 1

2h(1))2 + h′(1)2
)

+O
( |ε|2

log 1
|ε|

)

= 4π
(φ(1)2 +K(1))2 δ

η(∂xyK(1) + 2φ(1)(−∆) 1
2h′(1)

)
+ ε

(
∂xG(1) + 2φ(1)(−∆) 1

2 I(1)
)

− 4π
(φ(1)2 +K(1))2 δ

2 log 1
δ

2φ(1)2

φ(1)2 +K(1)

(
∆K(1) + 4|∇H(1)|2

)
+O

( |ε|2

log 1
|ε|

)
. (5.54)

Next, by Lemmas 5.7 and 5.8, for any 1 < p < 4
3 ,

∫
D2

LIntϕZ1 +
∫
∂D2

L∂ϕZ1 +
∫
D2

N Int(ϕ)Z1 +
∫
∂D2

N ∂(ϕ)Z1

= O
(

∥LIntϕ∥Lp(D2) + ∥L∂ϕ∥Lp(∂D2) + ∥N Int(ϕ)∥Lp(D2) + ∥N ∂(ϕ)∥Lp(∂D2)

)
= O

( |ε|
log 1

|ε|
∥ϕ∥ + ∥ϕ∥2eO(∥ϕ∥2)

)

= O
( |ε|2

log2 1
|ε|

+ ∥ϕ∥2eO(∥ϕ∥2)
)
, (5.55)

where in the last step we used (5.42).
Finally, Proposition A.11 yields

2K(ξ)
∫
D2
eV Z2

1 + 2h(ξ)φ(ξ)
φ(ξ)2 +K(ξ)

∫
∂D2

Z2
1 = π

A0
+O(|η|).

Combining this identity with (5.54) and (5.55), the claimed expansion for c1

follows.

5.1.5 The finite dimensional reduction

Let δ, |η|, |τ |, |ε| be sufficiently small so that Proposition 5.9 applies, yielding a so-
lution to (5.41).
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If, for some choice of δ, η, τ , one has

c0 = c1 = c2 = 0,

then ϕ also solves (5.15), and therefore we obtain a solution to (5.8).
By Corollary 5.16 together with the estimates on ∥ϕ∥, assuming

η = sε, τ = tε
(

log 1
δ

)−1
, δ log 1

δ
= dε,

with d > 0 if ε > 0 and d < 0 if ε < 0, the vanishing of all the coefficients ci is
equivalent to solving 

a11s+ a12d+ b1 + oε(1) = 0,
a21s+ b2 + oε(1) = 0,
a32d+ a33t+ oε(1) = 0.

(5.56)

The coefficients aij are defined in Corollary 5.16.
System (5.56) can be rewritten as

Fε(s, d, t) = F0(s, d, t) + oε(1) = 0,

where the function F0 : R3 → R3 is defined by

F0(s, d, t) := A


s

d

t

+B,

with

A =


a11 a12 0
a21 0 0
0 a32 a33

 , B =


b1

b2

0

 .
It is immediate that, if

detA = det


a11 a12 0
a21 0 0
0 a32 a33

 ̸= 0,

that is,
a12a21a33 ̸= 0 (see (5.1), (5.3), (5.4), and (5.5)),
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there exists a unique (s0, d0, t0) ∈ R3 such that

F0(s0, d0, t0) = 0.

Moreover, one has d0 ̸= 0 provided that

det


a11 b1 0
a21 b2 0
0 0 a33

 ̸= 0,

namely,
a33
(
a11b2 − a21b1

)
̸= 0 (see (5.7)).

Since Fε → F0 uniformly on compact subsets of

R × (R \ {0}) × R,

and the Brouwer degree of Fε is nonzero, it follows that there exists

(sε, dε, tε) ∈ R × (R \ {0}) × R

such that
Fε(sε, dε, tε) = 0,

with
(sε, dε, tε) → (s0, d0, t0) as ε → 0.

This proves the existence of a solution.
Finally, using the estimates on E , L, N , and ∥ϕ∥, equation (5.15) yields

∥∆ϕ∥Lp(D2) + ∥∂νϕ∥Lp(∂D2) = oε(1)

for some p > 1. Hence,
∥ϕ∥L∞(D2) = oε(1).

Since both V (f−1(z)) and W (f−1(z)) concentrate at ξ = 1, we conclude that the
solution

u = V (f−1(z)) +W (f−1(z)) + τ + ϕ(f−1(z))

also concentrates at ξ = 1. This completes the proof of Theorem 5.1.
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5.2 Construction of solution on a generic domain

We consider the following problem:
−∆v = ε2K(x)e2v in Ω
∂v
∂n

+ l̃(v) = εh(x)ev on ∂Ω
(5.57)

where
l̃(v) = 1

|∂Ω|

(∫
Ω
ε2K(x)e2v dx+

∫
∂Ω
εh(x)ev ds

)
→ 2πm

|∂Ω|
Our aim is to construct a family of solutions vε which blows-up at m distinct

points ξ1, . . . , ξm ∈ ∂Ω as ε → 0. We assume that K and h are strictly positive
smooth functions.

We define the expanded domain Ωε = 1
ε
Ω, and ξ′

j = 1
ε
ξj. Setting u(y) = v(εy) +

2 log ε, the problem (5.57) is equivalent to
−∆gu = K(εy)e2u in Ωε

∂u
∂n

+ εl(u) = h(εy)eu on ∂Ωε

(5.58)

where
l(u) = 1

|∂Ω|

(∫
Ωε
K(εy)e2u dy +

∫
∂Ωε

h(εy)eu ds
)

5.2.1 Ansatz and Error Estimates

We define the approximate solution as

V (y) =
m∑
i=1

(Ui(εy) +Hi(εy)) + 2 log ε

where the bubbles Ui are given by

Ui(x) = log
 2λi√

K(ξi) (λ2
i ε

2 + |x− ξi − D(ξi)ελin(ξi)|2)



with D(ξi) = h(ξi)√
K(ξi)

.
Note that they solves

−∆Ui = K(ξi)e2Ui in R2
+

∂Ui
∂n

= h(ξi)eUi on ∂R2
+
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Instead, the correction term Hi solves the problem


−∆gHi = ε2K(x)e2Ui + ∆gUi in Ω,

∂Hi
∂n

= εh(x)eUi − ∂Ui
∂n

− l̃(Ui) on ∂Ω,
(5.59)

We define the Green’s function of the Neumann problem, denoted by G(x, y), as
the unique solution (for any fixed y ∈ Ω) of

−∆gG(x, y) = 0 in Ω,
∂G
∂n

(x, y) = δy(x) − 1
|∂Ω| on ∂Ω,

(5.60)

subject to the normalization condition
∫
∂Ω G(x, y) dsx = 0. We define the regular

part of the Green’s function by subtracting the standard logarithmic singularity:

H(x, y) = G(x, y) + 1
2π log(|x− y|2). (5.61)

Lemma 5.17. Let Hj(x) be the solution of the linear problem (5.59) normalized by∫
∂Ω Hj = |∂Ω|(1

2 log(K(ξj)) − log(2λj)) + 2π
∫
∂Ω H(x, ξj). Then, for any α ∈ (0, 1),

the following asymptotic expansion holds uniformly in Ω as ε → 0:

Hj(x) = 2πH(x, ξj) − log(2λj) + 1
2 logK(ξj) +O(εα). (5.62)

Proof. The normal derivative of the bubble profile Uj is given by

∂Uj
∂n

= − 2(x− ξj − D(ξj)ελjn(ξj)) · n(x)
|x− ξj − D(ξj)ελjn(ξj)|2 + λ2

jε
2 . (5.63)

The boundary condition satisfied by Hj is ∂Hj
∂n

= εh(x)eUj − ∂Uj
∂n

− l̃(Uj). Substi-
tuting the expression of Uj, the boundary source term becomes

εh(x)eUj =
2ελj h(x)√

K(ξj)

|x− ξj − D(ξj)ελjn(ξj)|2 + λ2
jε

2 . (5.64)

Therefore, the boundary condition for Hj can be written as:

∂Hj

∂n
=

2ελj h(x)√
K(ξj)

+ 2(x− ξj − D(ξj)ελjn(ξj)) · n(x)

|x− ξj − D(ξj)ελjn(ξj)|2 + λ2
jε

2 − l̃(Uj). (5.65)

Recalling that D(ξj) = h(ξj)√
K(ξj)

, it follows that for every x ̸= ξj, the limit as
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ε → 0 of the fraction approaches 2 (x−ξj)·n(x)
|x−ξj |2 . Since l̃(Uj) → 2π

|∂Ω| as ε → 0, we get

lim
ε→0

∂Hj

∂n
= 2(x− ξj) · n(x)

|x− ξj|2
− 2π

|∂Ω|
∀x ̸= ξj. (5.66)

The regular part of the Green’s function satisfies −∆H(x, y) = 0 in Ω. On the
boundary, noting that ∂

∂n
log |x− ξj|2 = 2 (x−ξj)·n(x)

|x−ξj |2 , we have

∂H

∂n
(x, ξj) = 1

2π
∂

∂n
log |x− ξj|2 − 1

|∂Ω|
= 1
π

(x− ξj) · n(x)
|x− ξj|2

− 1
|∂Ω|

. (5.67)

Now, we define zε(x) = Hj(x)+log(2λj)−1
2 logK(ξj)−2πH(x, ξj), which satisfies:

−∆zε = ε2K(x)e2Uj + ∆Uj in Ω,
∂zε
∂n

= ∂Hj
∂n

− 2(x−ξj)·n(x)
|x−ξj |2 + 2π

|∂Ω| on ∂Ω.
(5.68)

We claim that, for any p > 1, there exists C > 0 such that
∣∣∣∣∣
∣∣∣∣∣∂zε∂n

∣∣∣∣∣
∣∣∣∣∣
Lp(∂Ω)

≤ Cε1/p. (5.69)

To prove (5.69), we fix a small δ > 0 and split the boundary integral into a far-
field region ∂Ω \ Bδ(ξj) and a near-field region ∂Ω ∩ Bδ(ξj). In the far-field region,
the distance |x − ξj| is bounded strictly away from zero (|x − ξj| ≥ δ). Using the
expansion (5.66), uniformly on compact subsets of ∂Ω \ {ξj}, we obtain

∣∣∣∣∣∂zε∂n (x)
∣∣∣∣∣ ≤ Cε, ∀x ∈ ∂Ω \Bδ(ξj).

which yields: ∫
∂Ω\Bδ(ξj)

∣∣∣∣∣∂zε∂n
∣∣∣∣∣
p

dsx ≤ Cεp. (5.70)

Now we focus on the region Bδ(ξj) ∩ ∂Ω. We decompose the normal derivative
by adding and subtracting D(ξj) in the numerator of ∂nHj:
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∂Hj

∂n
− 2(x− ξj) · n(x)

|x− ξj|2
=

2ελj
(

h(x)√
K(ξj)

− D(ξj)
)

|x− ξj − ελjD(ξj)n(ξj)|2 + ε2λ2
j

+
2ελjD(ξj)

(
1 − n(ξj) · n(x)

)
|x− ξj − ελjD(ξj)n(ξj)|2 + ε2λ2

j

+ 2(x− ξj) · n(x)
 |x− ξj|2 − |x− ξj − ελjD(ξj)n(ξj)|2 − ε2λ2

j(
|x− ξj − ελjD(ξj)n(ξj)|2 + ε2λ2

j

)
|x− ξj|2


− l̃(Uj).

Since n is Lipschitz continuous on ∂Ω and |n(x)| = |n(ξj)| = 1, we have

1 − n(ξj) · n(x) = 1
2 |n(ξj) − n(x)|2 ≤ C|x− ξj|2.

Moreover, since ∂Ω is of class C2,

|(x− ξj) · n(x)| ≤ C|x− ξj|2. (5.71)

Furthermore, by the regularity of h,
∣∣∣∣∣∣ h(x)√
K(ξj)

− D(ξj)
∣∣∣∣∣∣ ≤ C|x− ξj|.

Expanding the square in the numerator of the third term yields

|x− ξj|2 −|x− ξj −ελjD(ξj)n(ξj)|2 = 2ελjD(ξj)(x− ξj) ·n(ξj)−ε2λ2
jD(ξj)2. (5.72)

Therefore,

∣∣∣|x− ξj|2 − |x− ξj − ελjD(ξj)n(ξj)|2
∣∣∣ ≤ Cε|x− ξj| + Cε2. (5.73)

Combining the previous estimates and using
∣∣∣∣∣l̃(Uj) − 2π

|∂Ω|

∣∣∣∣∣ ≤ Cε,

we obtain the pointwise estimate
∣∣∣∣∣∂zε∂n

∣∣∣∣∣ ≤ Cε+ Cε|x− ξj| + Cε2

|x− ξj − ελjD(ξj)n(ξj)|2 + ε2λ2
j

. (5.74)
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We can estimate the distance at the denominator, using again (5.71):

|x− ξj − ελjD(ξj)n(ξj)|2 + ε2λ2
j ≥ C(|x− ξj|2 + ε2).

Substituting these bounds into (5.74), the integral over the near-field region can
be estimated as:

∫
Bδ(ξj)∩∂Ω

∣∣∣∣∣∂zε∂n
∣∣∣∣∣
p

dsx ≤ C
∫
Bδ(ξj)∩∂Ω

(
ε+ ε|x− ξj| + ε2

|x− ξj|2 + ε2

)p
dsx. (5.75)

By the convexity inequality (A + B)p ≤ 2p−1(Ap + Bp), so we have a term O(εp).
Instead for the other term, we parametrize the boundary piece Bδ(ξj) ∩ ∂Ω by arc-
length t ∈ (−δ, δ), with t = 0 corresponding to ξj. Since ∂Ω is smooth, we have
c1|t| ≤ |x − ξj| ≤ c2|t|, and the line element is dsx = dt. Therefore, we can bound
the integral and perform the scalar change of variables t = εs:

∫
Bδ(ξj)∩∂Ω

∣∣∣∣∣∂zε∂n
∣∣∣∣∣
p

dsx ≤ Cεp + C
∫ δ

−δ

(
ε|t| + ε2

t2 + ε2

)p
dt

= Cεp+
∫ δ/ε

−δ/ε

(
ε2|s| + ε2

ε2s2 + ε2

)p
εds = Cεp+ε

∫ δ/ε

−δ/ε

(
|s| + 1
s2 + 1

)p
ds ≤ Cεp+ε

∫ ∞

−∞

(|s| + 1)p
(s2 + 1)p ds.

Since p > 1, the integrand behaves asymptotically as O(|s|−p) for large |s|. There-
fore, the integral is finite. Thus, we obtain:

∫
Bδ(ξj)∩∂Ω

∣∣∣∣∣∂zε∂n
∣∣∣∣∣
p

dsx ≤ Cε. (5.76)

Combining (5.70) and (5.76), we find the global boundary estimate:

∫
∂Ω

∣∣∣∣∣∂zε∂n
∣∣∣∣∣
p

dsx ≤ Cε.

Taking the p-th root yields the desired result:∥∥∥∥∥∂zε∂n
∥∥∥∥∥
Lp(∂Ω)

≤ Cε1/p.

This concludes the proof of (5.69).
Now we estimate the interior norm ∥∆zε∥Lp(Ω) for 1 < p < 2. By definition, the

interior source is given by

−∆zε = ε2K(x)e2Uj + ∆Uj. (5.77)
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Furthermore, in R2, the bubble profile Uj satisfies the equation ∆Uj = −ε2K(ξj)e2Uj .
Therefore, the interior source reduces to a single remainder term:

−∆zε = ε2(K(x) −K(ξj))e2Uj . (5.78)

To estimate this, we must recall that the exponential bubble is not centered at
ξj, but at the shifted point xj,ε = ξj + ελjD(ξj)n(ξj). The square of the conformal
factor takes the form:

e2Uj = C

(|x− xj,ε|2 + ε2λ2
j)2 . (5.79)

Since K(x) is smooth, we use the triangle inequality to bound the difference:

|K(x) −K(ξj)| ≤ C|x− ξj| ≤ C(|x− xj,ε| + |xj,ε − ξj|) ≤ C(|x− xj,ε| + ε).

Thus, the term is pointwise bounded by:

|∆zε| ≤ Cε2 |x− xj,ε| + ε

(|x− xj,ε|2 + ε2λ2
j)2 . (5.80)

Changing variables centered at the true peak, x − xj,ε = εy, the integral over Ω
becomes:
∫

Ω
|∆zε|pdx ≤ C

∫
R2

(
ε2 ε|y| + ε

ε4(|y|2 + λ2
j)2

)p
ε2dy = Cε2−p

∫
R2

(|y| + 1)p
(|y|2 + λ2

j)2pdy. (5.81)

Since 1 < p < 2, the integrand decays as O(|y|−3p) at infinity, so the integral is
finite, yielding a bound of O(ε2−p). Taking the p-th root, we conclude that:

||∆zε||Lp(Ω) ≤ Cε
2−p
p = Cε

2
p

−1. (5.82)

The standard Lp elliptic theory for the Neumann problem (note that thanks to our
choice for the normalisation of Hj, zε has zero average on the boundary) yields:

∥zε∥W 1+s,p(Ω) ≤ C

∥∥∥∥∥∂zε∂n
∥∥∥∥∥
Lp(∂Ω)

+ ∥∆zε∥Lp(Ω)

 ≤ C
(
ε1/p + ε

2
p

−1
)

≤ Cε
2
p

−1, (5.83)

for any fractional order 0 < s < 1/p.
By the Morrey-Sobolev embedding theorem in dimension two, the fractional

space W 1+s,p(Ω) embeds continuously into the Hölder space Cγ(Ω) provided that
the exponent satisfies γ = 1 + s− 2

p
> 0. Choosing s < 1/p sufficiently close to 1/p,
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we obtain the embedding W 1+s,p(Ω) ↪→ Cγ(Ω) for every γ < 1 − 1/p. By choosing
p > 1 arbitrarily close to 1, the error exponent α = 2

p
− 1 can be made arbitrarily

close to 1, while maintaining a strictly positive Hölder exponent γ > 0. Therfore,

∥zε∥L∞(Ω) ≤ C∥zε∥W 1+s,p(Ω) ≤ Cεα, (5.84)

for any chosen α ∈ (0, 1). This completes the proof of the asymptotic expansion.

We will seek a solution to (5.58) of the form u = V + ϕ. Thus, the problem can
be stated as finding a function ϕ that satisfies


−∆ϕ− 2K(εy)e2V ϕ = R1(y) +N1(ϕ), in Ωε,

∂ϕ

∂n
− h(εy)eV ϕ+ εl1(V )[ϕ] = R2(y) +N2(ϕ), on ∂Ωε,

where the terms on the right-hand side represent the errors, the non-local linear
perturbations, and the non-linear remainders, respectively.

In the interior of the domain Ωε, the pieces are defined as:

R1(y) = ∆V +K(εy)e2V ,

N1(ϕ) = K(εy)e2V
(
e2ϕ − 1 − 2ϕ

)
.

On the boundary ∂Ωε, the corresponding pieces are defined as:

R2(y) = −∂V

∂n
− εl(V ) + h(εy)eV ,

N2(ϕ) = h(εy)eV
(
eϕ − 1 − ϕ

)
− εNl(ϕ).

The non-local functional l(u) evaluated at the ansatz V , its linearisation l1(V )[ϕ],
and its non-linear remainder Nl(ϕ) are explicitly given by:

l(V ) = 1
|∂Ω|

(∫
Ωε
K(εy)e2V dy +

∫
∂Ωε

h(εy)eV ds
)
,

l1(V )[ϕ] = 1
|∂Ω|

(∫
Ωε

2K(εy)e2V ϕ dy +
∫
∂Ωε

h(εy)eV ϕ ds
)
,

Nl(ϕ) = 1
|∂Ω|

(∫
Ωε
K(εy)e2V

(
e2ϕ − 1 − 2ϕ

)
dy +

∫
∂Ωε

h(εy)eV
(
eϕ − 1 − ϕ

)
ds
)
.

In order to uniformly control the error terms near the concentration points, we
must choose the parameters {λj}mj=1 such that the interactions between the bubbles

124



and the Green’s function cancel out. We choose {λj}mj=1 such that:

log(2λj) = 2πH(ξj, ξj) + 2π
∑
i̸=j

G(ξi, ξj) + 1
2 logK(ξj) for all j = 1, . . . ,m. (5.85)

Lemma 5.18. Let δ > 0 be small and fixed. In the region Bδ/ε(ξ′
j) we have:

R1(y) =
4λ2

j(
λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2
)2

[
O
(
ε|y − ξ′

j|
)

+O(εα)
]
, y ∈ Ωε,

and on the boundary ∂Ωε,

R2(y) = 2D(ξj)λj
λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2
[
O
(
ε|y − ξ′

j|
)

+O(εα)
]

+O(ε1+α).

While in the region Ωε \ ⋃mj=1 Bδ/ε(ξ′
j), the errors are:

R1(y) = O(ε4), y ∈ Ωε,

and
R2(y) = O(ε1+α), y ∈ ∂Ωε.

Proof. For y ∈ Bδ/ε(ξ′
j), we explicitly compute R1(y) and R2(y).

R1 =
m∑
i=1

∆(Ui(εy +Hi(εy))) +K(εy)e2(Uj+Hj+
∑

i̸=j(Ui+Hi)+2 log ε)

= K(εy)
(
e2(Uj+2 log ε)eHj+

∑
i̸=j(Ui+Hi) −

m∑
i=1

e2(Ui(εy)+2 log ε)
)

=
(

4λ2
jK(εy)

K(ξj)(λ2
j + |y − ξ′ − D(ξj)λjn(ξj)|2)2

)(
e2(Hj+

∑
i̸=j(Ui+Hi)) − 1

)
+O(ε4)

=
(

4λ2
j

(λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2)2

)(
1 +O

(
ε|y − ξ′

j|
))

(O(ε|y − ξ′|) +O(εα))

where in the last equality we have used that 5.17 and the choice 5.85 to write:

Hj +
∑
i̸=j

(Ui +Hi) = 2πH(εy, ξj) − log(2λj) + 1
2 logK(ξj)

+
∑
i̸=j

(
Ui(εy) + 2πH(εy, ξi) + 1

2 log(K(ξi)) − log(2λi))
)

+O(εα)

= 2πH(ξj, ξj) − log(2λj) + 1
2 log(K(ξj)) +

∑
i̸=j

(
log

(
1

|ξj − ξi|2

)
+ 2πH(ξj, ξi)

)
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+O(ε|y − ξ′
j|) +O (εα) = O(ε|y − ξ′

j|) +O (εα)

R2 =
m∑
i=1

−∂(Ui +Hi)
∂n

+ h(εy)eUj+Hj+2 log ε+
∑

i̸=j(Ui+Hi) − εl(V )

Using the boundary conditions satisfied by Hi, the normal derivative expands as
∂(Ui+Hi)

∂ny
= ε2h(εy)eUi(εy) − εl̃(Ui). Therefore, substituting this into R2(y), we can

rearrange the terms as:

R2 = h(εy)
(
eUj(εy)+2 log εeHj+

∑
i̸=j(Ui+Hi) −

m∑
i=1

eUi(εy)+2 log ε
)

+ ε

(
m∑
i=1

l̃(Ui) − l(V )
)

Isolating the j-th bubble and noting that the external bubbles decay as eUi(εy)+2 log ε =
O(ε2) for i ̸= j, we get:

= h(εy)eUj(εy)+2 log ε
(
eHj+

∑
i̸=j(Ui+Hi) − 1

)
+O(ε2) + ε

(
m∑
i=1

l̃(Ui) − l(V )
)

By definition of the bubble, the factor in front can be written by factoring out
h(ξj) from h(εy):

=
 2λjh(εy)√

K(ξj)(λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2)

(eHj+∑i̸=j(Ui+Hi) − 1
)
+ε

(
m∑
i=1

l̃(Ui) − l(V )
)

=
(

2D(ξj)λj
λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2

)(
1 +O

(
ε|y − ξ′

j|
)) (

eHj+
∑

i̸=j(Ui+Hi) − 1
)
+ε

(
m∑
i=1

l̃(Ui) − l(V )
)

Using the exact same expansion for the exponent as we did for R1(y), the ex-
pression simplifies to:

=
(

2D(ξj)λj
λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2

)(
1 +O

(
ε|y − ξ′

j|
)) (

O(ε|y − ξ′
j|) +O(εα)

)
+ε

(
m∑
i=1

l̃(Ui) − l(V )
)

= 2D(ξj)λj
λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2
[
O
(
ε|y − ξ′

j|
)

+O(εα)
]

+ ε

(
m∑
i=1

l̃(Ui) − l(V )
)
.

Now, we bound the non-local error is exactly equivalent to bounding l(V ) −∑m
i=1 l̃(Ui). Note that, if we call Ui(y) = Ui(εy) + 2 log ε, we have (changing the

variable in the integral of l̃): l̃(Ui) = l(Ui). We compute the difference of the
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interior integrals : ∫
Ωε
K(εy)

(
e2V (y) −

m∑
i=1

e2Ui(y)
)
dy.

We split the domain into the near-field regions ⋃mj=1 Bδ/ε(ξ′
j) and the far-field. In

the far-field V (y) = 2 log ε + O(1), so e2V = O(ε4) and e2Ui = O(ε4). Integrating
these over a domain of area O(ε−2) gives a far-field contribution of O(ε2). In the
near-field Bδ/ε(ξ′

j), we isolate the j-th bubble:

V (y) = Uj(y) +Hj(εy) +
∑
i̸=j

(Ui(εy) +Hi(εy)).

From the previous expansion:

e2V (y) = e2Uj(y)
(
1 +O(ε|y − ξ′

j|) +O(εα)
)
.

Moreover, for i ̸= j, Ui(y) = Ui(εy) + 2 log ε = O(1) + 2 log ε, so e2Ui(y) = O(ε4).
Therefore, pointwise in Bδ/ε(ξ′

j), the difference becomes:

e2V (y) −
m∑
i=1

e2Ui(y) = e2Uj(y)
(
O(ε|y − ξ′

j|) +O(εα)
)

+O(ε4).

Recalling the exact form of the rescaled bubble profile Uj(y) = log
(

cj
λ2
j+|y−yj |2

)
,

we have the decay e2Uj(y) ∼ |y − yj|−4 for large |y|.
For the interior integral over Ωε, passing to polar coordinates:

∫
Bδ/ε(ξ′

j)
e2Uj(y)dy ≤ C

∫ ∞

0

r

(λ2
j + r2)2dr = O(1),

∫
Bδ/ε(ξ′

j)
|y − ξ′

j|e2Uj(y)dy ≤ C
∫ ∞

0

r2

(λ2
j + r2)2dr = O(1).

Hence, the interior near-field remainder evaluates to:
∫
Bδ/ε

K(εy)e2Uj(y)
(
O(ε|y − ξ′

j|) +O(εα)
)
dy = O(ε) +O(εα) = O(εα).

For the boundary integral over ∂Ωε, we proceed in the same way. Parametrizing
the local boundary curve by arc-length s ∈ (− δ

ε
, δ
ε
), the zero-th order term is finite:

∫ δ/ε

−δ/ε
eUj(s)ds ≤ C

∫ ∞

−∞

1
λ2
j + s2ds = O(1).

However, the first-order term possesses a logarithmically divergent tail over R, in-
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deed
∫ δ/ε

−δ/ε
|s|eUj(s)ds ≤ C

∫ δ/ε

0

s

λ2
j + s2ds = C

2 log
(

1 + δ2

λ2
jε

2

)
= O(| log ε|).

However, multiplying this by the factor ε, the resulting boundary error isO(ε| log ε|)+
O(εα) = O(εα).

Summing the interior and boundary estimates, we obtain exactly:

ε

(
m∑
i=1

l̃(Ui) − l(V )
)

= ε ·O(εα) = O(ε1+α).

which conclude the proof.

For any positive numbers a, b, λ, let

z0(x) = 1
2λ −

λ+ b√
a

(
x2 + b√

a
λ
)

λ2 + x2
1 +

(
x2 + b√

a
λ
)2 ,

z1(x) = x1

λ2 + x2
1 +

(
x2 + b√

a
λ
)2 , x = (x1, x2) ∈ R2

+.

(5.86)

The following classification result is standard and characterizes the kernel of the
linearized operator around the standard bubble after stereographic projection.

Lemma 5.19. Any bounded solution of


∆ϕ+ 8λ2(
λ2 + x2

1 +
(
x2 + b√

a
λ
)2
)2ϕ = 0, in R2

+,

∂ϕ

∂n
− 2bλ

√
a
(
λ2 + x2

1 +
(

b√
a
λ
)2
)ϕ = 0, on ∂R2

+,

(5.87)

is a linear combination of z0 and z1.

Proof. Let Π be the stereographic projection from the unit sphere in R3 centered at(
0,− b√

a
λ, 0

)
onto R2. More specifically, let η = (η1, η2, η3) be the coordinates of R3

taking
(
0,− b√

a
λ, 0

)
as its origin and x = (x1, x2) be the coordinates of R2, we have

η1 = 2x1λ

λ2 + x2
1 +

(
x2 + b√

a
λ
)2 ,

η2 =
2λ
(
x2 + b√

a
λ
)

λ2 + x2
1 +

(
x2 + b√

a
λ
)2 ,
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η3 =
x2

1 +
(
x2 + b√

a
λ
)2

− λ2

λ2 + x2
1 +

(
x2 + b√

a
λ
)2 .

Let C = Π−1(R2
+). It is a spherical cap on S2.

Assume ϕ is a bounded solution of problem (5.87). We define a function ψ(η)
on C by

ϕ(x) = ψ(η) 2λ
λ2 + x2

1 +
(
x2 + b√

a
λ
)2 ,

then 
∆ψ + 2ψ = 0, in C,

∂ψ

∂n
− b√

a
ψ = 0, on ∂C.

Proposition 3.2 in [17] points out that the dimension of the eigenspace corre-
sponding to the zero eigenvalue is two, which leads to the desired result.

5.2.2 Linear Theory

In this section we study the invertibility of the linearized operator associated to our
problem: Given f ∈ L∞(Ωε), g ∈ L∞(∂Ωε) we want to find ϕ, c1, . . . , cm such that



−∆ϕ−W1ϕ = f +
m∑
j=1

cjχjZ1j in Ωε

∂ϕ

∂n
−W2ϕ+ εl1(V )[ϕ] = g on ∂Ωε∫

Ωε
χjZ1jϕ = 0

(5.88)

Where W1 and W2 denote the potentials

W1(y) = 2K(εy)e2V (y), y ∈ Ωε, (5.89)
W2(y) = h(εy)eV (y), y ∈ ∂Ωε. (5.90)

and Z1j, j = 1, . . . ,m, are defined as follows: Consider z0,j and z1,j as in (5.86) with
a = K(ξj), b = h(ξj) and λ = λj, which is

z0,j(x) = 1
2λj

−
λj + h(ξj)√

K(ξj)

(
x2 + h(ξj)√

K(ξj)
λj

)
λ2
j + x2

1 +
(
x2 + h(ξj)√

K(ξj)
λj

)2 ,

z1,j(x) = x1

λ2
j + x2

1 +
(
x2 + h(ξj)√

K(ξj)
λj

)2 , x = (x1, x2) ∈ R2
+.
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Around each point ξ′
j ∈ ∂Ωε we consider a smooth change of variables

F ε
j (y) = 1

ε
Fj(εy),

where Fj : Bρ(ξj) → M is a conformal diffeomorphism and M is an open neighbor-
hood of the origin such that

Fj (Bρ(ξj) ∩ Ω) = R2
+ ∩M, Fj (Bρ(ξj) ∩ ∂Ω) = ∂R2

+ ∩M.

We can select Fj so that it preserves area. Define

Zij(y) = zij
(
F ε
j (y)

)
, i = 0, 1, j = 1, . . . ,m.

Next, we choose a large but fixed number R0 and a smooth cut-off function
χ : R → R such that

χ(r) = 1 for r ≤ R0, χ(r) = 0 for r ≥ R0 + 1, 0 ≤ χ ≤ 1.

Then set
χj(y) = χ(|F ε

j (y)|).

For any 0 < α < 1, using the same expansion to the one of the previous section,
we have:

W1(y) =
m∑
j=1

8λ2
j(

λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2
)2

(
1+O (εα)+O

(
ε|y − ξ′

j|
))
, ∀y ∈ Ωε,

(5.91)

W2(y) =
m∑
j=1

2D(ξj)λj
λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2
(
1 +O (εα) +O

(
ε|y − ξ′

j|
))
, ∀y ∈ ∂Ωε,

(5.92)
Moreover, we call

W
(j)
1 = 2K(ξj)e2Uj =

8λ2
j(

λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2
)2

and
W

(j)
2 = h(ξj)eUj = 2D(ξj)λj

λ2
j + |y − ξ′

j − D(ξj)λjn(ξj)|2

.
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We choose a small fixed parameter 0 < σ < 1. For a function f ∈ L∞(Ωε), we
define the interior norm:

∥f∥∗∗,Ωε = sup
y∈Ωε

|f(y)|
ε2 +∑m

j=1(1 + |y − ξ′
j|)−2−σ . (5.93)

For a function g ∈ L∞(∂Ωε), we define the boundary norm:

∥g∥∗,∂Ωε = sup
y∈∂Ωε

|g(y)|
ε+∑m

j=1(1 + |y − ξ′
j|)−1−σ . (5.94)

The result we want to prove is the following

Proposition 5.20. Let d > 0 and m ∈ N. Then there exist ε0 > 0 and C > 0 such
that for any 0 < ε < ε0, any family of points ξ1, . . . , ξm ∈ ∂Ω satisfying

|ξi − ξj| ≥ d, ∀ i ̸= j, (5.95)

and any f ∈ L∞(Ωε), g ∈ L∞(∂Ωε), there exist a unique solution ϕ ∈ L∞(Ωε) and
unique constants c1, . . . , cm ∈ R solving (5.88).

Moreover,
∥ϕ∥L∞(Ωε) ≤ C log

(1
ε

)
(∥g∥∗,∂Ωε + ||f ||∗∗,Ωε).

and
|ck| ≤ C(∥g∥∗,∂Ωε + ||f ||∗∗,Ωε) ∀ k = 1, . . .m.

We start by constructing a barrier function

Lemma 5.21. For sufficiently small ε > 0, there exist C,R1 > 0 independent of ε,
and a smooth positive function

ψ : Ωε \
m⋃
j=1

BR1(ξ′
j) −→ R

such that
−∆ψ −W1ψ ≥

m∑
j=1

1
|y − ξ′

j|2+σ + ε2 in Ωε \
m⋃
j=1

BR1(ξ′
j)

∂ψ

∂n
−W2ψ + εl1(V )[ψ] ≥

m∑
j=1

1
|y − ξ′

j|1+σ + ε on ∂Ωε \
m⋃
j=1

BR1(ξ′
j)

0 < ψ ≤ C in Ωε \
m⋃
j=1

BR1(ξ′
j)

ψ ≥ 1 on Ωε ∩

 m⋃
j=1

∂BR1(ξ′
j)

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Proof. For j = 1, . . . ,m, we denote rj = |y − ξ′
j − λjD(ξj)n(ξj)| and define

ψ1j(y) =
(y − ξ′

j) · n(ξ′
j)

r1+σ
j

By direct computation one can see that

∆ψ1j = O(r−2−σ
j )

and if δ > 0 is small but fixed and R1 > 0 is large and fixed, then

∂ψ1j

∂n
≥ c r−1−σ

j for R1 < rj <
δ

ε
,

where c > 0 is fixed.
To prove the last assertion we may suppose that ξ′

j is at the origin and assume
that the normal vector at ξ′

j is (0,−1). Hence

ψ1j(y) = − y2

r1+σ
j

.

Let us write ∂Ωε near ξ′
j as the graph {(y1, y2) : y2 = Gε(y1)}, with Gε(y1) =

1
ε
G(εy1), where G is a smooth function such that G(0) = 0, G′(0) = 0.

Fix δ > 0 small. Then for
R1 < rj <

δ

ε
,

we have that
G′
ε(y1) = O(εrj), Gε(y1) = O(εr2

j ).

132



Then

∂ψ1j

∂n
= 1√

(G′
ε(y1))2 + 1

(1 + σ)Gε(y1)G′
ε(y1)y1

r3+σ
j

+ 1
r1+σ
j

− (1 + σ)Gε(y1)2

r3+σ
j

− λjD(ξj)(1 + σ)Gε(y1)
r3+σ
j


= 1√

(G′
ε(y1))2 + 1

+ 1
r1+σ
j

+
O(ε2r4

j )
r3+σ
j

+ O(δ)
r2+σ
j


for R1 < rj <

δ

ε

= 1√
O(δ2) + 1

+ 1
r1+σ
j

+ O(δ2)
r1+σ
j

+ O(δ)
r2+σ
j


for R1 < rj <

δ

ε
,

from where the claim follows by taking δ small enough.
Consider also

ψ2j(rj) = 1 − 1
rσj
.

Then
−∆ψ2j = σ2 1

r2+σ
j

. (5.96)

Proceeding analogously as for ψ1j, we find

∂ψ2j

∂n
= σ

r2+σ
j

1√(
G′
ε(y1)

)2
+ 1

(
−y1G

′
ε(y1) +Gε(y1) + λjD(ξj)

)

= σ

r2+σ
j

1√
O(δ2) + 1

O(1), R1 < rj <
δ

ε

= O

(
1

r2+σ
j

)
, R1 < rj <

δ

ε
.

Now let
ψ3j = ψ1j + C ψ2j.

For C large enough (but independent of ε), using that W1 ≃ 1
r4
j
, we have

−∆ψ3j −W1ψ3j ≥ 1
r2+σ
j

, R1 < |y − ξ′
j| <

δ

ε
.
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For the boundary condition, combining the normal derivatives gives:

∂ψ3j

∂n
= ∂ψ1j

∂n
+ C

∂ψ2j

∂n

≥ c

r1+σ
j

− C̃

r2+σ
j

≥ c̄

r1+σ
j

, R1 < rj <
δ

ε
,

Recalling the asymptotic decay of the boundary potential W2(y) ∼ 1
r2
j
, we deduce

that:
∂ψ3j

∂n
−W2ψ3j ≥ c′

r1+σ
j

, R1 < |y − ξ′
j| <

δ

ε
,

for some constant c′ > 0. Note that, since ψ3j is lower-bounded by a non-zero
constant, we have l1(V )[ψ3j] ≥ c > 0.

Let ηj ∈ C∞
0 (R2) cut-off function be such that 0 ≤ ηj ≤ 1, ηj ≡ 1 in Ωε∩B δ

2ε
(ξ′
j),

ηj ≡ 0 in Ωε \ B δ
ε
(ξ′
j), |∇ηj| ≤ Cε in Ωε, |∆ηj| ≤ Cε2 in Ωε. Now, we take Ψ̃0 a

strictly positive solution of
−∆Ψ̃0 = 1 in Ω
∂Ψ̃0
∂n

= − |Ω|
|∂Ω| on ∂Ω

which is smooth and bounded. We define Ψ0(y) = Ψ̃0(εy), note that it solves
−∆Ψ0 = ε2 in Ωε

∂Ψ0
∂n

= − |Ω|
|∂Ω|ε on ∂Ωε

Now we define the barrier

ψ(y) = B + AΨ0(y) +
m∑
j=1

ηjψ3j(y)

where A and B are sufficiently large constants such that B > A. We denote ρj =
|y − ξ′

j|, so we have

−∆ψ −W1ψ ≥ Aε2 +
m∑
j=1

[
(−∆ηj)ψ3j − 2∇ηj · ∇ψ3j + ηj

ρ2+σ
j

]
+O

(
1
ρ4
j

)
(5.97)

In the region where R1 < ρj <
δ
2ε , ηj ≡ 1, choosing R1 large enough, we deduce

from the inequality (5.97) that
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−∆ψ −W1ψ ≥ Aε2 +
m∑
j=1

1
ρ2+σ
j

Instead when δ
2ε < ρj <

δ
ε
, we use that |∇ηj| ≤ Cε in Ωε, |∆ηj| ≤ Cε2 in Ωε and

|∇ψ3j| = O( 1
ρ1+σ
j

), to conclude from (5.97) that

−∆ψ −W1ψ ≥ cε2 ≥ C

(
ε2 + 1

ρ2
j

)
≥ C

(
1

ρ2+σ
j

+ ε2
)

In the region where ρj ≥ δ
ε
, ψ(y) = AΨ0 +B and the estimate follows easily.

Now we turn to prove the boundary inequality, using that W2 ∼ ρ−2
j and l1(V )

is a positive functional, we have

∂ψ

∂n
−W2ψ + εl1(V )[ψ] ≥ −A|Ω|

|∂Ω|
ε+

m∑
j=1

(
∂ηj
∂n

ψ3j + cηj
ρ1+σ
j

)
+ εl1(V )[B] +O

(
1
ρ2
j

)

≥ Cε+
m∑
j=1

(
∂ηj
∂n

ψ3j + cηj
ρ1+σ
j

)
+O

(
1
ρ2
j

)

where in the last inequality we use thatB is fixed sufficiently large after the choice
of A. Reasoning separetely in the three regions R1 < ρj <

δ
2ε ,

δ
2ε < ρj <

δ
ε
, ρj >

δ
ε

as in the interior case, we conclude.

Lemma 5.22. There exist R0 > 0 and ε0 > 0 such that, for 0 < ε < ε0, any
solution ϕ of the problem

−∆ϕ−W1ϕ = f in Ωε

∂ϕ
∂n

−W2ϕ+ εl1(V )[ϕ] = g on ∂Ωε

(5.98)

satisfying the orthogonality conditions
∫

Ωε
Zij χj ϕ = 0, ∀ i = 0, 1, ∀ j = 1, . . . ,m, (5.99)

satisfies
∥ϕ∥L∞(Ωε) ≤ C

(
∥g∥∗,∂Ωε + ∥f∥∗∗,Ωε

)
,

where C is independent of ε.

Proof. Let R0 = 2R1, where R1 is given by the previous lemma. The barrier ψ con-
structed there yields the following maximum principle: If ϕ ∈ H1

(
Ωε \ ⋃mj=1 BR1(ξ′

j)
)
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satisfies 

−∆ϕ−W1ϕ ≤ 0, in Ωε \
m⋃
j=1

BR1(ξ′
j),

∂ϕ

∂n
−W2ϕ ≤ 0, on ∂Ωε \

m⋃
j=1

BR1(ξ′
j),

ϕ ≤ 0, on Ωε ∩

 m⋃
j=1

∂BR1(ξ′
j)
 ,

then
ϕ ≤ 0 in Ωε \

m⋃
j=1

BR1(ξ′
j).

Let ϕ be a solution of (5.98) satisfying the orthogonality conditions (5.99). We
first prove that ∥ϕ∥L∞(Ωε) can be estimated in terms of ∥ϕ∥i, ∥f∥∗∗,Ωε , and ∥g∥∗,∂Ωε ,
where

∥ϕ∥i := sup
Ωε∩

(⋃m

j=1 BR1 (ξ′
j)
) |ϕ|.

Set
ϕ̃ = C1ψ (∥ϕ∥i + ∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) ,

where C1 > 0 is independent of ε. Choosing C1 sufficiently large, the definition of
ψ gives

−∆ϕ̃−W1ϕ̃ ≥ |f |,

and
∂ϕ̃

∂n
−W2ϕ̃ ≥ |g|

in
Ωε \

m⋃
j=1

BR1(ξ′
j).

Moreover,

ϕ̃ ≥ |ϕ| on Ωε ∩

 m⋃
j=1

∂BR1(ξ′
j)
 .

Applying the maximum principle to ϕ− ϕ̃ and −ϕ− ϕ̃, we obtain

|ϕ| ≤ ϕ̃ in Ωε \
m⋃
j=1

BR1(ξ′
j).

Since ψ is uniformly bounded, it follows that

∥ϕ∥L∞(Ωε) ≤ C (∥ϕ∥i + ∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) , (5.100)
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where C is independent of ϕ and ε.
Suppose by contradiction that the conclusion of the lemma does not hold. Then

there exist sequences εn → 0, ξn1 , . . . , ξnm ∈ ∂Ω satisfying (5.95), and functions ϕn,
fn, gn such that

∥ϕn∥L∞(Ωεn ) = 1,

∥fn∥∗∗,Ωεn −→ 0, ∥gn∥∗,∂Ωεn −→ 0,

and ϕn solves (5.98) and satisfies (5.99) for every n.
Estimate (5.100) implies that ∥ϕn∥i is bounded away from zero. Hence, up to

relabeling the concentration points, we may assume that

sup
BR1 (ξ′n

j )
|ϕn| ≥ c > 0

for some fixed index j and all n. Define

ϕ̂n(z) = ϕn(z + ξ′n
j ).

After translating and rotating the coordinates, we may assume that Ωεn converges
locally to R2

+ and that ξ′n
j = 0.

Using the asymptotic expansions of W1 and W2, we have

W1 −→ 8
(1 + |z|2)2 , W2 −→ 2

1 + r2 ,

uniformly on compact subsets of R2
+. Moreover,

|εnl1(V )[ϕn]| ≤ Cεn∥ϕn∥L∞(Ωεn ) = Cεn,

so that the nonlocal boundary term converges uniformly to zero.
Since

∥ϕ̂n∥L∞ ≤ 1,

standard elliptic estimates imply that, up to a subsequence,

ϕ̂n −→ ϕ̂

uniformly on compact subsets of R2
+, where ϕ̂ is a bounded solution of (5.87).

Moreover,
sup
BR1 (0)

|ϕ̂| ≥ c,
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so that ϕ̂ ̸≡ 0.
By Lemma 5.19,

ϕ̂ ∈ span{z0,j, z1,j}.

Passing to the limit in the orthogonality conditions (5.99), and using that

Zij( · + ξ′n
j ) −→ zi,j

uniformly on compact subsets, while χj has compact support, we obtain
∫
R2

+

χj ϕ̂ zi,j = 0, i = 0, 1.

Hence ϕ̂ is orthogonal to the kernel of the limiting operator. Since

ϕ̂ ∈ span{z0,j, z1,j},

it follows that
ϕ̂ ≡ 0,

contradicting
sup
BR1 (0)

|ϕ̂| ≥ c.

This contradiction proves the lemma.

Lemma 5.23. For ε sufficiently small, if ϕ solves
−∆ϕ−W1ϕ = f in Ωε

∂ϕ
∂n

−W2ϕ+ εl1(V )[ϕ] = g on ∂Ωε

and satisfies ∫
Ωε
Z1jχjϕ = 0 ∀ j = 1, . . . ,m

then
||ϕ||L∞(Ωε) ≤ C log

(1
ε

)
(||g||∗,∂Ωε + ||f ||∗∗,Ωε)

where C is independent of ε.

Proof. Let R > R0 + 1 large and fixed. Let η̃1j a radial smooth cut-off function
such that 0 ≤ η̃1j ≤ 1, |∇η̃| ≤ C in R2, η̃1j ≡ 1 in BR(0), η̃1j ≡ 0 in R2 \ BR+1(0)
and η̃2j another radial smooth cut-off function such that 0 ≤ η̃2j ≤ 1, |∇η̃2j| ≤ C ε

δ
,

|∇2η̃2j| ≤ C ε2

δ2 in R2, η̃2j ≡ 1 in B δ
4ε

(0), η̃2j ≡ 0 in R2 \B δ
3ε

(0). Moreover, we define
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.0

γ̃(x) =
log

(
δ
ε

)
− log |x|

log
(
δ
ε

)
− logR

note that γ̃ is the solution of


∆γ̃ = 0 in B δ
ε
(0) \BR(0)

γ̃ = 1 if |x| = R

γ̃ = 0 if |x| = δ
ε

Let γ(y) = γ̃(F ε
j (y)) and ηij(y) = η̃ij(F ε

j (y)) for i = 1, 2.
Now we define

Z̃0j = η1jZ0j + (1 − η1j)η2jγZ0j

and given ϕ satisfying the hypotesis we consider

ϕ̃ = ϕ+
m∑
j=1

djZ̃0j where dj = −
∫

Ωε Z0jχjϕ∫
Ωε Z

2
0jχj

The lemma’s conclusion follows directly from the following claim:
Claim. For all k = 1, . . . ,m, we have:

|dk| ≤ C log
(1
ε

)
(||g||∗,∂Ωε + ||f ||∗∗,Ωε) .

To prove the claim, we the define L(ϕ) = −∆ϕ−W1ϕ and B(ϕ) = ∂ϕ
∂n

−W2ϕ+
εl1(V )[ϕ]. By definition of ϕ̃, we have:

L(ϕ̃) = f +
m∑
j=1

djL(Z̃0j) in Ωε,

B(ϕ̃) = g +
m∑
j=1

djB(Z̃0j) on ∂Ωε.

By the previous Lemma, we have

∥ϕ̃∥L∞(Ωε) ≤ C

∥g∥∗,∂Ωε + ∥f∥∗∗,Ωε +
m∑
j=1

|dj|
(∥∥∥∥∂Z̃0j

∂n
−W2Z̃0j

∥∥∥∥
∗,∂Ωε

+ ∥εl1(V )[Z̃0j]∥∗,∂Ωε + ∥L(Z̃0j)∥∗∗,Ωε

).
(5.101)
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Multiplying the equation for L(ϕ̃) by Z̃0k and integrating by parts yields:

dk

[∫
Ωε
L(Z̃0k)Z̃0k +

∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)
+ εl1(V )[Z̃0k]

∫
∂Ωε

Z̃0k

]

= −
∫
∂Ωε

gZ̃0k −
∫

Ωε
fZ̃0k +

∫
∂Ωε

ϕ̃

(
∂Z̃0k

∂n
−W2Z̃0k

)
+
∫

Ωε
ϕ̃L(Z̃0k) + εl1(V )[ϕ̃]

∫
∂Ωε

Z̃0k

(5.102)

(Notice that the terms for j ̸= k vanish identically since the cut-off functions have
disjoint supports for ε small enough).

Combining (5.101) and (5.102) we obtain

dk

[∫
Ωε
L(Z̃0k)Z̃0k +

∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)
+ εl1(V )[Z̃0k]

∫
∂Ωε

Z̃0k

]

≤ C(||g||∗,∂Ωε+||f ||∗∗,Ωε)+||ϕ̃||L∞(Ωε)

∣∣∣∣∣
∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣
∣∣∣∣∣
∗,∂Ωε

+
∣∣∣∣∣∣L(Z̃0k)

∣∣∣∣∣∣
∗∗,Ωε

+ Cε
∣∣∣∣∣∣Z̃0k

∣∣∣∣∣∣
L1(∂Ωε)



≤ C(||g||∗,∂Ωε+||f ||∗∗,Ωε)
1 +

∣∣∣∣∣
∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣
∣∣∣∣∣
∗,∂Ωε

+
∣∣∣∣∣∣L(Z̃0k)

∣∣∣∣∣∣
∗∗,Ωε

+ ε
∣∣∣∣∣∣Z̃0k

∣∣∣∣∣∣
L1(∂Ωε)



+C
m∑
j=1

|dj|

∣∣∣∣∣
∣∣∣∣∣∂Z̃0j

∂n
−W2Z̃0j

∣∣∣∣∣
∣∣∣∣∣
2

∗,∂Ωε
+
∣∣∣∣∣∣L(Z̃0j)

∣∣∣∣∣∣2
∗∗,Ωε

+ Cε2
∣∣∣∣∣∣Z̃0j

∣∣∣∣∣∣2
L1(∂Ωε)

+ ||εl1(V )[Z̃0j]||2∗,∂Ωε


The claim follows once we establish the following estimates:

l1(V )[Z̃0k] = O

(
1

log(1
ε
)

)
(5.103)

||Z̃0k||L1(∂Ωε) = O

(
1

ε log(1
ε
)

)
(5.104)

∫
Ωε
L(Z̃0k)Z̃0k +

∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)
≥ 1
C log(1

ε
) (5.105)

∣∣∣∣∣∣L(Z̃0k)
∣∣∣∣∣∣

∗∗,Ωε
= O

(
1

log(1
ε
)

)
(5.106)

∣∣∣∣∣
∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣
∣∣∣∣∣
∗,∂Ωε

= O

(
1

log(1
ε
)

)
(5.107)

Proof of (5.103).
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By definition

l1(V )[Z̃0j] = 1
|∂Ω|

(∫
Ωε
W1(y)Z̃0j(y) dy +

∫
∂Ωε

W2(y)Z̃0j(y) dsy
)
.

Recall that Z̃0j(y) = z̃0j(F ε
j (y)), where

z̃0j(x) := η̃1j(x) z0j(x) +
(
1 − η̃1j(x)

)
η̃2j(x) γ̃(x) z0j(x),

so that, by construction of η̃2j, z̃0j(x) ≡ 0 for |x| ≥ δ
3ε . Consequently, Z̃0j is

supported in
Mε := (F ε

j )−1
(
B δ

3ε
(0) ∩ R2

+

)
,

So
l1(V )[Z̃0j] = 1

|∂Ω|

(∫
Mε

W1Z̃0j dy +
∫
Mε∩∂Ωε

W2Z̃0j dsy

)
.

We add and subtract Z0j(y) = z0j(F ε
j (y)), so we write:

l1(V )[Z̃0j] = 1
|∂Ω|

(I1 + I2)

where

I1 :=
∫
Mε

W1Z0j dy +
∫
Mε∩∂Ωε

W2Z0j dsy,

I2 :=
∫
Mε

W1(Z̃0j − Z0j) dy +
∫
Mε∩∂Ωε

W2(Z̃0j − Z0j) dsy.

Estimate of I1: We use the local conformal change of variables x = F ε
j (y). By

definition of Mε, F ε
j (Mε) = B δ

3ε
(0) ∩ R2

+. Since F ε
j is a conformal diffeomorphism,

dy = det(DF ε
j ) dx = (1 +O(ε|x|)) dx and dsy = (1 +O(ε|x1|)) dx1.

Moreover, calling W (j)
1 = 2K(ξj)e2Uj and W

(j)
2 = h(ξj)eUj , we have:

W1
(
(F ε

j )−1(x)
)

= W
(j)
1 (x) (1 +O(εα) +O(ε|x|)) ,

W2
(
(F ε

j )−1(x)
)

= W
(j)
2 (x) (1 +O(εα) +O(ε|x|)) .

Substituting the above expansions into the expression for I1, O(ε|x|) in the Jacobian
factor produces only higher-order contributions. Indeed, integrating against z0j

yields an error of order O(ε) from the interior and O
(
ε log 1

ε

)
from the boundary.

Therefore, these contributions are absorbed into the remainder O(εα), and we obtain

I1 =
∫
B δ

3ε
(0)∩R2

+

W
(j)
1 (x) z0j(x) dx+

∫ δ
3ε

− δ
3ε

W
(j)
2 (x1) z0j(x1) dx1 +O(εα),
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which holds because at infinity W (j)
1 (x) = O(|x|−4) and W

(j)
2 (x) = O(|x|−2).

Next, we extend the domain to the whole upper half-plane R2
+. The error intro-

duced on the exterior region {|x| ≥ δ
3ε} scales as

∣∣∣∣∣∣
∫
R2

+\B δ
3ε

(0)
W

(j)
1 z0j dx

∣∣∣∣∣∣ ≤ C
∫ ∞

δ
3ε

1
r4 r dr = O(ε2),

and a similar bound gives O(ε) for the boundary contribution. Therefore, we may
rewrite

I1 =
[∫

R2
+

W
(j)
1 (x)z0j(x) dx+

∫
∂R2

+

W
(j)
2 (x)z0j(x) dx1

]
+O(εα).

By construction, the standard bubble derivative z0j satisfies the homogeneous
linear equation −∆z0j = W

(j)
1 z0j in R2

+, together with the boundary condition
∂nz0j = W

(j)
2 z0j on ∂R2

+. Integrating −∆z0j over a large half-disk Br ∩ R2
+ and

applying the divergence theorem, we obtain
∫
Br∩R2

+

W
(j)
1 z0j dx = −

∫ r

−r
∂nz0j dx1 −

∫
∂Br∩R2

+

∂νz0j ds.

Substituting the boundary condition and letting r → ∞, we use that |∇z0j(x)| =
O(|x|−2) as |x| → ∞ (which is immediate from differentiating the explicit formula
for z0j), so that

∣∣∣∣∣
∫
∂Br∩R2

+

∂νz0j ds

∣∣∣∣∣ ≤ πr · sup
|x|=r

|∇z0j(x)| = O(r−1) r→∞−−−→ 0.

This yields the cancellation
∫
R2

+

W
(j)
1 (x)z0j(x) dx+

∫
∂R2

+

W
(j)
2 (x)z0j(x) dx1 = 0.

Hence, we conclude that I1 = O(εα).

Estimate of I2: Since η̃1j ≡ 1 in BR(0), the difference z̃0j − z0j is supported
only in the annular region AR := {x ∈ R2

+ : R < |x| < δ
3ε}. Since z0j(x) = O(1),

W
(j)
1 (x) = O(|x|−4), and W

(j)
2 (x) = O(|x|−2), we have:

|z̃0j − z0j| ≤ C |1 − γ̃(x)| = C

∣∣∣∣∣∣1 −
log

(
δ
3ε

)
− log |x|

log
(
δ
3ε

)
− logR

∣∣∣∣∣∣ ≤ C

log(1/ε) log |x|.
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We first estimate the boundary contribution:∣∣∣∣∣
∫

AR∩∂R2
+

W
(j)
2 (z̃0j − z0j) (1 +O(ε|x1|)) dx1

∣∣∣∣∣ ≤ C

log(1/ε)

∫ δ
3ε

R

log x1

x2
1

dx1.

An explicit integration by parts gives

∫ δ
3ε

R

log x1

x2
1

dx1 =
[
− log x1 + 1

x1

] δ
3ε

R

≤ C
logR + 1

R
.

Thus the boundary tail is O
(

1
R log(1/ε)

)
. A similar computation for the interior term

using dy = (1 +O(ε|x|))dx yields O
(

1
R2 log(1/ε)

)
. Since R is fixed and large, indepen-

dent of ε, we conclude that

I2 = O

(
1

log(1/ε)

)
.

Finally, combining the above estimates, we obtain

l1(V )[Z̃0j] = 1
|∂Ω|

(
O(εα) +O

(
1

log(1/ε)

))
= O

(
1

log(1/ε)

)
,

which completes the proof of (5.103).
Proof of (5.104).
Recall that Z̃0k(y) = z̃0k(F ε

k (y)), with z̃0k vanishing for |x| ≥ δ
3ε by construction of

η̃2k. Hence Z̃0k is supported in Mε := (F ε
k )−1

(
B δ

3ε
(0) ∩ R2

+

)
⊂ Ωε, and

∥Z̃0k∥L1(∂Ωε) =
∫
Mε∩∂Ωε

|Z̃0k(y)| dsy.

We use the local conformal change of variables x = F ε
k (y). Under this diffeomor-

phism, Mε ∩ ∂Ωε maps exactly onto (− δ
3ε ,

δ
3ε) × {0}. Since F ε

k is conformal, the
boundary length element transforms as dsy = (1 +O(ε|x1|)) dx1. Since ε|x1| ≤ δ/3
throughout the domain of integration, this geometric factor is uniformly bounded,
yielding dsy ≤ (1 +O(δ)) dx1 ≤ C dx1. Hence

∥Z̃0k∥L1(∂Ωε) ≤ C
∫ δ

3ε

− δ
3ε

|z̃0k(x1)| dx1, (5.108)

where z̃0k(x1) := η̃1k(x1) z0k(x1, 0) +
(
1 − η̃1k(x1)

)
η̃2k(x1) γ̃(x1) z0k(x1, 0).

Region {|x1| ≤ R + 1}: Here (for |x1| ≤ R) z̃0k(x1) = z0k(x1, 0). From the
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explicit formula, with A2 := λ2
k(1 +D(ξk)2),

z0k(x1, 0) = x2
1 − A2

2λk(x2
1 + A2) ,

so that |z0k(x1, 0)| ≤ 1
2λk

≤ C for all x1 ∈ R, since |x2
1 − A2| ≤ x2

1 + A2. Hence

∫ R

−R
|z̃0k(x1)| dx1 ≤ 2CR = O(1), (5.109)

as R is fixed. The transition zone R < |x1| < R+ 1, where η̃1k interpolates between
1 and 0, contributes an additional O(1) by the same bound |z̃0k| ≤ C on an interval
of length O(1), which we absorb into (5.109).

Region
{
R + 1 ≤ |x1| ≤ δ

3ε

}
: In this region η̃1k ≡ 0, and using η̃2k ≤ 1 together

with |z0k(x1, 0)| ≤ C and γ̃(x1) ≥ 0, we obtain the pointwise bound

|z̃0k(x1)| ≤ C γ̃(x1) = C
log

(
δ
3ε

)
− log |x1|

log
(
δ
3ε

)
− logR

.

By the symmetry of the cutoffs in |x1|, it suffices to estimate the integral over x1 > 0
and double the result. We compute by parts:

∫ δ
3ε

R

(
log

(
δ

3ε

)
− log t

)
dt =

[
t

(
log

(
δ

3ε

)
− log t+ 1

)] δ
3ε

R

= δ

3ε −R

(
log

(
δ

3ε

)
− logR + 1

)
.

The first term is O
(

1
ε

)
, while the second, with R fixed, is O

(
log 1

ε

)
, of strictly lower

order. Hence ∫ δ
3ε

R

(
log

(
δ

3ε

)
− log t

)
dt = O

(1
ε

)
.

Dividing by log
(
δ
3ε

)
− logR = O

(
log 1

ε

)
, we conclude

∫ δ
3ε

R
γ̃(x1) dx1 = O(1/ε)

O(log(1/ε)) = O

(
1

ε log(1/ε)

)
, (5.110)

and by symmetry the same bound holds for x1 < 0, doubling the constant.

Combining (5.109) and (5.110) in (5.108), we obtain

∥Z̃0k∥L1(∂Ωε) ≤ C

[
O(1) +O

(
1

ε log(1/ε)

)]
= O

(
1

ε log(1/ε)

)
,
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which proves (5.104).
Proof of (5.105).
We write ∫

Ωε
L(Z̃0k) Z̃0k = I0 + I1 + I2 + I3,

where
Iℓ =

∫
Rℓ

L(Z̃0k) Z̃0k, ℓ = 0, 1, 2, 3,

and the regions R0, . . . , R3 are defined in terms of the change of variables F ε
j . Writing

x = F ε
j (y), r = |x|, we define

R0 = (F ε
k )−1

(
{r < R} ∩ R2

+

)
,

R1 = (F ε
k )−1

(
{R < r < R + 1} ∩ R2

+

)
,

R2 = (F ε
k )−1

({
R + 1 < r <

δ

4ε

}
∩ R2

+

)
,

R3 = (F ε
k )−1

({
δ

4ε < r <
δ

3ε

}
∩ R2

+

)
.

Since Fk is conformal,

∆y = 1
det(DF ε

k (x))∆x, dy = det(DF ε
k (x))dx, det(DF ε

k (x)) = 1 +O(ε|x|)

So, we have W1(F ε
k (x)) det(DF ε

k (x)) = W
(k)
1 (x)(1 +O(εα) +O(ε|x|)).

Writing z̃0k(x) := η̃1k(x)z0k(x) + (1 − η̃1k(x))η̃2k(x)γ̃(x)z0k(x), so that Z̃0k(y) =
z̃0k(F ε

k (y)), we have

L(Z̃0k)(y) dy =
[
−∆xz̃(x) −W1(F ε

k (y)) det(DF ε
k (x)) z̃(x)

]
dx

=
[
−∆xz̃0k(x) −W

(k)
1 (x)z̃0k(x)

]
dx+O(εα + ε|x|)W (k)

1 (x)|z̃0k(x)| dx,

Estimate of I0: Here z̃0k = z0k, so

I0 =
∫

{|x|<R}∩R2
+

O(εα + ε|x|)W (k)
1 (x)|z0k(x)| z0k(x) dx = O(εα),

Estimate of I1: Here z̃0k = η̃1kz0k+(1− η̃1k)γ̃z0k = (1− γ̃)η̃1kz0k+ γ̃z0k, by direct
computation, we have

−∆xz̃0k−W (k)
1 z̃0k = −2(1−γ̃)∇η̃1k·∇z0k−2(1−η̃1k)∇γ̃·∇z0k−(1−γ̃)z0k∆η̃1k+2z0k∇η̃1k·∇γ̃.

(5.111)
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I1 =
∫

{R<|x|<R+1}∩R2
+

[
−2(1 − γ̃)∇η̃1k · ∇z0k − 2(1 − η̃1k)∇γ̃ · ∇z0k

− (1 − γ̃)z0k∆η̃1k + 2z0k∇η̃1k · ∇γ̃
]
z̃0k dx+O(εα + εR).

We integrate by parts the third term, using that η̃′
1(R) = η̃′

1(R+1) = 0 and that
the cut-off are radial (so the boundary term on the line {x2 = 0} vanish), so

I1 =
∫

{R<|x|<R+1}∩R2
+

z0kz̃0k ∇η̃1k · ∇γ̃ dx−
∫

{R<|x|<R+1}∩R2
+

(1 − γ̃)(∇η̃1k · ∇z0k)z̃0k dx

−2
∫

{R<|x|<R+1}∩R2
+

(1−η̃1k)(∇γ̃·∇z0k)z̃0k dx+
∫

{R<|x|<R+1}∩R2
+

(1−γ̃)z0k(∇η̃1k·∇z̃0k) dx

+O(εα + εR).

Now we concentrate on the first term: Since the functions are radial we have
∇η̃1k(x) · ∇γ̃(x) = η̃′

1k(|x|)γ̃′(|x|) = − η̃′
1k(|x|)

|x|(log( δ
ε

)−logR) , passing to polar coordinates,
and using that for R large z0k and z̃0k are lower bounded, we get

∫
{R<|x|<R+1}∩R2

+

z0kz̃0k ∇η̃1k ·∇γ̃ dx = 1
log( δ

ε
) − logR

∫ π

0

∫ R+1

R
z0kz̃0k(−η̃′

1k) ≥ c0

log( δ
ε
)

For the other three terms, we use that |z0k|, |z̃0k|, |∇η̃1k|, |∆η̃1k| ≤ C, |∇z0k| =
O( 1

R2 ) and that

1 − γ̃ = O

(
1

R(log( δ
ε
) − logR)

)
, |∇γ̃| = O

(
1

R(log( δ
ε
) − logR)

)

which implies

|∇z̃0k| = O

(
1

R(log( δ
ε
) − logR)

)
+O

( 1
R2

)

to conclude that

∫
{R<|x|<R+1}∩R2

+

(1 − γ̃)(∇η̃1k · ∇z0k)z̃0k dx = O

(
1

R2(log( δ
ε
) − logR)

)

2
∫

{R<|x|<R+1}∩R2
+

(1 − η̃1k)(∇γ̃ · ∇z0k)z̃0k dx = O

(
1

R2(log( δ
ε
) − logR)

)
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∫
{R<|x|<R+1}∩R2

+

(1−γ̃)z0k(∇η̃1k·∇z̃0k) dx = O

(
1

R2(log( δ
ε
) − logR)

)
+O

(
1

R(log( δ
ε
) − logR)2

)

Thus, choosing R sufficiently large and ε sufficiently small, we proved

I1 ≥ c1

log(1
ε
) .

Estimate of I2: On R2, z̃0k = γ̃z0k, so

−∆xz̃0k −W
(k)
1 z̃0k = −2∇γ̃ · ∇z0k.

Thus, using again |∇γ̃(x)| = 1
|x|
(
log

(
δ
ε

)
− logR

) and |∇z0k(x)| = O(|x|−2),

|I2| ≤
∫ δ/(4ε)

R

∫ π

0

C

r3
(
log

(
δ
ε

)
− logR

) r dr dθ+O(εα) ≤ Cπ

log
(
δ
ε

)
− logR

∫ ∞

R
r−2 dr+O(εα)

= O

(
1

R log(1/ε)

)
+O(εα).

Estimate of I3: On R3, z̃0k = η̃2kγ̃z0k, so

−∆x(η̃2kγ̃z0k) −W
(k)
1 η̃2kγ̃z0k = −2η̃2k∇γ̃ · ∇z0k − 2∇η̃2k · ∇(γ̃z0k) − γ̃z0k∆η̃2k

= −γ̃z0k∆xη̃2k − 2z0k∇η̃2k · ∇γ̃ − 2γ̃∇η̃2k · ∇z0k − 2η̃2k∇γ̃ · ∇z0k

For δ

4ε ≤ |x| ≤ δ

3ε : γ̃ = O
(

1
log(1/ε)

)
, |∇γ̃| = O

(
ε

log(1/ε)

)
, |∇z0k| = O(ε2), |∇η̃2k| =

O(ε/δ), |∆η̃2k| = O(ε2/δ2), so

|L(Z̃0k)| ≤ Cε2

δ2 log(1/ε) .

Using |Z̃0k| = O
(

1
log(1/ε)

)
and |R3| = O(δ2/ε2),

|I3| ≤
(

Cε2

δ2 log(1/ε)

)
· C

log(1/ε) · δ
2

ε2 = O

(
1

log2(1/ε)

)
.

Now we estimate the boundary integral

∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)
.
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Since Fk is conformal,
√

det(DF ε
k (x)) = 1 +O(ε|x|),

and
∂

∂ny
=
√

det(DF ε
k (x)) ∂

∂nx
, dsy = 1√

det(DF ε
k (x))

dx1.

Therefore, using that

W2(y) = W
(k)
2 (x) (1 +O(εα) +O(ε|x|)) ,

we obtain(
∂Z̃0k

∂n
−W2Z̃0k

)
(y) dsy =

(
∂z̃0k

∂nx
−W

(k)
2 z̃0k

)
dx1 +O(εα + ε|x|)W (k)

2 |z̃0k| dx1.

Since η̃1k, η̃2k and γ̃ are radial functions,

∂η̃1k

∂nx
= ∂η̃2k

∂nx
= ∂γ̃

∂nx
= 0 on ∂R2

+.

Hence,
∂z̃0k

∂nx
= (η̃1k(x) + (1 − η̃1k(x))η̃2k(x)γ̃(x))∂z0k

∂nx
,

Using
∂z0k

∂nx
= W

(k)
2 z0k on ∂R2

+,

we obtain
∂z̃0k

∂nx
−W

(k)
2 z̃0k = 0,

and therefore (
∂Z̃0k

∂n
−W2Z̃0k

)
(y) dsy = O(εα + ε|x|)W (k)

2 |z̃0k| dx1.

Thus,

∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)
=
∫ δ

3ε

− δ
3ε

O(εα + ε|x1|)W (k)
2 (x1)z̃2

0k(x1) dx1.

For 0 < x1 < R + 1, using that W (k)
2 and z̃0k are bounded,

∫ R+1

0
(εα + εx1)W (k)

2 (x1)z̃2
0k(x1) dx1 = O(εα).
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For
R + 1 < x1 <

δ

4ε,

using W (k)
2 (x1) = O(x−2

1 ),

∫ δ
4ε

R
(εα + εx1)W (k)

2 (x1)z̃2
0k(x1) dx1 = O(εα) +O

(
ε log 1

ε

)
.

Finally, for
δ

4ε < x1 <
δ

3ε,

using W (k)
2 (x1) = O(ε2),

∫ δ
3ε

δ
4ε

(εα + εx1)W (k)
2 (x1)z̃2

0k(x1) dx1 = O(ε).

Therefore, ∣∣∣∣∣
∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)∣∣∣∣∣ = O(εα),

Combining all the estimates,

∫
Ωε
L(Z̃0k)Z̃0k +

∫
∂Ωε

Z̃0k

(
∂Z̃0k

∂n
−W2Z̃0k

)

≥ c1

log(1/ε) −O

(
1

R log(1/ε)

)
−O

(
1

log2(1/ε)

)
−O(εα)

≥ 1
C log(1/ε) ,

for R chosen sufficiently large (independent of ε) and ε sufficiently small. This proves
(5.105).
Proof of (5.106).
We estimate L(Z̃0k) in each of the regions R0, . . . , R3, using the identities established
in the proof of (5.105). Throughout the proof we divide by the weight

ε2 + (1 + |y − ξ′
k|)−2−σ,

which, on the support of Z̃0k, is comparable to

ε2 + r−2−σ,

by the separation condition (5.95).
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Estimate on R0. Since z̃0k = z0k,

−∆xz̃0k −W
(k)
1 z̃0k = 0,

and therefore

|L(Z̃0k)(y)| ≤ C(εα + εr)W (k)
1 (x)|z0k(x)| = O(εα), r < R.

Since the weight is bounded from below by a positive constant,

|L(Z̃0k)(y)|
ε2 + (1 + |y − ξ′

k|)−2−σ = O(εα).

Estimate on R1. Using (5.111),

|z0k|, |z̃0k|, |∇η̃1k|, |∆η̃1k| ≤ C,

|∇z0k| = O(R−2),

and

1 − γ̃ = O

(
1

R(log(δ/ε) − logR)

)
, |∇γ̃| = O

(
1

R(log(δ/ε) − logR)

)
,

we obtain

|L(Z̃0k)(y)| ≤ C

log(δ/ε) − logR +O(εα + εR) = O

(
1

log(1/ε)

)
, R < r < R + 1.

As before,
|L(Z̃0k)(y)|

ε2 + (1 + |y − ξ′
k|)−2−σ = O

(
1

log(1/ε)

)
.

Estimate on R2. Since

−∆xz̃0k −W
(k)
1 z̃0k = −2∇γ̃ · ∇z0k,

using
|∇γ̃(x)| = 1

r(log(δ/ε) − logR) ,

|∇z0k(x)| = O(r−2), W
(k)
1 (x) = O(r−4), |z̃0k| ≤ C,
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we obtain

|L(Z̃0k)(y)| ≤ C

r3(log(δ/ε) − logR) + Cεαr−4 + Cεr−3, R + 1 < r <
δ

4ε.

Using the lower bound
ε2 + r−2−σ ≥ r−2−σ,

we have
r−3

(log(δ/ε) − logR) r−2−σ = rσ−1

log(δ/ε) − logR,

εαr−4

r−2−σ = εαrσ−2,
εr−3

r−2−σ = εrσ−1.

Since σ < 1, all three quantities attain their maximum at r = R + 1, hence

|L(Z̃0k)(y)|
ε2 + (1 + |y − ξ′

k|)−2−σ = O

(
1

log(1/ε)

)
.

Estimate on R3. As proved in the estimate of I3,

|L(Z̃0k)(y)| ≤ Cε2

δ2(log(δ/ε) − logR) ,
δ

4ε < r <
δ

3ε.

Using
ε2 + r−2−σ ≥ ε2,

we obtain

|L(Z̃0k)(y)|
ε2 + (1 + |y − ξ′

k|)−2−σ ≤ C

log(δ/ε) − logR = O

(
1

log(1/ε)

)
.

Combining the estimates on the four regions,

∥L(Z̃0k)∥∗∗,Ωε = O

(
1

log(1/ε)

)
,

which proves (5.106).
Proof of (5.107).
From the proof of (5.105), since η̃1k, η̃2k and γ̃ are radial functions,

∂z̃0k

∂nx
−W

(k)
2 z̃0k = 0 on ∂R2

+,
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and therefore (
∂Z̃0k

∂n
−W2Z̃0k

)
(y) = O(εα + εr)W (k)

2 (x)|z̃0k(x)|.

We estimate the right-hand side in each of the regions R0, . . . , R3. Throughout
the proof we divide by the weight

ε+ (1 + |y − ξ′
k|)−1−σ,

which, on the support of Z̃0k, is comparable to

ε+ r−1−σ,

by the separation condition (5.95).

Estimate on R0 and R1. Since r ≤ R + 1 and W
(k)
2 , z̃0k are bounded,

∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣ (y) = O(εα + ε) = O(εα).

As before, ∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣ (y)

ε+ (1 + |y − ξ′
k|)−1−σ = O(εα).

Estimate on R2. Using

W
(k)
2 (x) = O(r−2), |z̃0k| ≤ C,

we obtain ∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣ (y) ≤ Cεαr−2 + Cεr−1, R + 1 < r <
δ

4ε.

Using the lower bound
ε+ r−1−σ ≥ r−1−σ,

we have
εαr−2

r−1−σ = εαrσ−1,
εr−1

r−1−σ = εrσ.

Since σ < 1,
εαrσ−1 ≤ Cεα,
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while
εrσ ≤ ε

(
δ

4ε

)σ
= O(ε1−σ).

Hence ∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣ (y)

ε+ (1 + |y − ξ′
k|)−1−σ = O(εα) +O(ε1−σ).

Estimate on R3. Since

W
(k)
2 (x) = O(ε2), |z̃0k| ≤ C,

we obtain ∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣ (y) = O(ε2)

Using the lower bound
ε+ r−1−σ ≥ ε,

we obtain ∣∣∣∣∣∂Z̃0k

∂n
−W2Z̃0k

∣∣∣∣∣ (y)

ε+ (1 + |y − ξ′
k|)−1−σ = O(ε)

Combining the estimates on the four regions,
∥∥∥∥∥∂Z̃0k

∂n
−W2Z̃0k

∥∥∥∥∥
∗,∂Ωε

= O(εα) +O(ε1−σ) = O

(
1

log(1/ε)

)
,

which proves (5.107).

Proof of Proposition 5.20. Let (ϕ, c1, . . . , cm) be a solution of (5.88). We first prove
the a priori estimate.

The equation in the interior can be written as

−∆ϕ−W1ϕ = f̃ in Ωε,

where
f̃ = f +

m∑
j=1

cjχjZ1j.

Since ϕ satisfies ∫
Ωε
χjZ1jϕ dy = 0, j = 1, . . . ,m,
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the estimate of the previous lemma gives

∥ϕ∥L∞(Ωε) ≤ C log
(1
ε

) (
∥g∥∗,∂Ωε + ∥f̃∥∗∗,Ωε

)
. (5.112)

By the definition of f̃ ,

∥f̃∥∗∗,Ωε ≤ ∥f∥∗∗,Ωε +
m∑
j=1

|cj|∥χjZ1j∥∗∗,Ωε .

The support of χj is contained in a fixed bounded region in the coordinates F ε
j ,

where Z1j is uniformly bounded. Hence

∥χjZ1j∥∗∗,Ωε ≤ C,

uniformly in ε. Therefore,

∥ϕ∥L∞(Ωε) ≤ C log
(1
ε

)∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε +
m∑
j=1

|cj|

 . (5.113)

We next estimate the coefficients ck. Let

Z̃1k(y) = η̃2k(x)Z1k(y), x = F ε
k (y),

where η̃2k is a radial cut-off satisfying

η̃2k = 1 for |x| ≤ δ

4ε, η̃2k = 0 for |x| ≥ δ

3ε.

Multiplying the equation in (5.88) by Z̃1k and integrating, we obtain

∫
Ωε

(−∆ϕ−W1ϕ)Z̃1k dy =
∫

Ωε
fZ̃1k dy +

m∑
j=1

cj

∫
Ωε
χjZ1jZ̃1k dy. (5.114)

The separation condition on the points ξj implies that, for ε sufficiently small,
the supports of χj and η̃2k are disjoint whenever j ̸= k. Consequently,

∫
Ωε
χjZ1jZ̃1k dy = δjk

∫
Ωε
χkZ

2
1k dy =: δjkIk.

Moreover,
Ik ≥ c0 > 0

uniformly in ε.
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Applying Green’s formula, we get
∫

Ωε
(−∆ϕ)Z̃1k dy =

∫
Ωε
ϕ(−∆yZ̃1k) dy −

∫
∂Ωε

∂ϕ

∂ny
Z̃1k dsy

+
∫
∂Ωε

ϕ
∂Z̃1k

∂ny
dsy.

Using the boundary condition satisfied by ϕ, we obtain

ckIk =
∫

Ωε
ϕ(−∆yZ̃1k −W1Z̃1k) dy (5.115)

+
∫
∂Ωε

ϕ

(
∂Z̃1k

∂ny
−W2Z̃1k

)
dsy (5.116)

+ ε
∫
∂Ωε

l1(V )[ϕ]Z̃1k dsy (5.117)

−
∫

Ωε
fZ̃1k dy −

∫
∂Ωε

gZ̃1k dsy. (5.118)

We estimate the terms on the right-hand side of (5.115). Since

z1k(x) = O((1 + |x|)−1),

we also have
|Z̃1k(y)| = O((1 + |x|)−1).

Therefore, by the definition of the weighted norms,∣∣∣∣∫
Ωε
fZ̃1k dy

∣∣∣∣ ≤ C∥f∥∗∗,Ωε

∫
R2

+

(
ε2 + (1 + |x|)−2−σ

)
(1 + |x|)−1 dx

≤ C∥f∥∗∗,Ωε ,

and similarly∣∣∣∣∫
∂Ωε

gZ̃1k dsy

∣∣∣∣ ≤ C∥g∥∗,∂Ωε

∫
∂R2

+

(
ε+ (1 + |x1|)−1−σ

)
(1 + |x1|)−1 dx1

≤ C∥g∥∗,∂Ωε .

For the non-local term, using

|l1(V )[ϕ]| ≤ C∥ϕ∥L∞(Ωε),
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we obtain

ε

∣∣∣∣∫
∂Ωε

l1(V )[ϕ]Z̃1k dsy

∣∣∣∣ ≤ Cε∥ϕ∥L∞(Ωε)

∫
|x1|≤ δ

3ε

(1 + |x1|)−1 dx1.

Hence,
ε
∣∣∣∣∫
∂Ωε

l1(V )[ϕ]Z̃1k dsy

∣∣∣∣ ≤ Cε log
(1
ε

)
∥ϕ∥L∞(Ωε).

We now estimate the first term in (5.115). Using the conformal coordinates F ε
k

and the relations

∆y = det(DF ε
k )−1∆x, dy = det(DF ε

k ) dx,

we write
Z̃1k(y) = η̃2k(x)z1k(x).

Since
−∆xz1k −W

(k)
1 z1k = 0,

the main part cancels and we are left with

(−∆yZ̃1k −W1Z̃1k) dy
= (−z1k∆xη̃2k − 2∇η̃2k · ∇z1k) dx

+O(εα + ε|x|)W (k)
1 (x)|z̃1k| dx.

The derivatives of the cut-off are supported in

δ

4ε ≤ |x| ≤ δ

3ε.

In this region,
z1k = O(ε), |∇z1k| = O(ε2),

while
|∇η̃2k| = O(ε), |∆η̃2k| = O(ε2).

Therefore the cut-off contribution is O(ε3) pointwise and, after integration on a
region of size O(ε−2), gives O(ε).

On the other hand,
W

(k)
1 (x) = O(|x|−4),

so the geometric error is bounded by Cεα. Consequently,∣∣∣∣∫
Ωε
ϕ(−∆yZ̃1k −W1Z̃1k) dy

∣∣∣∣ ≤ Cεα∥ϕ∥L∞(Ωε).
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It remains to estimate the boundary contribution. We have

∂ny = det(DF ε
k )−1/2∂nx , dsy = det(DF ε

k )1/2dx1.

Since η̃2k is radial,
∂nx η̃2k = 0 on {x2 = 0},

and therefore
∂nx(η̃2kz1k) = η̃2k∂nxz1k.

Using the boundary kernel relation

∂nxz1k −W
(k)
2 z1k = 0,

we obtain ∣∣∣∣∣
∫
∂Ωε

ϕ

(
∂Z̃1k

∂ny
−W2Z̃1k

)
dsy

∣∣∣∣∣ ≤ Cεα∥ϕ∥L∞(Ωε).

Combining all the above estimates in (5.115), we get

|ck| ≤ C (∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) + Cεα∥ϕ∥L∞(Ωε). (5.119)

Substituting this estimate into (5.113), we find

∥ϕ∥L∞(Ωε) ≤ C log
(1
ε

)
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) + Cεα log

(1
ε

)
∥ϕ∥L∞(Ωε).

Since
εα log(1/ε) → 0,

the last term can be absorbed into the left-hand side for ε small enough. Hence

∥ϕ∥L∞(Ωε) ≤ C log
(1
ε

)
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) . (5.120)

The estimate for ck follows immediately from (5.119).
It remains to prove existence. Let

H :=
{
φ ∈ H1(Ωε) :

∫
Ωε
χjZ1jφdy = 0, j = 1, . . . ,m

}
.

We consider the bilinear form

a(φ, ψ) :=
∫

Ωε
∇φ · ∇ψ dy −

∫
Ωε
W1φψ dy −

∫
∂Ωε

W2φψ dsy + εl1(V )[φ]
∫
∂Ωε

ψ dsy.
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Testing the equation
−∆φ−W1φ = f̃

against ψ ∈ H1(Ωε) and using the boundary condition

∂nφ = W2φ− εl1(V )[φ] + g

we obtain
a(φ, ψ) =

∫
Ωε
f̃ ψ dy +

∫
∂Ωε

gψ dsy.

Since
f̃ = f +

m∑
j=1

cjχjZ1j,

this becomes

a(φ, ψ) =
∫

Ωε
fψ dy +

m∑
j=1

cj

∫
Ωε
χjZ1jψ dy +

∫
∂Ωε

gψ dsy.

Hence, for ψ ∈ H, the orthogonality conditions imply that

a(φ, ψ) =
∫

Ωε
fψ dy +

∫
∂Ωε

gψ dsy, ∀ψ ∈ H.

Once φ is found, the constants c1, . . . , cm are uniquely determined by the equations
obtained by testing the interior equation against χkZ1k.

Since W1,W2 ∈ L∞(Ωε), the terms involving W1, W2 and l1(V ) are compact
perturbations of the bilinear form (for some λ > 0)

(φ, ψ) 7→
∫

Ωε
∇φ · ∇ψ dy + λ

∫
Ωε
φψ dy,

which is coercive. Therefore, by the Fredholm alternative, it is enough to prove that
the kernel is trivial. Let φ ∈ H solve the homogeneous problem, namely

a(φ, ψ) = 0, ∀ψ ∈ H.

The corresponding coefficients c1, . . . , cm give a solution of (5.88) with f = g = 0.
The a priori estimate (5.120) yields

∥φ∥L∞(Ωε) = 0,

and therefore φ ≡ 0. Moreover, by (5.119),

ck = 0, k = 1, . . . ,m.
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Thus the homogeneous problem has only the trivial solution. The Fredholm al-
ternative yields the solvability of the weak formulation for arbitrary f and g, and
therefore the existence of a solution to (5.88).

Uniqueness follows from the same argument applied to the difference of two
solutions. The estimate (5.120) is precisely the a priori bound proved above.

Remark 5.24. Recall the bilinear form introduced in the proof of Proposition 5.20,

as(φ, ψ) :=
∫

Ωε
∇φ·∇ψ dy−

∫
Ωε
W1(ξ′(s))φψ dy−

∫
∂Ωε

W2(ξ′(s))φψ dsy+ε l1(V (ξ′(s)))[φ]
∫
∂Ωε

ψ dsy,

which depends on s through ξ′(s). Fix

(f, g) ∈ L∞(Ωε) × L∞(∂Ωε)

and consider
F : U ×H1(Ωε) × Rm −→ H1(Ωε)∗ × Rm,

defined by

F(s, φ, c) :=


ψ 7→ as(φ, ψ) −

m∑
j=1

cj

∫
Ωε
χj(ξ′(s))Z1j(ξ′(s))ψ dy −

∫
Ωε
fψ dy −

∫
∂Ωε

gψ dsy(∫
Ωε
χj(ξ′(s))Z1j(ξ′(s))φdy

)m
j=1

 .

The map F is of class C1. Indeed, for fixed s it is affine in (φ, c), while the de-
pendence on s is C1 by the regularity of W1, W2, χjZ1j and l1(V (ξ′(s)))[ · ] with
respect to the parameters ξ′

j. Moreover, the argument in the proof of Proposition
5.20 shows that

D(φ,c)F(s0, φ0, c0) : H1(Ωε) × Rm −→ H1(Ωε)∗ × Rm

is a bounded isomorphism. Hence, by the implicit function theorem,

s 7−→ (φ(s), c(s))

is of class C1 in a neighborhood of s0.
Fix k ∈ {1, . . . ,m} and set

Z := ∂skφ, dj := ∂skcj.

Differentiating the weak formulation of F(s, φ(s), c(s)) = 0 with respect to sk gives
a weak equation for Z. By the Proposition 5.20 and elliptic regularity, this equation
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can be written as

−∆Z−W1(ξ′(s))Z−
m∑
j=1

dj χj(ξ′(s))Z1j(ξ′(s)) = ∂sk
(
W1(ξ′(s))

)
φ+ck ∂sk

(
χk(ξ′(s))Z1k(ξ′(s))

)

in Ωε, and

∂Z

∂n
−W2(ξ′(s))Z + ε l1(V (ξ′(s)))[Z] = ∂sk

(
W2(ξ′(s))

)
φ− ε ∂sk

(
l1(V (ξ′(s)))

)
[φ]

on ∂Ωε.
Since χj and Z1j depend on s only through the j-th point ξ′

j = ηj(sj), we have
∫

Ωε
χj(ξ′(s))Z1j(ξ′(s))Z dy = 0, j ̸= k,

whereas
∫

Ωε
χk(ξ′(s))Z1k(ξ′(s))Z dy = −

∫
Ωε
∂sk
(
χk(ξ′(s))Z1k(ξ′(s))

)
φdy.

Set

bk :=

∫
Ωε
∂sk
(
χk(ξ′(s))Z1k(ξ′(s))

)
φdy∫

Ωε
χk(ξ′(s))2Z1k(ξ′(s))2 dy

,

and define
Z̃ := Z + bk χk(ξ′(s))Z1k(ξ′(s)).

Since the supports of the functions χj are disjoint for ε sufficiently small, the defi-
nition of bk gives

∫
Ωε
χj(ξ′(s))Z1j(ξ′(s)) Z̃ dy = 0, j = 1, . . . ,m.

Moreover, using the equation and boundary condition satisfied by χkZ1k, we see
that (Z̃, d) solves (5.88) with right-hand sides

f̃ = ∂sk(W1)φ+ ck ∂sk(χkZ1k) + bk
(
−∆(χkZ1k) −W1χkZ1k

)
,

and

g̃ = ∂sk(W2)φ−ε ∂sk
(
l1(V (ξ′(s)))

)
[φ]+bk

(
∂(χkZ1k)

∂n
−W2χkZ1k + ε l1(V (ξ′(s)))[χkZ1k]

)
.
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The estimates already proved for φ, cj, and the functions χjZ1j give

|bk| ≤ C log
(1
ε

)
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) ,

and
∥f̃∥∗∗,Ωε + ∥g̃∥∗,∂Ωε ≤ C log

(1
ε

)
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) .

Applying Proposition 5.20 to (Z̃, d), we obtain

∥Z̃∥L∞(Ωε) ≤ C
(

log 1
ε

)2
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) ,

and
|dj| ≤ C log

(1
ε

)
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) .

Finally, since
Z = Z̃ − bk χk(ξ′(s))Z1k(ξ′(s))

and χkZ1k is uniformly bounded, we conclude that

∥∂skφ∥L∞(Ωε) ≤ C
(

log 1
ε

)2
(∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε) .

5.2.3 The Non-Linear Problem

We first convert the pointwise Lemma above into estimates in the weighted norms.
We can assume α < 1 − σ.

Lemma 5.25.
∥R1∥∗∗,Ωε ≤ Cεα, ∥R2∥∗,∂Ωε ≤ Cεα.

Proof. In Bδ/ε(ξ′
j), by the Lemma 5.18 R1 is O

(
(1 + |y − ξ′

j|)−4
)
, so

|R1(y)| ≤ C ε(1 + |y − ξ′
j|)−3 + C εα(1 + |y − ξ′

j|)−4.

Dividing by ε2 +∑
i(1 + |y − ξ′

i|)−2−σ ≥ (1 + |y − ξ′
j|)−2−σ,

ε(1 + |y − ξ′
j|)−3

(1 + |y − ξ′
j|)−2−σ = ε(1 + |y − ξ′

j|)σ−1 = O(ε),

εα(1 + |y − ξ′
j|)−4

(1 + |y − ξ′
j|)−2−σ = εα(1 + |y − ξ′

j|)σ−2 = O(εα).

Outside ⋃j Bδ/ε(ξ′
j), |R1| = O(ε4), and dividing by ε2 + ∑

i(1 + |y − ξ′
i|)−2−σ gives

O(ε2). Combining, ∥R1∥∗∗,Ωε = O(εα).

161



Similarly, in Bδ/ε(ξ′
j) ∩ ∂Ωε, R2 is O

(
(1 + |y − ξ′

j|)−2
)
, so

|R2(y)| ≤ C ε(1 + |y − ξ′
j|)−1 + C εα(1 + |y − ξ′

j|)−2 + Cε1+α.

Dividing by the weight ε+∑
i(1 + |y − ξ′

i|)−1−σ ≥ (1 + |y − ξ′
j|)−1−σ,

ε(1 + |y − ξ′
j|)−1

(1 + |y − ξ′
j|)−1−σ = ε(1 + |y − ξ′

j|)σ = O(ε1−σ),

εα(1 + |y − ξ′
j|)−2

(1 + |y − ξ′
j|)−1−σ = εα(1 + |y − ξ′

j|)σ−1 = O(εα).

O(ε1+α) divided by the weight gives O(εα). Outside, |R2| = O(ε1+α), dividing again
by the weight gives O(εα). Combining, ∥R2∥∗,∂Ωε = O(εα).

Now we bound the norm of the non-linear terms.

Lemma 5.26. There is C > 0, independent of ε, such that for ∥ϕ∥L∞(Ωε) ≤ 1,

∥N1(ϕ)∥∗∗,Ωε ≤ C∥ϕ∥2
L∞(Ωε), ∥N2(ϕ)∥∗,∂Ωε ≤ C∥ϕ∥2

L∞(Ωε),

and, for ∥ϕ1∥L∞(Ωε), ∥ϕ2∥L∞(Ωε) ≤ 1,

∥N1(ϕ1) −N1(ϕ2)∥∗∗,Ωε ≤ C
(
∥ϕ1∥L∞(Ωε) + ∥ϕ2∥L∞(Ωε)

)
∥ϕ1 − ϕ2∥L∞(Ωε),

and likewise for N2.

Proof. Since |e2t − 1 − 2t| ≤ Ct2 and |et − 1 − t| ≤ Ct2 for |t| ≤ 1, |N1(ϕ)| ≤ CW1ϕ
2

and |W2(eϕ−1−ϕ)| ≤ CW2ϕ
2 pointwise. Since W1(y) = O

(
(1+ |y−ξ′

j|)−4
)

and the
weight ε2 +∑(1+ |y−ξ′

j|)−2−σ ≥ (1+ |y−ξ′
j|)−2−σ, the ratio is O

(
(1+ |y−ξ′

j|)σ−2
)

=
O(1); likewise for W2 and the boundary weight. Hence ∥N1(ϕ)∥∗∗ ≤ C∥ϕ∥2

∞ and
∥W2(eϕ − 1 − ϕ)∥∗ ≤ C∥ϕ∥2

∞.
For εNl(ϕ): since |e2ϕ − 1 − 2ϕ| ≤ Cϕ2, |eϕ − 1 − ϕ| ≤ Cϕ2,

|Nl(ϕ)| ≤ C∥ϕ∥2
∞

|∂Ω|

(∫
Ωε
W1 +

∫
∂Ωε

W2

)
= O(∥ϕ∥2

∞),

Since εNl(ϕ) is constant in y, dividing by the floor ε of the boundary weight
gives ∥εNl(ϕ)∥∗ = |Nl(ϕ)| = O(∥ϕ∥2

∞). Combining, ∥N2(ϕ)∥∗ ≤ C∥ϕ∥2
∞.

For the Lipschitz estimates, since d
dt

(e2t − 1 − 2t) = 2(e2t − 1) = O(t) for |t| ≤ 1,
∣∣∣(e2ϕ1 − 1 − 2ϕ1) − (e2ϕ2 − 1 − 2ϕ2)

∣∣∣ ≤ C
(
|ϕ1| + |ϕ2|

)
|ϕ1 − ϕ2|
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pointwise, and the same weighted-norm computation as above gives the claim for
N1; the same argument, together with the analogous bound for Nl(ϕ1) − Nl(ϕ2),
gives the claim for N2.

We seek u = V +ϕ solving (5.58), which amounts to finding ϕ, c1, . . . , cm solving


−∆ϕ−W1ϕ = R1 +N1(ϕ) +
m∑
j=1

cjχjZ1j in Ωε,

∂ϕ

∂n
−W2ϕ+ ε l1(V )[ϕ] = R2 +N2(ϕ) on ∂Ωε,∫

Ωε
χjZ1jϕ = 0, j = 1, . . . ,m.

(5.121)

Let T (f, g) denote the L∞(Ωε)-solution given by Proposition 5.20 for data (f, g),
with associated coefficients cj(f, g) satisfying, by linearity of the linear theory,

∥T (f, g)∥L∞(Ωε) ≤ C log
(1
ε

)(
∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε

)
,

∑
j

|cj(f, g)| ≤ C
(
∥f∥∗∗,Ωε + ∥g∥∗,∂Ωε

)
.

Problem (5.121) is then equivalent to the fixed point equation

ϕ = A(ϕ) := T
(
R1 +N1(ϕ), R2 +N2(ϕ)

)
. (5.122)

Lemma 5.27. There exist ε0 > 0, C > 0 such that for 0 < ε < ε0 and any
ξ1, . . . , ξm ∈ ∂Ω satisfying (5.95), problem (5.121) admits a unique solution ϕ, c1, . . . , cm

with
∥ϕ∥L∞(Ωε) ≤ Cεα

∣∣∣∣log ε
∣∣∣∣, (5.123)

where α ∈ (0, 1). Moreover, the map ξ′ 7→ ϕ(ξ′) ∈ C(Ωε) is C1, and
∥∥∥∥ ∂ϕ∂ξ′

k

∥∥∥∥
L∞(Ωε)

≤ Cεα
∣∣∣log ε

∣∣∣2, k = 1, . . . ,m. (5.124)

Proof. Let C0 be a fixed constant, to be chosen below, and set

F :=
{
ϕ ∈ C(Ωε) : ∥ϕ∥L∞(Ωε) ≤ C0ε

α| log ε|
}
.

By Lemma 5.25 and Lemma 5.26, for ϕ ∈ F (so that ∥ϕ∥∞ → 0 as ε → 0, hence
∥ϕ∥∞ ≤ 1 for ε small),

∥A(ϕ)∥L∞(Ωε) ≤ C log
(1
ε

)(
εα + C2

0ε
2α| log ε|2

)
= Cεα| log ε|

(
1 + C2

0ε
α| log ε|3

)
.
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Since εα| log ε|3 → 0, choosing C0 ≥ 2C and ε small enough that C2
0ε

α| log ε|3 ≤ 1,
the right-hand side is ≤ C0ε

α| log ε|, so A(F) ⊂ F . Similarly, for ϕ1, ϕ2 ∈ F , Lemma
5.26 gives

∥A(ϕ1)−A(ϕ2)∥L∞(Ωε) ≤ C log
(1
ε

)(
∥ϕ1∥∞+∥ϕ2∥∞

)
∥ϕ1−ϕ2∥∞ ≤ 2CC0ε

α| log ε|2 ∥ϕ1−ϕ2∥∞,

which is ≤ 1
2∥ϕ1 −ϕ2∥∞ for ε small enough. Hence A is a contraction on F , and the

Banach fixed point theorem gives a unique ϕ ∈ F solving (5.122), satisfying (5.123).
The coefficients cj := cj

(
R1 + N1(ϕ), R2 + N2(ϕ)

)
then solve (5.121) together with

ϕ; uniqueness of (ϕ, c1, . . . , cm) among solutions with ϕ ∈ F follows from uniqueness
of the fixed point.

Now we want to discuss the differentiability of the map ξ′ 7→ ϕ(ξ′): ϕ(ξ′) ∈ F is
the unique fixed point of

A(ϕ; ξ′) := T
(
R1(ξ′) +N1(ϕ; ξ′), R2(ξ′) +N2(ϕ; ξ′); ξ′

)
,

where T (·, ·; ξ′) denotes the solution operator given by Proposition 5.20.
Formally, setting

Z = ∂ξ′
k
ϕ,

and differentiating the fixed point equation ϕ = A(ϕ; ξ′), we obtain

Z = DϕA(ϕ; ξ′)[Z] +Dξ′
k
A(ϕ; ξ′),

where
DϕA(ϕ; ξ′)[Z] = T

(
∂N1

∂ϕ
(ϕ)Z, ∂N2

∂ϕ
(ϕ)Z; ξ′

)
,

and

Dξ′
k
A(ϕ; ξ′) =

[
∂ξ′

k
T
](
R1+N1(ϕ), R2+N2(ϕ); ξ′

)
+T

(
∂ξ′

k
R1+∂N1

∂ξ′
k

, ∂ξ′
k
R2+∂N2

∂ξ′
k

; ξ′
)
.

We first estimate DϕA. By Lemma 5.26 and Proposition 5.20,

∥∥∥DϕA(ϕ; ξ′)[Z]
∥∥∥
L∞(Ωε)

≤ C log
(1
ε

)
∥ϕ∥∞∥Z∥∞.

Using
∥ϕ∥∞ = O(εα| log ε|),
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from (5.123), we deduce
∥∥∥DϕA(ϕ; ξ′)[Z]

∥∥∥
L∞(Ωε)

= O
(
εα| log ε|2

)
∥Z∥∞.

Hence, for ε sufficiently small,

∥DϕA(ϕ; ξ′)∥ < 1
2 ,

and therefore I −DϕA(ϕ; ξ′) is invertible on C(Ωε).
We next estimate Dξ′

k
A. By Lemmas 5.25 and 5.26,

∥R1 +N1(ϕ)∥∗∗, ∥R2 +N2(ϕ)∥∗ = O(εα).

Therefore, using the estimate for ∂ξ′
k
T established above,

∥∥∥[∂ξ′
k
T ](R1 +N1(ϕ), R2 +N2(ϕ); ξ′)

∥∥∥
L∞(Ωε)

≤ C
(

log 1
ε

)2
εα.

For the second term, we have

∥∂ξ′
k
Ri∥∗∗ = O(εα),

while
∂Ni

∂ξ′
k

= O
(
(∂ξ′

k
Wi)∥ϕ∥2

∞

)
,

using the estimates for ∂ξ′
k
Wi. Applying Proposition 5.20 once again yields

∥∥∥∥T(∂ξ′
k
R1 + ∂N1

∂ξ′
k

, ∂ξ′
k
R2 + ∂N2

∂ξ′
k

; ξ′
)∥∥∥∥

L∞(Ωε)
≤ C log

(1
ε

)
εα.

It follows that ∥∥∥Dξ′
k
A(ϕ; ξ′)

∥∥∥
L∞(Ωε)

≤ C
(

log 1
ε

)2
εα. (5.125)

Since (I −DϕA(ϕ; ξ′))−1 is bounded with norm at most 2, the equation satisfied
by Z gives

∥Z∥L∞(Ωε) ≤ 2
∥∥∥Dξ′

k
A(ϕ; ξ′)

∥∥∥
L∞(Ωε)

≤ Cεα
(

log 1
ε

)2
,

which proves (5.124).
We now provide a rigorous justification of the previous formal argument. Let

ξ′0 = (ξ′0
1 , . . . , ξ

′0
m) ∈ (∂Ωε)m satisfy the rescaled separation condition. For each j,

let ηj : Uj ⊂ R −→ ∂Ωε be an arc-length parametrization of ∂Ωε in a neighborhood
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of ξ′0
j , with ηj(0) = ξ′0

j . Setting

ξ′
j = ηj(sj), s = (s1, . . . , sm) ∈ U1 × · · · × Um,

defines local coordinates on (∂Ωε)m near ξ′0.
Consider the map

G(s, ϕ) = ϕ− A(ϕ; η(s)).

The differentiability of the linear operator T with respect to ξ′, together with the
smooth dependence of R1, R2, N1 and N2 on ξ′ = η(s), implies that G is of class C1

in a neighborhood of (0, ϕ(ξ′0)) as a map from Rm × F into C(Ωε).
Since

DϕG(0, ϕ(ξ′0)) = I −DϕA(ϕ(ξ′0); ξ′0)

is invertible, the implicit function theorem yields a unique C1 map

s 7−→ ϕ̂(s)

defined for s sufficiently close to the origin and satisfying

G(s, ϕ̂(s)) = 0.

By uniqueness of the fixed point in F , it follows that

ϕ̂(s) = ϕ(η(s)).

Hence ϕ is of class C1 with respect to the local coordinates. Since the parametriza-
tions ηj have unit speed, we obtain

∂ξ′
k
ϕ = ∂sk ϕ̂.

So, estimate (5.124) follows.

5.2.4 Finite-Dimensional Reduction

As established in the previous sections, for any given configuration of points ξ′ =
(ξ′

1, . . . , ξ
′
m) ∈ (∂Ωε)m well separated from each other, there exists a unique φ = φξ′ ∈

H1(Ωε) and unique constants ck = ck(ξ′), for k = 1, . . . ,m, such that u = V + φ
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solves the projected system:

−∆u = K(εy)e2u +
m∑
j=1

cjχjZ1j in Ωε,

∂u

∂n
+ εl(u) = h(εy)eu on ∂Ωε,∫

Ωε
χjZ1jφdy = 0 for j = 1, . . . ,m.

(5.126)

So, we have to find ξ′ = (ξ′
1, . . . , ξ

′
m) such that ck(ξ′) = 0 for all k = 1, . . . ,m.

Proposition 5.28. For every k = 1, . . . ,m, ε sufficiently small and, choosing α >
1
2 , we have

2Akck = −2πεak(ξ) + o(ε)

where
Ak :=

∫
R2

+

χ(|x|)z1k(x)2 dx.

and
ak(ξ) :=

(
2π ∂(1)

τk
H(ξk, ξk) + 2π

∑
i̸=k

∂(1)
τk
G(ξk, ξi) + 2 ∂τkh(ξk)√

K(ξk) + h(ξk)2

+2∂τkK(ξk)
K(ξk)

 1
D(ξk)

(√
1 + D(ξk)2

) − 1
D(ξk)2 log

1 + D(ξk)√
1 + D(ξk)2




Proof. We multiply the first equation in (5.126) by ∂ξ′
k
V and integrate over Ωε. Since

∂ξ′
k
V = 2Z1k + O(ε) on the support of χk and is uniformly O(ε) on the support of

χj for j ̸= k, we have

m∑
j=1

cj

∫
Ωε
χjZ1j∂ξ′

k
V dy = ck

∫
Ωε
χkZ1k(2Z1k) dy + o(ε) = 2Akck + o(ε).

Writing
K(εy)e2(V+φ) = K(εy)e2V +W1φ+N1(φ),

h(εy)eV+φ = h(εy)eV +W2φ+ heV (eϕ − ϕ− 1),

and l(V + φ) = l(V ) + l1(V )[φ] + Nl(φ). Using the definitions of the errors R1 =
∆V + K(εy)e2V and R2 = −∂nV + h(εy)eV − εl(V ) and integrating by parts, we
have

2Akck = −
∫

Ωε
R1∂ξ′

k
V dy −

∫
∂Ωε

R2∂ξ′
k
V ds+

∫
Ωε

(−∆(∂ξ′
k
V ) − 2K(εy)e2V ∂ξ′

k
V )φdy

+
∫
∂Ωε

(∂n(∂ξ′
k
V ) − h(εy)eV ∂ξ′

k
V )ϕ ds+

∫
∂Ωε

εl1(V )[φ]∂ξ′
k
V ds
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−
∫

Ωε
N1(φ)∂ξ′

k
V dy −

∫
∂Ωε

N2(φ)∂ξ′
k
V ds+ o(ε) = −

∫
Ωε
R1∂ξ′

k
V dy −

∫
∂Ωε

R2∂ξ′
k
V ds

−
∫

Ωε
ϕ∂ξ′

k
R1 −

∫
∂Ωε

ϕ∂ξ′
k
R2 +

∫
∂Ωε

εl1(V )[φ]∂ξ′
k
V ds−

∫
∂Ωε

εl1(V )[∂ξ′
k
V ]φds

−
∫

Ωε
N1(φ)∂ξ′

k
V dy−

∫
∂Ωε

N2(φ)∂ξ′
k
V ds+o(ε) = −

∫
Ωε
R1∂ξ′

k
V dy−

∫
∂Ωε

R2∂ξ′
k
V ds+o(ε).

Where in the last equality, we used the following estimates∣∣∣∣∫
Ωε
φ(∂ξ′

k
R1) dy

∣∣∣∣ ≤ C∥φ∥L∞∥∂ξ′
k
R1∥∗∗ = O(ε2α| log ε|),

∣∣∣∣∫
∂Ωε

φ(∂ξ′
k
R2) ds

∣∣∣∣ ≤ C∥φ∥L∞∥∂ξ′
k
R2∥∗ = O(ε2α| log ε|).

∣∣∣∣∫
∂Ωε

εl1(V )[φ]∂ξ′
k
V ds

∣∣∣∣ = ε |l1(V )[φ]|
∣∣∣∣∫
∂Ωε

∂ξ′
k
V ds

∣∣∣∣ ≤ Cε∥φ∥L∞ = O(ε1+α| log ε|),
∣∣∣∣∫
∂Ωε

εl1(V )[∂ξ′
k
V ]φds

∣∣∣∣ = ε
∣∣∣l1(V )[∂ξ′

k
V ]
∣∣∣ ∣∣∣∣∫

∂Ωε
φds

∣∣∣∣ ≤ εO(εα)
(
|∂Ωε|∥φ∥L∞

)
= O(ε2α| log ε|),

∣∣∣∣∫
Ωε
N1(φ)∂ξ′

k
V dy

∣∣∣∣ ≤ C∥φ∥2
L∞

∫
Ωε
e2V |∂ξ′

k
V | dy = O(ε2α| log ε|2),

∣∣∣∣∫
∂Ωε

N2(φ)∂ξ′
k
V ds

∣∣∣∣ ≤ C∥φ∥2
L∞

∫
∂Ωε

eV |∂ξ′
k
V | ds = O(ε2α| log ε|2).

Therefore

2Akck = −
∫

Ωε
R1∂ξ′

k
V dy −

∫
∂Ωε

R2∂ξ′
k
V ds+ o(ε) =

−
∫

Ωε∩B δ
ε

(ξ′
k

)
R1∂ξ′

k
V dy −

∫
∂Ωε∩B δ

ε
(ξ′
k

)
R2∂ξ′

k
V ds+ o(ε).

Where, in the last equality, we used that ∂ξ′
k
V = O(ε) outside a ball B δ

ε
(ξ′
k) and

the error expansion in Lemma 5.18. Instead inside the ball B δ
ε
(ξ′
k), using the same

expansions of the proof of Lemma 5.18, the change of variables x = Fε(y), the fact
that ∂ξ′

k
V = 2z1k + O(ε). Since z1k is odd in x1, only the tangential component of

the first-order expansion contributes. So, we get

−
∫

Ωε
R1∂ξ′

k
V = −16ελ2

k

∂τHk(ξk) +
∑
i̸=k

∂τ (Ui +Hi)(ξk)
∫

R2
+

x2
1

(x2
1 + (x2 + D(ξk)λk)2 + λ2

k)3dx+o(ε)

= −2πε
∂τHk(ξk) +

∑
i̸=k

∂τ (Ui +Hi)(ξk)
1 − D(ξk)√

1 + D(ξk)2

+ o(ε)

and
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−
∫
∂Ωε

R2∂ξ′
k
V = −4h(ξk)λkε√

K(ξk)

∂τHk(ξk) +
∑
i̸=k

∂τ (Ui +Hi)(ξk)
∫

R

x2
1

(x2
1 + λ2

k(1 + D(ξk)2))2dx1+o(ε)

= −2πε
∂τHk(ξk) +

∑
i̸=k

∂τ (Ui +Hi)(ξk)
 D(ξk)√

1 + D(ξk)2
+ o(ε)

Thus

2Akck = −2πε
∂τHk(ξk) +

∑
i̸=k

∂τ (Ui +Hi)(ξk)
+ o(ε).

We now compute ∂τHk(ξk) +∑
i̸=k ∂τ (Ui +Hi)(ξk) explicitly.

The terms i ̸= k. Differentiating the explicit formula for Ui and using |ξi − ξk| > 0
fixed, we get, as ε → 0,

∂τUi(ξk) → −2τk · (ξk − ξi)
|ξk − ξi|2

.

Since |ξi−ξk| is bounded below, the difference between Hi and 2πH(·, ξi)−log(2λi)+
1
2 logK(ξi) has interior source term O(ε2) and boundary datum O(ε) in a fixed
neighborhood of ξk. Standard local C1 estimates then give

∂τHi(ξk) = 2π ∂(1)
τk
H(ξk, ξi) + o(1).

Using H(x, y) = G(x, y) + 1
2π log(|x− y|2), i.e. ∇1H(x, y) = ∇1G(x, y) + x−y

π|x−y|2 ,
we obtain

2π ∂(1)
τk
H(ξk, ξi) − 2τk · (ξk − ξi)

|ξk − ξi|2
= 2π ∂(1)

τk
G(ξk, ξi),

and therefore ∑
i̸=k

∂τ (Ui +Hi)(ξk) = 2π
∑
i̸=k

∂(1)
τk
G(ξk, ξi) + o(1).

The term ∂τHk(ξk). Recall from the proof of Lemma 5.17 that

zε(x) = Hk(x) + log(2λk) − 1
2 logK(ξk) − 2πH(x, ξk),

hence
∂τHk(ξk) = ∂τzε(ξk) + 2π ∂(1)

τk
H(ξk, ξk).

By (5.68), zε solves −∆zε = ε2(K(x) −K(ξk))e2Uk(x) in Ω, ∂zε
∂n

= gε on ∂Ω, with
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gε(x) = ∂Hk
∂n

(x) − 2(x−ξk)·n(x)
|x−ξk|2 + 2π

|∂Ω| . So, Green’s representation formula gives

∂τzε(ξk) =
∫

Ω
τk ·∇xG(ξk, y) ε2(K(y)−K(ξk))e2Uk(y) dy+

∫
∂Ω
τk ·∇xG(ξk, y) gε(y) dsy.

Since G(x, y) = H(x, y)− 1
2π log(|x−y|2), we have ∇xG(x, y) = ∇xH(x, y)− x−y

π|x−y|2 .

Let’s compute the boundary integral. Parametrize ∂Ω by arc length, y = γ(s),
ξk = γ(0), τk = γ′(0). Since γ(0) − γ(s) = −sτk +O(s2),

τk · ∇xG(ξk, γ(s)) = τk · ∇1H(ξk, γ(s)) + 1
πs

+O(1), s → 0,

and τk · ∇1H(ξk, γ(s)) is bounded; by the same split as in the proof of Lemma 5.17,
this regular part contributes O(ε) once paired with gε.

Substituting s = εσ, using the explicit formula for ∂Hk
∂n

given in the proof of
Lemma 5.17, using τ ′ = κn, n′ = −κτ for γ, n at s = 0, and D(ξk) = h(ξk)√

K(ξk)
, we

obtain collecting the terms of order ε0 in σ,

gε(γ(εσ)) = κ(ξk)λ2
k (1 + D(ξk)2)

σ2 + λ2
k (1 + D(ξk)2) + 2λk ∂τh(ξk) σ√

K(ξk) (σ2 + λ2
k (1 + D(ξk)2))

+ o(1).

The first term is even in σ, so paired with 1
πεσ

, it integrates to 0. To integrate the
second term multiplied by 1

πεσ
, we use that

∫∞
−∞

dσ
σ2+a2 = π

a
with a = λk

√
1 + D(ξk)2,

thus
∫
∂Ω
τk ·∇xG(ξk, y) gε(y) dsy = 2 ∂τh(ξk)√

K(ξk)
√

1 + D(ξk)2
+o(1) = 2 ∂τh(ξk)√

K(ξk) + h(ξk)2
+o(1).

Now we pass to the interior integral. Substitute y = ξk + εz, dy = ε2dz. Since
ξk − y = −εz,

τk · ∇xG(ξk, ξk + εz) = τk · ∇1H(ξk, ξk + εz) + τk · z
πε|z|2

.

By the same computation as for e2Uj in the proof of Lemma 5.17,

e2Uk(ξk+εz) = 4λ2
k/K(ξk)

ε4 (λ2
k + |z − D(ξk)λkn(ξk)|2)2 ,

and K(ξk + εz) − K(ξk) = ε z · ∇K(ξk) + O(ε2|z|2). Multiplying the singular part
of the kernel by the leading order of the source and by dy = ε2dz, the powers of ε
cancel out, while pairing the regular part of the kernel, or the higher order part of
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the source, with the remaining factors gives O(ε); hence
∫

Ω
τk · ∇xG(ξk, y) ε2(K(y) −K(ξk))e2Uk(y) dy =

∫
R2

+

τk · z
π|z|2

(z · ∇K(ξk))
4λ2

k/K(ξk)
(λ2

k + |z − D(ξk)λkn(ξk)|2)2 dz + o(1).

Writing ∇K(ξk) = ∂τK(ξk) τk +∂nK(ξk)n(ξk) and z = z1τk + z2 (−n(ξk)): the piece
with ∂nK(ξk) is odd in z1 and its integral vanishes; the piece with ∂τK(ξk) gives

∂τK(ξk)
πK(ξk)

∫
R2

+

4λ2
kz

2
1

(z2
1 + z2

2) (λ2
k + z2

1 + (z2 + D(ξk)λk)2)2 dz

= 2 ∂τK(ξk)
K(ξk)

 1
D(ξk)

√
1 + D(ξk)2

− 1
D(ξk)2 log

1 + D(ξk)√
1 + D(ξk)2

 .
Combining the boundary and interior integrals,

∂τzε(ξk) = 2 ∂τh(ξk)√
K(ξk) + h(ξk)2

+

2 ∂τK(ξk)
K(ξk)

 1
D(ξk)

√
1 + D(ξk)2

− 1
D(ξk)2 log

1 + D(ξk)√
1 + D(ξk)2

+ o(1),

hence
∂τHk(ξk) = 2π ∂(1)

τk
H(ξk, ξk) + 2 ∂τh(ξk)√

K(ξk) + h(ξk)2

+2 ∂τK(ξk)
K(ξk)

 1
D(ξk)

√
1 + D(ξk)2

− 1
D(ξk)2 log

1 + D(ξk)√
1 + D(ξk)2

+ o(1).

Adding this to ∑i̸=k ∂τ (Ui +Hi)(ξk) = 2π∑i̸=k ∂
(1)
τk
G(ξk, ξi) + o(1) and substitut-

ing into

2Akck = −2πε
∂τHk(ξk) +

∑
i̸=k

∂τ (Ui +Hi)(ξk)
+ o(ε)

gives the desired expansion.

5.2.5 The Existence Theorem

Now we define D :=
⋃

1≤i<j≤m
{ξ = (ξ1, . . . , ξm) ∈ (∂Ω)m : ξi = ξj} and we consider

a(ξ) = (a1(ξ), . . . , am(ξ)), where ak is defined in the Proposition 5.28.

Definition 5.29. Let a : X → Rm be continuous and let ξ0 ∈ X satisfy a(ξ0) = 0.
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We say that ξ0 is a stable zero of a if, for every neighborhood U of ξ0 with U ⊂ X,
there exists δ > 0 such that every continuous map ã : U → Rm satisfying

∥ã− a∥C0(U) < δ

has a zero in U .

Theorem 5.30. Let Ω ⊂ R2 be smooth and bounded and let K,h ∈ C2(Ω) satisfy
K,h > 0. Let m ≥ 1, and let

ξ0 = (ξ0
1 , . . . , ξ

0
m) ∈ (∂Ω)m \D

be a stable zero of a. Then there exists ε0 > 0 such that, for every 0 < ε < ε0, prob-
lem (5.57) admits a solution vε concentrating at m boundary points ξ1(ε), . . . , ξm(ε) ∈
∂Ω, with

ξk(ε) −→ ξ0
k, k = 1, . . . ,m.

Proof. Let ξ0 be as in the statement. Since ξ0 ∈ (∂Ω)m \ D, there exists a neigh-
borhood U of ξ0 such that

U ⊂ (∂Ω)m \D.

By Proposition 5.28,

ck(ξ/ε) = − πε

Ak(ξ)
ak(ξ) + o(ε),

uniformly for ξ ∈ U . Define

ĉε(ξ) := 1
ε

(
c1(ξ/ε), . . . , cm(ξ/ε)

)
.

Then
ĉε(ξ) −→ M(ξ)a(ξ) uniformly on U,

where
M(ξ) := −π diag

(
1

A1(ξ)
, . . . ,

1
Am(ξ)

)
.

Since Ak(ξ) > 0, the matrix M(ξ) is invertible for every ξ ∈ U . Moreover, M−1 is
continuous on U . Hence the maps

ãε(ξ) := M(ξ)−1ĉε(ξ)
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are continuous on U and satisfy

ãε −→ a uniformly on U.

Since ξ0 is a stable zero of a, there exists δU > 0 such that every continuous map
ã : U → Rm satisfying ∥ã − a∥C0(U) < δU has a zero in U . Since ãε → a uniformly
on U , for ε sufficiently small this applies to ãε, so the set

Zε := {ξ ∈ U : ãε(ξ) = 0}

is non-empty; being closed in the compact set U , it is compact. Choose ξ(ε) ∈ Zε

with |ξ(ε) − ξ0| = minξ∈Zε |ξ − ξ0|.
We claim that ξ(ε) → ξ0. Let V ⊂ U be any neighborhood of ξ0 with V ⊂ U . By

the stability of ξ0, there exists δV > 0 such that every continuous map ã : V → Rm

satisfying ∥ã− a∥C0(V ) < δV has a zero in V . Since ãε → a uniformly on U ⊃ V , for
ε sufficiently small there exists η(ε) ∈ V with ãε(η(ε)) = 0; thus η(ε) ∈ Zε, and by
minimality of ξ(ε),

|ξ(ε) − ξ0| ≤ |η(ε) − ξ0|.

Since V can be taken arbitrarily small around ξ0, it follows that ξ(ε) → ξ0.
Since ξ(ε) ∈ Zε, we have ãε(ξ(ε)) = 0, and since M(ξ(ε)) is invertible,

ĉε(ξ(ε)) = 0, i.e. ck(ξ(ε)/ε) = 0, k = 1, . . . ,m.

Finally, setting
ξ′(ε) = ξ(ε)

ε
,

we have
ck(ξ′(ε)) = 0, k = 1, . . . ,m.

Hence the solution
uξ′(ε) = Vξ′(ε) + φξ′(ε)

of the projected problem solves the rescaled problem. Scaling back to the original
variables, we set

vε(x) = uξ′(ε)(x/ε) − 2 log ε.

Then vε solves (5.57) and concentrates at the boundary points

ξ1(ε), . . . , ξm(ε),
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which satisfy
ξk(ε) −→ ξ0

k, k = 1, . . . ,m.

Remark 5.31. A non-degenerate zero of a is a stable zero. More generally, an
isolated zero with non-zero local degree is stable under sufficiently small C0 pertur-
bations.

Remark 5.32. There are cases in which the reduced vector field a admits a zero in
(∂Ω)m \D. Suppose, for instance, that

K ≡ K0 > 0 on ∂Ω.

Then the last term in the definition of ak vanishes and

ak(ξ) = 2π∂(1)
τk
H(ξk, ξk) + 2π

∑
i̸=k

∂(1)
τk
G(ξk, ξi) + 2∂τkh(ξk)√

K0 + h(ξk)2
.

In this case a is the tangential gradient of the function

Φ(ξ) := π
m∑
j=1

H(ξj, ξj) + 2π
∑

1≤i<j≤m
G(ξi, ξj)

+ 2
m∑
j=1

log
(
h(ξj) +

√
K0 + h(ξj)2

)
,

namely
ak(ξ) = ∂τkΦ(ξ), k = 1, . . . ,m.

Moreover, since
G(x, y) = − 1

2π log |x− y|2 +H(x, y),

we have
Φ(ξ) −→ +∞ as ξ → D.

Fix a connected component Γ of ∂Ω. Then there exists d > 0 such that

Φ(ξ) > Φ(ξ̄) whenever min
i̸=j

|ξi − ξj| < d,

for some fixed ξ̄ ∈ Γm \D. Therefore Φ attains its minimum on the compact set

{ξ ∈ Γm : |ξi − ξj| ≥ d for every i ̸= j} ,

and such a minimum ξ0 belongs to Γm \D.
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Consequently,
a(ξ0) = 0.

Moreover, for a generic choice of h, the function Φ is Morse. Indeed, view a = a(ξ;h)
as depending on the parameter h in the Banach space C2

+(∂Ω) of positive functions.
Since aj(ξ;h) depends on h only through h(ξj) and ∂τjh(ξj), for any zero (ξ, h) of a
and any index k a perturbation of h supported near ξk alone, with δh(ξk) = 0 and
∂τk(δh)(ξk) = 1, changes only the k-th component of a, by 2√

K0+h(ξk)2
̸= 0; varying

k = 1, . . . ,m shows Dha(ξ;h) : C2
+(∂Ω) → Rm is onto. Hence 0 is a regular value

of a(· ; ·), and by the Sard–Smale theorem it is a regular value of a(· ;h). Hence
all critical points of Φ are non-degenerate. In particular, the minimum ξ0 obtained
above is a non-degenerate critical point, and therefore is a stable zero of a, so we
can apply Theorem 5.30.
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Appendix A

Useful Tools and Computations

A.1 Test functions

Consider a point p ∈ ∂Σ. Let q = p + q2n(p), where n denotes the outward unit
normal to ∂Σ, and choose q2 > 0 small enough so that q lies in a smooth extension
of Σ. For a parameter µ satisfying µ d(x, q) > 1 for every x ∈ Σ, define

φµ,p : Σ → R, φµ,p(x) = log 4µ2

(µ2d2(x, q) − 1)2 ,

and
φ̃µ,p : Σ → R, φ̃µ,p(x) = φµ,p(x) − log |K(x)|. (A.1)

Lemma A.1. Let p ∈ ∂Σ satisfy D(p) > 1, and let I be the functional defined in
(3.3). With φ̃µ,p as in (A.1), one has

I(φ̃µ,p) → −∞,
∮
∂Σ
e
φ̃µ,p

2 → +∞ as µ → 1
d(p, q) = 1

q2
.

Proof. Observe that

I(φ̃µ,p) =
∫

Σ

(
1
2 |∇φ̃µ,p|2 + 2K̃ φ̃µ,p + 2eφµ,p

)
− 4

∮
∂Σ

D eφµ,p/2.

Fix ε > 0. By Young’s inequality the gradient term may be estimated as

1
2

∫
Σ

|∇φ̃µ,p|2 ≤
(

1
2 + ε

) ∫
Σ

|∇φµ,p|2 +O(1).

We treat the remaining contributions separately and claim the following esti-
mates: ∫

Σ
|∇φµ,p|2 ≤ 8π√

µ2q2
2 − 1

+ o
(

1√
µ2q2

2−1

)
, (A.2)
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∫
Σ
eφµ,p ≤ 2πµq2√

µ2q2
2 − 1

+ o
(

1√
µ2q2

2−1

)
, (A.3)

∮
∂Σ

D eφµ,p/2 ≥ min
Bp(r)∩∂Σ

D
2π√

µ2q2
2 − 1

+ o
(

1√
µ2q2

2−1

)
, (A.4)

∫
Σ
K̃ φ̃µ,p ≤ O(1). (A.5)

From these estimates the conclusion of the lemma follows immediately.

Proof of (A.2).

Fix r > q2 and split the integral as
∫

Σ
|∇φµ,p|2 dVg =

∫
Σ\Bq(r)

|∇φµ,p|2 dVg +
∫
Bq(r)∩Σ

|∇φµ,p|2 dVg.

Using the inequality |∇d(x, z)2| ≤ 2d(x, z), we obtain the pointwise bound

|∇φµ,p(x)| = 2µ2 |∇d2(x, q)|
µ2d2(x, q) − 1 ≤ 4µ2 d(x, q)

µ2d2(x, q) − 1 for all x ∈ Σ.

Working in normal coordinates centered at q, and using

dVg = (1 + or(1)) dx, d(q, x) = |x− q| for x ∈ Bq(r) ∩ Σ,

one finds, for r small,

∫
Bq(r)∩Σ

|∇φµ,p|2 dVg ≤ 16µ4
∫
B+
q (r)

(1 + or(1)) |x− q|2 dx
(µ2|x− q|2 − 1)2 ,

where B+
q (r) = {(x1, x2) ∈ R2 : x2

1 + (x2 + q2)2 < r2, x2 > 0}.
Write

(A) :=
∫
B+
q (r)

µ4|x− q|2

(µ2|x− q|2 − 1)2 dx =
∫
B+
q (r)

µ2(1 + or(1))
(µ2|x− q|2 − 1)2 dx.

Passing to polar coordinates centered at (0,−q2), with (ρ, θ), and using the
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change of variables t = µ2ρ2 − 1, we get

∫
B+
q (r)

µ2 dx

(µ2|x− q|2 − 1)2 = 2
∫ π/2

arcsin( q2
r

)

∫ r

q2
sin θ

µ2ρ

(µ2ρ2 − 1)2 dρ dθ

=
∫ π/2

arcsin( q2
r

)

∫ µ2r2−1
µ2q2

2
sin2 θ

−1

dt

t2
dθ

=
∫ π/2

arcsin( q2
r

)

sin2 θ

µ2q2
2 sin2 θ − sin2 θ

dθ +O(1)

= µq2√
µ2q2

2 − 1

[
arctan

(√µ2q2
2 − 1

µq2
tan θ

)]π/2

arcsin( q2
r

)
+O(1)

= µπq2

2
√
µ2q2

2 − 1
+O(1).

(A.6)
On the complement Σ \Bq(r) we have the uniform bound

|∇φµ,p(x)| ≤ diam(Σ)
µ2r2 − 1 for all x ∈ Σ \Bq(r),

and since µr > µq2 > 1 this yields
∫

Σ\Bq(r)
|∇φµ,p|2 = O(1). (A.7)

Combining (A.6) and (A.7) proves (A.2).

Proof of (A.3).

Split ∫
Σ
eφµ,p =

∫
Bq(r)∩Σ

eφµ,p +
∫

Σ\Bq(r)
eφµ,p .

In normal coordinates
∫
B+
q (r)

eφµ,p dx = 4
∫
B+
q (r)

µ2 dx

(µ2|x− q|2 − 1)2 = 4 (A),

where (A) is defined above.
Moreover, for x ∈ Σ \Bq(r) we have the uniform bound

eφµ,p ≤ 4µ2

(µ2r2 − 1)2 ,

hence ∫
Σ\Bq(r)

eφµ,p = O(1). (A.8)
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Using (A.6) and (A.8) yields (A.3).

Proof of (A.4).

Write ∮
∂Σ

D eφµ,p/2 =
∮
Bp(r)∩∂Σ

D eφµ,p/2 +
∮
∂Σ\Bp(r)

D eφµ,p/2,

and estimate the first term from below as
∮
Bp(r)∩∂Σ

D eφµ,p/2 ≥ min
Bp(r)∩∂Σ

D(x)
∮
Bp(r)∩∂Σ

eφµ,p/2.

Taking r sufficiently small and using normal coordinates along the boundary, we
compute

∮
Bp(r)∩∂Σ

eφµ,p/2 = 2
∫ r

0

µ dx1

µ2(x2
1 + q2

2) − 1 = π√
µ2q2

2 − 1
+O(1). (A.9)

On ∂Σ \Bp(r) the function eφµ,p/2 is uniformly bounded, so
∣∣∣∣∣
∮
∂Σ\Bp(r)

D eφµ,p/2
∣∣∣∣∣ ≤ O(1). (A.10)

Combining (A.9) and (A.10) establishes (A.4).

Proof of (A.5).

By the definition of φ̃µ,p one checks directly that
∫

Σ
K̃ φ̃µ,p ≤ −C

∫
Σ
φµ,p +O(1).

Finally, since the pointwise inequality

log 4µ2

(µ2q2
2 − 1)2 ≤ φµ,p(x) holds for all x ∈ Σ,

the estimate (A.5) follows.
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A.2 An Harnack type inequality

Lemma A.2. Let f ∈ Lp(B+
r ) for some 1 < p ≤ +∞ and g ∈ Lq(∂B+

r ∩ {t = 0})
for some 1 < q ≤ +∞. Suppose that u satisfies



−∆u = f in B+
r ,

∂u

∂t
= g on ∂B+

r ∩ {t = 0},

u ≤ 0 on ∂B+
r ∩ {t > 0}.

Then, for any 0 < θ < 1, there exist a constant β ∈ (0, 1) depending only on r, θ,
and a constant γ > 0 depending only on r, p, q, such that

sup
B+
θr

u ≤ β inf
B+
θr

u+ (1 + β)γ
(
∥f∥Lp(B+

r ) + ∥g∥Lq(∂B+
r ∩{t=0})

)
.

Proof. Let w solve 

−∆w = f in B+
r ,

∂w

∂t
= g on ∂B+

r ∩ {t = 0},

w = 0 on ∂B+
r ∩ {t > 0},

and set v = w − u. Then v satisfies

−∆v = 0 in B+
r ,

∂v

∂t
= 0 on ∂B+

r ∩ {t = 0},

v ≥ 0 on ∂B+
r ∩ {t > 0}.

By the maximum principle and Hopf’s lemma, v ≥ 0 in B+
r . By even reflection

across {t = 0}, v becomes a harmonic function in Br with v ≥ 0. Hence, by the
Harnack inequality for nonnegative harmonic functions, for any 0 < θ < 1 there
exists β ∈ (0, 1), depending only on r, θ, such that

sup
B+
θr

v ≤ 1
β

inf
B+
θr

v. (A.11)
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Next, decompose w = w1 + w2, where w1 and w2 solve respectively


−∆w1 = f in B+
r ,

∂w1

∂t
= 0 on ∂B+

r ∩ {t = 0},

w1 = 0 on ∂B+
r ∩ {t > 0},



−∆w2 = 0 in B+
r ,

∂w2

∂t
= g on ∂B+

r ∩ {t = 0},

w2 = 0 on ∂B+
r ∩ {t > 0}.

By even extension, w1 can be regarded as the solution of a Poisson problem in
Br, and standard Lp-estimates yield

sup
B+
r

|w1| ≤ γ1∥f∥Lp(B+
r ) (A.12)

for some constant γ1 depending only on r, p.
For w2, define for x ∈ B+

r

φ(x) = 1
2π

∫
∂B+

r ∩{t=0}

(
log 2r

|y − x|
+ log 2r

|y − x̄|

)
|g(y)| dy,

where x̄ denotes the reflection of x about {t = 0}. Then φ ≥ 0 in B+
r and satisfies


−∆φ = 0 in B+

r ,

∂φ

∂t
= −|g| on ∂B+

r ∩ {t = 0}.

It is clear that
sup
B+
r

φ ≤ γ2∥g∥Lq(∂B+
r ∩{t=0}) (A.13)

for some γ2 depending only on r, q.
Now consider 

−∆(w2 − φ) = 0 in B+
r ,

∂(w2 − φ)
∂t

= g + |g| on ∂B+
r ∩ {t = 0},

w2 − φ = 0 on ∂B+
r ∩ {t > 0}.

By the maximum principle and Hopf’s lemma, w2 ≤ φ in B+
r . A similar argument

applied to w2 + φ gives w2 ≥ −φ, hence

|w2| ≤ φ in B+
r , and thus sup

B+
r

|w2| ≤ γ2∥g∥Lq(∂B+
r ∩{t=0}). (A.14)
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Combining (A.12) and (A.14), we obtain

sup
B+
r

|w| ≤ γ
(
∥f∥Lp(B+

r ) + ∥g∥Lq(∂B+
r ∩{t=0})

)
, (A.15)

for some γ > 0 depending only on r, p, q.
Finally, since u = w − v, from (A.11) and (A.15) it follows that

sup
B+
θr

u ≤ β inf
B+
θr

u+ (1 + β)γ
(
∥f∥Lp(B+

r ) + ∥g∥Lq(∂B+
r ∩{t=0})

)
,

which completes the proof.

A.3 Integrals and Taylor Expansions for the disk
case

Here we only state some technical propositions; their proofs can be found in the
appendices of [4].

Proposition A.3. Let ξ ∈ ∂D. For any z ∈ D one has

|f(z) − ξ| = O

(
δ

δ + |z + ξ|

)
, (A.16)

and in particular

∥f(z)−ξ∥Lp(D) =


O(δ) 1 ≤ p < 2,

O
(
δ
√

log 1
δ

)
p = 2,

O
(
δ

2
p

)
p > 2,

|f(z) − ξ|Lp(∂D) =

O
(
δ log 1

δ

)
p = 1,

O
(
δ

1
p

)
p > 1.

Moreover, if z ∈ ∂D and h ∈ C2 (∂D), then

h(f(z)) − h(ξ) = δh′(ξ)Θ(z) +O

(
δ2

(δ + |z + ξ|)2

)
,

with

Θ(z) = Θδ,ξ(z) :=
2
〈
z, ξ⊥

〉
1 + (1 − δ)2 + 2(1 − δ)⟨z, ξ⟩ .

Proposition A.4. Given ξ ∈ ∂D,
∫
∂D

(h(f(z)) − h(ξ))dz = −2πδ(−∆) 1
2h(ξ) +O

(
δ2
)
.
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Proposition A.5. The following identities hold true:

1.
∫
D

(1 − δ)|w|2 − 1 + δw1

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3 w1 dw = 2π
(φ(ξ)2 +K(ξ))2 +O(δ).

2. ∫
D

(2 − δ)w2

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3 w1 dw = 0.

3. ∫
D

(1 − δ)|w|2 − 1 + δw1

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3 w2 dw = 0.

4.

∫
D

(2 − δ)w2

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3 w2 dw = 2π
(φ(ξ)2 +K(ξ))2 +O(δ).

Proposition A.6. The following identities hold true:

1. ∫
Ωδ

dw

(1 + w1)2 + w2
2

= π log 1
δ

+O(1).

2. ∫
Ωδ

(1 + w1)2 − w2
2

((1 + w1)2 + w2
2)2 dw = O(1).

3. ∫
Ωδ

(1 + w1)w2

((1 + w1)2 + w2
2)2 dw = 0.

where
Ωδ :=

{∣∣∣∣∣w − 1 − δ

δ

∣∣∣∣∣ ≤ 1 − δ

δ

}
.

Proposition A.7. The following identities hold true:

1. ∫
∂D

(h(f(z)) − h(ξ))⟨z, ξ⟩dz = 2πδ(−∆) 1
2h(ξ) +O

(
δ2
)
.

2. ∫
∂D

(h(f(z)) − h(ξ))
〈
z, ξ⊥

〉
dz = 2πδh′(ξ) +O

(
δ2
)
.

Proposition A.8. The following identities hold true:
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1.
∫
∂D

log |z + ξ|(h(f(z)) − h(ξ))⟨z, ξ⟩dz = −2πδ log 1
δ

(−∆) 1
2h(ξ) +O(δ).

2.

∫
∂D

arctan

〈
z, ξ⊥

〉
1 + ⟨z, ξ⟩

(h(f(z)) − h(ξ))⟨z, ξ⟩dz = −2πδ log 1
δ
h′(ξ) +O(δ).

3. ∫
∂D

log |z + ξ|(h(f(z)) − h(ξ))
〈
z, ξ⊥

〉
dz = O(δ).

4. ∫
∂D

arctan

〈
z, ξ⊥

〉
1 + ⟨z, ξ⟩

(h(f(z)) − h(ξ))
〈
z, ξ⊥

〉
dz = O(δ).

Proposition A.9. The following identities hold true:

1. ∫
D
eV (z)dz = 4π

φ(ξ)2 +K(ξ) .

2. ∫
∂D

log |z − w|dz = 0 for every w ∈ ∂D.

Proposition A.10. The following identities hold true:

1. ∫
D

(1 − δ)|w|2 − 1 + δw1

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)2dw = − 4π
φ(ξ)2 +K(ξ) .

2. ∫
D

(2 − δ)w2

|1 + (1 − δ)w|2
4φ(ξ)2

(φ(ξ)2 +K(ξ)|w|2)3dw = 0.

Proposition A.11. The following identities hold true:

1.
2K(ξ)

∫
D
eV Z2

1 = 2K(ξ)
∫
D
eV Z2

2 = π
2K(ξ) (3φ(ξ)2 +K(ξ))
3φ(ξ)2 (φ(ξ)2 +K(ξ))3 .

2.
h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D

Z2
1 = h(ξ)2φ(ξ)

φ(ξ)2 +K(ξ)

∫
∂D

Z2
2 = π

φ(ξ)2 −K(ξ)
(φ(ξ)2 +K(ξ))3 .
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