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Abstract

We study the problem of prescribing Gaussian and geodesic curvature on a surface
with boundary, which leads to a nonlinear elliptic PDE with a nonlinear Neumann
boundary condition. We first investigate obstructions to existence, develop a vari-
ational framework, and analyze the blow-up behavior of solutions. Finally, in the
case of a bounded domain in R?, we construct new blowing-up solutions via a Lya-

punov—Schmidt reduction.



Chapter 1
Introduction

Let X be a compact surface with boundary 9%, endowed with a Riemannian metric
§ with Gaussian curvature & and geodesic curvature h along the boundary. Given

functions K : ¥ — R and h : 0¥ — R, we look for a conformal metric

g=c¢yg

whose Gaussian curvature is K and whose geodesic curvature along 9% is h. The

conformal factor w satisfies

—Au+2K(x) = 2K (x)e*, in %,

ou ~ (1.1)
I + 2h(x) = 2h(z)e*?,  on 0%,

where n denotes the outward unit normal.

Two particular cases will be considered throughout the thesis. The first is the
unit disk D equipped with the Euclidean metric. Since in this case K = 0 and h = 1,
(1.1) becomes

—Au = 2K (z)e", in D,
ou (1.2)

5, T2= 2h(z)e*?,  on OD.

The second case is obtained by choosing the background metric so that K is constant
and 9Y is geodesic, namely h = 0. As shown in Proposition 3.1, this normalization

can always be achieved, and the problem takes the form

—Au+ 2K = 2K (z)e*, in %,

(1.3)
gz = 2h(x)e"/?, on 9.



Equation (1.3) is the setting of the variational analysis in Chapter 3, while the flat
problem (1.2) is the model considered in the blow-up analysis of Chapter 4 and in
the construction of solutions in Chapter 5.

A first obstruction to solvability is obtained by integrating (1.1) and using the
Gauss—Bonnet Theorem for both g and g:

/f(+/ ﬁ:2wx(2):/Ke“+/ het2.
by ox b ox

Thus the topology of ¥ imposes a compatibility condition on the prescribed cur-
vatures. Chapter 2 develops this point of view further, proving a topological ob-
struction and deriving a Pohozaev-type identity, which in the disk case yields a
Kazdan—Warner identity. Together with the variational theory of Chapter 3 and the
blow-up analysis of Chapter 4, with the exception of Sections 2.2 and 4.3, where we
followed [20], these results follow closely the approach of Lépez Soriano, Malchiodi
and Ruiz [29].

Chapter 3 is devoted to the variational structure of (1.3). The associated energy
functional is studied first in the coercive regime, where existence follows by direct
minimization. When coercivity fails, a min-max construction is developed by com-
bining the monotonicity argument of Struwe, in the form introduced by Jeanjean,
with a deformation argument of Fang and Ghoussoub.

The failure of compactness of the corresponding solutions is studied in Chapter
4. We first analyze the limiting problems in the plane, the half-plane and the
disk, including the relation between the possible blow-up profiles and their Morse
index. We then consider the case of negative Gaussian curvature on a general
compact surface and describe the possible concentration phenomena under suitable
boundedness assumptions. In the case of the disk, Section 4.3 gives a more precise
description of the blow-up: under the assumptions of Theorem 4.21, a blowing-up
sequence concentrates at a single point p € 0D, admits a sharp asymptotic profile,

and the concentration point satisfies the criticality condition for

¢(p) = h(p) + \/h(p)? + K(p).

This part follows the analysis of Jevnikar, Lopez Soriano, Medina and Ruiz [20].

Chapter 5 addresses the corresponding existence problem for blowing-up solu-
tions. Section 5.1 considers the disk and, under suitable non-degeneracy assumptions
at a critical point of ¢, constructs a family of solutions concentrating at that point
by means of a Lyapunov—Schmidt reduction, following the construction of Battaglia,
Medina and Pistoia [4].



In Section 5.2 we consider an analogous construction on a smooth bounded do-
main ) C R?, allowing for m distinct concentration points on 9. This is obtained
by adapting the construction of Davila, del Pino and Musso in [10], but in our case
the boundary condition contains a nonlocal term depending on the global interior
and boundary mass of the solution, due to the compatibility of the problem. The
finite-dimensional reduction developed in this section leads to a system of equa-
tions for the locations of the concentration points and provides the existence of the

resulting concentrating solutions.



Chapter 2
Obstructions to Existence

We begin by deriving necessary conditions to the existence of solutions, including
some obstructions for the existence of solutions to problem (1.1), which in some sense
complement the existence results given in Theorems 3.4, 3.5, and 3.14. Moreover, we
establish a Pohozaev-type identity, from which we derive a Kazdan—Warner identity
in the case of the disk, this Pohozaev-type identity will also be used in subsequent
computations.

The first tool to derive necessary conditions is the Gauss—Bonnet theorem, ap-
plied both to the metric g and to the metric ¢ (after integrating and summing the

equations), which yields

/K+ hz?wx(E):/Ke“—l— hew'?. (2.1)
b oY > 1))

For example, the first equality implies that a disk with Gaussian curvature —1
and constant geodesic curvature h exists only when h > 1. In [21], the problem of
prescribing constant curvatures K, hi, and hy on an annulus is addressed. In this
case, all solutions are known explicitly; in particular, the following result is proved
(see [21], [Corollary 1, Section 3|):

Theorem 2.1. Let X be an annulus with K = —1 and constant geodesic curvatures

hy and ho on its two boundary components. Then:
i) either hy + hy > 0 and both h; < 1;
it) or hy + hy <0 and some h; > 1;
iti) or hy =1, hg = —1, or vice versa.

As can be seen, Theorem 3.5 corresponds to case (i), whereas Theorem 3.14 is

related to case (7).



2.1 A Topological Obstruction

The assumptions of Theorems 3.4, 3.5, and 3.14 are also natural in view of the

following result:

Theorem 2.2. Let ¥ be a compact surface with boundary 0%, and denote by h its

geodesic curvature. Assume that

h(z) > \/|K—(p)| forallz € 0%, pe X.

Then ¥ is homeomorphic to a disc.

Proof. Assume by contradiction that X is not a topological disc, and consider the

following two cases:

Case 1: 0% is not connected. Let Ag be a connected component of 9%, and let v be a
curve minimizing the distance between Ay and 03 \ Ag. Then the length of ~

solves the problem
L = inf {Length(y) : ~:[0,1] = X, v(0) € Ay, 7(1) € 90X\ Ap}.

We may assume that 7 is parametrized by arc-length, and set p = ~(0),
¢ = 7(1). The curve ~ exists since the above infimum is attained, by the

Ascoli-Arzela theorem.

Take a neighborhood O C ¥ of ([0, L]), and define A; C O to be the parallel

curve to Ag at distance ¢t € [0, L], namely
A ={x €O :d(z,Ny) =t},
where d denotes the geodesic distance in . Observe that A, is the image of

Ve(8) = expy ) (tn(s)),

where ¢ is a local parametrization of Ag around p, and n(s) is the outward

unit normal to Ay.

We now show that 7; is a regular curve for each ¢ € [0, L], provided O is suffi-
ciently small. Suppose by contradiction that there exists ¢ such that 4z(0) = 0.
Let \g be the first eigenvalue of the operator J = 9? + K with Neumann

boundary conditions. Since v minimizes the distance between two connected



Case 2:

components of 9%, we have A\g > 0. Let ¢y be the corresponding (positive)

eigenfunction.

Define ¥(t) = g(4(0),v(t)), where v is the parallel unit normal field along
with v(0) = ¢/(s0). Since ¢(s) = expyy (tn(s)), the field £ — 4,(0) is a Jacobi
field along v, so 9 solves J(¢) = " + K1 = 0 with ¢(0) = 1. Its derivative at
t = 0 is not zero: by the standard formula for the variation field of a normal
exponential map along a curve, ¢'(0) = — (Vg (so)n, ¢'(s0)) = —h(p), since Ay

has geodesic curvature h(p) at p with respect to n. By assumption, 1(t) = 0.

This means that ¢ is a focal point of Ay along v. But ~ realizes the distance
between Ay and 90X\ Ay, meeting each orthogonally; by the classical fact that
a geodesic realizing the distance between two submanifolds contains no focal
point of either one in the open interval (0, L) (see e.g. [33], Appendix A), this

is a contradiction.

0 is connected.

Let ¥ be the compact surface obtained by identifying 8% to a single point. If
Y is not a topological disc, then ¥ is not homeomorphic to a sphere, hence it

is not simply connected. Consider the following minimization problem:
inf {Length(y) : ~v:[0,L] = %, {7(0),v(L)} C 9%, [¥] non-trivial},

where 5 : [0,L] — 5 denotes the curve obtained from ~v by applying the

identification, and [7] its homotopy class.

>

Figure 2.1: A curve minimizing the distance in X with non-trivial homotopy class

in 2.

Clearly, this infimum is attained at some 7 (as in Figure 2.1, below), which is
a local minimizer of the distance. We can now repeat the arguments of Case 1

and again reach a contradiction.



]

Remark 2.3. Let us point out that in case of a disk we can have h(z) > /| K~ (p)|
for all x € 0%, p € X. For instance, in the Poincaré disk there are balls with constant

geodesic curvature h > 1.

2.2 A Pohozaev type identity and a Kazdan-Warner
identity

The following lemma gives a Pohozaev type identity, depending on an arbitrary field
F.

Lemma 2.4. Let u be a solution of
—Au+ 2K = 2K (z)e", in 2.
Then, given any vector field F': ¥ — T, there holds:
fgz[éLK(:L’)e“(F )+ 2(Vu - v)(Vu - F) — [Vul2F - V]
— /E[4f<vu F+4¢"(VK - F+ K V- F)+ 2DF(Vu, Vu) — V - F|Vul?.
Proof. We start from the following basic identity:
2N (Vu-F)= V- (2(% F)Vu— |Vu|2F) —ODF(Vu, V) + |Vul?V - F, (2.2)

where DF (Vu,Vu) = > 0iFy Opu Oju.
Multiplying the equation Au + 2Ke* = 2K by 2Vu - F and integrating over 3,
we get
/ZQAU (Vu- F) = /Ezu%(vu F) - /Z4Ke“(Vu . F).

Using the divergence theorem in (2.2):
/ 2Au (Vu-F) = / [Q(VU-F)(VU-V)—|Vu]2(F-V)} +/ {—QDF(VU,VU)HVUPV-F].
s ox s

For the nonlinear term, again by the divergence theorem:

Ke'(F - v) —/ (VK -F+ KV - F)

ox P

4/2K6“(VU-F):4{

Combining all these expressions, we obtain the final identity. m

10



From this we can obtain the following Kazdan-Warner identity.

Proposition 2.5. Let u is a solution of (1.2). Then

/e”VK-F:él/ h,e'?y,
D oD

where F(x,y) = (1 — 2% + y?, —2xy), or in complex notation, F(z) =1 — 22,

Proof. Consider

A+ 2z
Ia(z) = 1+ Xz

with A € (—1,1). We define v)(2) = u(fr(2))+21log(| f1(2)|). By direct computation,

using the notation z = x + iy, we can see that

d
am(z) - =Vu-F —4az.
Observe that on D, F' is a tangential vector field, and F'-7 = —2y, where 7(x,y) =

(—y,x). Moreover, since F' is holomorphic, the Cauchy-Riemann conditions yield

[Vul? _

DF(Vu,Vu) -V - F 5

0.

Then, inserting in the Pohozaev-type identity of the previous Lemma, we obtain
/a (2he"? = 2)(=2y)u, = /D 2(VK - F — 4zK). (2.3)

We now multiply (1.2) by 42 and integrate to obtain

8/K€u$:4/ua¢—4 Z’VU~V=4/u;p—4 x(2he“/2—2)
D D oD D oD

(2.4)
= 4/ Uy + 4/ y(2hTe“/2 + he“/QuT).
D oD

Observe also that, integrating by parts,

/é)DyuT:—/amxu:—/Dux. (2.5)

Putting together (2.3), (2.4) and (2.5) we conclude. O

Remark 2.6. By symmetry, exchanging the roles of the variables x and y and re-
versing the orientation of the tangential vector 7, one obtains an analogous identity.
More precisely, let

F(z,y) = (1—y* + 2%, —2xy),

11



which corresponds in complex notation to F(z) = i(1 + 22). Then, if u is a solution
of (1.2), it holds

/e"VK-F: —4/ h.e“?z.
D oD

Remark 2.7. Let us observe that the Kazdan-Warner identity given in Proposition

2.5 can be written as
/ ¢'(1+ 22 + 12 VK - VT = —8/ h.Tye"/?,
D D

where T'(z,y) = As a consequence, if VK - VT, h, T, are both positive (or

Tty
negative), then (1.2) does not admit any solution.

12



Chapter 3

Variational Study of the Energy

Functional

3.1 Reduction to Constant K and h = 0

The first result of the section let us show that we can always prescribe zero geodesic

curvature and constant Gaussian curvature.

Proposition 3.1. Equation 1.1 is always solvable if h =0 and K = sgnx(X). The
solution is unique if K = —1, unique up to a constant if K = 0, and unique up to

a Mébius transformations if K = 1.

Proof. o Case x(X) < 0: We need to study the energy functional

J(u):/ < |Vu|2—|—2Ku+26)+ (; 2hu
s b

:/E< |Vu|2+2K<u—][ )+efzuzeu fou )
+7g 2Bu—][ +2][ (/K+/82>

Let v = u — 4 u. By the continuous embedding H'(3) < L*(9%), Holder’s

inequality and Poincaré’s inequality, we have

’/ 2Kv
)
j{ 2hv
%

Moreover, by Young’s inequality, we have

<2[|K |2 [vl| 2y < ClIVY 12,

< 2||Al 2om [0 ]l 205y < Cllvllmnes) < ClIV||r2gs)

1
CIVellien < 5 (5IVola +2¢2). (31)

13



Furthermore, by Jensen’s inequality we know that

][Ze” >1 (3.2)

With these estimates in hand and recalling that by the Gauss-Bonnet theorem

/2K+/«92B:27TX(2)’

we have the coercivity of the functional:
1
J(u) 2 {|IVulie = €+ 4nx(®) £, u+ 2[Tleds " = +oo
b

when ||u|| s, ) = +00.

We now prove that J is weakly lower semicontinuous: Let u, — u in H'(3),
then Vu,, — Vu in L*(X) and u,, — u in L*(X), so for the lower semicontinuity

of the norm and since the terms with K and h are in L*(X)* we have

||VU,| |L2(2) S hggg.}f ||Vun| |L2(E)

/Zf(u: lim/2[~(un
» n—oo »

2hu = lim QfLun
% n—oo Jo5;

moreover, up to subsequences, u,, — u a.e. and so by Fatou’s lemma

/ e <liminf [ e"".
b

n—o0 b

Thus
J(u) < liminf J(u,)

n—oo

Since the functional J is weakly lower semicontinuous and coercive it attains

its minimum. Uniqueness follows from the strict convexity of the functional

J.

« Case x(X2) = 0: We are looking for a solution to

—Au+2K =0, inX,

9u 1 2h =0, on dY,

14



which is equivalent to finding u € H*(X) such that
/Evu VodV = /E2f(gbdv+/82 2hodS Vo e H'(S).
We consider the Hilbert space
HU(E) = {u e H'(S) | ][EudV - o}.

On this space, the bilinear form [, Vu-V¢ dV defines an inner product equiva-
lent to the standard H'-inner product. Moreover, the right-hand side defines a
continuous linear functional on H!'(X). Hence, by the Lax—Milgram theorem,
there exists a unique solution u € H'(X) (so unique up to additive constant
in H(X)).

o Case x(X) > 0: The only case is x(X) = 1, then ¥ is topologically a disk. By
the Uniformization Theorem, ¥ is conformally equivalent to the hemisphere
so the statement follows.

]

Thanks to the above result, we can assume that our initial metric has constant
Gaussian curvature and that 9% is geodesic. Hence our problem reduces to the

study of the functional

I(u) = /E (;\Vu\Q 4 2RKu — 2K(x)e“) —4§ _h(x)e"”. (3.3)

3.2 Existence results by minimization

We start by defining the quantity that appear in the existence theorems:

(3.4)

The following estimate will be crucial in the variational study of I.

Lemma 3.2. Define ® = max{®*(z) : x € 0X}. For any ¢ > 0 there exists C > 0
such that:

) 1
4d he? < (@ +e) (/ SIVul? + 2|K\eu> +C
% ¥ 2

Proof. Take a finite partition of unity {gzﬁj}]]\il of 0¥ such that for all j one has
diam(supp ¢;) < ¢ for some fixed 6 > 0. We denote by X; the support of ¢;. Take

15



a smooth vector field N in ¥ such that N(z) = v(z) on the boundary, |[N(x)| < 1.

Then, we use the divergence theorem to obtain:

2 N () -
§ o= ] o N@) - ()
1
:Aﬁﬂh@JWMMMN+2@WrN

1
gcédm+§édmwm@. (3.5)

Let us set h; = sup,ex, {A"(z)}. If the diameter of ¥; is small enough, one has
that h; < (D +¢)y/|K ()| for any € ¥, (continuity of D*). Then

M M
4 he/? = 4 7{ he''? < 4 B-?{ ot/?
oy, jz::l ox. ?; - jz::l T Jos ¢

M
u/2 - Lu/2
SC’/Ee +(©—|—5)]§:12/E\/|K|¢]e |Vu|
_ M 1
w/2 oY _ . 2
gC/Ee + (D +¢) <]§:12/Z|K|¢Je +2/Z¢J|Vu|)

:C'/Ee“/2+(£‘5+5) <2/E|K|e“+;/Z|Vu|2).

We conclude by observing that [y, e/? < ¢ [ ¢*+C and renaming ¢ appropriately.
[

Remark 3.3. Under the hypothesis of the Moser—Trudinger inequality on X, sum-
ming over all j in (3.5) and applying Young’s inequality as in the previous proof,

we obtain that the family
{eo> - u e H'(D), [u]lgr(z) < C}

is uniformly integrable on 0.
The first existence result regard the case K < 0:

Theorem 3.4. Assume that K < 0. Let K,h be continuous functions such that
K <0 and D(p) < 1 for allp € 03. Then I attains its infimum and hence problem

1.1 admits a solution. If moreover h <0, then the solution is unique.

Proof. Recalling the notation from the previous Lemma we have ® < 1, so we can

choose ¢ with ® + ¢ < 1 — . By inserting the inequality of the Lemma 3.2 into the

16



definition of I and using Jensen inequality, we obtain coercivity:
I(u) > / <;\VU\2 + 2e|K|e" + 2[~(u) -C
)

> [ IVu+ 22 min K| e + 2SR fu—C —— +oo.
b 3

Hu||H1—>oo

As shown in Proposition 3.1, the terms in the integral over Y are weakly lower
semicontinuous. We now prove that the boundary contribution enjoys the same
property: Let u, — u in H*(X) then, up to subsequences, u, — u a.e in 3. and by

the Remark 3.3 e*» is uniformly integrable, hence by Vitali’s convergence theorem

u

]{ e — e
) oy

Therefore, I attains its minimum. If A < 0, the functional is strictly convex, and

thus the solution is unique. O
We now consider the case K = 0.

Theorem 3.5. Assume that K = 0. Let K, h be continuous functions such that
K <0 and

1. D(p) < 1 for allp € 0%;
2. $95 h(z) > 0.
Then I attains its infimum and hence problem (1.1) admits a solution.

Proof. By Lemma 3.2 we obtain
Iw) > [ (;|Vu]2 + 25\K|e“> _c (3.6)
>

This implies I is bounded from below, but we do not have coercivity in this case.
First, let us show that inf I < 0. Indeed, take u = —¢, with ¢ > 0. Then:

I(—c)=¢2 (65/22!K! _4%32}1)

which is negative for large ¢, since [35 h > 0.
Take now a minimizing sequence u, for I. By (3.6), [ |Vu,|* is bounded. We
conclude if we show that £, wu, is bounded. Up to a subsequence, we can assume

that
Uy — ][ U, — ug in H(X).
)

17



Then, by Moser-Trudinger inequality,
ein = Tstn _y guo iy LY(%), elun=Fgun)/2 _, quo/2 iy LY(0Y).
If now 4y, u, — 400, then

/ | K |e" = GJCZU"/ |K|eu"_3£2u" — 00,
> s

contradicting (3.6).
So, we now consider the remaining case 4 u, — —oo. In such a case,
2 J v - 2
he'n/? = ¢5 helun=Jsum)/2 g
% o%
By the definition of I we conclude that

liminf I (u,) > 0,

n—-+o0o

which is a contradiction. O

3.3 Min-max structure

In this section we prove the Theorem 3.14, assuming the blow-up analysis that will

be carried out in the next chapter.

Lemma 3.6. If K < 0 and ©(p) > 1 for some p € 0%, then there exists a sequence
u, such that I(u,) — —oo and $yy €*"/? — +o00.

Proof. The proof is given in section 1 of the Appendix A. n

Lemma 3.7. If K =0 and §y5,h < 0, then there exists € > 0, § > 0 such that

I(u) >e Yue H'(X) with 7({96“/2:5.
5

Proof. First we claim that for any 6 > 0, the infimum:

ozg—inf{l(u) u € H'(X) with e"/2—(5}

ox
is attained. Recall the definition of I given in (3.3); this implies that as # —oo.
Moreover, for a minimizing sequence wu,, the integral [y |Vu,|*> must be bounded,

otherwise I(u,) — +o00. Up to a subsequence,

Uy — ][ U, — ug in HY(X),
)

18



which implies that
ein = Tstn _y guo iy LY(%), elun=Fgun)/2 _, quo/2 iy LY(0Y).

Moreover,

0<é= j{ e/? = e@ helunTs un)/2,
o5 0%
which implies that . u, is bounded. Hence u,, is bounded in H!(3) and the conclu-
sion of the claim follows from Banach-Alaoglu Theorem and the lower semicontinuity
of the functional.

By contradiction, assume that there exists u,, € H*(X) such that:

lim inf I (u,) < 0, ?{ eun/2 _y ().
ox

n

By the definition of I it readily follows that [y, [Vu,|* — 0, hence u,, — 4 u, — 0
in H'(X). Therefore,

1
I(u,) = / —|Vu,|* + 2|K|e" — 4/ he'n/2 > —gesuns? he(“"/_fzu")ﬂ,
s 2 0% 0%

but fos, he/~ Foun/2 [ h <0, hence I(u,) > 0 for sufficiently large n. O
Proposition 3.8. Assume that K = 0, K < 0, §,5h < 0 and D(p) > 1 for some

p € 0. Then there exist uy, uy € H'(X) such that:

¢ = inf mtax{[(’y(t)) : te|0,1], v eI'} > max{I(ug), I(u1)} >0,

5

where T' = {v:[0,1] = HY(X) continuous : v(0) = ug, v(1) = u}.

Proof. Fix e > 0, 0 > 0 as given by Lemma 3.7. Take a constant ¢ > 0 so large that

I(=c) = 2/E K|ee — 4722 he=/? ¢ (o, ;) ,

and moreover $y. e~%2 < §. We define ug = —c.
By Lemma 3.6, there exists also u; with §,5 €"/? > § satisfying I(u;) < 0.
Observe that for any v € I there exists t € (0,1) such that §,.e70/2 =§. As a
consequence, ¢ > ¢ > max{/(ug), I(ui)} > 0. O

The main difficulty in proving Theorem 3.14 is that we do not know whether

the Palais—Smale condition holds for I. The strategy is to construct a sequence
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of solutions wu, to a perturbed version of (1.1), namely (4.22) (where K, and h,
are as in Theorem 4.7), whose Morse index does not exceed 1. The main tool is
a monotonicity argument, originally due to Struwe (see [31]), but used in the form
given by Jeanjean (see [19]), combined with a deformation argument from [13].

For € close to zero, we consider the following family of functionals
L(u) = I(u) + ] (u),
where [ is as in (3.3), and

J(u) = /2 (|Vu|2 +e* — u) :

Notice that, since

e’ —u— 400 as u — £00,

J(u) is coercive on H ().
For a small g > 0 and € € (0,g9) we can reason as in the proof of Proposition
3.8, to find two elements ug, u; € H'(X) for which

e := inf max I.(v(t)) > max{I.(ug), I(u1)} + 3 > 9, (3.7)
vel' t€[0,1]

where § > 0 is a fixed positive number and where I', again, stands for the class of

admissible curves

= {yeC(0,1: H'(X)) : 4(0) = up.7(1) = s}

Under these assumptions, the function ¢ — c¢. is monotone non-decreasing and
therefore c. is a.e. differentiable in €. Let ¢ an arbitrary fixed value where . exists
and {e,} so that g, \, €.

Lemma 3.9. There exists a sequence of paths {v,} CI' and M = M (c.) > 0, such
that

Loy < M, if y(t) satisfies

L(m(t) = cc = (en —€)

2. max L. (7,(t) <c.+ 2+ ) (e, — e).
te[0,1]
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Proof. 1. Let {7,} be a sequence such that

< —£).
trél[g:}f] I, (7(t)) < ¢, + (en —€)

Since ¢, exists, there is N € N such that Vn > N

1< T g (3.8)
Enp — €
Hence Vn > N
Is nt _]6 nt en  Le

En — € En — €
Therefore, boundedness follows from the coercivity of J.

2. From 3.8 we have
e, <co+ (en —g)(cL+ 1),

thus Vt € [0, 1] we obtain

(1) < L, (m(t) <c., +(en—¢) e + 2+ ) (en — ).

Now, for a > 0, we define
Fo={ue H'X) : |[u]| <M+1, |I. —c| < a}
where the constant M > 0 is given by the previous lemma.
Proposition 3.10. For all o > 0,
inf{||IZ(u)| : v € F,} = 0.

Proof. Suppose by contradiction that 1611; | IZ(u)|| > 0. Let ug, u; and c¢. be as

above, and take
. 1
0 < a <min {A, 5(05 — max{/(up), [s(ul)}>} :

By the classical Deformation Lemma, there exist 6 € (0,a) and amapn : H'(X) —
H'(X) such that:

(2) n(u) =wif |[I.(u) — c| > a.
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(i1) I.(n(u)) < I.(u) for all u € H'(X).
(ii7) I.(n(u)) < c. — 6 for all w € HY(X) with |ju| < M and I.(u) < c. + 6.

Let {v,} be given by the previous lemma, and choose m € N sufficiently large
so that (2 + c.)(em — €) < d. Observe that (i) implies 7(y.,) € I
If I.(ym(t)) < c. — (e — €), then by (#7)

L(n(ym(1))) < e = (em —€).

Otherwise, if I.(yn(t)) > c. — (e, —€), then by the first point of the previous lemma

we have ||v,,|| < M, and by the second point and our choice of m,
I.(Ym(t)) < c. + 0.

Thus, by (#ii) we obtain

Therefore the estimate

L(n(ym(t))) < e = (em —€)

holds in any case and for all ¢ € [0, 1]. Taking the maximum over ¢ in this inequality

contradicts the definition of c.. O
Theorem 3.11. I. has a critical point in F,,.

Proof. The previous proposition and the definition of F, ensures that exists a
bounded Palais-Smale sequence {u,} at level c., so we have just to prove that this
sequence is compact. By boundedness, up to subsequences we can suppose u,, — u
in H'(X), Vu, — Vu in L*(X) and

e — " in LP(X) e —e? in LP(OY).

We can also suppose, up to subsequences, that u,, — v in L? and almost everywhere.
The first derivative of I, is

(I (v), ) = /2 (2<; +€)Vv Vo — (2K —¢e)e’p — 54,0) — 2/82he”/2g0,
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Thus

(1+2€)/2Vun-Vg0: ((];(un),@)+/E((2K—6)e“”go+5<p)+2]gz he'# o

By the above convergences and the fact that u,, is a Palais-Smale sequence the
right term converge in H~(X). Hence, ||Vu,||;: converges to ||Vu||z2 and then wu,

converges to u strongly in H'.
]

Now we state an abstract result of Fang and Ghoussoub (Corollary 1 in [13]):

Theorem 3.12. Let I be a real-valued C*— functional on a Hllbert space H and let
ug,uy € H be such that

max{I(ug),I(u1)} < c= ’1yr€11f; max I(~(t)).
where T' = {v : [0,1] = H'(X) continuous : v(0) = ug, v(1) = u1}. Suppose that
I' and 1" are Holder continuous in a neighborhood of {I = c}. Then there exists a
Palais-Smale sequence {xy,}, in H such that:
For each n, if (I"(zn)u,u) < —=||u||* for all w in a subspace E of H, then
dim(E) < 1.

The sequence in the Theorem is obtained by starting from curves +(¢) whose
maximal value sup,c(o I(7(t)) is close to c. One then applies a deformation that
acts only at those points where I(v(t)) is sufficiently large. This deformation alters
the path ~(¢) only in a very small neighborhood of its highest energy region, as
ensured by estimate (21) in the proof of Theorem 1.bis in [13]. Unfortunately, in
this case, the strips {c. — p < I. < c. + p} are unbounded, hence the above Holder
continuity property is not guaranteed. However, by the just done monotonicity
argument, we can use the deformation only inside the set F,, where the Holder
continuity property holds thanks to boundness of the set. Thus, we obtain a bounded
Palais-Smale sequence for I, at level c. also satisfying the property of the Theorem
3.12.

We now gather the conclusions reached so far into the following proposition:

Proposition 3.13. Suppose that we are under the assumptions of Theorem 5.1/.

Then there exists a sequence €, \, 0 and solutions u,, to the problem

—Au, + 2K, (z) = 2K, (z)e*, in %,

] (3.9)
Qun 4 20, (x) = 2hy, (x)e"/?, on 0,
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with

~ —&,/2
Kn - gn/ ;
14 2¢,

Moreover ind(u,) < 1.

We now are able to prove Theorem 3.14, assuming the validity of Theorem 4.7,

which will be proved in the next section.

Theorem 3.14. Assume that K = 0. Let K, h be C" functions such that K < 0

and

1. ©(p) > 1 for some p € 0%;
2. $95 h(z) < 0;
3. D.(p) # 0 for any p € 0¥ with D(p) = 1.

Then problem (1.1) admits a solution.

Proof. Consider the sequence u, given by the previous proposition with e, \, 0.
Observe that x,, = / K, + }{ h, < 0. By Theorem 4.7 (4) and our assumptions
on the function 2, ui must be uniformly bounded from above. Thanks to upper
boundedness of u,, we have that the right-hand sides of 3.9 are uniformly bounded.
By elliptic regularity theory, u, — fx u, has a subsequence that converges in C*(X)

to a function w. Let’s assume by contradiction that igf u, — —oo. We have

inf u,, = inf (un — ][ un> + ][ Uy,
5 by > b
and so 4, u, — —oo. However this would imply

e = e Fstnedstn 0,

uniformly on ¥. As a consequence, w is harmonic in ¥ and satisfies homogeneous
Neumann boundary conditions. Since [y, w = 0, we must have w = 0 and therefore
1., (u,) — 0, which is a contradiction with (3.7). O
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Chapter 4

Blow-up analysis

4.1 Limit problems

4.1.1 Solutions of the problem in the plane

The classification of finite-mass solutions to Liouville-type problems was first ob-
tained in [8] for the whole space R? and is by now well-known. More precisely, the

unique solutions of the problem
“Av=2Kpe’ inR? / ¢’ < 400, (4.1)
R

exist only if Ky > 0 and are given by

2)
v(z) :2log{K0)\2+|x_$o‘2}, o € R?, A > 0. (4.2)

All such solutions satisfy the quantization property
Ko/ e’ = 4. (4.3)
R2

4.1.2 Solutions of the problem in the half-plane and their

Morse index

We now turn to the case of the half-plane, where we will perform also a Morse index

computation.

{ —Av = 2Koe’, in R%, (4.4)

9 = 2hoe¥/?,  on ORZ,
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where K and hg are constants, and R3 = {(s,t) € R* : ¢ > 0}. The classification
of solutions to this problem has been established in [15, 37], and can be summarized

as follows:

Theorem 4.1. Consider the problem (4.4) in RE with constants Ko and hy, and

define
D, =
| Ko

Then:

1. If ®, <1 and Ky <0, problem (4.4) admits no solutions.

2. If 9, =1 and Ky < 0, the only solutions are of the form

ua(s,t) = 2log ( > —log|Ko|, A>0. (4.5)

1+ A

3. If Dy >1 or Ky > 0, there exist solutions of finite mass, which mean

ez’ther/ e’ <400 or j{ e? < +oo0. (4.6)
R2 oR2

+
given explicitly by

2\
[(0)\2 + (S — 80)2 + (t + )\h0)2

ux(s,t) = 2log ( ) , S0 €R, A>0. (4.7)

In this case, the solutions satisfy the quantization formulas
/ [(061}A =27 — 6, f hoe”*/z = ﬁ, (48)
R3 IRZ.

where

ho
Jh2+ Ky

4. More generally, if ®, > 1 and Ky < 0, the solution can also be represented as

v(z) = 2log (12|g/(z)|> — log [ Ko,

b =2m

(4.9)

—lg(2)P?

where g is a locally univalent holomorphic map from R% onto a disk of geodesic
curvature ®, in the Poincaré disk H2. In particular, g is a Mébius transfor-

mation if and only if the solution has finite mass, and then it reduces to (4.7).
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Next, we compute the Morse index of these solutions in the case Ky < 0. By
performing the change of variable v — v 4 log|Kj|, we can assume Ky = —1 and

rewrite the problem as

{ —Av=—2¢", inR?, (4.10)

9 = 204"/, on IR

We focus on the quadratic form
Q) = /RQ+ Ve dv, + 2/]Ri ' dV, — D, 72&1 ey, (4.11)

for test functions ¢ € C§°(R%) (compactly supported, not necessarily vanishing on
the boundary). The Morse index of a solution v of (4.10) is defined as

ind(v) = sup { dim(E) : E C C°(R%), Q(v) <0V € E}

If the above set is unbounded, we set ind(v) = 4o0.

Remark 4.2. Suppose we have a strictly positive solution v of the linearized prob-

lem

—AyY = fl(v)),
W = g'(v)y.

Then the solution v is stable, meaning that the quadratic form

Q) = [IVol = [ F()¢* = §_g'()¢"

is nonnegative.
To see this, one simply multiplies the linearized equation by %2, integrates over

Y, and integrates by parts:

[ rweir= [(-a0% de

o8 o ¢*
_/w V(w)‘ix_?{azanw ds
B ¢Vw'v¢ ¢2’V¢\2
_2/2 J

~§_gwetas
0%
séwww—@g@¢w

where the last step follows from Young’s inequality. This establishes the non-
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negativity of Q(¢).
Theorem 4.3. Let v be a solution of problem (4.10), with Ky < 0. Then:
a) If D, =1, then ind(v) = 0, i.e., v is stable.
b) If D, > 1, then:
o If (4.6) holds, ind(v) =
o Otherwise, ind(v) = +o0.

Proof. In case a), the solution v is given by (4.5). Consider the linearized problem

around vy:
AP+ 255 =0, inRE,
aw = 1), on JR?.
An explicit positive solution is (s, t) = ¥(t) = 1%1; By the previous remark,

this implies that v is stable.

In case b), let g be given by the classification above. Composing with a symmetry
of H?, we may assume, without loss of generality, that g(Ri) is contained in a disk
Dpr C H? centered at 0, with Euclidean radius

R=9,— 0,2 —-1<1.

In this setting, the Gaussian and geodesic curvatures of Dp in H? are transported
to R? via g.

In what follows we set p(s) = To study stability we pass to the disk

4
(1—s2)%

Dpg and consider the quadratic form

Quw) = [ Vuldzt2 [ w?plla)dz=Dq [ w\fo(R)da, v e O¥(Dr).

where do denotes the surface measure on dDg. We claim that Qg has Morse index
1.

To see this, consider nontrivial 1 solving the boundary value problem

—AY +2p(|z]) ¢ =0, in Dg,

7—90\/ ¢ )\1/) on 8DR

(4.12)
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Note that the only solution of (4.12) vanishing identically on 0Dp is ¢» = 0. For

any nontrivial solution of (4.12) an integration by parts gives the identity

Qr(¥) =X [ ¥ do,
dDg
so the sign of Qg(v) agrees with the sign of A\. The first eigenvalue admits the
variational characterization (Rayleigh quotient)

Mo = inf _Qr(¥)

B Ylopp #Z0 / wZ dU’
ODgr

and higher eigenvalues are obtained by minimization on subspaces orthogonal (with
respect to the L2(0Dg) inner product) to the previous eigenfunctions.

One easily checks that the two functions

T i)
L—fe” 1—|f?

satisfy (4.12) with A = 0. These elements of the kernel correspond to the invariance

of the problem under translations. Using the Fourier expansion in polar coordinates

U(r,0) =>" (um(r) cos(m@) + vy, (1) sin(m&)),
m=0
the two functions above correspond precisely to the modes u; () cos 6 and vy (r) sin 6.
Note also that different Fourier modes are orthogonal for the boundary integrals
appearing in Q)g.
For the radial sector (m = 0) there is an explicit bounded solution arising from

the dilation invariance:
B 1472

1 =2

(r)
The radial equation reduces to

8

" ]‘ /
o(r) + ;wo(r) - md}O(T) =0.

Writing a general radial solution as 1g(r) = ¢(r)vy(r) one finds a second, linearly

independent solution of the form
2
wsing(r) - 7(7") IOgT + ﬁa
—r
which is singular at = 0 and therefore does not belong to our admissible space (it is
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not bounded in D). Hence the space of bounded radial solutions is one-dimensional
and is spanned by 7.
The function 7 is bounded on Dp for R € (0,1) and satisfies the boundary
condition 5
8—2 = @10 p(R)y on 0Dg.
Comparing this with (4.12) we see that v is an eigenfunction of that problem with
eigenvalue

1
Ao =—=——9,<0.
"= D, 0

(thanks to the fact that ©, > 1).
Finally, eigenvalues increase with the Fourier mode m. Indeed, for fixed radial

profile u(r) and integers m > m’ > 0,

(u(r) cos(m@)) _ I (u’(r)2 + T—;u( )2+ 2p(r r)2> rdr — Dgy/p(R) Ru(R)?
Jop, (u(r) cos(m))? do mRu(R)? ’

and since m? > (m’)? the quotient for m is not smaller than that for m’. The same

conclusion holds for the sine modes. Therefore the eigenvalues satisfy
Ao <A <A <eee

and, using the explicit information above, we obtain \qg < 0, A\; = 0, and \,, > 0 for
m > 2. This proves the claim that Qg has Morse index 1.

Define now ¢ = « o g. By construction, 1 satisfies

— At +2e%) =0, in Ri,
A 1 (4.13)
ainzgioe/Qw, onaRi.

We first deal with the case of finite mass, namely when (4.6) holds. Since the
Mobius map ¢ is invertible, we can transfer the second variation from the disk Dy

to the half-plane R%, which immediately gives

Q) <0.

Observe that ¢ is uniformly bounded in R?%; in addition, since ¢’ € L'(RZ2),
e’/? € L'(OR%), and ¢ has a finite limit at infinity, we may approximate ¢ by a
compactly supported function ¢ such that still Q(@Z) < 0. Hence ind(v) > 1.

Assume by contradiction that the index is strictly larger than one. Then we
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could find a two—dimensional subspace Es, spanned by smooth compactly supported
functions, such that the quadratic form @) is negative definite on F5. Define the

corresponding two—dimensional space on the disk Dy by
Ey:= {pogt:pc Er}.

For every ¢ € Ey we would have Qr(¢) < 0, contradicting the fact that the Morse
index of Qg is exactly 1. Thus, if (4.6) holds, we conclude that ind(v) = 1.

v/2

Assume now that e = 400. We show that the solution v is unstable

OR2.
outside every compact set, which in particular implies that its Morse index is infinite.

Multiply (4.13) by ¢%*) and integrate, where ¢ is a suitable cut—off function:
1
0= [, (-Av+2e0) g0 = [ V- V(g) + 2000200 — § ey
RZ R IR D,
Using the identity

V()] = Vi - V(¢*) + v* [Vl

we obtain

2 2 _ 2 v 2 i v/2 2
foy PIVOF = [, IV + 2¢"(60) Rov) (414)

2 2
2 oR2 D,

Note that the right-hand side resembles the expression for Q(¢v) in (4.11), except
that the boundary coefficient is @% instead of ®,.

Fix My > 0 and let M be large. Choose ¢ = ¢,; a nonnegative cut—off function
such that

QZS =01in Bo(M0)7 925 =1in A(O, 2M0, M), gb = 0 outside Bo(2M),

and
/ |Voul? < C, with C independent of M.
]RQ

From (4.14) we obtain
L, viver <c.
=

Since ¥ > 1, we have

% 6v/2(¢,¢)2 Z % 61}/2‘
ORZ IR NA(0;2Mo,M)
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Because % , e"/? = 400 and M, is fixed, the last quantity diverges as M — oco.
OR2

Thus, for M sufficiently large, we obtain Q(¢y) < 0. Since My is arbitrary, this

proves instability outside any compact set, as claimed.

O
4.1.3 Solution of the problem in the disk
We focus on the analysis of the following limit problem:
—Av = 2Kye” in D,
4.15
9v + 2 = 2hge"/? on 0D, ( )
ov

where K, and hg are real constants.

We introduce the group of conformal automorphisms of the unit disk, defined as

a—+z

G .= {ewfa :D—D; 0e(0,2n), fu(z) = T1a °€ ]D)}. (4.16)

It is well known that problem (4.15) is invariant under conformal transforma-

tions. More precisely, if v is a solution of (4.15) and f € G, then the function

vi(2) :=v(f(2)) + 2log|f'(2)]

is again a solution of (4.15). Using the Mdbius map ¢(z) = z—jr:, we can pass from

the upper half-plane to the disk, so we have the following classification result:

Lemma 4.4. Problem (4.15) admits a solution if and only if
either Ko >0 or Ky<0 and hy > /—Kj. (4.17)

Whenever this condition is satisfied, every solution is given by

_ 2¢0(1 — |af?)
Va(2) .—210g{¢%|1 —az|2—|—K0|z—a|2}’ (4.18)

where ¢g := hg + \/h3 + Ko and a € D.

Remark 4.5. In particular, there exists a unique solution to (4.15) satisfying the

normalization conditions

/ ze'® =0, / ye'*) = 0.
) D
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This solution corresponds to the profile in (4.18) with a = 0, namely

2
vo(2) = 2log {M} . (4.19)

Lemma 4.6. Consider the linearized problem

Ay = 2Kpey) inD,
4.20
?ﬁ = 2hge’/?y) on 0D, ( )

where vy is given by (4.19). Then the space of solutions to (4.20) is two—dimensional

and is spanned by the functions

o z o Yy
¥ilz) = ¢f + Ko|z|*’ balz) = ¢f + Ko|z|*’

where ¢g := hg + /h3 + Ko. In particular, any solution v of (4.20) satisfying the

orthogonality conditions

/Dxe”()(z)w(z) =0, /Dye”O(z)w(z) =0,

must be identically zero.

Proof. We present the proof only in the case Ky = 1, since the remaining cases can
be treated analogously. As shown in the previous lemma, the surface (D, e"dz) is

isometric to a spherical cap of S?, namely

U= {(xl,azg,xg) €S?: z3> ho}.

IRVARSY

Through this conformal identification, problem (4.20) is transformed into

—AY =29 in U,

aﬂ = 2h(ﬂ/} on OU.
ov

It is well known that the coordinate functions x and y generate the space of solutions
of this problem. Pulling them back through the conformal map yields precisely the
functions v, and vs. m
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4.2 The case of negative Gaussian curvature

Let us define the singular set:
S={pe¥: 3z, — psuch that u,(z,) — +oo}, (4.21)

The blow-up statement that we aim to prove in this section is

Theorem 4.7. Let u,, be a blowing-up sequence (namely, sups, u, — +00) of solu-

tions to
—Au, + 2K, (z) = 2K, (x)e*, in X,

] (4.22)
Qn 4 2N, (x) = 2k, (x)e"/?, on 0%,

with K,, — f(, K, — K, an — h and hn, — h in the C* sense, with K < 0. Define
the singular set S as in (4.21), and

o = / f(n+f o (4.23)
b o%
Then the following assertions hold true:
1. Sc{peox: D(p) > 1}.

2. If [y e" is bounded, then there exists m € N such that
S=A{p1,...pm} C{p€ X :D(p) >1}.

In this case | K,|e' — S0, (8;—27)d,,, hnet/? — S B;d,, for some suitable
B; > 0. In particular, x, — 27m.
3. If [s, e is unbounded, there exists a unit positive measure o on ¥ such that:

| K| et h,,etn/?

a) Is |Kn|6“" — 0, o h,,eun/2 - U|<9E{

b) supp o C{pe€dL: D(p) > 1, D.(p) =0}.

4. If there exists m € N such that ind(u,) < m for all n, then S = Sy U Sy,

where:
SoC{pedx: D(p) =1, D,(p) =0},

Si=Ap1,...ox} C{pedX:D(p) >1}, k<m.

If moreover x,, < 0, then S is empty.
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We emphasize that this result holds for general solutions of the PDE problem,
independently on any connection to the geometric problem of prescribing curvatures.
The proof of Theorem 4.7 is divided into several steps, including preliminary
properties of the singular set, the case of unbounded mass, and the case of bounded

mass or bounded Morse index. These are presented in the following subsections.

4.2.1 Localization of singular points and preliminary esti-

mates

In this section we focus on some general properties of blowing-up sequences of solu-
tions to (4.22) in the case where ¥ not a disk. In particular we will derive a proof
of the first assertion in Theorem 4.7.

The spirit of the proof is simple: if p € S, then one can rescale around p to obtain
a solution on the half-plane, and this is possible only if ©(p) > 1. The non-trivial
point here is to be able to rescale and pass to a limit problem even if p is not isolated
in S. This is possible by choosing carefully a sequence z,, € ¥ (not necessarily local
maxima) such that z, — p and u,(z,) — +00. Let us point out that this is a
technical novelty even for the classical problem considered in [5, 25]: one can pass
to the limit around a singular point without knowing if the singular set is finite.

For this purpose we shall use Ekeland’s variational principle, which we recall

below (see Chapter 5 in [32] for a proof):

Theorem 4.8. Let (X,d) be a complete metric space and consider a function ¢ :
X — (—o00, +00] that is lower semi-continuous, bounded from below and not identical
to +oo. Lete > 0 and X\ > 0 be given and let x € X be such that ¢(z) <infx ¢ +e¢.
Then there exists x. € X such that

Lp(ze) < (),
2. d(xe,x) <A,
3. p(r) < plz)+ &?id(xe, 2) for every z # ..
Proposition 4.9. The singular set S defined in (4.21) satisfies

Sc{pedx : D(p) >1}.

Proof. Let p be a point in S. By conformal invariance, we can pass from a neigh-
borhood of p to a domain B C R?, where B denotes By(r) C R?, if p € int(X), or
Bg (1), if p € 3. We can choose this conformal map so that p is mapped to 0.
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Let us take a sequence y,, in B such that y, — 0 and u,(y,) — +00, and define

_un(yn)
2

Ep=¢€

We apply Theorem 4.8 taking ¢ = e~ % and \ = /z,: then there exists a

sequence x,, € B such that

c) e 2 <e 2 4./e,d(xy,2) for every z # x,.
As a consequence of a) and b) above, z,, — 0 and u,(z,) — +0c0. The idea is

that the new sequence x,, is convenient for rescaling and passing to a limit problem.

_ un (zn)

Now, define 6, =e~" 2 , B, = B,,(5) N B and
Un(2) = Uy (82 + x5,) + 210g 0y, (4.24)

which is defined in B, = éBn. Clearly, v,(0) = 0.
We claim that, given any R > 0, € > 0,

va(z) <eVaeB,, |z| <R, (4.25)

for sufficiently large n. Indeed, using c), we have that if |z — z,,| < RJ,, then

_un(l'n) un (z)

(1 -y, Re 2 <e 2

From this we get:

Un(2) < up(z,) — 2log(l — /e, R), if |z — x,] < ROy.

And this prove the claim.
In what follows we distinguish two cases:

Case 1 p € 0% and, up to a subsequence:
d(z,, g (r)) = 0(6,) asn — +oo.

+
Passing to a subsequence we can assume that M — tg > 0. Then, the

36



function wv,, solves

—Av,, + 252Kn(5nx + x,) = 2K, (6px + )€™, in B,
v, - on/2 . (4.26)
I + 28,0, (8 + x) = 20y, (52 + x,,) e/, onT,,

n

where T, is the straight portion of dB,,.
Taking into account (4.25), by the Harnack inequality (A.2) proved in the Ap-
pendix A (applied at v, — €), v, is uniformly bounded in L{S.(R x (—tg, +00)).

Therefore, up to subsequence,
v, = v in CF (R x (—tg, +00)), (4.27)

which is a solution of the equation

—Av =2K(0)e’, in R x (—tg, +00), (428
ov ) 4.28
% = 2h(0)e”/2, ift = —to.

If K(0) <0 and h(0) > 0, the latter problem admits solutions only if ©(0) > 1,

as we have seen in the previous section.

Case 2
d(z,, T (1))

5 — 400, as n — +00.
n

In this situation the rescaled domains B, invade all of R2. Hence, reasoning as

before, up to subsequence we have
v, — v uniformly in C7_(R?),
which is a solution of the equation
—Av =2K(0)e", in R?, (4.29)

If K(0) <0, is it well known, via Liouville’s formula, that problem (4.29) does
not admit any solution.

]

Remark 4.10. In the above proof, in Case 1, we arrive to a solution of (4.28).
Moreover v(0) = 0 and, by (4.25), v(z) < 0 for all z € R x [—tp, +00)]. By the
maximum principle this implies that actually ¢ = 0. That is, one obtains the more

precise conclusion d(z,,, [ (r)) = 0(d,).
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We now state and prove a lemma for later use.

Lemma 4.11. There holds:

a) For any q € (1,2), [+ |Vu,|? < O(1).
b) If, moreover, x, <0, then [ |Vu, |*> < O(1).

¢) For any K C X compact set with K NS =0, we have that:

Sup ty, — i%fun =0(1), /K IVu,|? = O(1).
Bounds like those in ¢) frequently appear in Liouville-type problems and are
typically derived via a Green’s function representation. In our situation, however,
this approach cannot be applied unless the total mass is finite. The proof, that
follows, rely on estimates for u, combined with local regularity techniques.
The control of v is usually proved with the Kato inequality (for example in [11]).
The difficulty here is that the boundary condition satisfied by u,, is not immediately

clear, so we use, as in [29], a smooth approximation of the map u +— u™.

Proof. Define w : R — R a C? function such that:

Then the function w,, = w(u,) satisfies

—Aw, = —w"(uy)|Vu,|* — 2w’(un)([~(n + | K,le"), z € X,

) o / , . (4.30)
n 20 () Py = 20 () e /2, x € 0%.

Just by integrating we find that
0< / " ()| Vg |? < O(1).
b

As a consequence, the right-hand side of the first equation in (4.30) is bounded in
L', whereas the boundary data are bounded in L>. By elliptic regularity estimates,
Js |[Vw,|? < O(1) for any ¢ € (1,2). This implies a).
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We now prove b): We multiply (4.22) by u,, and integrate, to get
LIV 20 (R Kl )] =2 4 s (/2 = Fy).
s ox

Clearly the functions u; e%, u-e*/? are bounded in L>. Hence,

/E|Vu;|2 =2 UE Ko, + 722 Bnu;} +0(1).

We are able to estimate the right hand side by the assumption on y,. We split

u, = (u, — fxu, )+ f u,, and, making use of a), the Poincaré inequality and the

Trace inequality, we obtain:

[ Eatuy = fu)| <0, [f Rt = fu)

—2[/Kn][un+]{ fzn][un]:—zxn][ungo,
b > ox by b

yielding the assertion.

Moreover,

Finally, let us show ¢). We can assume, without lose of generality, that K =
B,(r) where B,(4r)N S = @ with p € ¥ and:

1. either B,(4r) C int(X),

2. or p € 0%.

Via a conformal map we can pass to a problem in By(4r) C R? or By (4r) C R2.

Observe that in any case u, < C in B,(2r) for some C' > 0. Recall that as in
a), we have that the function v, = min{u,,C} satisfies [5,|Vv,|? = O(1) for all
q € [1,2). As a consequence, thanks to the Poincaré inequality and to the fact that
Un = Uy in By(2r), the function @, = u, — f5 (o) s is bounded in LY (B,(2r)) for
any ¢ > 1.

In case (1) we have that ,, solves:

— Ay, = fp, in By(2r),

with f,, bounded in L*>°. We conclude then by local regularity estimates (see for
instance [16, Theorem 8.17 and Theorem 8.32]).

In case 2 we are led to the problem:

—Aly, = fp, in By (2r),
Oty
o = Gn, on F(J{(Qr),
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with f,, g, bounded in L*°. We conclude by local regularity estimates for the

Neumann problem (see for instance [27, Theorem 5.36 and Lemma 5.51]).

O

4.2.2 Blow-up with Unbounded Mass
Example 4.12. Consider the problem:

—Au = —2¢e", in A(0;7, 1),

ou w2

— + 2 =2he"?, on |z| =1, (4.31)

i

%—2/7“:2}@6”/2, on |z| =,

where hy, ho are two real constants. All explicit solutions of this problem have been
classified by [21]; here we exhibit some of them observing that they form families of
blowing-up solutions with infinite mass.

As a first example (see [21, Equation (3) and Lemma 2]), the functions

4
|z[2(A + 2log |2[)?

ur(z) = log (

are solutions of (4.31); if A < 0 then hy = 1 and hy = —1, whereas if A > —2logr,
hy = —1 and hy = 1. Observe that if A tends to 0 or —2logr, then the functions

u blow up at a whole component of the boundary, which is indeed the one with

> , forany A ¢ [0, —2logr],

curvature equal to 1. In particular, the blowing-up set S is infinite here and the

mass is infinite since

1 1
u) ~ 4 - =
/A(O;r,l) ‘ g ()\ + 2logr /\>

Let us give a second example. Given any hy; > 1, for any v € N, there exists an

explicit solution in the form (we use complex variable notation):

s (2) = 2log (M) , (4.32)

where hy = —hr 7.
Observe that the solutions in (4.32) form a blowing-up sequence as vy — 400,
keeping hy > 1 fixed. Indeed,

uy(2) = —oo if 2| <1, u,y(2) = +oo if |2| = 1.
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Hence, in this case S = {|z| = 1} and hy > 1, the solutions concentrate entirely
on the unit circle as v — 4o00.
Let us compute the asymptotic profile of these solutions. Fix a point of blow-up

2z = —1, and define the rescaling:

vy (2) = u, (1 — i) — 2log .

Hence v can be written in the form:

1 zp-
vy(2) = 2log (h1 Re((1= i)”’)) :

Clearly,

v
lim (1 — Z) =e 7,
y—-+00 y

so v, converges, at least point-wise, to the function:

e
—olog [— 11 ) —2lpg [ —
v(z) o8 <h1 + Re(e?) °8 hi+etcoss)’

which is defined in the half-plane {(s,t) € R?: ¢ > 0}. This is indeed a solution to
the limit problem in the half-space with K = —1, hy > 1, infinite mass and infinite
Morse index, according to our results.

This example shows that infinite Morse index blowing up solutions exist, even in
this geometric context. Moreover, the blow-up limits can be entire solutions in the
half-plane with infinite Morse index. Let us point out, though, that this example
is not under the conditions of Theorem 4.7 since ho = —hr~" diverges negatively.
Whether the infinite Morse index assumption is necessary or not in Theorem 4.7 (4)

remains as an interesting open problem.

We now investigate the blow-up phenomenon in the regime of diverging mass.
As we shall show, under the assumption y,, < 0 this is the only admissible blow-up
behaviour, revealing a genuinely new scenario for this class of geometric problems.

We introduce the quantity
Pn = 7{ hpetn/? = / | K| e* 4+ O(1) — +o0,
0% b

and, up to subsequences, obtain the weak convergences

hn Up /2 Kn Un
e —\ U, ’i —\ 57
Pn Pn

41



where o and £ are nonnegative Radon probability measures supported on 0¥ and X
respectively.

The next statement corresponds to case (3a) of Theorem 4.7.

Proposition 4.13. The limiting measure & is supported on the boundary, and co-

incides there with o. More precisely,

f|int(2) =0, f|az = 0.

Proof. Let ¢ € C?(X) and multiply equation (4.22) by ¢. Using Green’s identity we

obtain

2f (b~ )6 -2 [ (Raot 1Kule™0) = [undrot f w20

We estimate the right-hand side by separating u,, = u; + w,, . For the positive

sc( [ui+ ;gzu:) — o(pu).

part,

’/ ul Ad + u+@
2

o " Ov

For the negative part we write

fome vy = (o~ Jaos £ (= f) 5

By Lemma 4.11(a) we have, for any ¢ € (1,2),

[ XARE MU R el M\ 40
P P ox b x

and the last quantity is uniformly bounded. Thus the right-hand side is o(py,).
Using these facts, we pass to the limit in the first identity of the proof and we

obtain

7{ ¢ do = / & de.
) b
The arbitrariness of ¢ yields the claim. O

By Proposition 4.9 we already know that

suppoc C S C{pe€dX:D(p) > 1}.
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The goal of this subsection is to refine this information and show that
suppo C {p € 0¥ : ©.(p) = 0},

The argument is delicate because the support of ¢ may be infinite and because
we do not control the asymptotic Dirichlet energy. The strategy is to apply the
Pohozaev-type identity from Lemma 2.4 to holomorphic vector fields, for which the
Cauchy—Riemann equations force the energy contributions to vanish. A conformal
change of coordinates allows us to work in an annulus where analytic extensions can

be performed.

Proposition 4.14. We have
suppo C {p € 0¥ : ©.(p) = 0}.

Proof. Let Ay be a boundary component with o(Ag) > 0, and let U be a smooth
neighborhood. By the Uniformization Theorem for annuli (see [14, IV.7]) there
exists a conformal chart sending U onto an annulus A(0;7,1), r < 1, mapping Ag to
the outer boundary {|z| = 1}.

In these coordinates the equation becomes
—Agu, + 2K, = 2K,e" in A(0;7,1),
Aty + 2hy, = 2hne™/? on Ay,

where g = €”gp is conformal to the Euclidean metric. Setting @, = wu, + v one

obtains the Euclidean system
—At, + 2K, = 2K,e™ in A(0;7, 1),
A ) (4.33)
Oy, + 2Ny, = 2hye™/? on Aq.

Let f be a real analytic function on Ay, and define F(p) = f(p)r(p), where
T is the unit tangent vector. Analytic continuation extends F' holomorphically to
A(0;7,1) (possibly after shrinking 7). Choose a cut-off function ¢ supported near
Ao and set F' = F¢. Applying Lemma 2.4 to F yields

f Af (hne™/? — hy) (), = / 4K, Ve, - F +4¢™ (VK,- F + K,V - )| + 0(1).
Ao A(0;70,1)
Since F' is holomorphic, the Cauchy—-Riemann equations imply
2DF (Vi,, Vi,) — (V- F)|Vi,|* = 0.
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We now estimate each term. The contributions involving Vi, are bounded by

Lemma 4.11, while those involving @, are o(p,) by integration by parts:

<

/ AR, Vil - F
A(0;70,1)

AR 0 F v — / v - (f(np)‘ +0(1)
A(0;70,1)

co(fas [ a)+om=op
<o(f are ., 0)+0m o
A similar argument shows
Integrating by parts on Ay gives
A hafe AT F) = =8 ¢ (haf)ee™ 2,
AO AO
Combining all terms we obtain
8¢ ((h)of + hofy) ein/? = / (AVK, - F + 4K,V - F)e™ + o(p).
Ao A(O;’I‘o,l)

Since on Ay we have V - F' = 2f., using Proposition 4.13 and dividing by p,
yields in the limit

—87§A0<’Zf+f7> da——fAO<4f};+8f7) do.

The f, terms cancel, and we obtain

h, K, :
?g\ (2 — ) fdo= for all analytic f.
0

ok K
W= N 7

Since analytic functions are dense in C°(Ag), the above identity forces p = 0.

Set

Finally,
he K, D,
ollr _Br o7
h K D’
which implies ©,(p) = 0 for all p € suppo. O
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4.2.3 Blow-up with Bounded Mass or Morse Index

In this section, we focus on the case where the sequence u, either has bounded
mass or bounded Morse index. We leverage this property to provide a more detailed
description of the blow-up phenomena, thereby proving statements (2) and (4) in
Theorem 4.7. The crucial point is that if ®(p) > 1, then the only limit profiles with
bounded mass or bounded Morse index are the bubbles of the form (4.7).

We begin with the following lemma:

Lemma 4.15. Assume that [5e"" is uniformly bounded in n. Then,
Sc{peodX:D(p) >1}.

Proof. Let p € S and consider the function v, defined in (4.24). Using Fatou’s
lemma, the classification of entire solutions on the upper half-plane, and Remark 4.10,

we deduce that for some r > 0:

n—-+0o n—-+4o0o

C > lim K,le"” = lim K, e””>/ K e’,
> i [ Ve = i [ e > [ 1 G)

T

where B, = Bj{ni_p(ﬁ) and v is a solution of the limit problem (4.28). Observe

&

that if D(p) = 1, then v takes the form (4.5), violating the volume bound. Hence,
D(p) > 1. O

The main outcome of this section is the following proposition, which completes
the proof of Theorem 4.7 and describes the asymptotic behavior of blowing-up se-

quences near singular points.

Proposition 4.16. Let u,, be a blowing-up sequence (i.e., sups, u,, — +00) of solu-

tions to (4.22) under the assumptions of Theorem 4.7, and assume further that
either /Ee“" or ind(uy,) s bounded. (4.34)
Then S = Sy U S; with
SoC{pedX:D(p)=1 D:(p) =0}, Si=A{p1,....pn} C{p€ X :D(p) > 1}.

Moreover, the following asymptotic profiles hold:

a) If p € Sy, there exist sequences x, — p, A, — 0, R, — 400 such that
d(x,,0%) = o(A\,) and

un(y) = va, (0,8) +0(1), y € By, (Rnon), (4.35)
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where vy, is the one-dimensional solution in (4.5) and t = d(y, 0%).

b) If p € Sy, there exist sequences (sp,t,) — p and A, — 0 such that

22X\,
uy(s,t) = 2log ((s T (DN = A%) + O(1), (4.36)

in Bf(r) C R?, with d(p,p;) > 2r for all j = 1,...,m, where (s,t) are

isothermal coordinates centered at p. Moreover,

— 4P, L x (r)\B" o . (4.
Vu,(z) = 4\x—p|2+ <|x—p|2>’ € B (r)\ B/ (A, 1og(1/An)). (4.37)

c) Finally, if x, <0, then Sy is empty.
This proposition is a consequence of the following lemmas.

Lemma 4.17. Under assumption (4.34), the set Sy is finite. Moreover, for any
p € S, the blow-up profile v constructed in the proof of Proposition 4.9 has finite

volume.

Proof. Recall the profile v is defined as the limit
(%) = Un(8pz + ) + 210g 8y, 0, = e Un(@)/2,

If v did not have finite mass, Fatou’s lemma would imply [y e** — oco. Moreover,
according to Theorem 4.3 b), we can select compactly supported functions (with

mutually disjoint supports) 1, ..., ¥, such that

P = Vil + 2e"? "7 < 0
a /Ra“ wl 2] = [ e
foreachi=1,...,m+ 1.
Next, define the rescaled functions
T — Ty
By changing variables and using the expression
Qu¥) = [IVUF +2Kn(@)le ) = § hyere/2y? (4:38)

it is straightforward to check that

Qn(Vin) = a; + 0,(1) <0, 1=1,...,m+1.
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Since the supports of the 1);,, are also disjoint, we conclude that ind(u,) > m + 1

for sufficiently large n, leading to a contradiction with (4.34).

We now observe that at each point in S}, one can construct a blow-up profile v

satisfying (4.6), with Morse index equal to 1. Furthermore, by (4.9),

liminf/ | K, |e" > /2 |K (po)|e’ = 2m ( h(po) - 1) > 4,
e Jx B3 \/P*(po) + K (po)

for some suitable 6 > 0 (independent of the choice of py). Since each blow-up point
in S7 contributes at least J to the integral, the total number of blow-up points
must be finite in order to satisfy the uniform bound imposed by condition (4.34).
Therefore, the set S of blow-up points is finite.

]

Lemma 4.18. Let p € S1. Then there exist constants r,C > 0 such that
/ e < C, j{ /2 < O, wu, = —00 on 0B,(r)NX.
Bp(r)ns By (r)nox

Proof. First, using a conformal local chart, we reduce to the Euclidean case. Next

we divide the proof into several steps:

Step 1 Blowing a first bubble: From Lemma 4.17, we already know that the subset S
of the blow-up set S is finite. Hence, by subharmonicity, for sufficiently large
n (up to a subsequence), the functions u, attain local maxima z,, on I'j(r),

with z, — p.

We then rescale the solutions u,, as
V() 1= Up(xy + 0px) + 210g 0y, with e 20 = U ().

Reasoning as in the proof of Proposition 4.9, we can find a sequence R,, — +00

(growing slowly) such that

v — Vet 2rny) = 0

where v is a solution of (4.28).
By the classification result 4.1, the limit v must have the form

v(s,t) = 2log ( 2\ ) )

—)\2 + (S — 50)2 + (t + t0)2
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Step 2

for some A > 0, sop € R, and t, determined by ¢ty = ©(p) A\. Notice that, at

infinity, v satisfies
v(s,t) ~ —4log|(s,t) — (so, —to)] - (4.39)

We also recall that this solution has Morse index one, according to Theorem

4.3.

Blowing (possibly) other bubbles: Let r be as before and let R,, — +00 as in

the previous step. We then consider the maximization problem

sup (un(x) +210g|$_xn|)
Rpon<|z—xn|<r/2

If this supremum diverges, then, following the argument in the proof of Lemma
4 in [25], one could again rescale u, near a maximum point of the function

up + 2log |x — x,| to obtain a new limiting profile.

Since all limiting profiles are of the same form as the function v described
above, and each has Morse index one and a fixed mass, condition (4.34) ensures

that this procedure can produce only finitely many bubbles.

Consequently, there exist an integer k£, with 1 < k£ < m, sequences of boundary
points ¢ € By (r) fori = 1,... k, sequences ("), with 2 — 0, and sequences
(R!), with R!, — oo, as well as a fixed constant C, such that the following
properties hold:

(i) The rescaled functions
vl (2) i= up, (2 4 5Lx) + 2log &

converge in C%(By (R%)) to the profile v;

(ii) The balls are disjoint:
B (4R,0,) N BY, (ARLS)) =0 for i # j;
(iii) Outside the rescaled balls, the function is uniformly bounded:
sup (un(x) + 2log min |z — 2, ) <C.

BY (r/2\UL_, BY (Rish)
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Step 3

Step 4

Harnack inequality: For si, € [2R.0%, ¢ minjy; |2} — 27|] with s, < r/8, we

consider the rescaled function
Wi (2) = (e, + i2) + 2logsh, @ € Bi(4)\ Bi(1/2).

Thanks to the uniform bound on u, given in (iii), the functions w! are uni-
formly bounded from above, and they satisfy a differential equation with uni-
formly bounded coefficients in By (4) \ By (1/2).

Arguing as in (4.27), we deduce a Harnack inequality for e in By (2)\ By (1),

which implies that w!, has uniformly bounded oscillation in this region.

Next, define the (semi-circular) average

T(s) =
u(s) = —— Up.
" 0% By, (s)| o+, )
The Harnack inequality then gives a constant C' > 0, independent of n and s,
such that
u, (1) <7 (s) + C, x € B, (25)\ B/, (s/2),

for all s € [2R! ¢, %minj;éi |t — @[]

Local radial decay: Let us first assume that there exists @/ # ¢, as in Step 2
such that |2/, — 27| — 0. We aim to show that, after an appropriate rescaling,
the functions u,, retain the same blow-up profile as in (4.39) for |z — 2’| <
O(minj# |zt — 27 ) In particular, this implies that the accumulation of

volume is finite up to that scale.

Let v, denote the outer unit normal to 0" B, (s). Then we have

d . ou
B (s)| L :7( n 44
Bl = f G (1.40)

Fix a small positive number §. We claim that
a(s) <@ (RLOL) — (4 — 5)(log s — log(RiLéfl)) (4.41)

for all s € [2R¢ 5, émin#i |zt — 27 ]].

Assume by contradiction that (4.41) is false, and let ¢ be the infimum of the

radii s such that
w,(s) >, (RL5,) — (4 0)(log's — log(RL6Y)).
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By definition of ¢, we then also have

,d

n

—ti
s=t%,

Using (4.40) and the fact that |0 B, (s)| = ms, we obtain

Ju .
}{%Bzi (t) Ovg, — ( >7T( +O((%) >)

On the other hand, by the convergence in Step 1 and the asymptotic profile
(4.39), we have

ho1) OViy s,

n-n

ou,,
— —47r  asn — +0oo.
dtB_; (R

Integrating (4.22) and using the above two formulas, together with ¢; — 0, we
find

Kpe" — Kyuy,) + 2 h,etn/? — Bnun)

2, J
BY, (#)\B", s I (Y, (RESE)
< =01+ 0,(1).

However, by the definition of ¢ and the Harnack inequality, in the same regions

we have
. . Rigi N\ -
e <oy (BR) L pemanl g
and, moreover, by the asymptotics of u,,,
6 R x i si g
inte) = (B0 ) | < Clow 10 1ol € [

Hence, where u,, is positive we can bound it by its exponential, and where
it is negative we can estimate it by the logarithmic bound above. Together,
these estimates show that the integrals in (4.2.3) converge to zero, giving a

contradiction.

Finally, if there is no 27 # ' (i.e., only one bubble exists), we choose the
upper bound for ¢!, in the formula after (4.41) to be a small fixed number

7 > 0. Then all the above arguments remain valid, except that the right-hand

20



Step 5

side of (4.2.3) becomes —dm + O(7?) + 0,(1). Choosing 7 small relative to &

yields the same contradiction.

Global radial decay: This step can be omitted when only a single bubble
appears in the previous stage. If instead multiple bubbles arise, for simplicity
we assume that there are exactly two of them, namely =} and z2. The general
situation is analogous, and can be handled by suitably grouping the points

into clusters.

From the previous step, fixing any small § > 0, we obtain inequality (4.41);

moreover, we also have
W (s) < T (R26,) — (4 = 6) (log s — log(R257) ).

for every
5 € {2R252 Lzl — xi”

nYnr §

By the Harnack inequality obtained in Step 3, the difference between the radial

averages satisfies

@2 (L — 22 — T (Al — 22 | < €,

uniformly in n. Furthermore, using also (4.42), we have
un(z) — Up(3|z), — 22))| < C for every z € Q,,

and

/ e — 0, y{ e'n/? =5 .
Qn En

Here we denoted

Q. = Bl (8lh — 22D\ (B, (Hah = a2) U BL (el - 221)),

n

=, = T (8lah = a2\ (T (Heh — 23) U T (Hah — a2).

Integrating (4.22) and arguing as in the previous step, we deduce that

ou,,
— —87 as n — +00,
o+t B_1 8zl —a2|) Ovy,

because the total flux of Vu, through 0f), tends to zero. Repeating the

51



argument of Step 4 then yields
7 (s) < w(8Jel — a2]) — 2(4 — 0)(log s — log(8la’ — a2])) + C,

for all

s € [8|xrlz - {L‘i|, fL

where C' > 0 is a fixed constant and 7 > 0 is small but independent of n.
These estimates also imply that on the region €2, both [, e*" and ¢ eln/?

tend to zero.

Step 6 Conclusion: Combining the conclusions of Step 4 and Step 5, we obtain that
the bulk integral of e (and similarly the boundary integral of e*»/2?) remains
uniformly bounded in some fixed neighborhood of p. This proves the first claim

of the proposition. It also follows directly that u, tends to —oo on 97 B,(r).
]

Lemma 4.19. Under the assumptions of Proposition 4.16, the asymptotic profiles
described in (4.35) and (4.36) hold. Moreover, if x, < 0, then the set Sy is empty.

Proof. If p € Sy, the conclusion follows directly from Case 1 in the proof of Propo-
sition 4.9. Recall that when D(p) = 1, equation (4.28) admits only the explicit
solution in (4.5) (see Section 4). In this regard we also refer to Remark 4.10.

We now focus on the case p € 51, where the main issue is excluding the formation
of a blow-up cluster. Using a conformal chart, the problem may be transferred to a
half-ball By (r) C R? where p corresponds to the origin. In this setting one has the

distributional convergence
(‘Kn‘eun)‘Bp(T)ﬂE —m (277 - 6)5p7 hneun/anBp(T)ﬁE - mﬁ 6;07 (443)

for some m € N, where

h(p)
— o . 4.44
’ ( h2(p)+K(p)) )

To identify m, we employ a Pohozaev-type identity. Choose r > 0 small enough
so that By (r)NS = {0} and apply Lemma 2.4 to By (r) with F(z) = x. This yields

}éB+( )[4Kne“”(a: V) + 2(Vuy, - ) (Vuy, - v) — |[Vu,|*z - V]

= / [AK,Vu, -z + 8K,e" + (VK, - x)e"].
By (r)

52



Splitting the boundary into I'j () and 8% By(r) gives

f (412 (Vuy ) — 4hy (V)] + (4.45)
g (r)
. 2
r 7{ [4[(,16“" + 2(%” x) - \vunP] (4.46)
8+ Bo(r) r
= {4[~(nVun-x + 8K e + (VKn-:c)e“"} . (4.47)
B (r)

Since |VK,,| < C in Bj (r), we obtain

VK, z)e" < r/ VE,|e" = O(r). 4.48
Jo ) (VEne2) ) [VEale™ = 0) (4.48)

0

Integrating by parts on I'j (r) yields

T

]{ 4hne“"/2(Vun~x) = {Shne""/%l -8 Vh,-xe/? —8 h, et/
Fg(r) —r FS’ (r) Fa‘ (r)
Using |Vh,| < C we deduce
Vh,-xe/? = O(r). 4.49
" ) (449
By Lemma 5.6,
[hne“"/le} — 0, / K,e" — 0. (4.50)
—r &+ Bo(r)

Next, it is needed to estimate the gradient terms. In order to do it, we introduce

the function v,, = u, — inf wu, —w,, where v,, w, satisfy
91+ By(r)
—Auv, + 2K, = 2K, e"", in By (r),
ov <
—" 4 2h, = 2h,e"/?, Ld(r),
o + e on I'g (1)
v, =0, on 97 By(r),
Aw,, =0, in By (r),
owy,
5 0, on I'g (1),
Wy = U, — inf  uy,, on 91 By(r).
0+ By(r)

Recall the Green’s representation formula for v,
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-1 -
va(z) = — log |z — y| (2K, (y)e" ™) — 2K, (y))dy

T JBg ()

1 -
- = _ un(y)/2 _
- ﬁm log |z = y| (2ha(y)e™ /> = 2R, (y)) dy + Ro(x). (4.51)

where R, is uniformly bounded.

Let us define the function

nf wu, > 0.

Pn = Un — 1
By (r)

By Lemma 4.11, ¢), we know that ¢, < C on 07 By(r), so using the Green’s

representation formula for ¢,, we obtain that

-1 -
on(z) = — [ loglz —y|2K,(y)e" V) - 2K,(y)) dy
™ JBy(r)
1 -
- = log [« — y|(2hn (y) e~/ = 2k, (y)) dy + O(1).
T JTd(r)
Therefore,

on — ¢ = —dmlog|z| +¢  uniformly in C* (BO*(r) \ {O}),

where ¢ is a regular function on By (). As a consequence, we obtain that

Xz

Vu, =V, = —4m
||

+ V. (4.52)

Now, by the boundedness of K,,, h, and (4.52) one gets

/Bgm Ky (Vuy - ) = O(r), /Fm ho (Vau,, - ) = O(r). (4.53)

By (4.81), (4.82), (4.83), (4.53) and (4.52), we can pass to the limit in (4.45) as
r — 0 to conclude that m = 1.

We now turn to the pointwise estimates in (4.36). The argument parallels the
proof of Theorem 1.6 in [2], combining Green’s representation, a Pohozaev identity,
and (4.27) together with Lemma 4.11 (c¢). Considering the limit equation (4.28), for

the scaled function v,, introduced in (4.24) one obtains

2 . r
vn(s, 1) = 210g<82 T A(%) +0(1), in Bg(&) ,
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where tg = ©(0)\ and Ay = % (because v(0) = 0). Using Remark 4.10 and
that x, € I'§(r), this expansion translates into (4.36) for u,, with \, = X\¢d,. The

gradient estimate (4.37) follows similarly.

Finally, combining (4.36) and (4.37) we get

1 1
Vu, [* > 16/ —l—o() = —4log(6, log 8, )+o(log(d, log d,,)).
Jye V] oo ons L 8(0a10g 0,)+0(10g (3, 10g 3,)

Thus
/ |Vu, |> = +oo, (4.54)
Bg (r)

which contradicts Lemma 4.11 (b). Hence the proof is complete. O]
Lemma 4.20. For every p € Sy, one has D.(p) = 0.

Proof. Assume by contradiction that ©.(p) # 0 for some p € Sy. Then p is isolated
in Sy, and since S; is finite by the previous lemma, it is also isolated in S.

Using a conformal chart we reduce the problem to a half-ball B (r) C R? where
p is the only singular point. At points in Sy the blow-up profiles are given by
(4.5), which implies that the amount of local volume diverges to +00. Consequently
P (Uy) — +00.

We now select F(s,t) = (1,0) in Lemma 2.4, cutting it off near p. Repeating the
argument of Proposition 4.14, but replacing the global mass p, with the localized
quantity [ B (r) e (for a fixed small r), and using Lemma 4.11 (c), we again conclude
that ©,(p) = 0, a contradiction. O

4.3 The case of the disk

The main result of the blow-up analysis on the disk, which will be used in Chapter

5 to build solutions, is the following

Theorem 4.21. Let u,, be a sequence of solutions of the problem

—Au, = 2K,e"" in D,

ou,, 4.55
- + 2 = 2h,,e"n/? on 0D, ( )
ov

where K, — K in C*(D) and h, — h in C?(0D) as n — +o0o. Assume moreover

that u,, is blowing-up, namely, sup{u,} — 400, with bounded global mass,
/ el + [ em/2< (. (4.56)
D oD

95



Then there exists a unique point p € 0D such that
i) If K(p) <0 then h(p) > /—K(p).

it) There ezists a,, — p so that

un(2) = ta, (2) + ¥n(2),

Uq, (2) = 2log { 200 (1 — |an|?) } ’

éi\l — pz|? + l%n]z — ay|?

5 = qbn (Cl?l) ) ]%n = Kn <0Jn> )
|y ||

On(2) = ha(2) + [ ha(2)? + Ko(2). (4.57)

with

RS
3
|

where

Moreover, the error term 1, satisfies:
’Wn”co,a@) — 0 for any a € (0,1/2).

iti) Let H denote the harmonic extension of h, that is,

AH =0 in D,
H=h on 0D.

Define:
() = H(2) +H(2)? + K(2), (4.58)

which, by i), is positive and well defined at least in a neighborhood of p. Then:

Ve(p) = 0. (4.59)
We note that condition (4.59) is equivalent to

h.(p) = — . (=A)h(p) = —

Here 7 denotes the tangent vector to 0D at the point p. As a consequence, we
obtain a compactness criterion: if no such point p exists, then the sequence u,, is
uniformly bounded from above and hence precompact. This criterion depends on
local quantities involving K and h, as well as on the half-Laplacian of h evaluated

at the blow-up point.
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Remark 4.22. There are examples in which the finite mass hypothesis (4.56) holds.
If h > 0and K > 0, it follows from the Gauss—Bonnet theorem; moreover, there are
also cases in which either h or K is zero, as pointed out in the Appendix of [20],

Proposition A.2, using the isoperimetric inequality and Toponogov’s length bound.

Lemma 4.23. Let ¢ be a solution of

—AyY =c(z) inD, i / 5=0
?;f =d(z)  on JD, D '

Then, for any q > 1, there exists a constant Cy > 0 such that

16llwrsmamy < Colllehzom) + ldl aom))-

Lemma 4.24. For any q > 1 there exists Cy > 0 such that the following holds. Let

Y be a solution of the nonhomogeneous linearized problem

—A) = 2Koe™) + ¢(2) in D,
) 4.60
W _ 2hoe”’ %) + d(2) on 0D, (4.60)
ov
and assume that 1 satisfies the orthogonality conditions
/ xe”O(Z)w(z) =0, / ye”O(z)w(z) =0. (4.61)
D D

Then
HwHWlH/q’q(D) < CQ(HCHLQ(ID)) + HdHLq(B]D)))-

Proof. Let 1, be a sequence of solutions to

— A, = 2Kpe™Y, + c,(2) in D,
a;’" = 2hoe 21y, + dp(2) on OD.
v

We may assume that the functions v, are sufficiently smooth; otherwise, the ar-
gument follows by density. Arguing by contradiction, suppose that there exist se-

quences c¢,, d, and corresponding solutions v, such that
chHL‘I(D) + Hdn”L‘I(ﬁD) =1, HwnHWHl/qvq(D) — +00.
Define the normalized functions

wn = Hlﬁn HI;/11+1/q,q(D)wn-

o7



Up to a subsequence, we have 1, — 1)y weakly in W11/ ©4(DD). By compactness,

2K e, + Cn s 2Kpe™,  in LI(D),
|%nllwr1/a.0(m)

and

- d, -
2hoe" %1, + — 2hge™/ %1y in LI(OD).
|9 llwr+1/a.am)

Applying Lemma 4.23, we deduce that 1, — 1) strongly in W'*+/%4(ID). In partic-
ular,

||1;0||W1+1/q,q(]])) =1.

Moreover, the orthogonality conditions (4.61) are preserved in the limit. Lemma 4.6

then implies ¥y = 0, which yields a contradiction. O

4.3.1 Single-Point Blow-up and Asymptotic Profile

The purpose of this section is to provide a proof of Proposition 4.25 stated below.

Under the assumptions of Theorem 4.21, we introduce the sequence
Un(Zn) = max up(z) = +00. (4.62)
We define the singular set associated with the blowing-up sequence as
S:={peD: 3z2,€D, 2z, > p suchthat w,(z,) = +oo}. (4.63)

By (4.62), after possibly passing to a subsequence, we may assume that z, —
p €S asn— +oo.

The main result of this section is the following.

Proposition 4.25. Under the assumptions of Theorem 4.21, S = {p} C ID and,

up to a subsequence,
Uy, — —O0 locally uniform in D\ {p},

hne'n/? — B8, Kpe' — (21 — B)5,, (4.64)

in the sense of measures, where

(4.65)
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Moreover,

un(z) = 2log {¢2 205 (p) (1 — Cal?)

»(p)[1 —CnZ|2+Kn(p)|Z_Cn|2} +0(1), (4.66)

where z € D, the function ¢, is defined in (4.57) and ¢, € D, with ¢, — p.

Proposition 4.25 represents a preliminary step toward the derivation of the
asymptotic behavior stated in Theorem 4.21. In the next section, we shall refine the
above description by improving the error term in (4.66) from O(1) to o(1).

The proof of Proposition 4.25 relies on the following result, which concerns a

broader class of Liouville-type equations.

Proposition 4.26. Let u, be a sequence of solutions of the problems

—Au, + 2K, = 2K,e" in D,

ou, -~ 4.67
¢ + 2h,, = 2h,e"/? on 0D, ( )
1%

where K, = K, K, — K in C*(D) and h, — h, h, — h in C2(dD) as n — +o0.
Assume moreover sup{u,} — +00, but it has bounded global mass:
Un Un /2
[+ [ emzc (4.68)
D o
Then the singular set S is finite. Moreover,
i) If pe S\ ID, then K(p) > 0;
it) If pe SN (OD) and K(p) <0, then h(p) > /—K(p);
i) u, — —oo locally uniformly in D\ S;

i)

K,e" — Z Ao, + Z YpOps (4.69)
peS\(D) peESNAD
and
hae' /2 — 3" 416, (4.70)
peSNOD

where vy, + 7, = 2m and

S 11— (4.71)

h?(p) + K(p)

First, we introduce a minimal-mass lemma:
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Lemma 4.27. Under the assumptions of Proposition 4.26, let p € D and r > 0 be

such that B.(p) C D. If

K e <e < 2m, (4.72)
Br(p)

then u,; is uniformly bounded in L>°(Bz(p)).
If instead p € 0D and

/ Krem<e< T / hrewn/? <e< T (4.73)
B, (p)nD 2 B, (p)noD 2

then )} is uniformly bounded in L>°(Bz(p) N D).
Proof. The first part of the statement follows directly from [5], Corollary 4.

For the second part, we decompose
Up = Uln,+ + Uin,— + Uon,+ + Un,— + Ugp,
where 1, + and ug, + satisfy the following problems:

—Auyy, + = ngfe“” = ff in B(0),

Ourns =0 on I',(0),
Upp+ =0 on 01 B,.(0),
Au2n7i =0 in Bj(O),

Dytign + = 2hFe/2 = g=  on T,(0),
Uzt =0 on 01 B,.(0).

Clearly, uyy,—, ug,— < 0. By extending uy, - and f,j evenly to B,.(0), we can

apply Corollary 4 of [5] to obtain

/ ePlutn,+| < C,
B (0)

for some p > 1. On the other hand, according to [22, Lemma 3.2], for 0 < §; < 4=
and 0 < 09 < 27, we have

4m—351 2m—389

~ ‘u2n7+| ~1 |u2n,+|
ellanlipn < 07 ellanlipa < C"
B;(0) I'-(0)

where [|g7 |t = Jr, (o) 9n -
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Since ||g;F||r < 27, it follows that

/+ eP1luzn,+| < C, / eP2luzn,+| < C,
B (0) I'(0)

for some py,ps > 1. Consequently, i, 4, Uz, € L'(B;(0)), and moreover, u,} €
LY(B(0)) by the bounded-mass assumption.
Observe that u3, = u,; + uy, 1 + Uz, 4, so applying the mean-value property of
harmonic functions, we deduce ug, € L™(B,1,(0)).
Therefore, f, € Lq(B:f/Q(O)) and g, € L(I';/2(0)) for some ¢ > 1. Finally,
standard elliptic estimates imply the desired uniform bound.
O

As a consequence, the singular set S (defined in (4.63)) is necessarily finite.

Moreover, we have the following weak convergences:

Knpe'™ = > apdp+ Y. 70, + 7, (4.74)
peSND peSNOD
and
he /2 = 3" s, + T, (4.75)
peSNOD

where o, > 27, 7, > (D\S), ¥ e L'(dD) N

L (0D S).

Torn, > %, and ¥ e LY(D) N Ly,

Taking (4.68) into account, for any point p € S N D we obtain

21 < Kfe' < (K;p + r|IVK | o s, )e“"
» [ (K0 + IR e

< O(K;f(p) + 7| VK =).

Choosing r > 0 sufficiently small yields K(p) > 0, and thus statement (i) of Propo-

sition 4.26 follows.

Remark 4.28. We point out that, outside the set S, e“» can be assumed to be
uniformly bounded. Moreover, the proof of point (c¢) in Lemma 4.11 remains valid
in the case of the disk, which implies that u,, has bounded oscillation away from S.

In particular, we have

[un(21) — un(22)| < C Vz1,20 € D\ | B:(p), (4.76)

peES

for some fixed r > 0.
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Consider now a point p € S N ID and a neighborhood around it that does
not contain any other singular points. Using a conformal map, we can reduce the
problem to a half-ball. More precisely, we may assume without loss of generality

that p = (1,0). Then, via the Mobius transformation

fl:Ra__> D

we can map a half-ball Bff (0) C R? into the right half of the unit disk, so that p

corresponds to the origin. Define

vn(w) := un (f1(w)) + 2log [ f(w)] = un(f1(w)) + 2log Wt ip

Then v, satisfies the problem

—Av, + 2K, = 2K, in B/ (0),

R (4.77)
%LV" + 2h,, = 2h,e"/? on I, (0) := (=79, 70) x {0}
Reasoning as in the proof of Lemma 5.6 we have the following Lemma:
Lemma 4.29. There exist a finite number of sequences 3, := {w?, ..., w}, 0}, ..., 0} —

0 and positive sequences €7, ..., e} — 0, &7,... €} — 0 such that

a) vp(wi) = max{v,(w) : w € Ben(w}') NRZ} fori=1,...,¢,

(2

b) & < dist(@},T,(0)) and v,(@7) = max{v,(w) : w € Ben(wW}')} for i =
1.k

c) If K(0) <0 then k=0 and h(0) > /—K(0),

d) Kne' + / hne'? —5 210 + 4k,
B (0) r,(0)
e) v, — —oo uniformly on compact subsets of B;F(0)\ {0}.
Remark 4.30. In the analysis performed in the proof of Lemma 5.6 only the points
w!* appear. This is because in that case we were considering only the case where K
is strictly negative and hence no solution in the entire plane exists (see also Case 2

in the proof of proposition 4.9).

We point out that the coefficients 7, appearing in the expansions (4.74) and
(4.75) (we omit the dependence on p) satisfy

v :=lim lim Ke’, (4.78)

r—0n—+oc0 JBF(0)
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AN K . Un /2
T }fl—%nl—lﬁloo I, (0) frne™ 1" (4.79)

We next prove the quantization of these values by means of a suitable Pohozaev-type

identity together with the asymptotic estimates obtained above.

Lemma 4.31. Let v and v be as in (4.78) and (4.79). Then
¥+ =2m. (4.80)

Proof. Apply a Pohozaev-type identity in B (0) for 0 < r < rq, with g as in (4.77).

More precisely, using Lemma 2.4 with F' = w, we obtain

/aB+(0) {ZKnevn(w V) + (2hpe? = 20,) (Vo - w) — W(w : V)] dw

= 2¢" (VK, - w + 2K,) 4+ 2K,(Vu, - w)| dw.
B (0)

Splitting 0B;" = 0" B, UT, yields

/(31;)?(0) [QKnGU” (w - v) + (2hpe"? — 2h,) (Vo - w) — W(w : 1/)} dw
_ Un vn /2 7 [V |?
= (20K e + (2haet’? = 200,) (Vo - w) — V2 Pr] duo
8+ B,(0)
+ (2hne”"/2 — 2/3,1)8121” wy dw,
I, (0)

where we wrote w = w; + iws. Since |VK,| < C uniformly in B;(0), we have
/ (VK, -w)e’™ dw < 7“/ \VK,|e" dw = O(r). (4.81)
B (0) B (0)

Integrating by parts on the boundary term gives

(r,0)
/ 2hne’?(Vo, - w) dw = 4 [hne””ﬂwl} —4 (Vhy, - w) e™/? dw
7‘(0) ’LU:(—’!‘,O) F’!‘(O)
— 4/ h,e’'? dw.
I',(0)
Again, since |Vh,| < C, we obtain
/ o (Vi) e /2 dw = O(r). (4.82)
(0)
Moreover, by Lemma 4.29(e) we deduce
(r,0)
{hnevnmwl} — 0, / K,e"rdw — 0 asn — +oo. (4.83)
w=(—r,0) 0t B, (0)
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Using the Green representation formula we have

1 w—z
Vou(w) = [ 2K, (2)e" ) d
Un{w) 7 JBH0) |w — z|? (2)e :
1 w—z
+— —h,(2)e"" P2 dz + O(r),
7 Jr.(0) |Jw — 2|2 (2)e : (r)

and, using (4.74) and (4.75),

2
Vo (w) = VG = =(y+ v’)|w’2 + O(r) outside the origin.
T w
Hence
/ Vo, - wdw — VG- wdw = 0O(r),
a8+ B (0) 0t Br(0)
Vo, - wdw — VG- wdw = O(r),
B,(0) B, (0)
and .
Toal . 961 . gy — 9 2240,
/6+BT(0) o dw — mo) r dw (v+7") - +O(r)

Plugging these limits into the Pohozaev identity above yields

1
20y +9/V— =4y +7) + O(r),
and letting r — 0 we obtain the claim. O]

Observe that the previous lemma, together with Lemma 4.29(d), implies that
¢ =1 and k = 0. Moreover, by (4.65) we have

h(0)

Y= 2T50) + K(0)

This completes the proof of Proposition 4.26.
We now return to the proof of 4.25. In this particular setting we first prove that

the singular set consists of a single point lying on 9D.
Lemma 4.32. The blow-up set is S = {p} C ID.
Proof. From (2.1) we have

/ K,e' —I—/ h,e"/? = 2.
D oD
Moreover, Proposition 4.26 shows that
/ K,e" + hpe'/? — Ax N + 27 M,
D oD
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where N = |SND| and M = |S N 9ID|. Therefore the only possibility is N = 0 and
M=1. O

Next, we derive global pointwise estimates for the bubbling sequence near the
origin.

Lemma 4.33. If K(p) < 0, then h(p) > /—K(p). Moreover, the solutions v, of
(4.77) satisfy

2\
Up(wr,we) = 210 i + O(1),
(1w, w2) & { K (0)X2 + (w1 — w1 p)? + (Ws — Wap + hn(O))\n)Q} (1)
(4.84)
in B (0), where wy, = (w1 n, ws,) — 0 is so that
Up(wy,) = max v, (w) — 400
B, (0)
and 0
vn (wn)
Ap = ° th 0, :=¢e¢ 2z . 4.85
K +mo " ‘ (45
Proof. Define the rescaled function
Un(w) := vy (W, + dpw) + 2log b,
that satisfies the problem
— A, = 2K, (w, + d,w)e’ in B — %)
s (=52) (4.86)

O — 9, (wy, + Spw)e™ on L'y /s, (_%> ’

where

Wn Wn Wnp,
Br+o/6n (_(;n> = {(w17w2) € Bro/én <_5n> S Wy > —%}7

Lo/ ({‘;:) = (=10/0n,0/04) X {—5”}.
By simplicity we assume -5 =2 q=0. Thus, by the Harnack inequality ( see
Appendix A):
@, is uniformly bounded in Lj5,(R%), (4.87)

loc

and
T, — Vo in C7(R?), (4.88)

65



where v, is the entire solution of the problem

—Avy =2K(0)e™ in R3,

%0 = 2h(0)e on OR?, (4.89)
UO(O) = 07

with
/ e” +/ e/?2 < C.
Ri aRi

According to (4.1) , if K(0) < 0, then h(0) > /—K(0). Moreover, vy takes the

form:

2o
| . 7 4.90
vo (w1, wy) o8 { K(0)A§ + wi + (w2 + )\Oh(O))Q} .

2__ > 0. In addition, we have that

where )\0 = W

wa| < Cé. (4.91)

We are now concerned with the global O(1) estimate. By the analysis in Lemma
(5.6)(see in particular Step 4), we conclude that for every e there exists R. > 1 such
that

Up(w) < (4 —¢)log|w| + C., for |w| > 2R.. (4.92)

Taking into account (4.76) and (4.88), by Green representation formula one has
that

M, 1
~n Jl = /
o)+ gl = L [
+= /

where ¥, is uniformly bounded in B;; J6n (—w ) and M,, is defined as

)log < ]l ) 2K, (w, + 5nz)eﬁ"(z) dz

( [w]l2] ) 2h, (W, + (5nz)eﬁn2(Z)

ns
7‘0/571

M, ;:/ 2K, e + o, %
£ (0) I (0)

_/ o 20 (W + Spw)e +/ Ui (1 + ) F .
r0/0n T On

TO/5n 6n

We can estimate the expression above using the asymptotic behavior given by (4.92)



in order to conclude that

To

M,
Op(w) + —"log|w|| = O(1)  for 3 < |w| < 5
™ n

(4.93)

See Lemma 4.2.4. in [34] for further details on the computations of the logarithmic
terms.

Finally, using a Pohozaev type identity in B¥; |, (0) one can obtain that
M, — 4r| = O (|log d,| ") . (4.94)
We refer the reader to Lemma 4.2.5. in [34] for more details.

Combining (4.87), (4.88), (4.93) and (4.94), we conclude

2o
K(0)AF +w? + (wa + 7(0)Ao)?

Uy (w1, wa) — 210%{ }’ <C, in P:"Lo/én(o)'

Using the definition of @,, and w,, scaling back to v,, we obtain (4.84). ]

We conclude the proof of Proposition 4.25 by establishing the estimate (4.66).

To this aim, we transform the solution of (4.77) into a solution defined on the set

_ 1—
D::{z:az+iy€ﬂ):$> 7‘0}‘
1+7"0

More precisely, we have

2
un(2) = vn(fi '(2)) +2log EESIE

where f; ! is the inverse of the Mébius transformation f;, namely

fit: D — R2

s 1l—z
Z w_Zerl'

In particular, this gives

ax,
2 Iz 2
[Kn(o)Ag + (2 —win) + (155 — wan + hn(0)A) } 2+ 1P

un(2) = 2log
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To complete the proof, we introduce the sequence

(= <1 o) + Kn(p)>

on(p)

Using (4.85), we observe that ¢, — p as n — +oo and |(,,| < 1. Moreover, (4.91)
holds by the definition of (,.

We then consider the function

26, (p)(1 — |al?) } 2eD.

tin(2) 1= 2log {¢%(p)|1 = G + Ka(p)lz = Gil?

(4.95)

It can be shown that

that is,
un(2) = u,(2) +O(1), z€D.

Finally, we extend this estimate to the entire disk. For any z € D and z; € D,
by (4.76) and (4.95) we obtain

2¢n<p>(1 - |Cn|2) H

un<z) - 210g {qb%(p)“ — CTZZ|2 + Kn(p)|z - (”|2

2¢n(p)<1 - |Cn|2)
W(z1) =21 =
U (21) Og{qf)%(p)u_an|2+K”(p>|Z_€"|2
<,

<

b+ ) = wutenl

which provides the desired conclusion.

4.3.2 Estimate of the remainder term

Proposition 4.34. Assume that the hypotheses of Theorem 4.21 hold. Then there

exists a sequence a, € D such that, setting

1— |a,|? a+tz

Un(z) = un(fan(z)) + 21Og |1 —{—CL72’|27 fa(z) = ma

the following properties are satisfied:

(a) v, solves
—Av, = 2K,,(fa,(2))en® in D,
vy, (4.96)

9 +2 = 2R, (fa, (2))e /2 on OD;
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(b)
/ ze(?) dz = / ye' ) dz = 0;
D D

(c) a, — p, where p € D is the blow—up point;
(d) the sequence v, is uniformly bounded;

(e) v, admits the decomposition

20,
Un(2) = 2log (W) + &n(2),

én = ¢n (%) 5 l%n = Kn (%) )
|an| ‘an‘

On, is defined in (4.57), and

where

1€allco.e@) < C(L—lan])' ™ for every a € (0,1/2).

Proof. Property (a) follows directly from the definition of v,. We next prove (b).

For a given continuous function u, define the map I' : D — R? by

I'(a) := /Dze”“(z) dz, va(2) == u(fa(2)) + 21og | fi(2)].

We claim that there exists a € D such that I'(a) = 0. Indeed, if a,, — a € 0D, then
by the change of variables 2/ = f, (z) and the Lebesgue dominated convergence

theorem,

/ze“““(z) dz:/zeu(f”"(z))’fén(zﬂz dz:/f—an(zl)eu(zq dz'
D D D

— —a/ &) dqy.
D

Hence I' extends continuously to dD by setting I'(a) = —a [ e*. It follows that the
Brouwer degree of I' is equal to 1, and the claim is proved.

We now establish (c¢). Suppose by contradiction that, up to a subsequence,
an, — ag € D with ag # p. Since f,, — fa, uniformly on B,(r) for small r > 0, and

recalling from Proposition 4.25 that K, e"» — 34,, we compute

O:/ze””(z) dz:/ze“”(f“"(z))\f;n(zﬂzdz
D D

- / J-an <Z>€un(2) dz — co — ip7
D — aopp
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for some constant cq # 0, yielding a contradiction. Therefore a,, — p.

Let u,, be as in Proposition 4.25 and define

1— |an|2

Un(2) 1= un(fa,(2)) +2log Ttz

Using the explicit expansion of u,, we obtain

v (z) — 210g< 2¢n<p)(1 — ’CnP)(l — ‘an|2)

e b et vy ML

Introducing
~ Ap — Cn e D

Ay -
n 1_a7ncn )

this expression can be rewritten as

2¢n(p) (1 — |@n|?)

onl2) = 210g<¢z<p>11 “aeP + Kn(p) [z —anf?

) +ow

If @, — a € 0D, then v,(a,) — +oo and e’» — 0 locally in D \ {a}, contradicting
the fact that v,, has vanishing barycenter. Hence |a,| < 1 — ¢ for some € > 0, which
proves (d).

We finally prove (e). By (d), the right-hand sides of (4.96) are uniformly
bounded in L®. Lemma 4.23 yields uniform bounds for v, in W*/%4(D) for all
q > 1, and by Sobolev embeddings, v, is bounded in C%%(DD). Up to a subsequence,

v, — Vg in C%%(D), where vy solves

—Avy = 2K (p)e®™ in D,
0
% +2 = 2h(p)e™’? on ID,
and satisfies [pxe™ = [pye”™ = 0. By Remark 4.5, vy coincides with the radial
profile (4.19).
Set .
2¢,
Un(2) := 2log * , &n = Uy — Uy
G5 + k|22
Then, &, — 0 in C%%(D) for every a € (0,1). We now aim to obtain a quantita-

tive rate for this convergence.
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Notice that &, solves the following problem:

_Agn (fan (||>> eﬁn gn + Cn(z) in ]D,
%flf = 2h (fan ()) eﬁn/2 gn + dn(z) on 0D7

|anl

o) = 2[Rl e1) — o (o [ 221) |
+ 2K, (fan (IZZ\>> e (e —1-¢,),

4(2) =2 (2)) — Q@QHO)F%m
+ 2Ny, (fan<| n|>> e/ (e — 1 - ¢,/2).

By the mean value theorem, there exists a constant C' > 0 such that

where

| Ko(fan () = Ea(fo (29))| < €

Fan(2) = fan (22) .

and similarly

i fon(2) = b (259))| < €

fan( ) fan(‘an‘)‘

Applying Lemma 4.36 below, we deduce that for every 1 < ¢ < 2,

J

for2) = fun ()| < CO=lal?, [

Fan(2) = fun () < 1=

Since &, — 0 uniformly, we also have

||e£n _ 1 — §R‘|L4(D) S OHSTZHL‘”(D)”&”HL(I(D)

We can therefore apply Lemma 4.24 to obtain

H§n||W1+1/M(JD)) < Cq(l - |an|>1/q + On(1)<”§n”Lq(D) + anHLq(@D))'

On the other hand, the Sobolev trace estimate yields

[€nlla) + 1€nllzaap) < Cllénllwrr/aamy-
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Hence, choosing n sufficiently large, inequality (4.97) gives

lnllwiss/aamy < (Cq +2)(1 = |an|)™.

Finally, recalling the continuous embedding

— 1
witeyp) — c*D), a=1--,
q

we conclude the proof of Proposition 4.34.
O

Remark 4.35. We are now able to prove part ¢) and iz) of Theorem 4.21: From
the previous discussion, conclusion i) follows immediately. Furthermore, using the

notation of Proposition 4.34, assertion i) is achieved by setting

Note that
Un(2) = & (f-an(2)),

and that [f’, (2)| < C(1 —|a,|). Consequently, the mean value theorem yields the

following estimate for the C%® norm of v,:

(1) = Yn(22)] = [l (22)) = &l (22))
< O~ )" fan(21) — Fan (22"
< O(1 = |an])! 72|21 — 2|

For the sake of clarity of the exposition, we isolate the purely technical estimates

of the previous proposition in the following lemma.

Lemma 4.36. Let 1 < ¢ < 2 and let {a,} CD be a sequence such that |a,| — 1 as
n — +o0o. Then there exists a constant C' > 0, independent of n, such that

i)

[ o) = s (22)| < c1=
i) q
fo e = 2 (22)] < 0=
o 4 222
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Proof. By the explicit expression of the Mobius transformation f,, we compute

ﬁM@—@QﬁM:

Ay + 2 Ay,
l+a,z  ag

1 —lay| [an — |as|z
= <O = lan)) 77—
| Trme | =0l T/
for |a,| sufficiently close to 1.
Consequently,
a ! 1
a - Ja z <Cl_ nq/i. 498
[l -a () sca-tah [y @99

The integrand is singular at the point

1 p
n=-—-——= ——-
0 a,in |an|2’

which satisfies |zg| > 1 and hence does not belong to D. Since 1 < ¢ < 2, the integral
on the right-hand side of (4.98) is finite, and this yields assertion (i).

We now turn to the estimate on the boundary. For z € 0D, we observe that
114+ @,z| = |2+ @] = |2 + a,| = dist(z, —a,).

Arguing as above, we deduce

[t = (22

|an|

<oy [

oD |1 + @pz|?

== [

op dist(z, —a,)?

(4.99)

Notice that
Qn
dist(z, —a,) > dist <—, —an> =1—l|ay|-
a

|an
We decompose the boundary as

Qn Qn

21 = 8D\Bl<—> s 22 = aDﬂBl<—> .
|an |an|
If z € ¥4, there exists a constant ¢ > 0, independent of n, such that dist(z, —a,) >

c. Therefore,

1
—— < 13| < c7Y0D)|. 4.100
o dlSt(Z, _an)q >cC | 1| >C | | ( )
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To estimate the contribution of 5, we partition it into annular arcs:

L1 = B(1—|an\) <_|Zn|> N 22,

Qp anp .
Lj = (B](lanD <_‘a‘> \ B(jfl)(lf\an\) <_’G|>> N 227 J = 27 SRR Jn7

where J,, := [(1 — |a,])7'].
We note that
L] = 2(1 = Jan]),

and that

dist(z, —a,) > 1 —|a,|, =z € Ly,

diSt(Zu _an) 2 (j - 1)(1 - |an|)7 z € Lj7 J=2
Hence,
1
- <C(1-|a, 1*!1’

Ly dist(z, —a,)? ~ (1= lan])

and for j > 2,

/ 1 < C
L, dist(z, —a,)? = (j —1)¢

Summing over j we obtain

(1 —Jan])* =

1 =1
— < C(l=a D1+ =
5, dist(z, —a,)? (1 =laa) ( ]Z::l Jq) (4.101)

<O(1 - a2

Combining (4.100) and (4.101) with (4.99), we conclude the proof of (ii). O

4.3.3 The criticality condition at the blow-up point

In this section we complete the proof of Theorem 4.21 by establishing point (7iz).
By testing equation (4.55) against a suitably chosen vector field and integrating, we

derive a first necessary blow—up condition.

Proposition 4.37. Let p € S and let ¢ be defined as in (4.58). Then the following
identity holds:

2h.(p) + =0, (4.102)

or, equivalently, p,(p) = 0.



Proof. Let us introduce the vector field F' : D — R? given by

F(l’,y) = (-y,l’).

Notice that F'is tangent to 0. Applying Lemma 2.4 and performing an integration
by parts, we obtain

o ), =4[ (h).ew? Q/KHQ-F“m 4103
[ () =4 [ (e 12 [ VE, e (4.109)

where u,, denotes the solution of (4.55) satisfying assumptions (i) and (éi) of Theo-
rem 4.21. In deriving (4.103) we have used that V-F = 0 and that DF(Vu,, Vu,) =
0.

Arguing as in the proof of the distributional convergences (4.64), and exploiting

the mass quantization stated in Proposition 4.25, we deduce that

h-(p)

(hy)re'/? — 2
h?(p) + K(p)

dp,

and .
ppe't — 21 Op,

h?(p) + K(p)

where ® is defined in (4.58).
Using these convergences, together with pointwise estimates on u,, and multi-
plying and dividing appropriately by ,,, we infer that the right—-hand side of (4.103)

converges to

K
sr )y () . (4.104)
)+ K@) ep)yh*/p)+ K(p)
Since
n)r — Oa
/()
the limit in (4.104) must vanish, which yields (4.37). O

From now on, without loss of generality, we assume that p = (1,0). By composing
K, and h,, with suitable rotations, we may also suppose that A\, € R and A\, — 1.
We then consider the family

2(1 - X2)9

uy (z,y) = 2log| = - = - , 4.105
() g(cbz(l—Anw>2+¢z<xny>2+kn<z—xn>2+kny2) (4105)

which corresponds to the blow—up profile described in Theorem 4.21. Observe that
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the denominator is strictly positive as a consequence of the condition
p(p)* + K(p) > 0.
Lemma 4.38. Assume that u, = uy, + 1, where uy, is defined by (4.105) and
[Unllcon < CL=X)'7*, € (0,1/2).

Then the following asymptotic expansions hold:

(i)

(i)
/D((Kn)ya:y C(K)e(1—a? yg»eUn

_ ¥np) /D ((Kn)yry = (Kn)a(1 = 2 + %) )€™ + 0, (1)(1 = \).

Here 0,(1) = 0 as n — oc.

Proof. By definition,

Un Urp T Yn(p) ¥An  Yn—tYn(p) Yn(p) ¥
2 2

=e 2 =e¢ 2 e2¢e 2 =e¢ eTn(l—i-O(wn—wn(p))).

e

Therefore,
Un Yn (p) YA
h’n T 2y = 7/ hn T 2
| ey =5 [ )y
¥n(p) UAn
# e (h)eeF y O, — vn(p)) =i 1
Using the Holder bound on ,,, we estimate
Il c=r)2 [ eFlylle -1 ds

dz

<CO(1—A )Q—Qa/ lyllz — 1]
B M Jon G2(1 = A)? 4 B2 (ay)? + on(@ — An)? + ot

S C(l o /\n)272a’

which proves (7).
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The proof of (ii) follows along the same lines. Indeed,
L ((€0)my = (1)1 = 22 + ) e
= e [ ((Ka)yay = (K)o(1 =2+ ) )™

+ e¥n(®) /]D ((Kn)ymy — (Kp).(1—2* + yQ))euA" O(n, — Un(p)) =: 11,

and one checks that

|II| < C(l Y )2—2(1/ (|$||y| + |1 — $| + |y|2)|z — 1|a(1 + )‘n)
B ! (gb%(l - )‘nx)Q + qbgz()‘ny)Q + kn(w —A )2 + kny2>2
< C(l o )\n>272a’
which completes the proof. O

The following result completes the proof of Theorem 4.21.

Theorem 4.39. Let ¢ be defined as in (4.58). Then the identity

2(—A)Y2h(p) + =0 (4.106)

holds, or equivalently ¢, (p) = 0.

Proof. Let u,(z) = uy, (2) +1¥,(z) be a solution of (4.55) satisfying assumption (i7)
of Theorem 4.21, where u,, is given by (4.105) and A,, € (—1,1). By Proposition 2.5

we have

2/ Jye Ty — / — 2+ ) =4 : (hy) /2y, (4.107)
D

Applying Lemma 4.38, the previous identity becomes

2 [ (Radyeay = [[(Feets (1= +472) = =4 [ (et /2y +0,(1)(1 = ).
D
(4.108)

We first analyze the boundary term on the right—hand side. Integrating by parts
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and inserting the explicit expression of u,,, we obtain

4 [ (ha)e Py = =4 [ (b~ ha(®)) Wy

oD
24/ hy, — hy an/2( Uan /2,
o () (6 y+e

On (1= X,)% + 2\, (z — 1)
gbg I k‘ / (hn — hy ( ))((1 )\n)z _ 2)\71(1, _ 1))2'

=8(1—A\2)=

We now turn to the left—-hand side of (4.108). A further integration by parts
yields

2 / <Kn)y ey — (Kn)w eukn(l — 2%+ 3/2)
D D

= [ = K [(e0)o(1 = % + 4) = 2(ee) sy — dwe ]

— 16(1 = A2282(6 + h) /D (K, — Ku(p))
(1= 2)2 +97) + (1= X%

A~

N N ~ 3
(921 = M) + G2 (A)? + kul = An)? + hngs?]

X

Setting
- z(1=N)2+ 2\, (z — 1)
hn= /am(hn ~ ) I — @ = )
o= | (K = Knp)) (= ML =) +4%) + (1= o)) |
D (¢n(1 = Anx)? + 07 (Any)? + kn(2 — An)? + kpy?)?

equation (4.108) is equivalent to
In = =2(1+ A)dn(@y, + k)11 + 0n(1). (4.109)

We now pass to the limit as n — oo, corresponding to the concentration of the
bubble at p.
Fix € > 0 and assume 1 — A\, < e. Writing

(1= X\)? + 2\, (2 — 1)
(1 =) =2\ (z — 1))

fn(xay) =

we decompose

OD\ Be (p) ( () ODN(Be (p)\B1-x, (p)) ( ()

+/ (B — B (p)) for =2 Iy + I + I
ODNB1_x,, (p)
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Since the integrand is uniformly integrable on 0D\ B.(p), by dominated conver-
gence we find
lim [, = / h<p)7_h
n—00 aD\B.(p) 2(1 — )
Using the symmetry of f, with respect to y, together with uniform C? bounds on
h,, one checks that
I < Ce, 5] < C(1 =),

hence

dm p=06),  lim =0
We now estimate I1,,. Writing

—A((L—2) + %) + (1= M)’
(G2(1 = M) + G2 (Aay)? + kin (& = An)? + ny?)?

gn(@,y) =
we decompose

I, = (1—)\n)/

by o KBt (1) / (K= K (p))gn =: IL+115.

DN B, (p)

We start by examining the region D\ B,(p). For a fixed 0 < p < 1 and for z =

(x,y) one has |z — 1| > ¢(p) > 0 for some constant depending on p. Consequently,

e T T | e I R W R W2

for A, sufficiently close to 1. Moreover,
(1= X\p)? > (7 — N3,
so, assuming ®(p)? + K(p) > 0, for A, near 1 we obtain
1| < C(1 = M) K| Lo ()
where C' is a positive constant independent of n. Hence
nh_{glo 1, =0.

We now estimate I,. Using the expansion

Kn(xvy) - Kn(p) - (Kn)y(p)y - (Kn)x<p)(x - 1) + O<|Z - 1|2)’
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and the fact that g, is even in y, we split the integral as

= (1= A)ED ) [ (= Dgat(1=2) [ O(lz=1[g,

DNB,(p)
= [Igl + I[QQ.

After the change of variables
1_$:j(1_)‘n>7 y:g<1_)‘n)a

we get

Mz = <K")m(p)/ 72 )2 4 A2 (0 )2 - f )~ 2 | J. 52)3
(R xR)NB_g_(0) (P2(1 4+ XZ)% 4+ P2 (A\n7)? + kn(1 — 2)%2 + kn5?)
First suppose K (p) > 0. Since & > 0 and (1+)\,%)? > 1+ 272, for A, sufficiently

close to 1 we have the pointwise bound

‘ ‘%<j(1_>‘n) _1+)‘n<j2+92))
(G2(1 + M)2 + G2 (Md))2 + k(1 — 2)2 + En?)
T2+ 74 + 1)
(0(p)? + ()% + K(p)i?)?

S XRexR)NB_p_(0)
—x,

9

which belongs to L'(R, x R).
If instead K (p) < 0, then for A, close to 1 one has

G2 (1 + M) + hin(1 = 2)2 = @2 + ki + T2(P2N2 + k) — 28 (=M + ki)
> G + bon + PN + ),

because Z > 0 and ®(p)? + K(p) > 0. Therefore there exists ¢y > 0, independent, of
An, such that

F(x(1—N) — 1+ N (22 +77))
(P2(1+ Ma)? + G2 (Mn)? + ko (1 — 2)2 + kn?)
T2+ 74 + 1)
=G (1_|_j2+g2)3

3 X(RLxR)NB_p_(0)
T,

€ L'(R, x R).

By dominated convergence we can pass to the limit in the integral and obtain

| - 2((2* + %) — 1) dydz
Jim [Ty, = K. (p) l/R+XR (p(P)2(14+2)%2 + (e(p)? + K(p))y? + K(p)(1 — 55)2)3]




Next, for 1155 we estimate

72 a2\ 5(1 — 1 o oy g e
I Ty| < C(l—/\n)/ (@ +7)E( = ) = 1+ (3 + 77)| dj d
BexB)NB 5 (0) [$2(1 4 Apd)? + G2 (And)? + kn(1 — 8)2 + ko2

=2 1 22) (9052 4 72) + 1) di di
SC(l—An)/ @+ )R +§) +1)dyda
(RyxR)NB_,_ (0) (14 22+ g2)3

- n

=0 ((1 = Ay)log(1 = An)),

which implies

nh—>nolo ][22 =0.

Taking the limit in (4.109) yields

h(p) —h .
/aD\Bam 21—a) Ote) =~ Kelo)

Letting ¢ — 0 we obtain

h(p) —h T
Py /6113) 20—2) 20 =Pk

Recalling the definition of (—A)'2 on S', we conclude:

2(=A)"?h(p) +

]

Remark 4.40. As shown above, any concentration point of a blowing-up sequence
must be a critical point of ¢. This can be interpreted in a variational way. Consider

the energy functional associated to (1.2),

1
I(u) == / SVl - 2Ket + [ 2u—4dhev?,  I:HYD)— R
D 2 oD

Evaluate I on the family u,, from (4.105) as A, — 1. Due to concentration, one has
‘[(,U“)\n> - j‘(u)\n) + On(]‘>7
where I is the limiting functional obtained by freezing the curvatures at p,
T 1 2 u u/2
I(u) := / —|Vul* —2K(p)e" + | 2u—4h(p)e"/=.
D 2 D
Note that T (uy,) does not depend on \,, so for convenience we may set A, = 0.
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Thus

21 2¢(p)
to(z) = Zlog (so(p)Q T K(p)!zP) '

We compute the terms

1 ,  JK(p)? 1 r3dr B sds
/MWUOI =8 27r/0 7 E - / T op
—sr (10 K(p) o(p)?
¢ (l g<1+<p(p)2>+so(p)2+K(p) 1)’

and
2¢(p)

o(p)? + K(p)

Using the known values of the exponential integrals (see (4.64)), we obtain

/ 2ug = 87 log
oD

2

S SR S R Fo— ) -
T(ue) = 8 (1 B2/ + S R 1) 4 <1+h2(p>+K<p>>

= —87 447 (2 log(2/¢(p)) + CAU L= h(p)> '

v(p)* + K(p) h*(p) + K(p)
By the defining relation ﬁ 1— % =0, it follows that

I(ug) = =8 (1 + log(¢(p)/2)).
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Chapter 5

Constructing Solutions via

Ljapunov-Schmidt Reduction

5.1 The inverse problem on the disk

Motivated by the Theorem 4.21, one can ask the following natural question: If
p € 0D is a critical point of the function ¢, does there exist a family of solutions
which blow-up at p?. In this chapter, we give a positive answer and obtain blow-up
solutions via a method that accurately describes their behavior.

Up to compose with a rotation, we can suppose p = 1, thus the condition of

Theorem 4.21 can be rewritten as

h(1)? + K(1) > 0, @(1) = h(1) + /h(1)2 + K(1) > 0. (5.1)

and

N|=

0, K (1) + 20(1)(=A)3h(1) =0 and  9,K (1) + 20(1)d,h(1) = 0. (5.2)

We impose the following non-degeneracy assumptions at the critical point:

AK(1)+4|VH(1)]* # 0, (5.3)
0, K (1) + 20(1)1"(1) £ 0, (5.4)

and we also assume
2K (1) 4+ ¢(1)h(1) # 0. (5.5)

We next introduce suitable linear perturbations of the functions K and h leading
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to blowing-up solutions. More precisely, we set
K.(z) = K(z) +eG(z), he(z) :=h(z) +el(z),

where G € C%(D?) and I € C*(9D?). For simplicity, we assume that the perturba-

tions vanish at the concentration point, namely
G(1)=1(1) =0, (5.6)

which is not a restrictive condition.

In addition, we impose the generic assumption

A2 (1) + 2p(1)(—=A)zh/(1)
Dyy K (1) + 2(1)R" (1) '
(5.7)

Although (5.7) may appear technical, it represents a natural transversality condition

NG(L) +20(1)(~A)HI(1) £ (9:G() + 26(DI'(D))

on the perturbations G and I. Indeed, if we define the perturbed map

B(€,e) = H(€) + \/H.(6)? + K.(€),

where H. denotes the harmonic extension of h., a direct computation shows that
(5.7) is equivalent to requiring that the vectors g, V¢®(0,0) and 9.V¢®(0,0) are

not parallel, namely

det 85135295(07 0) 8517€Sf<07 O) 7& 0.
852752 @(Oa 0) 0527890(07 O)

This is the main result of the chapter:

Theorem 5.1. Assume (5.1)-(5.7). Then, there exists ¢g > 0 such that, for every

e € (0,e9) or for every e € (—&g,0) there exists a solution u. of

—Au =2K_(z)e" inD,

. (5.8)
Oyu+2 =2h.(z)ez  ondD,

which blows-up at 1 as e — 0.
Moreover, there exist . > 0 and & € D with

log

el

68:()( el ) and & =140 (|¢])
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such that

ug(fgsygg(z))—l—Zlog‘fgey&(z)‘—Zlog <¢(1)22f(]?(1>|2|2> —0 ( |5|1 ) in  H'(D).

Here f5¢ is the conformal map

= foels) = z4+ (1 =0)¢

= m, )eR, z2,£eC. (5.9)

From now on we identify R? with C, and thus we regard every point z,¢ as a
complex number.

Let us briefly outline the proof and clarify the role of the assumptions. Observe
that u solves (5.8) if and only if

v(z) == u(f(2)) + 2log [ f(2)]

solves

{Av = 2K.(f(2))e*  inD, (5.10)

0,0+ 2 =2h.(f(2))ez on ID,

where f = f5¢ is given by (5.9). We choose 6 = J. — 0 and £ = &, — 1 (equivalently,
& = e with n. — 0).
To prove Theorem 5.1, we perform a Ljapunov-Schmidt reduction. Roughly

speaking, we look for a solution of the form
v(z) = V(z) +oc(1),

where

B 2¢(&)
Ve(z) = 210g<go<s>2 T K(&)IzP) ’ (5-1)

which solves

{AV =2K(f)e” D, (5.12)

8,V +2=2h(¢)ez on ID.

However, taking V' as first approximation produces an error that is too large. To

refine the ansatz, we introduce the correction term

Wets) = =2 A [ togle = ul () = M) du, 6.13)

T2+ K(¢
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which solves

—AW =0 in D,

\%

y (5.14)
OW =2(h(f(2)) = h&))eT = ze= [yn(h(f(w)) = h(E)) dw  on ID.

Since V' is constant on dD? and the solution of (5.14) is defined up to additive
constants, we further modify the ansatz by adding a small parameter 7 = 7. We

therefore look for a solution in the form
v(z) =V (2) + W(2) + 7+ 6(2),

where ¢ is a small term obtained through a suitable linear theory.

The introduction of the parameter 7 is essential, since the linear analysis is
carried out in a Hilbert space that excludes constant functions; this is possible
thanks to assumption (5.5).

Once ¢ is constructed, the problem reduces to determining the finite-dimensional

parameters §, , and 7. Their existence follows from assumptions (5.3), (5.4), (5.6),
and (5.7).

5.1.1 Ansatz and error estimates

We look for a solution of (5.10) of the form

v(z) =V(2)+W(z)+ 7+ ¢(2),

where V = V¢ and W = W, are given by (5.12) and (5.14), 7 = 7¢ is a constant,
and ¢(2) = ¢¢s-(2) is a small correction term. Our goal is to determine the three
parameters 0 = 9. > 0 with 9, A 0, & =& € 0D with & e 1 (equivalently, & = e
with n =n. e 0), and 7. e 0 such that ¢ satisfies

—AWV +W +7+¢) =2K.(f(2)eVTWH ¢ in D,
(VAW +T+¢)+2=2h(f(2))e 2 ondD,

where f = f5¢ denotes the conformal map defined in (5.9). The positivity of §
ensures that (1 — )¢ forms a sequence of points approaching &, from the interior of
the disk.
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Equivalently, the problem can be rewritten as

—A¢ — 2K (§)e" ¢ = 2( (f(2)e" T = K(€))e"
+2(Ko(f(2))e" ™ = K(€))e"
+ 2K (f(2))e VAT (e¢ -1- (b) in D,

with boundary condition

0u = h(€)e? ¢ = 2(he(f(2))e
' (hg(f(Z))
+ 2ha(f(z))ew (e% -1- q;) on 0D,

which can be compactly expressed as

(5.15)

,Céntqf) — gInt + ,Clmgb +NInt<¢) in ]D)7
LY =E?+ L% + N?(¢) on ID,

with
Ll = —A¢ — 2K (€)e" ¢,
£t 2(KL(f(2)e"+ — K(©)e", (516)
L = Q(Kg(f(Z))ew” _ K(ﬁ))eV(Z%
Nlnt(gb) — QKa(f<Z))€V+W+T(€¢ —1—29),

and, for z € OD?,
LY¢ = 0,0 — h(&)e
g7 = Q(ha(f(z))ewz — h(f(2)))e

L9 = (ha(f(z))e 2
NO(9) = 2ha(f()e H (5 1= 2).

b2t [ () - @) du,  (5.17)

We impose the scaling

5:0( ‘5|1>, T=0< ‘5|1>, 0 = O(le)), (5.18)
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where £ = €. These orders are justified at the final step of the finite-dimensional

reduction and will be assumed throughout for notational simplicity.

Lemma 5.2. The correction W satisfies

) — 8¢(§) _ AN1/2 oo |2 '(€) arctan (2,6")
Wi = g () h(E)logl= + €l + (€ arctan 7 )

52 |z + &|
+ 0( (1 +1 ))
5+ |2+ €| S
In particular,
1
Wi(z) =011+ log >>, 5.19
=051+ >:19)
and for any p € [1,400) and § sufficiently small,
1w
Wllinto + [W oy = 0. e+ ] =0 G20)

Proof. By Proposition A.3 we write

= 2 [ log e — ] (h(f () — h(€)—22E)__ 4y
W) = ﬂ/ log 2 = wl ((f(w)) = hE) ey ey

L 4o(€) el . .
B W(@(S)”K(ﬁ))(lg’ +fiaﬂé (h(f(w)) — h(€)) d

=1
|z — w|
|2+ ¢

LR (€) / log O(w) dw
oD2?

=:1s

+ [1og E2 () - hi) ~ W90 (w)) dw),

FARCRPEY

=:13

where

2<w,£L>
O(w) = 1+ (1=06)242(1-08)(wé&)

From Proposition A.4 we know that

I = —276(—A)2h(€) + O(6%);
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hence the result follows if we prove

I, = —2marctan M +0 <5> (5.21)
i L+(z6 T \o+lz+el) |
Iy = O(A(2)), (5.22)
where 52 2]
. z+
A(z) = Ase(z) == Fppny (1 + |log 5 |> :

To deal with (5.21) we use the fact that © is odd with respect to the map
w — 2w, so that
/ O(w) dw = 0,
oD?

and, by Green’s representation formula, /5 is the solution to

_AIQ =0 in ]D)Z,
0,1, = —mO on 0D?,

that is
o (1-0)(z8%)

arctan

1-96 1+ (1—6)(z,&)

Using the fundamental theorem of calculus and estimates in the proof of Propo-

Iy =

sition A.3 we get

o (1-0)(2,6%) - (—2warctanw>
1

T M T ) (5,6 e

= 2 | arctan @ — arctan (1 B 5) <Z’£L>
1+ (2,8 L+ (1= 0)(z,€)

t (1_5) <275L>
1—6 T T (1= 0)(z,6)

o 28 _ds + 0(6)

0 ’1+(1—s)§z‘
([ lz+d
= of [ it r)

o)
- O<6+u+£0’

hence (5.21) is proved.
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We are left with showing (5.22); thanks to Proposition A.3, we need to show:

/10g |2 — vl ( 0 >2dw
J B G fwt gl

We split the integral in three parts, depending on whether z is much closer to w

= O(A(2)).

than to —&, much farther, or the distances are comparable.
If |2 — w| < Z28 then |w + ¢ > Z24 and

|z — w| J ?
1 d
PRy <6+|w+a> v

|z—w|<lZEel}

2
B J |z + |
- o\(vt) S

= 0 75 2 1 ldt
= <5+|z+§|> 2 4el [ ogg

{t<%}
52
- ¢ <5+ |z+a>

= O(A(2)).

If@ < |z —w| < 2|z +£|, then

|z—w|‘_ ( |z—w|—|z+£l>'_ <|z—w|—|z+£|>_ <|w+£|>_
I =11 = -
‘Og Pl e G P o G O\Eve )
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moreover, |w + &| < 3|z + £|, therefore

/ log 2= 4 0 2dw
S e | \6rwre

{ & <|s—w|<2l+¢]}

- jw +¢] 5 ’
“ol ] z+5<6+w+s>dw)

{lw+E|<3lz+€1}

jw + ¢
EREY

{lw+¢|<min{6,3|z+£[}}

52
: / o w4 d“’)

{min{4,3|z+¢|}<|w+£|<3|z+£]}

O(mmw3p+fu2+ 52 +3v+§v

lo
z+ ¢ EETI

= 0(4(2)),

Finally, if H:Q' > 2, then

p—w| f—wl ) w €\
1°g|z+f|_0<1“°g<|z+fr 1>>_0<1“°g|z+5\>’
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moreover, |w + &| > |z + £|, therefore

log |z — wl ( ) >2d
w

z+ 0+ |w+

{lz—w|>2|z+£|} | §| | £|

~ w+¢| 5 ’
i O( / <1+bgz+5><6+w+s>‘m)
{lw+€[>2+¢[}

_ 0 / <1+1og‘w+f‘>dw
ERY
{z+¢I<|w+€|<5}

+ / (1 + log [w+ £|> o dw)

z+ w + 2
s ) Tordl

= 0 / |z +&|(1+ logt) dt

{1<t<riq}

2 logt
N / 0 1+log gt
|2 +¢]

1>}

) 52
= 01041
<OgV+a*Wz+a)
= O(A(2)).

The pointwise estimate (5.19) and the LP-estimates follow immediately. O]

Proposition 5.3. Let E™ and £2 denote the interior and boundary error terms
defined in (5.16) and (5.17), respectively. Then, for 1 <p < 2,

_ €]
LP(0D) 0 (log ﬁ '

Proof. We begin by estimating the interior contribution in D?. We decompose

IENl, = [le™

oy TIE°

EM = 2K(f(2) +eG(f(2))(" T —1)e"
+ 2(K(f(2)) = K(€) +e(G(f(2)) = G(€)))e" +2eG(€)e” . (5.23)

—.clInt —.clInt
=€l =€l

To estimate the first term we use the elementary bound
eV 1= O((l + VYW + 7'))
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together with (5.20). This yields

et

o W+
oy = O + Gl 1+

oy I+ 7z 67 ) = O+

For the second term we apply the mean value theorem and Proposition A.3,

obtaining

Int
¢

rD) O<HV(K +€G) |l 1/ (2) = €”LP(D) H(fVHLOO(D)> = 0(9).

For the third term we use that G(1) = 0, which implies G(§) = O(|n|). Hence

Int
|3

Combining the above estimates we obtain

Hglnt

pD) O(0 + [nlle| + [7])- (5.24)

We now turn to the boundary contribution. We write
W4Tt V+W+r 1

€0 = ()" F — Nk +2:A(f)eHT 4 ¥ [ (h(f(w)) = h(©) dw.

=:£9 =:£9

The first term is estimated exactly as above using (5.20), which gives

&7
Ll Le(oD)

O(HhHL"O(aD) Hl +e L2P(0D) W+ THLQP oD) HGVHLOO(aD)>
= O(5+7). (5.26)

For the second boundary term we recall that, by (1) = 0,

I(f(2)) = O(If(2) = &l + [nl).

Using Proposition A.3 together with (5.20) we obtain

18]y = QM5 = €+ llzniom €5 o,
= O(Jel (6% + In]))
= O(lel (65 +nl)) - (5.27)
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|

Finally, since " is constant on JD, Proposition A.4 implies

2

= 0(6).

Lr(9D)

This concludes the proof. O

5.1.2 Invertibility of the Linearized Operator

We define

¢.= {g €D : 2K(§)/Devf +h(E) /aDer - ZK(ﬁ)/Devﬁ + h(g)m ”: o}.

For any ¢ € € we introduce the Hilbert space

2¢(§)

He = {¢ € H'(D?): 2K(5)/D€V§¢+h(§)@(§)2+[((€) 8D¢:0},

endowed with the scalar product

(u,v) ::/DVU-VU

and the corresponding norm

1/2
Jull = [ Vull2m = [ 1Val?)

Notice that non-—zero constant functions do not belong to He.

Moreover, in view of Proposition A.9, the condition £ € € is equivalent to

2K(&) + ¢(§)h(E) # 0.

Since we assume (5.5), it follows that £ € € for any ¢ sufficiently close to 1.

Lemma 5.4. 1. For any compact set & € € there exists a constant C' > 0 such
that
16l 2m2) < ClIVOllr2p2y Vo € He, (€ €.

2. The norm ||-|| is equivalent to the standard norm of H'(D?) and the embeddings
H — LP(D?), H, — L?(0D?)

are continuous and compact for any p > 1.
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3. There exists a constant C' (depending only on p and on the compact set €')
such that

¢l Lo@2) + 1@l ooz < CliGIl Vo € He, § € €.

Proof. We only prove (1), since (2) and (3) follow directly from it. We argue by
contradiction. Suppose that there exist sequences &, € € for some ¢ € € and
¢, € H'(D?) such that

2¢0(&n)
(&n)* + K (&) Jopz

2K(&n) /D g, + h(@)w ¢ =0, (5.28)

and
“(z)nHLZ(Dz) = 1, HV(anLQ(DQ) — 0 asn — +o0o. (529)

Up to a subsequence we may assume that
e —E€C, ¢, — ¢in L*(D?), V¢, — V¢ in L*(D?).

From (5.29) we deduce that ||¢||z2me) = 1 and ||V 22y = 0. Hence ¢ must be

constant on D?, namely
1

j:ﬁ.

On the other hand, passing to the limit in (5.28) and using

¢

2K (&,)e"e — 2K (€)e"s  uniformly in D? (5.30)
and
2¢0(&n) 2¢(§) . 2
h(&,) e+ KE) h(g)go(f)z K@ uniformly on 9D<, (5.31)
we obtain . sr(€)
L Ve TP -
£ (2}((5) /We : +h(§)¢<€)2+K(€)> —0,
#0 since £€C
which is a contradiction. O

We also remark that a Moser-Trudinger type inequality holds in H.

Lemma 5.5. For any ¢ € He and any p > 1 one has

[4]

He"z’| +lez

— 00U

Lr(D2)

Lr(8D2)
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Proof. Since ¢ € He, using the definition of V¢ in (5.11) we obtain

2 o(2) (€ () B
SO K [, ey RO Ct @ s 5@ e ¢ =

Hence, by Proposition A.9, we can write

1 _20(§)*K()(0(8)? + K(S)) 1 dz
0= g R R @@ e PO~ 57 ) e KPR
=:¢0 =:c
By the Poincaré-Wirtinger inequality we have |c¢| = O(||¢]|). Moreover, since

Jop2 @0 = 0, we can estimate ||€|¢|||LP(D2) using a Moser—Trudinger inequality from

[7], obtaining

2 2 -
/ oPlol O(g;ﬁg'/ e|;0|2¢3> = 0ol
D2 D2

Therefore
He|¢>|

O(le o )
. O(e ( |)||6|¢0|HLp(D2)) _ O(e (s )) _

Similarly, using the boundary Moser—Trudinger inequality from [24], we obtain

/ P 0(60(\\¢o\\2)>
aD? ’

which yields

|4 2
= — O(CUsIMY
oy = O)
O]
Define the functions
(2,€) (2.6")
Zi(z) = , Zo(2) == , 5.32
A CEESXGIEE )= e T R (532)
that satisfy
—AZZ = 2K(£)€VZZ in ID)Q .
v 1=1,2. (5.33)
81,22' = h(f)e?Zl on 8]1])2,

Thus, we can state the following linear invertibility result.

Theorem 5.6. Fizp > 1 and let € € €. For any £ € € and any ¢ € LP(D?),
d € LP(OD?) satisfying

/c+ d=0, /CZZ-+/ dZ, =0, i=12, (5.34)
D2 oD2 D2 oD2
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there exists a unique solution ¢ € H*(D?) of

—A¢p =2K(£)evep + ¢ in D?,
0,6 = h(€)es d+d on OD2,
v, h(€)2¢(€) B
Vi ' o .
2K(£)/]D)26 E¢ZT+M 8D2¢Zi_07 1=1,2.
Moreover,
6]l < Cp (Ilell o) + lldlloon2)) - (5.35)

where the constant C, depends only on p and on the compact set €.

Proof. For p > 1 we introduce the Banach space
Li={(f,9) € 0 x 2(@D%): [ f+ [ g0},
D2 om?
endowed with the norm

H(fa 9)” = ”fHLP(D?) + ”g||LP(8]D>2)-

Let Je : L — Hg¢ be the operator defined by J¢(f, g) = u, where u is the unique

element of H solving

—Au = f in D2
d,u=g on OD?
Equivalently, u satisfies
vuve = | / V¢ € HY(D?). 5.36
Lvuve= [ fc+ [ o ¥CeH (D) (5.36)

By Lemma 5.4 (3) we deduce the estimate

lull = 17e(£, ) < Co(I Fllzo@) + gl oan) ) (5.37)

where C, depends only on p and on the compact set €.

Consider now the linear problem

—A¢p=2K(£)esp+ ¢ in D?
0,0 = h(f)egqﬁ +d on 0D?.

97



If ¢ € He, this equation can be rewritten as

¢ = Te (2K (§)e'*o, h(é“)e%aﬁ) +Tele,d),  ie. (T—Ke)p= Tele,d). (5.38)
=:Ke(4)

From the Lemma 4.6 we know that the kernel of Z — K¢ in H is two—dimensional

and is generated by the functions
Zei(2) = 21(2),  Zg(2) = 2a(2)

defined in (5.32).

Set
K¢ :=span{Z;,, Z¢,}.
Then
K ={pecHe:(p2,)=0 i=12}
where

h(€)2¢(€)

(0:26) = 2K [, 02+ e L

¢Z¢;

Since, by Lemma 5.4(2), the operator
IC& : Hg — Hg

is compact, the Fredholm alternative implies that (5.38) admits a unique solution
o€ Ké if and only if
Je(c.d) € K,

namely
0= (Jele.d), Ze) = [ eZe,+ [ dZe, =12

which coincides with condition (5.34).
It remains to prove that estimate (5.35) is uniform with respect to £ € €. We
claim that there exists C' > 0 such that

Indeed, if (5.39) holds then, from (Z — K¢)¢ = Je(c,d) and using (5.37), we

obtain
6]l < 1T = KellHI(Z — Ke)oll < C(”C”LP(D?) + ||d”LP(8lD>2))-

We prove (5.39) by contradiction. Suppose that there exist sequences &, € €
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and ¢, Y, € Kél such that

||¢n” = 1’ ||wn” — 07 (I - Kfn)¢n = ¢n

Up to a subsequence,
& —Eec, ¢ — ¢ in L*(D?), V¢, — V¢ in L*(D?).

Using (5.30)-(5.31) we deduce that ¢ € K.
Moreover, from (Z — K¢, )¢, = 1, and (5.36), for any ¢ € H'(D?) we have

h(&n)2¢(8n)
(&n)? + K(&n) Jov2

L VonvE = 2K (€ [ ol — ¢ = [ 0aC. (5:40)

Passing to the limit we obtain

D D ¥

(£)? + K (&) Jop2

that is,
(Z —Ke)p = 0.

Since ¢ € Kg, this implies ¢ = 0. However, choosing ( = ¢, in the identity
(5.40) yields
h(€)2¢(&)

1—-2K / Ve? - 22T/ =0,
) Joa 0 Cep + K () Jone?
which shows that ¢ # 0, giving a contradiction. This concludes the proof. O]

5.1.3 The nonlinear projected problem

To solve (5.15), we first address the corresponding projected problem

{ﬁéﬂth - glnt + £Int¢ + Nlnt(¢) + Co + 2K(§)6V(0121 + CQZQ) in DQ, (5 41)

L9 = E7 + L2 + NO(6) + co + h(E)e (121 + c22,) on D2,

where the operators £, £t £t NIt - 20 £9 29 and N are those introduced
in (5.15)—(5.17), while Z;, Z5 are defined in (5.32). The constants co, ¢1, co € R arise
from the orthogonality conditions.

For convenience, we introduce the notation

Lo:= (LM LY,  &:=(E™, %), L= (L™ L9, N := N N?).
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The next lemmas provide the estimates needed for the fixed point argument.

Lemma 5.7. Let ¢ € He. Then, for every 1 <p < %,

€]
LP(9D2?) O((logg) ¢|>

Proof. By definition, the boundary contribution can be decomposed as

Ioll, = ||c™ e, , + L%

Lr(D2)

WH4r+V
2 .

£7= (h(f(2)) = h(€))e = +h(E€) (e 3 —1)e¥ +el(f(2))e

Proceeding exactly as in the estimates of £7 and £2 in (5.25), one obtains

(o) = hiene™ | = o(s).
Lr(8D?)
Hh(g) (ew“* - 1) e% sy = 07
I(f())e F = O(Jel(8% + [n)))
Lr(8D?)

Since LM¢ = £, combining these bounds with (5.24) yields

+ H a(b Lr 8]1))2))

ooy 19l oy +{|£7]] 5

I8l = O |[e™
=0(Je" ], o 19l
= 0((62 + 6+ o el + Inllel + [7Dlloll)

Lr(D2)

This concludes the proof.

Lemma 5.8. Let ¢,¢' € He. For every p > 1,

IN(6) = N (@), := [N (8) = N &), ) + [NV (6) = N (&)
= O(|lg = &lI(lell + 1|6 [})e oust1or .

Lr(oD?)

In particular, choosing ¢ =0, one obtains

IN(@), = O(fl]|2eC091))

Proof. Using (5.20), together with Lemma 5.4 and Lemma 5.5, we estimate

IV () — M () 2K (f(2))e W (0 — g — e + ¢)

Lr(D2) ’ LP(D2)
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= ([ *16 = /1181 + 1)1 + ¢+

o)

_ o(HemT pioiony 10 = @) (16l o) + 1| amion) |1 + €24 W(DZ))
=0(ll¢ = FlI(llg]l + [|¢/[ e+ 1)
Here we used the elementary inequality
e —t—e +5=0(|s —t|(|s| + [t)(1+eT)) .
The boundary term N is treated in the same way. O

Proposition 5.9. Assume that 6, |n|,|7],|e| < eo < 1. Then there exists a unique
quadruple
(¢, co,c1,¢2) € He x R?

el = O(logl) : (5.42)

AZ:HHO‘]EOHLOEQ:KE_%K?,

solving (5.41). Moreover,

Proof. Consider the operator

where 1Ty : He — K§l denotes the orthogonal projection, J: : L — H¢ is the
operator introduced in the proof of Theorem 5.6, and IIy, is defined by

(/) (f_(/]DJ? /am)?g)’ 9_317r</1n>2f+/am>29)>'
Equivalently, 1 = A¢ if and only if

— A = LI + ag + a12K (€)eV 2, + a2 K (€)eV 25 in D?,
8V¢ = Eggb + ap + alh(f)e%ZI + agh(é)G%ZQ on 8D2,

for suitable constants ag, a1, as chosen so that the orthogonality conditions (5.34)
are satisfied.

By Theorem 5.6 and Sobolev embeddings, A is invertible and

A ¢ll = O(ll]l)

uniformly.
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Hence solving (5.41) is equivalent to finding a fixed point of
Te:Kg 2K, Te(o) = (A oo Je o IIy) (€ + L&+ N (9)).
Using Proposition 5.3 together with Lemmas 5.7 and 5.8, we obtain

[Te(@)]l = O, + 1£¢1ln + V(D))

1
_ le] ER% 2_0(l4]1%)

= O( el + ||¢||260(||¢2)> ’ (5.43)

log L.

lel

and similarly

17e(6) = Te(e)ll = O(IIL(& — &), + [N (8) = N()]],)

=0 (|¢ — ¢l ((l();l) + (o]l + ¢f|)60(¢2+¢’2>>> ‘
E

(5.44)

Choosing R > 0 sufficiently large and || sufficiently small, (5.43) we have

|€|

loll < R

Moreover, if 0, |1, |7|, |¢| are sufficiently small, estimate (5.44) ensures that

< 1.

17:(6) — Te(&)]]
o llo—dl

Therefore 7¢ is a contraction on a suitable ball of Kg, and Banach’s fixed point

theorem yields the existence and uniqueness of a fixed point satisfying (5.42). O

5.1.4 Estimates on the projections

Let ¢ be the solution to problem (5.41) provided by Proposition 5.9. Notice that if
we can show

co=c1 =cy =0,

then ¢ actually solves (5.15). Therefore, it is necessary to identify the exact expres-

sions of these constants.
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Multiplying (5.41) by Z; and integrating, we find that, due to the angular sym-
metry of Z; and Z, and the radiality of V,

v _2h(§)e(§) _ vz
2K(E) [ 212 = SR | B2 =2K© [ 'z

CMOe© [, .
Cp(6)?2+ K(€) /BDQZZ 0, 1,2,

and hence
a2K() [ V2= [ Loz~ [ ez~ | £z - [ M)z,
D2 D2 D2 D2 D2

2h(E)g(€) )
“ M /8113)2 2 = /8]]])2 £g¢ 21— /8]]])2 £°2; - /611))2 L2 Z, — /B]D)2 Na(¢)z1-

Integrating by parts and using (5.33), we obtain

Loz [ oz = [ chze+ [ cize=o.

and therefore

[ ez —/W L2 2, —AD2N3(¢)21.

oD?

A similar formula holds for Z,. Moreover, since ¢ € H¢, we have

[ etos [ £ho=o.

and integrating (5.41) gives

37TCO:_/Dz(c;lnt_/H)chnt¢_/H)2NInt(¢)_ 3@288_/8D2£a¢_/8D2N8(¢>'

Recalling (5.18), we now estimate all the integral terms involved.

Proposition 5.10.

Int o 47T c o o } 2¢(1)2
[ &mz = G +K(£))25(8xf((1) 0y K (1) + €0,G(1) — §log 6@(1)2+K(1)AK(1)>
+ [ 2EEWe 2, + 0(10? 1>.

lel
Proof. We split £t = £t + £10¢ 4 £ a5 in (5.23) and start by estimating the first
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term. We can write:
EM = 2K ()W +7)e” +2(K (f(2)) = K(€))(W +7)e”
+2(K(f(2)) +eG(f(2) ("7 =1 = (W +7))e"
= 2K(§)We" + 2K (§)re’ + 0(|f<z> —E(W]+ 7)) + (W] + [7))*(1 + eW”)).

(5.45)

Since V is radial, [z €V Z; = 0. Therefore, using Lemma 5.2 and Proposition
A3,
/ gtz = 2K (¢) / We¥ 2, + 2K (€)r / eV Z,
D2 D2 D2
+ [LO(1£() = €W+ 1) + (W + 7)1+ €¥*7)
= | 2K()We" 2, + O(6* + §|7| + |7]%). (5.46)

]D)Q

For £ we perform a Taylor expansion:

&M = 2(VE(E), f(2) = " + (D’ K(€)(f(2) = ), f(2) — &) + 2e(VG(&), f(2) — €)e”
+O(If(2) = P + [ell £ () — €P)

_ z=¢ Vo 52/ 2 z—§ z—=E& v
B 25<VK(€)’ 14+ (1- 5)§Z>e o <D K(§)1 +(1—=0)&2" 1+ (1— 5)§z>e
z=§

4 255<VG(§),

63 |62
14 (1— 5)§z>€v + O((6+ |z +¢&])3 * (6 + |2 +§|)2)'
(5.47)

The terms involving the first derivatives can be handled by making a rotation w = £z

and then using Proposition A.5:

z—£ v
[{70 g
w—1 > 4p(¢)?
T+ (L 0w/ (o7 + K@uPP

(1= 8)|w|? =14 dw;, +i(2 — 6)w2> 4p(€)?
14+ (1= d)w]? (p(€)? + K(&)[w]?)?

wy dw

= <VK(§),€

- [{vrio.
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(1= 9)w> =1+ dw ()
1+ (1 - )w|2 (0 (6)? + K()[w]?)?

/ — 4p(€)* w; duw
11+ ( 1— wP (£)? + K(&)w|?)?

- o<5>) (VE(E).9)

wy dw

5 T 0(5)> (VE(1) + 0,y K (1) + 0y, K (1)) + O(Inl*), 1 + O(In]))

= @+ K@y KW H oK) + O+ ).

Likewise,

2
(p(£)* + K(£))?

JIG(©). () - ¥ 21 =

D2

0:G(1) + O + [n]).

To estimate the second order integral, observe that

¢ %o Ld )

1+ (1-0)& 1+ (1—0)Ex S+z+€)

therefore
2 z—=E& z—¢ 1%
/<D MO se va-oe >€ -

_/(<D2 I I_ )gz’1+<i§5)gz>+O<<5+’z|jf‘§|)2>>
—4p(£)?
' <(90(§)2 i K(§))?

o 16pe2 : ¢ ¢ el ),
=~ - KOF (rrorsse ramme) oo

_ 16p()* 1 ) ¢ ¢
- ((€)2 + K(€))3 (1 — 5)2Q/ <D K(ﬁ)m, 1+w> dw + O(1),

+O(|z+§|)>dz

where w = 1=2(£z + 1) transforms D? into

1—¢ 1—¢
= — < .

¢ e(l+w)
T+w  [14+w?’

Using
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(D2 (E) (21+is), 21izg) = S

and Proposition A.6, we obtain

Hence,

2 z—=¢ z—=E& \%
/<D K(§)1+(1—5)§z’1+(1—5)§z>€ =

]DZ

_ 16mp(¢)? ™ oo L
- e et 0()(5AK(©)log 5 +0(1)) +0(1)
_ 8rp(8)? oot
(wler + K@y e T o0

Finally, since

53 |g]6?
———Z; = 0(5 —— 2, = 0(6%log
D[<5+!z+£|>3 o D/2<6+|z+£|>2 1= OB gl

equation (5.47) gives

Int o 47T e . o 1 2()0(1>2
D[@ Z = (SO(OMK@)Q(S(@K(Q+namyz<(1)+ 0.G(1) = blog 5~ s K(l))
(5.48)

+ 0(5(5 +0f? + 81og || + log Le| + ynugy)).

v

Finally, since e" is radially symmetric and Z; is odd with respect to &, we have

etz o,
D2

and putting together (5.46) and (5.48) concludes the proof. O
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Proposition 5.11.

8821 — 871—90(5) 25((—A>
(0(&)2 + K (&)
1 430(1) 1 2 1(1\2
—log 5’ ey (((—A)zh(l)) + (1) ))

c 2
2K () [ We' 2+ o(lo‘gz,' 1).
le]

oD?

N|=
N[

(1) +n(=A)2R (1) + e(~A)Z (1)

Proof. We split £2 = €7 + £ + £ as in (5.25).

To estimate the first term we see that

£ =

xT

BEYW +7)e% + (H(J(2) = MOV +7)e¥ +2n(f()(¢"F = 1= T ek
= h()We? +h($)e? + (h(f(2)) - g

+ o((|W| D2+ eW+T)>.

h(E€)We? +7(h(f(2)) — h(€))e

(5.49)

Since W, Z; are solutions to (5.14) and (5.33) respectively, an integration by
parts gives:

20(§)h(¢) _
G K s VP [ W02

_ /8 L EOW /D (WAZ, — Z,AW)
— T o 2D ~ HE)Z)
e o )~ HE)dw [ 21
_ 9K (€) /D Wevz,
K ) — )2 250 [ W

]D)Q
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The first integral can be estimated by means of Proposition A.7:

20(¢) M hienz - 200 ) N o) de
SO R e M)~ HO) 2, (o0 K@) o M) RN
_ ) S AR + 0(?)
(£(&)2 + K(9))
= A s((Capn 4 a-a) )
(0(&)2 + K(9))

+0(3(5+ n]?)).

On the other hand, for the estimates involving W we will use (5.19) and then
Proposition A.8:

Mfﬁ%a [ s - ez
- (wafﬁ(i(@)za [ ()~ QW e )
- MSS(T?@)S&((—A)éh@)a [ 060 = e o=+l
# 6 [ 60 = et 22 dz)
* <so<§>3¢+(§f)<<s>>2m4 7)Mo g (1 Jos 5 ) 0
__<¢é§1§2;P5(Q—Aﬁh@»2+M@Y>5mg;+0®)
o) )
— o rton (@) +(eR) + 0
+ O(;]OO“:SL:)Q(l—FHOgtht)

—32mp(£)? 1 1

_ ﬁkgé(«—A)hﬂD2+Huy)+C(ﬁ4wagym>.

(p(1)% + K(1))°
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. v .
Moreover, since ez is constant on dD?, then

/ €52 =0,

oD?

and therefore the decomposition (5.49) gives:

; = T QQP—(@ ) —
611)/2 E )90(5)2+K(§)8H4 (h(f(2)) = h() 2
2008 o
T HEr+ K(© /2<h<f( ) — h(£))WZ,
_ /W6V21+ / (W] + |T’ 1+6W+7)) z,
on?2
Amp ()
(0(6)? + K(£))?
—327Tg0(§)2

oy L 2 11172
- G exep? ey ((Cartm) - way)

1
+ 0(52 + 62 10g5|n|> — zK(g)/WeVZ1
]D)Q

1 2 1
i /(5<1+10g|z+§|)+|7|> <1+|z+510<6>>

oDn?2
8mp () 5((_A>

= (2+0(7)) 0 ((=A)2h(1) +n(—A)2H (1))

N

h(1) +n(-A)2H (1)

(NI

T (e + K(©))

§log c1590(1Z)l;0<+1)K(1> (((—A)éh(g)f + h’(§)2> )

1
— 2K() / We¥ 2, + 0(52 + 8|7| + 8|n* + 6% log g|77| + |r\2)(5.50)
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To deal with 55 , we use Proposition A.7 similarly as before:

2y = o 2O [y
64 GE = 90(5)2+K(g)m4 (I(f(2) - 1(€)2:
+ 2590( 6) aﬂé 2z,
— 9 4mp(€) AV ,
‘2<<<> <>>< ><>+0<6>)

= 45[ /

877@(5) AN
(¢(€)2+K(5))255< A)EI(1) + O(dle|( +[n) . (5.51)

Finally, since £ is constant, then

/53821 :0,

oD2
therefore the proof follows by putting together (5.50) and (5.51). O
By analogous computations, we obtain the following two propositions.

Proposition 5.12.

[emz, = (@(@iﬁK(O)Za(ayKu) 0, K (1) +0,G(0) + 2K () [We' 2,

le|?
Ol ——1.
! (1

Proposition 5.13.

8@/2 £z, = (w(éfjf(g(afé(h’(l)+nh”(1)+51’(1))—2K(§)/W6V22

ef?
+ O|—5+]-
(10g2|i|

Now, we state and prove the analogous propositions for the estimate of c.

Proposition 5.14.

Wt _ om0 7' BE
X = o e KW K )+O(logi)'
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Proof. We split " as in (5.23), and E™ again following (5.45). To deal with the
term with W we integrate by parts and then use the fact that V' is constant along
0D? and Proposition A.9:

2k (6) [ We¥ = — /D VAW + /8 VoW —Wo,V)

_ 2¢(&)
= VIO [ 0 =) oW

OMO (22O [N
R R0 o (5 PR RTE) e o1~ IO = O )

= T K@ e M) =) ([ oz =l dz) 4
= 0.

Applying Proposition A.9 again gives

v 8mK(¢) - 81K (1) . -
2KOT [ = ey i~ wer+ kg O

therefore

/DQ E = 2K (€) /D We" + 2K(§)T/DQ e’
+ [LO(I£) = €W +17) + W1+ 17D +€) (55
8K (1)

:¢(§)2+K(§)T+O(5 + |7 )

Concerning the second term, we write
&M = 2(VK(©),f(2) =& e + 0 (|f(z) = &P+ [ellf(2) — &)

_ 2= 8 \ vy 0° B
- 25<VK(5”1+<1—5>§Z>6 +O<<6+|z+§|>2+6+rz+£|>'
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Then, we argue as in the proof of (5.10), (5.12) and apply Proposition A.10:

/D2 <VK(€),1'(Z_§>€\/ _ (VK(@),@/ (1= 62wl — 1+ 6un 1o(E)?

o0 . |1+<1— Tl (EP + KPP
" (v ) f TR P SR
- —WWK(&),@
_ _Mam(1>+0<lnl>-
Therefore,
e =2 < mjﬂf>6V+/ﬂ>20<<5+|i2+£|)2+6+||€z|5+€|>
_ _m5+0<5<510g§+|n\+\€])>. (5.53)

Finally, since G(§) = O(|n|), then

[ = olhnlle).
D2

and the result follows by (5.52) and (5.53). O

Proposition 5.15.

o _ dmp(€) _os(_
Joe € = e+ s (2D

[
=
=

+
\]
=
—_
S~—
N——
+
@)
/
o
| ™
N~

Proof. We split again as in (5.25), and we write

o 2h(&)ew(&) 2h(&)p(§) .
&= Lo k©)" T Ao K
+ O(IF() = €W + 7)) + O((W] + 7)1 + 7).

The integral of the first term vanishes because, as in the proof of Proposition
5.14,

2h(&)@ (&) 4p(€)*h(€)

€+ K(€) /am W= P T KOF /am(h(f(w))—h(g)) (/BD log |2 — w| d,z) dw = 0.
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On the other hand, the second term is constant,

MO [ el o dmele) T
S+ K(E o = g KO = g g O
Therefore,
o _ _ Ample) . 0 op
fe® = G g0+ Ol + aﬂ»26+|z+5|5<1“ g|z+s|>

1 2 1
. (‘5 (1 *loe |z+§|) " 'T’> (1 i |z+§|0<5>)

_ LmT 2o21 T 7-2
= e @+ O (97108 5+ bl + 7).

To estimate £, we use that I(f(z)) = O(|f(z) — £| + [n]), hence

&= [ 0(ElIs:) — €1+ lhe) =0 (Il (51085 +1nl) )

Finally, since £ is constant, we can use Proposition A.4 to conclude the proof:

o _ 81§ _
& = o k@Y

_ L 8mpl8) o a\d
PO GE h(1) + O(5(5 + [nl)).

N

h(&) + 0(6)

]

We are now in a position to derive the precise expansions of the constants cg, ¢q,

and cs.
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Corollary 5.16. The constants cy, ¢y, co appearing in problem (5.41) satisfy

= —A
“ 2+ K

(1))25<n (Do (1) + 201 2)H (1)) 2 (DG (1) + 26(1)(-A)H1(1))

=:a11 =:b1

+ aton g (- AU (ak) +4!VH(1)!2))> 0 EE s+ oprecuam),

5 )2+ K(1) log”
4 " !/
o = A +K(1))25<77 (anyu) +20(1)h (1)) e <aya(1) +2p(1)] (1)))
=:a21 =:bo
el” 2,0(19I%)
# O * lole),
1 4 1

W = 3 AR R (5 ( — (20.K(1) + 2¢(1)(-A)zh(1>)) +7 (2K (1) + (1)A(1)) )

=:a32 =:a33

|€ 2 2
O+ e,
log?‘

where
A 3p(1)*(p(1)* + K(1))°
O 3p(1) 4 3p(1)2K (1) + 2K (1)2

Proof. We only derive the expansion for ¢;, since the arguments for ¢y and ¢y are
completely analogous.

First, recall that £ = 1 is a critical point of ¢. In particular,

0, K (1) +20(1)(=A)2h(1) =0,  »(€) = p(1) + O([n]).
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Therefore, combining (5.10) and (5.11), we obtain

/D £z /8 &2,
_ (gp(g)ziﬂK(f))2(5(3xK(1)+77(3xyK(1)+68xG(1)—(510g§g0<1§;0_(i_1)[2((1) K(l))
e ‘fm)ga(2w<5>(<—A>%h<l> T+ p(~A)ER (1) + s<—A>%I<1>))
- G R S w0 + o)
47

[

(p(1)2 + K(1))?
_ Am 5210 1 2p(1)°
(12 + K1) B 5p(1)2+ K(1)

- ; (n(%ff(l) 2012 (D)) + (2,61 + 26(1)(-2)

1(1)))

(AK(l) + 4|VH(1)|2> + O<1(§21>' (5.54)

lel

Next, by Lemmas 5.7 and 5.8, for any 1 < p < %,

/]1»2 L 2, +/8D2 £ 2, _|_/DQNInt(¢)Zl +/8D2Na(¢)31

= O<H£Im¢’|LP(D2) + H£8¢HLP(8D2) + HNInt(¢)“LP(D2) + HNB(¢)HL1’(8D2)>

9 2
= oLl + polirectiom)
10g|E|

2P 2
= O(fpr + lelPet1), (55)

lel

where in the last step we used (5.42).
Finally, Proposition A.11 yields

V 22 2h(§)¢(§) 2 T
2K(¢) /D2€ 27 + go(ﬁ)2+K(£)/am>2 2y = A + O(lnl)-

Combining this identity with (5.54) and (5.55), the claimed expansion for ¢

follows. L

5.1.5 The finite dimensional reduction

Let 6, |n|, |7|, || be sufficiently small so that Proposition 5.9 applies, yielding a so-
lution to (5.41).
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If, for some choice of §,7n, 7, one has
g =c1 =0 =0,

then ¢ also solves (5.15), and therefore we obtain a solution to (5.8).

By Corollary 5.16 together with the estimates on ||¢||, assuming

1\ ! 1
n = se, T =te (log6> , 6logg:d5,

with d > 0if ¢ > 0 and d < 0 if ¢ < 0, the vanishing of all the coefficients ¢; is

equivalent to solving
ai1S + algd + bl + 05(1) = O,

a5 + by + 0-(1) = 0, (5.56)
a32d -+ Clggt + 05(1) =0.

The coefficients a;; are defined in Corollary 5.16.

System (5.56) can be rewritten as
F.(s,d,t) = Fy(s,d,t) +o-(1) =0,

where the function Fy : R® — R? is defined by

s
Fo(s,d,t):=A|d |+ B,
t
with
aj; ajp 0 b
A= a21 0 0 5 B = bQ
0 as ass 0

It is immediate that, if

a;n aiz O
det A = det a921 0 0 7£ 07

0 as ass

that is,
120921033 7é 0 (see (5].), (53), (54), and (55)),
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there exists a unique (s, do, to) € R? such that
F()(S(), do, to) = 0

Moreover, one has dy # 0 provided that

a1 bl 0
det a1 bg 0 % 0,
0 0 ass

namely,

as3 (a11b2 — aglbl) 7é 0 (see (57))

Since F, — Fy uniformly on compact subsets of
R x (R\{0}) xR,
and the Brouwer degree of F. is nonzero, it follows that there exists
(se,de,t-) € R x (R\ {0}) xR

such that
Fa(sea d57 ta) = 0,

with
(8¢, de,te) = (80, do, to) as € — 0.

This proves the existence of a solution.

Finally, using the estimates on &, £, N, and ||¢||, equation (5.15) yields

HA¢HLP(D2) + Hauwm(am?) = 0.(1)
for some p > 1. Hence,
[0 o 2) = 0c(1).

Since both V(f~!(z)) and W(f~!(z)) concentrate at £ = 1, we conclude that the

solution

u=V( ) +W( =) +T+0(f(2))

also concentrates at £ = 1. This completes the proof of Theorem 5.1.
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5.2 Construction of solution on a generic domain

We consider the following problem:

(5.57)

—Av =?K(z)e* in
% 1 J(v) = eh(z)e’ on 09

where
. 1 2mm

- 2K 2v v >
l(v) 0] (/95 (x)e” dx + aﬂeh(z)e ds | — 0]

Our aim is to construct a family of solutions v. which blows-up at m distinct
points &p,...,&, € 0N as ¢ — 0. We assume that K and h are strictly positive
smooth functions.

We define the expanded domain Q. = 1, and &j = 1¢;. Setting u(y) = v(ey) +
2log e, the problem (5.57) is equivalent to

{Agu = K(ey)e*" in €. (5.5%)

9u t el(u) = h(ey)e" on 0f),

where

l(u):|(919|</QEK(sy) 2“dy+/ (ey)e ds)

5.2.1 Ansatz and Error Estimates

We define the approximate solution as
V(y) =Y (Uiey) + Hi(ey)) + 2loge
i=1

where the bubbles U; are given by

Ui(z) = log ( 2 )
’ K(&) (A2 + | — & — D(&)ehn(&)])

with D (&) = (522 -

Note that they solves

{AU — K(&)e” iR
i — p(&)eY  on OR%
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Instead, the correction term H; solves the problem

A H; = 2K (2)e*Yi + A,U;  in Q,
(5.59)

O — eh(z)eVi — % — [(U;)  on 09,

We define the Green’s function of the Neumann problem, denoted by G(z,y), as
the unique solution (for any fixed y € Q) of

{AgG(:C, y)=0 in €, (5.60)

9 (z,y) = 6,(x) — ﬁ on 09,

subject to the normalization condition [y, G(x,y)ds, = 0. We define the regular

part of the Green’s function by subtracting the standard logarithmic singularity:

H(z,y) = G(z,y) + !

- log(|z — yI?). (5.61)

Lemma 5.17. Let H;(z) be the solution of the linear problem (5.59) normalized by
Joq H; =109 (310g(K (&) —10g(2X;)) 4 27 [oq H(x,&;). Then, for any a € (0,1),

the following asymptotic expansion holds uniformly in € as e — 0:
1
Hj(z) = 2mH (2, &;) — log(2);) + 5 log K (&) + O(e7). (5.62)

Proof. The normal derivative of the bubble profile U; is given by

oU; _ 2(x— & —D(&)eAn(§;)) - n(x)
on |z — & = D(§)eAn(§)? + Afe?
The boundary condition satisfied by H, is % = eh(x)eYi — % —1(U;). Substi-
tuting the expression of Uj;, the boundary source term becomes

(5.63)

e\ h(z)
_ MBS . (5.64)
[z — & — D(&;)eAn(&;)]? + Aje?

Therefore, the boundary condition for H; can be written as:

eh(x)e"

2eN;—_ 4 9(x — &5 — D(&)eNn(Ey)) - n(z)
OH; _ "7 \/K) —I(U). (5.65)
on v =& —D(§)eAn(§)[? + Afe?

Recalling that ©(§;) = h&) , it follows that for every = # ¢;, the limit as

v K ()
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¢ — 0 of the fraction approaches 2% Since Z(Uj) — é—g' as ¢ — 0, we get

. OH, (x—¢&) -n(z) 2rm
1 I =2 J — . .
Son T e-gE o 7S 40
The regular part of the Green’s function satisfies —AH (x,y) = 0 in 2. On the
boundary, noting that - log |z — &|* = Q(ﬂf_jiw, we have
OH 1 0 1 1 (z—¢&) n(z) 1
I 6) = — L logle — & — —— = LS S .
o 8 =g el A ey = e gr T GO0

Now, we define z.(z) = H;(x)+log(2);)—3 log K (&;)—27 H (, §;), which satisfies:

—Az. = 2K (2)e?i + AU; in Q,
0z OH; _ 2(z=¢&)n(z) | 2n (5.68)
on = o T gP  tom on o
We claim that, for any p > 1, there exists C' > 0 such that
0z
| - < O, (5.69)
on Lr(9)

To prove (5.69), we fix a small 6 > 0 and split the boundary integral into a far-
field region 00 \ Bs(§;) and a near-field region 02 N Bs(&;). In the far-field region,
the distance |z — &;| is bounded strictly away from zero (|x — &;| > 0). Using the

expansion (5.66), uniformly on compact subsets of 02\ {¢;}, we obtain

0z,
on

(m)’ < Ce, Vzed\ Bs;).

which yields:
P

02" 45, < CeP. (5.70)

on

/39\35 (&)

Now we focus on the region Bs(&;) N 0. We decompose the normal derivative

by adding and subtracting ©(;) in the numerator of 9, H;:
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OH, 2 —§)-n(z) 2%( e —®<£j))
on =GP T =& = ADEE)P + X
2:0,9(6)(1 = n(§) - n(x))
|2 = & = eAD(E)n(E)? + e2A]
7= & — |v — & — ADEI(E) P — 223

2(r = &) -n(x
2= )[(u_gj—amv(sj)n(w+62A§-)Iw—fa'l2

—U(U;).
Since n is Lipschitz continuous on 02 and |n(z)| = [n(&;)| = 1, we have
1
L=n(g) - n(x) = 5In(&) — n(@)] < Cle = gI*

Moreover, since 9 is of class C?,

(2 — &) - n(z)] < Clz — &/ (5.71)

Furthermore, by the regularity of A,

—D(&)| < Clz =&

‘ h(z)
K(&5)

Expanding the square in the numerator of the third term yields

2= &* = o — & —eND(E)n(&)* = 26\ (&) (x — &) -n(&;) —2A3D(&)°. (5.72)

Therefore,

2= & = o — & —AD(EGNE)P| < Celz — | +C2 (5.73)

Combining the previous estimates and using

~ 2m
we obtain the pointwise estimate
0z, Celx — &| + Ce?
< Ce+ ’ : 5.74
k> &~ ADEME ) + X o7
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We can estimate the distance at the denominator, using again (5.71):
|z — & — eND(EIN(E)P + 2N > Clz — &1 + €°).

Substituting these bounds into (5.74), the integral over the near-field region can

be estimated as:

0z |"

/35 (&)noq | On

By the convexity inequality (A + B)P < 2P~1(AP 4+ BP), so we have a term O(gP).
Instead for the other term, we parametrize the boundary piece Bs(&;) N OS2 by arc-

ds, < C

elz — &l ~|—52>pd B

€ 5.75
ron (g e 575

length t € (—0,6), with ¢ = 0 corresponding to &;. Since 0f2 is smooth, we have
alt] < |z —§&| < elt], and the line element is ds, = dt. Therefore, we can bound

the integral and perform the scalar change of variables t = es:
0z |"

s t 2\P
/ dszgcgpw/ <6l|+€> it
Bs(&)noQ | On —

t2 + g2
§le (&2 /e 1\? 00 1)P
= Cep+/ ‘S| te ds = Ce”+5/ 5 + ds < C’ep+5/ wds
5/e \ €252 4 €2 —s/e \ s2+1 —oo (s241)P

Since p > 1, the integrand behaves asymptotically as O(|s| ™) for large |s|. There-

fore, the integral is finite. Thus, we obtain:

/%5 (&)No

Combining (5.70) and (5.76), we find the global boundary estimate:

0z
on

ds, < Ce. (5.76)

0z |"

/aQ on

Taking the p-th root yields the desired result:

This concludes the proof of (5.69).

Now we estimate the interior norm ||Az| () for 1 < p < 2. By definition, the

ds, < Ce.

0z,

ol
on = e

Lr(69)

interior source is given by

~Az, = *K(2)e* + AU;. (5.77)
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Furthermore, in R?, the bubble profile U; satisfies the equation AU; = —e2K (¢;)e?Ys.

Therefore, the interior source reduces to a single remainder term:

~Az, = *(K(z) — K(&))e*V. (5.78)

To estimate this, we must recall that the exponential bubble is not centered at
&;, but at the shifted point z;. = &; + e\;D(&;)n(§;). The square of the conformal
factor takes the form:
20, C

i = ) 5.79
T (r— Py (5.79)

Since K (x) is smooth, we use the triangle inequality to bound the difference:
K (2) = K(§)| < Clz = §| < Cllo — 2| + |wje — &) < Ol — x| + €).

Thus, the term is pointwise bounded by:

|z — x| +¢e
(|z =z 2 +€2A5)%

Az | < Ce® (5.80)

Changing variables centered at the true peak,  — z;. = ey, the integral over (2

becomes:

5|?J’+5 g 2 2— (|y|+1)p
Az |Pd <C/ EI LA N — dy =C p/ — < dy. (5.81
Jlasraesc |, ( e4<ry|2+A§>2> Sy = O Ty ey O3

Since 1 < p < 2, the integrand decays as O(|y|™P) at infinity, so the integral is
finite, yielding a bound of O(e277). Taking the p-th root, we conclude that:

1Az || < Ce v = Cer . (5.82)

The standard L? elliptic theory for the Neumann problem (note that thanks to our

choice for the normalisation of H;, z. has zero average on the boundary) yields:

0z,

2 2_
| ze|[wrtsry < C (‘ + ”AZEHLP(Q)> <C (sl/p +ev 1) < Cer', (5.83)

LP(09)
for any fractional order 0 < s < 1/p.

By the Morrey-Sobolev embedding theorem in dimension two, the fractional
space W'*P(Q)) embeds continuously into the Holder space C7(2) provided that
the exponent satisfies v =14 s — % > (0. Choosing s < 1/p sufficiently close to 1/p,
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we obtain the embedding W1tsP(Q) — C7(Q) for every v < 1 — 1/p. By choosing
p > 1 arbitrarily close to 1, the error exponent o« = % — 1 can be made arbitrarily

close to 1, while maintaining a strictly positive Holder exponent v > 0. Therfore,
|22 | oo ) < O||Za||W1+SvP(Q) < Ce?, (5.84)

for any chosen a € (0,1). This completes the proof of the asymptotic expansion. [

We will seek a solution to (5.58) of the form u = V + ¢. Thus, the problem can
be stated as finding a function ¢ that satisfies

—A¢ — 2K (ey)e*V ¢ = Ri(y) + Ni(9), in Q,

gi — h(&y)evgb +el1(V)[¢] = Ra(y) + Nao(¢), on 99,

where the terms on the right-hand side represent the errors, the non-local linear
perturbations, and the non-linear remainders, respectively.

In the interior of the domain 2., the pieces are defined as:

Ri(y) = AV + K (ey)e?”,
Ni(¢) = K (ey)e® (e — 1 - 29).

On the boundary 0f2., the corresponding pieces are defined as:

Ra(y) = 57 (V) + h(ey)e".

Na(¢) = h(ey)e” (e? — 1= ¢) — eNi(9).

The non-local functional [(u) evaluated at the ansatz V, its linearisation [; (V')[¢],

and its non-linear remainder N;(¢) are explicitly given by:

1) = o (f, K dus [ hien)et as).
W6l = gy ([, 2Kene oy + [ hien)etods).

Ni() = |319, (/QE K(ay)ezv(ew —1- 2¢) dy + /895 h(gy)@V(e¢ —1- (;5) ds) :

In order to uniformly control the error terms near the concentration points, we

must choose the parameters {);}72; such that the interactions between the bubbles
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and the Green’s function cancel out. We choose {A;}7.; such that:
1
log(2\;) = 2mH (&, &) +2m Y G(&,&) + 3 log K(§;) forallj=1,...,m. (5.85)
i#j
Lemma 5.18. Let 0 > 0 be small and fived. In the region Bj/.(£;) we have:

402
e j 5 [0(ely =€) +0(=)|, yeq.,
Yy (A?Jr|y—£§—®(§j)/\jn(£j)|2> { (69 ) e } y

and on the boundary 0S).,

D(&5) N
A5+ |y — & —D(E)An(E))

Ra(y) = 7 [O(ely = &) + 0] + 0.

While in the region Q. \ UjL, Bs/.(&}), the errors are:
Ri(y) =0(e"Y),  yeq,
and
Ry(y) = O(e'1®), y € 0)..

Proof. For y € Bs.(&);), we explicitly compute R;(y) and Ry(y).

Z A(Ui(ey + Hiley)) + K (ey)e s et 21ese)

— K(gy) (62(U]'+2logE)eHj‘i’Zi#j(Ui‘FHi) _ i eQ(Ui(Ey)—i-Qlogg))

i=1
( AN K (ey) > (
K(§)(A + ly — & = D(§)An(§))1?)?
_ ( 4/\5 ) (
(AF + ly = & — D(EAm(&)]?)?
where in the last equality we have used that 5.17 and the choice 5.85 to write:

2(H;+) 2, (UitH:) )+O(€4)

140 (€|y — §j’-|)) (O(ely = €']) + O())

Hy + YU+ H) = 2mH(ey, &) — log(24,) + 5 log K ()
i#]

+ 3 (Uilew) + 20 H(ey, &) + S log(K (&) — log(2A) ) + O(=")
i#]

— 20t1(E. )~ lon(2,) + 3 lou(K(6) + X (g () + 20116160 )

i#]
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Ofely = &) + 0 (e") = Olely — &) + O (%)

Z U + Hi ) + h(fy)er+Hj+2loga+zi¢j(Ui+Hi) - SZ(V)

i=1
Using the boundary conditions satisfied by H;, the normal derivative expands as
a((gTJ;Hi) = 2h(ey)eV =¥ — gl(U;). Therefore, substituting this into Ry(y), we can

rearrange the terms as:

Ry = h(&?y) ( (sy)+210gs H; +Zz# (Ui+H;) ieUi(sy)qLQlogs) +e (i Z(UZ) - l(V))
=1

i=1

Isolating the j-th bubble and noting that the external bubbles decay as eVi(e¥)+2loge —
O(e?) for i # j, we get:

_ h(€y>er(ay)+210ga (6Hj+zi¢j(Ui+Hi) ) + O <§:Z _ l )

By definition of the bubble, the factor in front can be written by factoring out
h(&;) from h(ey):

( 2\ jh(ey) ) ( Hi+ 3, (Uit Hi) ) (i _ >
VEEG) AT + 1y = & —D(E)An(&)I?) =1

= 29(8)A cly — & Hi+Y (Uit Hy) . LIS N
N (A?Jr\y—ﬁg—i)(fj)Ajn(gj)\z) (1+0(ly—gl)) (e —1)+ (;l(Uz) l(V)>

Using the exact same expansion for the exponent as we did for R;(y), the ex-

pression simplifies to:

_ 20 (), o E )
<A?+|y—£;—©<fj>xjn<fj>|2> (1+0(ely = &1)) (Oely = &) + 0=+ (Z

_ 22(5]))\] ely — & e c UL N
g b 06 - 8) +0e] +< (S - ).

=1

Now, we bound the non-local error is exactly equivalent to bounding (V') —
S I(U;). Note that, if we call U;(y) = Ui(ey) + 2loge, we have (changing the
variable in the integral of [): I(U;) = I(U;). We compute the difference of the

126



interior integrals :

/ K (ey) <62V(y) _ f:eﬂ/[i(y)) dy.

i=1
We split the domain into the near-field regions UL, Bs/.(§}) and the far-field. In
the far-field V(y) = 2loge + O(1), so €?V = O(e?) and e* = O(e*). Integrating
these over a domain of area O(¢2) gives a far-field contribution of O(g?). In the

near-field Bs/.(&}), we isolate the j-th bubble:

V(y) =U;(y) + Hj(ey) + D _(Ui(ey) + Hy(ey)).
i#]

From the previous expansion:
eVl = 2w (1 + O(ely = &) + O(EO‘)> .

Moreover, for i # j, Us(y) = Us(ey) + 2loge = O(1) + 2loge, so e®:W) = O(e4).

Therefore, pointwise in Bs/.(€}), the difference becomes:
2V — 37 M) = W (O(ely - &) + O(e”)) + O(*).

Recalling the exact form of the rescaled bubble profile U;(y) = log (W)
we have the decay i) ~ |y — y;|~ for large |y|.

For the interior integral over 2., passing to polar coordinates:

d<0/ o ——dr = 0(1),
/Ba/s(ﬁ) Y )‘2 +T2) ' ( )

2

2“J<f~f>oz<c/ o ——dr = O(1).
Jo 18 = Sl ot =0

Hence, the interior near-field remainder evaluates to:
. K(e)e®s®(0(ely = g]) + 0(E)dy = O(e) + O(") = O(=").
é/e

For the boundary integral over 0f)., we proceed in the same way. Parametrizing

the local boundary curve by arc-length s € (—f f) the zero-th order term is finite:

d/e oo 1
a0 [T a— o)
/_5/56 S_O—oo)\?"‘SQS o)

However, the first-order term possesses a logarithmically divergent tail over R, in-
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deed

2

5/8 (5/5 S C 6
U;(s 2 _v .
/_6/5|S|6 ()dSSC/O )\?+82d8— 5 log <1+>\]252> = O(|loge|).

However, multiplying this by the factor €, the resulting boundary error is O(g| log ] )+
O(e*) = O(e%).

Summing the interior and boundary estimates, we obtain exactly:
£ (Z ;) — l(V)) =c-0(Y) = O(e™).
i=1
which conclude the proof. ]

For any positive numbers a, b, A, let

1 B A+ % (952 + %/\)
2 et adt (o4 20) (5.86)
T

N2 4 a2+ (zg + %A)Z’

2o(x) =

2 (x) = r = (z1,72) €ERZ.

The following classification result is standard and characterizes the kernel of the

linearized operator around the standard bubble after stereographic projection.

Lemma 5.19. Any bounded solution of

2
Ag + 8\ ¢»=0, inR2,
N ¥
</\2+x%+(x2+\/ba)\)> (5.87)
99 _ 202 p=0 on OR? ‘
8n \/a )\2+I'2—|—(i)\>2 ) +2
1+ (e

is a linear combination of zy and z.

Proof. Let II be the stereographic projection from the unit sphere in R? centered at
(0, —%)\, O) onto R%. More specifically, let n = (11,72, 73) be the coordinates of R?
taking (0, —%)\, O) as its origin and = = (1, 72) be the coordinates of R?, we have

_ 201\
LTI 2%+ (22 + %A)w
2)\ (ZL’Q + %)\)
N2 =

It (x2+%)\)2’
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7%+ (22 + %)\)2 — 22

N3 = 5 -
Nt ad+ (1 + 2N

Let C =II"'(IR?). It is a spherical cap on S2.

Assume ¢ is a bounded solution of problem (5.87). We define a function (n)

on C by
2\

Nt (g 2A)

o(x) =v(n

then
A+ 21 = 0, in C|
0 b
o _ b =0, ondC.
on  +a
Proposition 3.2 in [17] points out that the dimension of the eigenspace corre-

sponding to the zero eigenvalue is two, which leads to the desired result. O]

5.2.2 Linear Theory

In this section we study the invertibility of the linearized operator associated to our
problem: Given f € L*(f.), g € L*>(05).) we want to find ¢, ¢y, ..., ¢, such that

—Agb — quf) = f + Z Cijle in Qg

J=1

gn —Wap+eli(V)[g] =g on 0. (5.88)

/Qg Xj21j¢ =0

Where W; and W5 denote the potentials

Wi(y) = 2K (ey)e?¥ W, ye Q. (5.89)
Waly) = h(ey)e" ™, y e 09.. (5.90)
and Zyj, j =1,...,m, are defined as follows: Consider zj; and z; ; as in (5.86) with

a=K(),b=nh(&) and XA = \;, which is

) )\j+ h(&;) <$2_|_ h(&;) )\j)

5J - )
A Nl <$2 . A.>
J VEE)
z14(x) = o r = (11,7) € R
1,7 heEs) 2 1,42 +-
2 2 j ,
>\J + 931 "’ <$2 "‘ /_K(fJ) >\j>
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Around each point £ € 92, we consider a smooth change of variables

Fi(y) = i Fj(ey),

where F : B,(§;) — M is a conformal diffeomorphism and M is an open neighbor-

hood of the origin such that
F; (B,(&)NQ) =R N M, F; (B,(&) NoQ) = dR% N M.
We can select F} so that it preserves area. Define

Zi(y) = 2 (Fj(y)), i=0,1,4j=1,....,m.

Next, we choose a large but fixed number Ry and a smooth cut-off function
X : R — R such that

x(r) =1 for r < Ry, x(r)=0forr > Ry +1, 0<x<1.
Then set

X;(y) = x([F5 (y)])-

For any 0 < a < 1, using the same expansion to the one of the previous section,

we have:

n ¢ ,
= O @ O - y P v QE:
M) azl()\3%-!y—@'—Q(ﬁj))\jn(fj)’2)2(1+ 50 =gl)). e

(5.91)

1+0 () +0(ely=¢&l)), Ve o,
(5.92)

oo 290 (&)
Wa(y) = ]Zl A2ty — & —D(E)An(E)? (

Moreover, we call
82
(A? +ly— & — D(&)Ajn(é}-)lz)

WD = 2K €)% =

2

and
29D (&),

(J) _ NelUi —
Wy = h(&;)e™ = A2ty — & —D(E)An(E)?
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We choose a small fixed parameter 0 < ¢ < 1. For a function f € L>*(.), we

define the interior norm:

)
Wle =380 S Sm e =g =

For a function g € L*(0f2.), we define the boundary norm:

9(y)]
€+Z] 1(1+’y 5,’)

I9]l+.00. = sup

The result we want to prove is the following

(5.93)

(5.94)

Proposition 5.20. Let d > 0 and m € N. Then there exist ¢g > 0 and C' > 0 such

that for any 0 < € < g9, any family of points &1, ..., &y, € 0S) satisfying

& —&l=d Vi#],

(5.95)

and any f € L*(Q),g € L®(0), there exist a unique solution ¢ € L>(£2.) and

unique constants ci, ..., cn € R solving (5.88).

Moreover,

1
I¢llz<(euy < Clog(2 ) lgllan, + [1f1]-ws.):

and
lek] < C(llgllvo0. + [ fllso.)  YVE=1,...

We start by constructing a barrier function

Lemma 5.21. For sufficiently small € > 0, there exist C, Ry > 0 independent of ¢,

and a smooth positive function

Qe GBRl(fg)—HR

j=1
such that .
_Alp Wll/J > 27/24_"‘52 mn QE\ U BRl(f‘;)
|?J f |2+e j=1
8w m 1 m ,
=Wy +ei(V)W] 2 Y s e on 0Q:\ U Br,(€))
on j=1 ly — €]| =

0<w§0 ZnQE\GBRl(fl)

Jj=1

Y>1 on.N (6 53&(%))

j=1
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Proof. For j =1,...,m, we denote r; = |y — &} — \;D(&;)n(&;)| and define

() = L5 )

J

By direct computation one can see that
Awlj = O(T’;Qig)

and if § > 0 is small but fixed and R; > 0 is large and fixed, then

Iy

)
>cr;l7e for Ry <r; < —
on — 7 I

where ¢ > 0 is fixed.
To prove the last assertion we may suppose that &} is at the origin and assume

that the normal vector at &} is (0, —1). Hence

Y
wlj(y> = - 1—|2-a"
T
j
Let us write 0€2. near & as the graph {(y1,%2) : y2 = G:(y1)}, with G.(1) =
LG (eyr), where G is a smooth function such that G(0) = 0,G'(0) =0
Fix 6 > 0 small. Then for
J
R < Ty < —,
€

we have that
G.(y1) = Olery), Ge(y1) = O(er?).
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Then

O 1 Ge(y1)GL(1)y 1
gn_ 1+0) “LJ D7 L
no Gy + 1 r; r;
G.(y1)? Ge(y
1+ o)W\ pe)a o) gii))
T T
_ 1 1 O 0©F)
(GL(y))>+ 1\ e

)
forR1<'r’j<g

B 1 (+ 1 02 0(5))

O'+ (o —"_ (o
o@)+1\ n' T

o
for Ry <r; <-,
9

from where the claim follows by taking ¢ small enough.

Consider also

1
Uoj(r;) =1 — -

Then )
— Aty = o peacs (5.96)

J

Proceeding analogously as for ¢, we find

g 1 /
vy _ o —— (0Ll + Gelyn) + A,2()))
J (G/e(y1>> +1
1
= 2(10 0(1), }%1<’f‘j<é
T /O(8?) +1 :
1 )
:O<?2+<7>7 R1<Tj<g-
J
Now let

3 = P15 + Chy;.

For C' large enough (but independent of ¢), using that W; ~ %47 we have
J

1

¥
J

—Apg; — Wiapg; >

)
Ri<ly-gl<’
r £
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For the boundary condition, combining the normal derivatives gives:

3¢3j 3¢1j 8¢2j
= C
on on + ~8n
. ¢ ¢
— T]1~+U Tj2_+0
c )
> - Ri<r;<—
= T;+U, 1 Tj e’

Recalling the asymptotic decay of the boundary potential W5 (y) ~ 712_, we deduce
J

that: o . 5
35 c ’

— LL > R < — &< -

an 2w3] = lel—‘,-cr ) 1 ‘y é-] | e 9

for some constant ¢ > 0. Note that, since 13, is lower-bounded by a non-zero
constant, we have [;(V)[¢3;] > ¢ > 0.
Let n; € Cg°(R?) cut-off function be such that 0 < n; < 1,7; = 1in QaﬂBg(ﬁé),

n; = 01in Q. \ Bs(&)), |[Vn,| < Ce in Q, [An;| < Ce? in Q.. Now, we take Vg a
strictly positive solution of

~AUy=1 inQ
ok — — 8 on 00

which is smooth and bounded. We define Wy(y) = Wo(ey), note that it solves

—AVU,=¢? in Q.
oo _ _ 9
an = Toq On 0.

Now we define the barrier
U(y) = B+ AWo(y) + > njvs;(y)
=)

where A and B are sufficiently large constants such that B > A. We denote p; =

ly — &, so we have

AP - Wi > A+ Y {(—Am) Ws) — 2V - Vs + pZ_{

Jj=1 J

+0 (ﬂ) (5.97)

Pj

In the region where R; < p; < 2‘5—&, n; = 1, choosing R; large enough, we deduce
from the inequality (5.97) that
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ULt
—Ap =Wy > Ae + Z 2+o

=1 Fj
Instead when @ < pj < é , we use that |Vn;| < Ce in Q. |An;| < Ce? in Q. and
|Vips,| = O( 1+(,) to Conclude from (5.97) that

1 1
— A — Witp > e > C<52+2> 26’( o +52>
Pj Pj
In the region where p; > g, Y(y) = A¥q + B and the estimate follows easily.
Now we turn to prove the boundary inequality, using that Wy ~ ,0;2 and {4 (V)

is a positive functional, we have

o AlQ)

n; cn;j 1
%—W21/J+€l (V)[w]z—m +Z< @ng p]1-+a>+€ll(V)[ ]+O<pj>

on; 0771‘
on pj p]
where in the last inequality we use that B is fixed sufficiently large after the choice
of A. Reasoning separetely in the three regions R < p; < 26?7 2% < p; < g,pj > g

as in the interior case, we conclude. O

Lemma 5.22. There exist Ry > 0 and g9 > 0 such that, for 0 < & < &g, any
solution ¢ of the problem

_A¢ —Wip=f inQ:

(5.98)
—Wap+ely(V)][pl =g on 09,
satisfying the orthogonality conditions
/injqus:o, Vi=0,1, Vj=1....m, (5.99)

satisfies

18]l () < C(llgllvon. + 1 flles.),

where C' is independent of €.

Proof. Let Ry = 2R;, where R; is given by the previous lemma. The barrier i) con-
structed there yields the following maximum principle: If ¢ € H* (Qe \ Uj~, Br, (§ j’))
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satisfies

_Agb — ngb < 07 in Qg\ Lnj BR1 (é;)a
j=1
% — W2(Z§ S O7 on an \ U BRl (f;)u
on j=1
$ <0, on . N (6 OB, (f;)) ;
j=1

then m
$<0 inQ\ | Bg(&).

j=1
Let ¢ be a solution of (5.98) satisfying the orthogonality conditions (5.99). We

first prove that ||¢|| < .) can be estimated in terms of ||p||;, || f||<x0., and ||g]|.a0.,

where

[0]]i := sup |¢].

.0 (UL, Bry(€))

Set
¢ = C1 ([[@[li + [ f 0. + l9lls00.)

where C; > 0 is independent of €. Choosing () sufficiently large, the definition of
Y gives

and -
0¢ ~
- >
an Wa¢ > |g]
in -
QE\ U BR1<€;)
j=1
Moreover,

¢>1¢  onQn (U 8331(5})) :

j=1

Applying the maximum principle to ¢ — q~5 and —¢ — qg, we obtain

6| <é i\ | Bg (&)

=1

Since v is uniformly bounded, it follows that

[0l 0y < C (Dl + [1f L0 + [lgll+.00.) (5.100)

136



where C' is independent of ¢ and e.

Suppose by contradiction that the conclusion of the lemma does not hold. Then
there exist sequences e, — 0, &', ...,&" € 0N satisfying (5.95), and functions ¢,
fns gn such that

|PnllLe@.,) =1,
”an**,an — O’ ”gnH*,@an — 07

and ¢, solves (5.98) and satisfies (5.99) for every n.
Estimate (5.100) implies that ||¢,||; is bounded away from zero. Hence, up to

relabeling the concentration points, we may assume that

sup |¢n| > ¢ >0
Br, (&™)

for some fixed index j and all n. Define

After translating and rotating the coordinates, we may assume that €. converges
locally to R3 and that & =0.

Using the asymptotic expansions of W; and W5, we have

8 2

Wy— ——— Wy—s ——
TR E S

uniformly on compact subsets of R3. Moreover,

lenli(V)[n]l < Cenlldnllre(a.,) = Cen,

so that the nonlocal boundary term converges uniformly to zero.

Since
[Pnllze <1,

standard elliptic estimates imply that, up to a subsequence,
¢n — ¢

uniformly on compact subsets of @, where ngS is a bounded solution of (5.87).
Moreover,

sup [¢] > ¢,
BR1 (0)
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so that ¢ # 0.
By Lemma 5.19,

(g - span{zo,j, Zl,j}-

Passing to the limit in the orthogonality conditions (5.99), and using that
Zig(-+ &™) — 2,
uniformly on compact subsets, while x; has compact support, we obtain
/RQ Xj¢2i,j:()7 ZZO,l
+
Hence 5 is orthogonal to the kernel of the limiting operator. Since
¢ € span{z;, 21},

it follows that

¢ =0,
contradicting
sup [¢] > c.
BRl (0)
This contradiction proves the lemma. O

Lemma 5.23. For ¢ sufficiently small, if ¢ solves

% —Wap+ely(V)][p] =g on 09,

and satisfies
,/Q leXj¢:0 \V/j: 1,...,m

then )
16llz~(00) < Clog () (lgll.on. + [1f]l0.)
where C' is independent of €.
Proof. Let R > Ry + 1 large and fixed. Let 7;; a radial smooth cut-off function
such that 0 < 7y; < 1,|VA| < C in R?, 7jy; = 1 in Bg(0), 71, = 0 in R? \ Bg41(0)
and 7jp; another radial smooth cut-off function such that 0 < 75; < 1,|V1p,| < C <
| V27| < C’g—z in R?, 7jp; = 1 in B%(O), flaj = 0 in R?\ Bs (0). Moreover, we define
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B log (g) — log |z|
B log (g) —logR

()
note that 7 is the solution of

A% =0 1in Bs(0)\ Bg(0)
=1 if|z| =R
=0 if|z]=2

Let y(y) = 7(F}(y)) and n;;(y) = 7i;(F; (y)) for i = 1,2.
Now we define

Z()j = m;jZoj + (1 — 771j)ﬁ2j’YZoj
and given ¢ satisfying the hypotesis we consider
~ m _ Z ‘ ‘
¢=0¢+) d;iZy whered;= _Jo. Z0jxi®

=1 Jo. Ziixi

The lemma’s conclusion follows directly from the following claim:

Claim. For all Kk =1,...,m, we have:

1
il < Clog (2 ) (lgllgn. + [1flee)

To prove the claim, we the define L(¢) = —A¢ — W1¢ and B(¢) = g—i — Wao +
el (V)[¢]. By definition of ¢, we have:

L) = f+ > d,L(Zy) in Q..

=1

B(¢) =g+ > .d;B(Z,) on Q..

=1

By the previous Lemma, we have

. m YAy -
9l < C (||9||*,an 1l + 2151 (| 52 = Wy
j=1

*,00
(5.101)

+ lelh (V) [ Zojg] |- 00 + HL(ZOj)H**,Qg))-
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Multiplying the equation for L(gE) by Zo, and integrating by parts yields:

. N YA N N
dy [ / L(Zo)Zo + /8 . Zon ( %k W220k> 4 el (V) [ Zox] /8

0 Zoy,
on

%4

£

= — 9 %o, —/ fZok + ¢ < - W220k> / OL(Zoy,) + €l (V / Zok
09, 0. 09,

(5.102)
(Notice that the terms for j # k vanish identically since the cut-off functions have

disjoint supports for € small enough).
Combining (5.101) and (5.102) we obtain

- V4 . . -
dp, [/ L(Zow) Zok +/ Zok ( ok W220k> +€l1(v)[ZOk]/ ZOk:‘|
Q. 0. on A0,
- 7o - -
< Cllgll g, I e HIDl @ | || = WoZorl| =+ ||L(Za)]|,, o, +C || Zor]] s
*,00 ’

0T
Cllol. g, Hl o) (1 |5 - i

e, <l

~ 2
m 02y - - 2 -
H§JMQ|“—WMW eI, + |z, wum%mhg
j=1 *,00¢
The claim follows once we establish the following estimates:
L(V)[Zok] = O L (5.103)
R  log (D) '
1 Zokl liconsy = O [ ——— (5.104)
0k||L1(09.) = Elog(%) .
- o
L(Zo) 2 / Z W2, 5.105
/6 (Zo) Zox. + 0. 0k< on 2 Ok:) C’log(l) ( )
| L(Zox) _ot (5.106)
w4, Qe log(é)
0 Zyy, . 1
—WaZ, =0 5.107
% 0| () (5107

Proof of (5.103).
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By definition

WV Zo) = g (W@ Zawydy+ [ Walw)Zosw) ds,)

Recall that Zy;(y) = Z0j(F5 (y)), where

Boj () = 711 () 205(x) + (1 = 771, () ) iy () () 205 (),

so that, by construction of 7j;, Zo;(z) = 0 for |z| > 2. Consequently, Zo; is
supported in
M, = (F)~! (B?i (0)N Ri),
S0 .
W) 2] = o ([ WiZayd Walyds, ).
1( )[ 0]] |8Q| M. 140y ?J+ M.n90. 2405 Sy
We add and subtract Zo;(y) = 20;(F (y)), so we write:
~ 1
LW(V)[Z] = 199 (Z1 + 1)
where
L= | WiZydy+ [ WaZyds,,
M. M.noQ.
IQ = /ME WI(ZOj - Zoj) dy + MO0, WQ(ZOJ‘ - ZOj) dSy.

Estimate of Z;: We use the local conformal change of variables x = F(y). By
definition of M., F5(M.) = B 8 (0) "R?. Since F} is a conformal diffeomorphism,
dy = det(DF5)dr = (1 + O(g|z|)) dv and ds, = (14 O(e|z1])) dz;.

Moreover, calling Wl(j) = 2K (&;)e?Yi and W2(j) = h(&;)eY, we have:

Wi ((F5) ™ (2)) = W (@) (14 O(e*) + Ofela]))
F5) 7 () = Wy (@) (1+ O(e*) + Ofela])) -

Substituting the above expansions into the expression for Z;, O(e|z|) in the Jacobian
factor produces only higher-order contributions. Indeed, integrating against z,
yields an error of order O(e) from the interior and O(e log é) from the boundary.

Therefore, these contributions are absorbed into the remainder O(c®), and we obtain
| i
Il = / Wl(j)(x) Zoj((L’) dx + / Wz(j)(l‘l) 20j (ZEI) d.Tl + O(éa),
B (0)NR2 -2
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which holds because at infinity W (z) = O(|z|~*) and W (z) = O(|z|~2).
Next, we extend the domain to the whole upper half-plane R%. The error intro-

duced on the exterior region {|z| > 2} scales as

W 20; da| < C’/é —rdr = 0(e%),
i

3e

Jéi\Bﬁxm

and a similar bound gives O(¢) for the boundary contribution. Therefore, we may
rewrite

T, = [/W W (@) z05 () da + | Wi ()20 () dxl] +0(e7).

2
OR2

By construction, the standard bubble derivative z; satisfies the homogeneous
linear equation —Azy; = Wl(j)zoj in R?, together with the boundary condition
On20j = Wz(j ) 2p; on 3]1%1. Integrating —Azy; over a large half-disk B, N R%— and

applying the divergence theorem, we obtain

/ ) Wl(j)ZOj dr = — anZ()j d.’l?l — / 8,,2()]‘ ds.
BrNR%. - 0

BrNR3

Substituting the boundary condition and letting r — oo, we use that |Vzy;(x)| =
O(|z|72) as |z| — oo (which is immediate from differentiating the explicit formula

for zp;), so that

/ ) 8,,2()]‘ ds
dBrNRY

This yields the cancellation

< 7r - sup |Vzi(z)| = O(r™') =2 0.

|z|=r

Wl(j)(x)zoj(x) dx + WQ(j)(x)zoj(x) dxy = 0.

R2 OR2.
Hence, we conclude that Z; = O(e®).
Estimate of Z,: Since 7;; = 1 in Bg(0), the difference Zy; — 2o; is supported

only in the annular region Ag := {z € RY : R < |z| < 3‘5—6} Since zp;(z) = O(1),
W (z) = O(|z|™*), and Wi (z) = O(|z|~2), we have:

B log (3%) — log |z

Z0i — 20i]| < C |1 =F(z)| =C
|0] 0]| | ( )l log(%)—logpb

1

= log(1/2)
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We first estimate the boundary contribution:

dl’l.

C /fa log x4
~ log(1/e) a?

Lo 8 G = 20) (L4 Ol ]) | <

An explicit integration by parts gives

)
/35 logxld [ logazl—i-lrf log R+ 1
1= |- E——

<C
R a2 1 R R

Thus the boundary tail is O(m) A similar computation for the interior term
using dy = (14 O(e|x|))dx yields O(

dent of e, we conclude that

W)' Since R is fixed and large, indepen-

20 i)

Finally, combining the above estimates, we obtain

which completes the proof of (5.103).

Proof of (5.104).

Recall that Zow(y) = Zor(F¢(y)), with Zy, vanishing for |z| > 2 by construction of
flor. Hence Zg, is supported in M, := (F¢)~ (B% (0) N ]Ri) C Qg, and

Z - / Zow(y)| ds,.
| 0]<:||L1(8QS) MEHBQJ ok (y)] dsy

We use the local conformal change of variables x = Fy(y). Under this diffeomor-
phism, M. N 0. maps exactly onto (=2, <) x {0}. Since F} is conformal, the
boundary length element transforms as ds, = (1 + O(e|z1|)) dz;. Since e|zq] < §/3
throughout the domain of integration, this geometric factor is uniformly bounded,

yielding ds, < (1 + O(6)) dzy < C dz,. Hence
: :

|zl < C [ 1zon(an)ldas, (5.108)
~3e

where Zo(z1) := 1) zok(71,0) + (1 — fhk(%))mk(xl)ﬂ 1) Zok(71,0).
1) =

k(2
Region {|z1] < R + 1}: Here (for |z1| < R) Zoi(x 2ok(21,0). From the
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explicit formula, with A? := \2(1 + D(&)?),

1?2 — A2

70 = AN 792 . a0V
2ok, 0) = S

so that 2o (71,0)] < 55~ < C for all 71 € R, since |2} — A*| < 2 + A%, Hence

R
/R Zow(21)| dzy < 20R = O(1), (5.109)

as R is fixed. The transition zone R < |z1| < R+ 1, where 7, interpolates between
1 and 0, contributes an additional O(1) by the same bound |Zy;| < C' on an interval
of length O(1), which we absorb into (5.109).

Region {R +1< || < 3675}: In this region 7;; = 0, and using 79, < 1 together
with |zox(z1,0)] < C and F(x;) > 0, we obtain the pointwise bound

log (%) — log |x1|

Zor(z))| < CA(x) =C )
|0k( 1)‘— 7( 1) 10g(%)—10gR

By the symmetry of the cutoffs in |z4[, it suffices to estimate the integral over z; > 0

and double the result. We compute by parts:

& 5 5 5
/3 log|— | —logt|dt= |t|log|—| —logt+1
R 3e 3¢ R
) )
=—— 1 — | =1 1].
3 R(og <36> og R+ >
The first term is O(%), while the second, with R fixed, is O(log %), of strictly lower

order. Hence ] 5
3 1
/ <log () — log t) dt = O() .
R 3e €

Dividing by log (3%) —logR = O(log %), we conclude

3 O(1/¢) 1
3e
0! dry = ——F—— =0 ———— 5.110
/R ) don = 5a0 170 (z—:log(l/s)) ’ (5.110)
and by symmetry the same bound holds for x; < 0, doubling the constant.
Combining (5.109) and (5.110) in (5.108), we obtain

HZOkHLl(aQE) <C

0 +0{ )| =t
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which proves (5.104).
Proof of (5.105).

We write
/ L(Z()k) Zop=Io+ I + I + I,
where
I = / L(Zow) Zow,  £=0,1,2,3,
Ry
and the regions Ry, ..., R3 are defined in terms of the change of variables F;. Writing

r = F;(y),r = |z|, we define

Ry = (Ff) ' ({r < R} NR3),
Ry=(F)'({R<r<R+1}NR3),

o ({rer<r< Zlnm)
({<r<}m@3).

A,, dy=det(DF;(x))dz, det(DF(x))=1+O(elx|)

Since Fy is conformal,

1
By = det(DFE(z))

So, we have W, (Fg(x)) det(DFg(x)) = Wi (2)(1 + O(e®) + O(ela])).
ne

Writing Zox(2) = fi1r(2) 206 (€) + (1 = Fe(2)) e (2) 7 (2) 208 (), s0 that Zo(y) =
Zok(F¥ (y)), we have

L(Zu)(y) dy = [~ A, 2(x) — Wi (F§ (y)) det(DF (x)) 5(x) | da
- [—Azéok(x) —w® (a:)éok(x)} dz + O(* + e|z|) WP (2) |0 (x)| da,
Estimate of Iy: Here Zo, = 2ok, S0

Iy = /{|x<R}ﬂR3_ O(e* + ¢lz|) Wl(k) (2)| 200 (2)| 20k (2) dzz = O(£%),

Estimate of I;: Here Zor = Mgzox + (1 —T1x) Y20k = (1 —5)M1k20k + Y20k, by direct

computation, we have

_Axgok_Wl(k)gok = —2(1-9)Vine-Vzor—2(1—m1k) VAV 206 — (1—7) 20k AT +2206 V1 V7.
(5.111)
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—2(1 — &)Vﬁlk . VZOk — 2(1 — ﬁlk)V? . VZ()k

.[1 — /
{R<\ar:|<R—|—1}ﬁ]R?F
— (1 = %) zor Al + 2206 Vi - V7| Zor dx + O(e” + €R).

We integrate by parts the third term, using that 7} (R) = 7;(R+1) = 0 and that

the cut-off are radial (so the boundary term on the line {z5 = 0} vanish), so

Il = ZOkZOk Vﬁlk . V’N}/ dr — / (1 — ’?)(Vﬁlk . VZQk)ZOk dx

/{R<|x<R+1}mRi {R<|z|<R+1}NR3

(1—771) (V3-V 20) Zon d+ /{ (1) 20 (V- Von) dt

/{R<x|<R+1}ﬂR3_ R<|z|<R+1}NR%

+0(e* + €R).

Now we concentrate on the first term: Since the functions are radial we have
Viu(z) - VA(z) = 7.(lzD)Y (|z]) = —%, passing to polar coordinates,
and using that for R large 2o, and Zy, are lovever bounded, we get

Co
log(?)

~ _ N 1 T R+1 ~ »
2ok20k Vg Vydr = —/ / 2ok Zok (—Thy) =
log 0 JR

/{R<|w|<R+1}mR1 (&) —logR

For the other three terms, we use that |zox|, |Zok|, |V7kl, |[ATk| < C, |Vzor| =
O(7z) and that
1 1
1-9=0 . Vy=0
10 (e ) 1 (s i)

which implies

V| = O <R(10g(5)1_ log R)) +0 (}%2)

£

to conclude that

(1= AVt Vo) o de = O ( 1 )

/{R<x|<R+1}mRi R*(log(2) — log R)

(1 — i) (V3 - Vaor) op dar = O ( ! >

2
{R<|e|<R+1}NR2 R%(log(2) — log R)
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~ ~ z 1 !
(1=9) 2ok (Ve VZzor) dz = O (RQ(log(g) — log R)>+O (R(log(i) — log R)2>

Thus, choosing R sufficiently large and ¢ sufficiently small, we proved

J 2
{R<|z|<R+1}NR%

1
log(1)

L >
Estimate of I5: On Ry, Zop = Y20k, SO
—AyZor — W 5o, = —2V7 - Vg,

. : 5 — L
Thus, using again [V7(z)| = || (log (9 — log R)

and |Vzo(x)] = O(|z]7?),

0/(4e) pm C 00
| < / / - rdrdf+0(e") < . / r=2 dr+0(e%)
R 0 73 (log (g) — log R) log (g) —logR/R

1 (0%
— O(Rlog(l/s)) + O(%).

Estimate of I3: On Rj3, Zop = Tox 20k, SO
— Ay (NoxY2ok) — Wl(k)ﬁzk’?ZOk = =272, VY - Vzor, — 2V, - V(F20k) — Y20k ANk

= —Y2ouDaTok — 220k Vok - VY — 29V a1, - Vo — 22, VY - Vg

0 0 ~ 5 5 ~
For Z& < ’ml < gi Y= O(m), ‘V’}/| = O(m)> IVZOI@’ — O(EQ), ‘Vn%’ _
O(e/0), |Afjok| = O(?/6?), s0

Ce?

|L(20k)| S W

Using | Zos| = O (55875 ) and |Rs| = 0(5?/¢2),

L < Ce? C 2 0 1
1=\ 0%log(1/e) ) log(l/e) &2 log®(1/e) )
Now we estimate the boundary integral

VA .
ZOk< ao’“ —WQZ%).
n

00,
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Since Fy is conformal,
det(DFg(z)) =14 O(e|x]),

and

o _ g a2
any det(DFk(:p))anx, ds

Therefore, using that

1
v ,/det(DF,g(x))dml'

Wa(y) = Wi (z) (1 + O(e*) + Ofelal)) ,

we obtain
7 - Iz 5 3
( ask — WZZOk> (y) ds, = (a;k - W2(k)20k> dry + O(e® + elz]) WP |Zoi| day.

Since 715, 7o and 7 are radial functions,

8771 k aﬁ2k a“NY

on,  Ong  Ong 0 on IR
Hence,
0z . . . . 0z
(9710: = (M) + (1 = Nig(x))Nor(x)¥(2)) 872:’
Using
0
(;fk = Wék)z[)k on 8]1%1,
we obtain o5
and therefore
o7, . 5
< 87(1)k — WgZok> (y)dsy, = O(e* +¢|z|) WQ(k)\zok| dxy.
Thus,
- (07 - E (k) (. \ =2
[ Zu (G = Walae| = [ O™ + elea WS )38 () dr.
e —3

For 0 < 1 < R+ 1, using that WQ(k) and Zp, are bounded,

R+l a (k) =2 a
/0 (6% 4 ea) )W (21)22 (21) day = O(£9).
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For

0
R+l<ax < —,
4e

using Wz(k)(xl) = O(z7?),

)

I 1
/R (% + ex) WP (21) 2, (21) s = O(=*) + O(e log 6) .

Finally, for
4] oy 4]
JE— :C JR—
4e 3

using W™ (1) = O(e?),

)

[+ oW )3 do = OGe),

4e

Therefore, R
— (070 _
Zop | —— — WhZ, = 0(e”
. 0k ( an 2 Ok;> (e%),
Combining all the estimates,
. YA .
/ L(Zoy) Zox +/ Zok, ( L WQZOk)
Q. 0. on

= Clog(1/e)’

for R chosen sufficiently large (independent of £) and e sufficiently small. This proves
(5.105).

Proof of (5.106).

We estimate L(Zg) in each of the regions Ry, . . ., Rs, using the identities established
in the proof of (5.105). Throughout the proof we divide by the weight

e+ (1+y—&)7,

which, on the support of Zyy, is comparable to

by the separation condition (5.95).
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Estimate on Ry. Since Zor = 2ok,
— D Zor — Wiz, = 0,
and therefore
IL(Zow) (y)| < C(e + er) WP (@) | 200 (2)] = O(e®), 7 < R.

Since the weight is bounded from below by a positive constant,

|L(20k)(y)|
2+ (1 +ly—§l)2

= 0(g%).

Estimate on R;y. Using (5.111),

|zok]s 2ok, |VTkl, |Amkl < C,

|V zoe| = O(R™?),
and
1-4=0 L VAl =0 L
3= e oem) V1= R —iorr)
we obtain
]L(ZOk)(y)| < log (/=) —log I +O0(e*+eR) = O(log(ﬁ/e)) , R<r<R+1.
As before, .
oo L)
e2+(1+y—&hH2 log(1/e) )

Estimate on R,. Since
A Zo, — W 50, = =2V - Vg,

using
1

- r(log(d/e) —log R)’
Veoe(@)| = 0072,  WH@) =00, |2 <C,

V()]
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we obtain

. C )
(7 < a,.—4 -3 1 _
| L(Zox) ()] < g/ “log Ry TCET e Rtl<r<p

Using the lower bound

we have 5 .
T ro-

(log(d/) —log R) 2  log(6/e) — log R’

6a,rf4 -3

T_Q_U

Since o < 1, all three quantities attain their maximum at » = R + 1, hence

IL(Z0) )] :O< 1 )

2+ 1+y—=&l) 2 log(1/¢)

Estimate on R3. As proved in the estimate of I3,

~ Ce? o 4]
L(Z < — -
[E(Zok)(9)] = 62(log(d/e) —log R)’ 1z~ T s
Using
2+ > &2
we obtain

1L(Z0) (9)] c (1
P+ (L+ly— )7 = log(3/e) —log R O(logu/e)) |

Combining the estimates on the four regions,

1Z(Zot) llsx.0. = O<log(11/s)> ’

which proves (5.106).
Proof of (5.107).

From the proof of (5.105), since 71y, 7o and 7 are radial functions,

0Zok

on. — WQ(k)ZOk =0 on 8]1%1,
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and therefore

- W%) (1) = O(=" + er) WP (@) Zou () .

We estimate the right-hand side in each of the regions Ry, ..., R3. Throughout
the proof we divide by the weight

e+ (1+y—&NH",

which, on the support of Zo, is comparable to

by the separation condition (5.95).

Estimate on Ry and R;. Since r < R+ 1 and Wg(k), Zor. are bounded,

7 -
' 20k 1, Zo| () = O +2) = O(e).
n
As before, .
0z N
‘ a;zk — WaZok| (y)

Estimate on Rs. Using

we obtain

07 .
’ O Wy Zo

)
< o —2 —1 .
o (y) < Ce“r== + Cer™, R—|r1<7‘<—4

£

Using the lower bound

S 7,7170 Z 7,7170"

we have

Since o < 1,
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while

Hence

o WoZoi| (y)

(g — )

’ 0 Zok

= 0(e*) + O('77).
Estimate on Rs. Since

Wil (z) = 0%,  |Zw] < C,

we obtain ~
0 Zok ~ 9
— WsZ, =0
S Wl () = OE)
Using the lower bound
e+r 177 > ¢
we obtain ~
07, ~
‘ 80k — WaZox| (y)
n = 0(e)
et (I+ly—&hH"
Combining the estimates on the four regions,
0 Zok . - 1
— WQZ()k = O(&a) -+ 0(6 g) =0 s
H on 00, log(1/e)
which proves (5.107). O

Proof of Proposition 5.20. Let (¢, ¢1, ..., ¢n) be a solution of (5.88). We first prove
the a priori estimate.

The equation in the interior can be written as
_A(b - Wl¢ = f~ in QE?

where m
f=r+2cxiZy
j=1

Since ¢ satisfies
/Q Xjlegf)dy:O, jzl,...,m,
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the estimate of the previous lemma gives

1 _
[¢llz<ie < Clog (2 ) (lglhon. + 1) (5112

By the definition of f,

m
[ flleee < Nf g + D leillIxG Zaj e

=1

The support of x; is contained in a fixed bounded region in the coordinates Ff,

where Z;; is uniformly bounded. Hence
X215, < €

uniformly in €. Therefore,

1 m
9]0 < Clog () (nfn**,ge +lglleon. + Y |cj|) . (5113)

j=1
We next estimate the coefficients ¢;. Let

Zw(y) = () Zu(y),  © = Fi(y),

where 7o is a radial cut-off satisfying

) )
Mo = 1 f < — o = 0 f > —
M2k or |z] < A N2k or |z] > 3

Multiplying the equation in (5.88) by Zh, and integrating, we obtain

5 j=1 5

£

The separation condition on the points ; implies that, for ¢ sufficiently small,

the supports of x; and 7y, are disjoint whenever j # k. Consequently,

/Q XjleZIk dy = 5jk/9 Xk 23, dy =: Oin Ly

Moreover,
I, >co>0

uniformly in €.

154



Applying Green’s formula, we get

_ _ 96 ~
/QE(—A(;S)Zlkdy—/Q ¢(—AyZ1k)dy—/mE %Zlkdsy

£

¢aZ””' ds

oo.  On, 7

Using the boundary condition satisfied by ¢, we obtain

Ly = /Q O(=Ay Zr, — Wi Zuy) dy

02 .
| L0 ( G W2Z1k> ds,
+e /8 W) 2 ds,

—/ quc dy—/ 9211@ dSy-
Qe o0,

We estimate the terms on the right-hand side of (5.115). Since
aie(r) = O((1 + |=) ™),

we also have

Zu(y)| = O((L + |z]) 7).

Therefore, by the definition of the weighted norms,

| 1Zudy| <Ol [, (24 (1)) (1 [a) 7 da

+

S CHfH**,an

and similarly

‘/ ngk dSy
Qe

+

< Cllgll.o0.-

For the non-local term, using

[L(V)[9]] < Cllollr=.),
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we obtain

g (1+ |ZE1|)_1 dxl.

L, bVl Zuds,

< Cel|@ L.

é
‘$1‘§§

Hence,

1
) < Celog () Iollu=ian

L, bVl Zuds,

We now estimate the first term in (5.115). Using the conformal coordinates Ff

and the relations
, =det(DF;)'A,, dy = det(DF) dx,
we write

Zuc(?/) = 7ok () 21 (7).

Since
_ R 72 O
Agziy — Wi 21 = 0,

the main part cancels and we are left with

(A Zx — WiZyy) dy
= (—21kQsTor — 2V12y, - V213,) d
+ O + ez )W (2) |21 da.

The derivatives of the cut-off are supported in

In this region,
ar=0(e), [Vl =0(e?),

while
(Vi = O(e), | Afjor| = O(£2).

Therefore the cut-off contribution is O(e?) pointwise and, after integration on a
region of size O(e72), gives O(e).
On the other hand,
Wit (z) = 0|,

so the geometric error is bounded by Ce®. Consequently,

/Q A=Ay Zry — Wi Zy) dy| < C*(|¢]| Loe(cr.)-
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It remains to estimate the boundary contribution. We have
On, = det(DFf) %0,  ds, = det(DFf)"*dx;.

Since 7, is radial,
On, T2k =0 on {xs = 0},

and therefore

O (M2k21k) = N2kOn, Z1k-

Using the boundary kernel relation
Ong 21k — WZ(k)zlk =0,

we obtain

< Ce|9|| o (0.)-

071 .
— WoZu | d
/aszg ¢ < on, W, 11<;> %y

Combining all the above estimates in (5.115), we get

ekl < C ([ fllew0z + [lgllv.00.) + Cell] Lo () (5.119)

Substituting this estimate into (5.113), we find

1 W (1
[¢ll2(0) < Cog (2 ) (1fllova. + lgllogn.) + Celog (=) I8l (a.y

Since
e*log(1/e) — 0,

the last term can be absorbed into the left-hand side for ¢ small enough. Hence

1
[¢ll2<(0) < Cog (2 ) (1fllova. + glloon.) (5120)

The estimate for ¢ follows immediately from (5.119).

It remains to prove existence. Let

We consider the bilinear form

alp.v) = [ Ve-Vidy— | Wigvdy— [ Wapids, +eb(V)lg] [ s,

£
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Testing the equation
—Ap—Wip=f

against ¢ € H1(£2.) and using the boundary condition

Onp = Wap —eli(V)[p] + ¢

we obtain
ae.v) = [ Fody+ [ guds,

Since

f=r+ > X2y,
j=1

this becomes
alp,0) = [ Jody+Y e [ xiZidy+ [ guds,
Q. = e 09
Hence, for ¢ € H, the orthogonality conditions imply that

a(wﬁ)z/Q f¢dy+/69 g ds,, Vi € H.

Once ¢ is found, the constants cy, ..., ¢, are uniquely determined by the equations
obtained by testing the interior equation against yxZ1.
Since Wy, Wy € L*°(€.), the terms involving Wi, W and [;(V) are compact

perturbations of the bilinear form (for some A > 0)

(w,tb)H/QVso-deyﬂLA/Q o1 dy,

which is coercive. Therefore, by the Fredholm alternative, it is enough to prove that

the kernel is trivial. Let ¢ € H solve the homogeneous problem, namely

a(p,v) =0, Vi e H.

The corresponding coefficients ¢y, . .., ¢, give a solution of (5.88) with f = g = 0.

The a priori estimate (5.120) yields

[ellzee@.) =0,
and therefore ¢ = 0. Moreover, by (5.119),

Ck:O, kzl,...,m.



Thus the homogeneous problem has only the trivial solution. The Fredholm al-
ternative yields the solvability of the weak formulation for arbitrary f and ¢, and
therefore the existence of a solution to (5.88).

Uniqueness follows from the same argument applied to the difference of two

solutions. The estimate (5.120) is precisely the a priori bound proved above. O

Remark 5.24. Recall the bilinear form introduced in the proof of Proposition 5.20,

a(o) = | VoVudy [ Wig(s)pvdy—[ Wl (©)ewds, reb(VEEDL] [ wds,

Qe

which depends on s through &'(s). Fix
(f;9) € L (Qk) x L>=(09)

and consider
F:Ux H' () x R™ — H(Q.)* x R™,

defined by

v o) = 36 [ (€N ZuE) vy~ [ fody- [ gvds,

(5,60,¢) 1= .
Fl(s,¢ </QgXj(fl(s))le(fl(S))@dy)

j=1

The map F is of class C'. Indeed, for fixed s it is affine in (p,c), while the de-
pendence on s is C* by the regularity of Wiy, Wa, x;Z1; and L(V(€'(s)))[-] with
respect to the parameters i. Moreover, the argument in the proof of Proposition
5.20 shows that

D(¢,c)f<507¢0700> : HI(QE) X R™ — HI(QE)* x R™
is a bounded isomorphism. Hence, by the implicit function theorem,

s — (p(s), c(s))

is of class C! in a neighborhood of sq.
Fix k € {1,...,m} and set

Z = 05,9, d; = 0s,¢;.

Differentiating the weak formulation of F(s, ¢(s),c(s)) = 0 with respect to s; gives
a weak equation for Z. By the Proposition 5.20 and elliptic regularity, this equation
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can be written as

—AZ-WA(E () 2= d; ;€' (9) Z1;(E(8)) = Dy (W(€(5)) )01 B, (x0(€(5) Zue(€1(5)))

in €., and
gf ~Wal€(s)Z + e b(V(E($))Z] = 0y (Wal€'(5)) )0 — e 0 (L (V(E'())) ]
on 0f)..

Since x; and Zy; depend on s only through the j-th point & = n;(s;), we have

/Qs x;(€(8))Z1,(€(s)) Z dy = 0, i+ k.

whereas

J, €@ ZuE @) Zdy =~ |85, () ZuE(s) e dy.

€

Set
95 (o€ () Z0s(€' () oy

L €922l () dy

€

bk =

and define
Z =7 + b xi(€(5)) Z1 (€ ().

Since the supports of the functions x; are disjoint for ¢ sufficiently small, the defi-

nition of b, gives

[ €@ mEe) Zay =0, j=1...m

Moreover, using the equation and boundary condition satisfied by xxZ1k, we see
that (Z,d) solves (5.88) with right-hand sides

f= Os, (W) @ + ¢k O, (Xk Z1k) + by, (_A(szlk) - WleZ1k>7

and

5= 0,72 9= 0, (V€N 10 P42~ WaaZu + LV Mz ).
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The estimates already proved for ¢, ¢;, and the functions x,Z;; give

1
] < Clog(2) (1w + o).
and )

[Pl + 1300 < Clog (=) (1fllo. + lgllon.)-

Applying Proposition 5.20 to (Z ,d), we obtain

~ 1\2
|2l < C(1082) (1S lees + lgllom.).

and

1
4 < Clog (2 ) (1w + llgl-n.).

Finally, since

Z = Z = by xi(€(5) Z1(€(5))

and yxZ1x is uniformly bounded, we conclude that

1 2
194ty < C(1082) (1 v, + llom.)

5.2.3 The Non-Linear Problem

We first convert the pointwise Lemma above into estimates in the weighted norms.

We can assume a« < 1 — 0.

Lemma 5.25.
||R1||**,QE < Ci‘:a7 ||R2||*7395 < Ce“.

Proof. In Bs/.(£}), by the Lemma 5.18 Ry is O((l + |y — f§-|)’4>, SO
(B < Ce(l+ly =GN 7+ e+ |y - )™
Dividing by e* + ¥;(1+ |y — &) > (1 + |y = &),

e(l+ly=ghH~

Aty —gp=r —UHl=gh =06),
J

e(l+ly—-gh™

(I +ly=gh2
Outside U; Bs/<(£)), |Ri] = O(e"), and dividing by €* 4+ 3,(1 4 |y — &|) 7> gives
O(g?). Combining, ||R1||sw0. = O(g?).

=1ty - g7 = 0).
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Similarly, in B(;/E(f;) N of., Ry is O((l + |y — 5;,)—2} .
[Ry(y)] < Ce(l+ |y =&+ Ce(1+ |y — &) 2+ Ce'te.
Dividing by the weight € + > ;(1 4 [y — &)™ > (1 + |y — &)1,

(1 + ]y — &)
G+ly-gl) e

=e(l+ly—&)7=0(E""),

(1 ly - g
L+ y=&ht
O(e'*) divided by the weight gives O(e®). Outside, |Ry| = O(e'™®), dividing again
by the weight gives O(e®). Combining, ||Rsl«a0. = O(®). O

= (Lt ly— )7 = 0.

Now we bound the norm of the non-linear terms.

Lemma 5.26. There is C > 0, independent of €, such that for ||| r~.) <1,
IN1 (@)l < Clldllzanys  [N2(@)lls00. < ClldlTea.):
and, for |[¢1]|L=(q.), [|@2]lLe@.) < 1,

IN1 (1) = Ni(62)[lang. < C (b1l ) + 12l L0 ) 61 = allzo (),

and likewise for Ns.

Proof. Since |e?* —1 —2t] < Ct? and |et — 1 —t| < Ct? for [t] < 1, |N1(¢)| < CW,¢?
and |[Wa(e? —1—¢)| < CWy¢? pointwise. Since Wi (y) = O((1+ ]y—f}])_‘l) and the
weight €2+ (14 |y — &) 7277 > (1+|y—&j|) 777, the ratio is O((1+ |y—§§~|)"’2) -
O(1); likewise for W, and the boundary weight. Hence ||Ny(¢)|l. < C||¢]/%, and
Wa(e? =1 = @)l < Cllgll2

For eNy(¢): since |e2* —1 — 2¢| < C¢?, |e? — 1 — ¢| < C¢?,

C 2
vite)] < St (W [ w2) = olloli),

Since eN;(¢) is constant in y, dividing by the floor ¢ of the boundary weight

gives [[eNy(¢)]l+ = [Ni(¢)] = O([|4]|3.). Combining, [|Na(¢)]l. < C4][3-

For the Lipschitz estimates, since £ (e? — 1 —2t) = 2(e* — 1) = O(¢) for |t| < 1,

(€21 =1 = 261) — (2 — 1= 265)| < C(|n] + [62]) 61 — o]
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pointwise, and the same weighted-norm computation as above gives the claim for
Ni; the same argument, together with the analogous bound for N;(¢1) — N;(¢2),
gives the claim for N,. m

We seek u = V' + ¢ solving (5.58), which amounts to finding ¢, ¢y, .. ., ¢, solving

_A(b - Wl(b = Rl + N1<¢) + ZC]XJZU in Qs;

J=1
gf/ - W2¢ + 5ll(v) [¢] = R2 + Ng(qb) on 898’ (5121)
/QXqufb:O, j=1,....m.

Let T'(f,g) denote the L*(f).)-solution given by Proposition 5.20 for data (f,g),

with associated coefficients ¢;(f, g) satisfying, by linearity of the linear theory,

1
I7(,9) 10y < Clog( = ) (I ews + lgl-o0.),

> 16 (£, 9 < C(If e + llgl0.)-

Problem (5.121) is then equivalent to the fixed point equation

¢ = A(¢) :=T(Ry + Ni(¢), By + No(9)). (5.122)

Lemma 5.27. There exist ¢¢ > 0, C > 0 such that for 0 < ¢ < ¢y and any
&1y oy Em € 0N satisfying (5.95), problem (5.121) admits a unique solution ¢, ¢y, ..., cp
with

|9l Lo (0.) < Ce*|logel, (5.123)
where o € (0,1). Moreover, the map & — ¢(¢') € C(Q.) is C*, and
H@q? < Cea‘log52, k=1,...,m. (5.124)
agk‘ LOO(QE)

Proof. Let Cy be a fixed constant, to be chosen below, and set
Fi= {¢ € O(%) : [ lli=(an) < Coc?] logs]}.

By Lemma 5.25 and Lemma 5.26, for ¢ € F (so that ||¢]l.c — 0 as € — 0, hence
|ollee < 1 for e small),

1
| A()]| Lo (0.y < Clog( > <€a + 6’3520‘| log6\2> = Ce®|loge| <1 + Cgsa| log5|3).

€
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Since £%|loge|*> — 0, choosing Cy > 2C and & small enough that C2¢%|logel® < 1,
the right-hand side is < Cye®|loge|, so A(F) C F. Similarly, for ¢y, ¢ € F, Lemma
5.26 gives

460 -AG2)lwinn) < Clog () (61l +I02l) 912l < 2CCoz ool 61~

which is < 3|1 — ¢/ for € small enough. Hence A is a contraction on F, and the
Banach fixed point theorem gives a unique ¢ € F solving (5.122), satisfying (5.123).
The coefficients ¢; := ¢; (Rl + Ni(¢), Ry + Ng(gb)) then solve (5.121) together with
¢; uniqueness of (¢, cy, ..., ¢y) among solutions with ¢ € F follows from uniqueness
of the fixed point.

Now we want to discuss the differentiability of the map & — ¢(£'): ¢(¢') € F is
the unique fixed point of

A(¢;€) = T(Ri(&) + Ni(¢;€), Ral€) + Na(:€);€),

where T'(-, -; &) denotes the solution operator given by Proposition 5.20.
Formally, setting
Z = a§2¢7

and differentiating the fixed point equation ¢ = A(¢p;¢’), we obtain

Z = DyA(¢;€)[Z] + De A(¢: ),

where oy .
1 2
DyA(¢:§)[2] = T( 55 (07 51 0)7; 5)
and
Dg A(65¢) = |0 T| (Rat-Na(@), Ro+Na(); £)+T<85/R1+a 5,1, Oey R+ %?2 g’)

We first estimate Dy A. By Lemma 5.26 and Proposition 5.20,

|DsAG: )12, o, < C1o8 () [61ell Z e

Using
[¢lloe = O(e”|1ogel),
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from (5.123), we deduce

|Dsa(@:)12)] . q,, = O 10 El) 1 Zl]

HLOO(QE)

Hence, for € sufficiently small,
, 1
IDeA@:E)] < 5.

and therefore I — DyA(¢; ') is invertible on C'(Q.).
We next estimate D%A. By Lemmas 5.25 and 5.26,

1By 4 Ni(@)[[s; [ B2 + Na(9)]l« = O(e").

Therefore, using the estimate for 8§;CT established above,

96,7108, + Na(6), o + Mot o, < 108 2) =

Loo(9e)

For the second term, we have
10g; Billr = O(£7),

while N,
5e, = OO Wll%).

using the estimates for dg W;. Applying Proposition 5.20 once again yields

ON, ON, 1
T(O/R + 2 9 Ryt 22 ) <l <>ga
H ST og T 2T ¢, ¢ L= (9) %\e
It follows that N2
|De, A€ peiay S (J(log E) £, (5.125)

Since (I — DyA(¢;¢))~t is bounded with norm at most 2, the equation satisfied

by Z gives
1 2
|12l 0y < 2Dy A€, < C=" (108 )

L (Qe)
which proves (5.124).

We now provide a rigorous justification of the previous formal argument. Let
€0 = (&0,...,&%) € (09.)™ satisfy the rescaled separation condition. For each j,

let n; : U C R — 0€). be an arc-length parametrization of 92, in a neighborhood
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of £, with n;(0) = £7. Setting
5;277](8])7 S:(Sla"‘78m>€U1X"'XUm7

defines local coordinates on (9€.)™ near .

Consider the map
G(s,0) = & — Alg;n(s)).

The differentiability of the linear operator T with respect to £, together with the
smooth dependence of Ry, Ry, Ny and N on & = 7(s), implies that G is of class C*
in a neighborhood of (0, ¢(£)) as a map from R™ x F into C'(9.).

Since
DyG(0,6(€")) = I — Dy A(¢(£"7):€")
is invertible, the implicit function theorem yields a unique C*' map

s o(s)
defined for s sufficiently close to the origin and satisfying

G(s,¢(s)) = 0.

By uniqueness of the fixed point in F, it follows that

Hence ¢ is of class C'! with respect to the local coordinates. Since the parametriza-

tions 7; have unit speed, we obtain
aﬁl’cqb = ask¢

So, estimate (5.124) follows.

5.2.4 Finite-Dimensional Reduction

As established in the previous sections, for any given configuration of points £ =
(&1, ..., &) € (092)™ well separated from each other, there exists a unique ¢ = @¢ €
H'(.) and unique constants ¢, = ¢, (&), for k = 1,...,m, such that u =V + ¢
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solves the projected system:

—Au = K(Ey)e% + Z CJXJZU in Qg,
=1
ou ’
P4 i) = h(ey)e” on 90, (5.126)
on
/Q XJZUQOdy:O fOI‘jIL...,m

So, we have to find ¢ = (&7,...,,) such that ¢z (') =0forall k=1,...,m

Proposition 5.28. For every k =1,...,m, € sufficiently small and, choosing o >

1

3, we have

2Akck, = —2meag(€) + o(e)

where
Ay = /R x(z) 21 (x)? d.
and 26, he)
= (2 0V H(g, &) + 20 Y 0N G(&, &) + T ok
) = (2r o 6 0 D (RN

2aTkK<§k> 1 _ 1 0 &
TR (@(@C)( 1+ D(&)?) ©(£k)21g(1+ 1+®(§k>2)>

Proof. We multiply the first equation in (5.126) by 8%\/ and integrate over {2.. Since
9¢ V = 2Zy;, + O(e) on the support of x; and is uniformly O(e) on the support of
x; for j # k, we have

Z Cj /Q Xjleag;cV dy - Ck‘/Q XkZIk(QZIk) dy + 0(8) = 2Akck + O(E)'
j=1 : :
Writing
K (ey)e®VHo) = K(ey)e® + Wip + Nyi(p),

h(sy)evw = h(ey)ev + Wop + hev(e¢ —p—1),

and [(V + ¢) = U(V) + 11(V)[p] + Ni(p). Using the definitions of the errors Ry =
AV + K(ey)e?V and Ry = —0,V + h(ey)e¥ — el(V) and integrating by parts, we

have
2 Ay = — / R10g, V dy — / Radg V ds + / A(0g V) — 2K (ey)e® 9 V)p dy

+ (0n(0g V') — h(ey)e” g V) ds + el (V)[p]Og Vds

Q. Q.
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_/Q N ()0 V. dy — / Ny()0e, V ds + o) /R18§/de / Ry, V ds

—/ gbﬁgle / gb@g R2 ‘l‘/ Ell ]85/ Vds — /BQ 8[1(V)[8§%V]Q0d3

- / Ni(i0)e, V dy— / No(9)g, V ds+o(e) / Ry, V dy— / Rodg V ds+o(e).

Where in the last equahty, we used the following estimates

[ 05 R) dy| < Cllpll 10 Bl = O log )

| o0 a) ds| < Cligle|g Fall. = O] o).
[, ebVlelogV ds| = s(Vlll| [ 2V ds| < Cellllu= = O+ loge))
_ « _ 2a
/m;uvnag;vwds = e|u(V)[og V]| /msgods < e0(=) (1092l ) = O(=>|loge]),

[ M@)oV dy| < Cllgli [ 10 VIdy = O logel?),

£ €

‘ /a | Na(0)0gV ds

Therefore

< Cllpli~ [ e"10gVIds = O logel?),

QAka = _/Q Rlﬁg;cv dy - /(‘)Q RQ&&';V ds + O(Z‘f) =

— R0V dy — Ry0: V ds + o(e).
anBg(gg) e Y 8ngBg(§;€) 2% <>

Where, in the last equality, we used that 9y V' = O(e) outside a ball B s (&) and
the error expansion in Lemma 5.18. Instead inside the ball Bs(§},), using the same
expansions of the proof of Lemma 5.18, the change of Variablés x = F.(y), the fact
that 852‘/ = 2215 + O(e). Since 21y is odd in 1, only the tangential component of

the first-order expansion contributes. So, we get

—/ R0 V = —16e)} (a Hi(&) + Y 0-(U; +H)(£k))/ ol
i#k

= —4ZTE k\SE i i )\ Sk _& oe
= -2 (&H(E)Jr#Zk&(UerHz)(f)) (1 1+©<5k>2)+ ()

and
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2

_ v = _AEe)he L H, “ 1-+ole
/mg Rydg V K (87.Hk(fk)—l-gék:ar(Ul—l-Hz)(fk)) /]R (x%JFA%(H@(&)QWd 1+o(e)
D (&)
= —2me a,-Hk k a,- []z Hz k o\e
( (6) + 3 0r(Ui + ><s>) T

Thus

i#k

We now compute 0 Hy (&) + Xz, O (Us + H;)(&) explicitly.

The terms i # k. Differentiating the explicit formula for U; and using |£; — &.| > 0
fixed, we get, as ¢ — 0,

27 (& — &)
& — &>

Since |§; —&| is bounded below, the difference between H; and 2w H (-, &) —log(2A;)+

s log K (&) has interior source term O(e?) and boundary datum O(e) in a fixed

aTUi(€k> —

neighborhood of &,. Standard local C! estimates then give

O, Hi(&) = 2m OV H (&, &) + o(1).

Using H(z,y) = G(z,y) + % log(|x — y[?), i.e. ViH(z,y) = V1G(x,y) + ﬂfc:ZlQ,
we obtain

2m O H (&, &) — w =21 05)G (& &),

and therefore
S0 (U; + Hi) (&) =2 > 0G(&, &) + o(1).
ik ik
The term 0. Hy(&). Recall from the proof of Lemma 5.17 that
1
ze(x) = Hy(r) +log(2\x) — 5 log K (&) — 2mH (2, &),

hence
O Hy (&) = 0r2:(&) + 2m OV H (&, &).

By (5.68), z. solves —Az. = (K (z) — K(&))e?s®) in Q, %= = g on 01, with
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_ %(m) _ 2(@=&)n(x)

21 ) : :
h2 T o0 So, Green’s representation formula gives

O,z (&) = /QTk-VxG(&c,y) (K (y)— K (&))e* W) cler/aQ -V G (&, y) 9:(y) ds,.

Since G(x,y) = H(x,y) — 5= log(|zx —y[?), we have V,G(z,y) = V,H(z,y) — =45

mlz—yl?*

Let’s compute the boundary integral. Parametrize 02 by arc length, y = 7(s),
gk - ’7(0>? Tk = 7/(0> Since 7(0) - 7(8) = —8Tp + 0(82)7

e VaG(6.7() = 7 ViH(E,A() + — +0(1), 50,

and 7y, - V1 H (&, (s)) is bounded; by the same split as in the proof of Lemma 5.17,
this regular part contributes O(g) once paired with g..
98k given in the proof of

on
Lemma 5.17, using 7/ = kn, ' = —k7 for y,n at s = 0, and D(&,) = —L&)_ we
’ ’ ) ) \/@7

Substituting s = eo, using the explicit formula for

obtain collecting the terms of order €° in o,

vy = BLEAR (14 D(€)?) 20, 0, (&) 0
O R0 T K o7+ 01+ D (6)7)

+o(1).

The first term is even in o, so paired with %, it integrates to 0. To integrate the

second term multiplied by;lg, we use that [0 U;f‘:az = T with a = A\p/1 +D(&)?,
thus

VE )1 +D(&)?

__¢K@w+h@wfmu)

/aQ T VoG (&, y) 9-(y) ds, =

Now we pass to the interior integral. Substitute y = &, + €z, dy = £2dz. Since
§w —y = —€z,

Tk " %

T VoG (§k, §p +€2) = T - ViH (&, & +€2) + melz)?

By the same computation as for €Y in the proof of Lemma 5.17,

GQUk(fk‘f‘&Z) _ 4>‘i/K<§k)
et (A2 + |2 — D (&) Mn (&) )

and K (&, +¢ez) — K(&) = €2 - VK(&,) + O(£2|2]?). Multiplying the singular part
of the kernel by the leading order of the source and by dy = £2dz, the powers of €

cancel out, while pairing the regular part of the kernel, or the higher order part of
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the source, with the remaining factors gives O(¢); hence
[ 7 VaGE ) (K () — K(6)e™ ) dy =

ANE/ K (&)
(A + |2 = D(&)Men (&) 2)*
Writing VK (&) = 0, K (&) 7 + 00 K (&) n(&) and z = 217 + 20 (—n(&x)): the piece
with 0, K (&) is odd in z; and its integral vanishes; the piece with 0, K (&) gives

L 55 (- VE ()

2 7|2|?

dz + o(1).

LK) | 433 .
TK (&) 23 (22 4 28) (A2 + 22 + (22 + D (&) M)’

:287K<§k:> 1 _ 1 10g 1+L&C)
K(&)  [D(g)/1+2(&)?2 D) 1+9(&)2) ]

Combining the boundary and interior integrals,

07 2e =
& \/K<§k) + h(&)?

20.K (&)
K (&)

hence

+o(1),

1 by D (&)
D(&)\/1 +D(&)? I (H 1+©<£k>2)

O, Hy (&) = 2m 0V H (&, &) +
k(&) = 2m 0y H (&, &) \/K(ﬁk)—i—h(fk)Q

20.K (&) 1 N S @) )|,
TR D(E)/1 + D(&)? D(ék)zlg(H 1+®<£k>2)]+ (1)'

Adding this to Y, 0-(U; + Hy) (&) = 27 i 0D G (&, &) 4 0(1) and substitut-

ing into

QAka = —2me (&Hk(ﬁk) + Z aT(UZ + HZ)(&Q) + 0(6)
1#k

gives the desired expansion. O

5.2.5 The Existence Theorem

Now we define D := | {{=(&,...,&n) € (OQ)™ : & = &} and we consider
1<i<j<m

a(§) = (a1(§), ..., am(&)), where ay, is defined in the Proposition 5.28.

Definition 5.29. Let a : X — R™ be continuous and let £° € X satisfy a(£%) = 0.
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We say that £° is a stable zero of a if, for every neighborhood U of ¢° with U C X,

there exists § > 0 such that every continuous map @ : U — R™ satisfying
la —allcoy <0

has a zero in U.

Theorem 5.30. Let Q C R? be smooth and bounded and let K,h € C%*(Q) satisfy
K,h>0. Let m > 1, and let

&= (&, &) € (0™ \ D

be a stable zero of a. Then there exists ¢y > 0 such that, for every 0 < e < g, prob-
lem (5.57) admits a solution v. concentrating at m boundary points 1(g), ..., &n(e) €
o), with

&le) — &, k=1,....m.

Proof. Let £° be as in the statement. Since £° € (9Q)™ \ D, there exists a neigh-
borhood U of £° such that

U c (0Q)™\ D.

By Proposition 5.28,

cx(§/e) = —
uniformly for £ € U. Define

26 =~ (/) - enle/e)).

Then
c(&) — M(&)a(§) uniformly on U,

where

M(€) = —r diag (Af(g),...,A:@).

Since A(€) > 0, the matrix M (€) is invertible for every £ € U. Moreover, M~ is

continuous on U. Hence the maps

a:(6) = M(&)™'e.(¢)
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are continuous on U and satisfy
a: — a uniformly on U.

Since £° is a stable zero of a, there exists d;; > 0 such that every continuous map
a:U — R™ satisfying ||a — allco@y < dv has a zero in U. Since d. — a uniformly

on U, for € sufficiently small this applies to a., so the set

Z. = {cTU:a) =0}

is non-empty; being closed in the compact set U, it is compact. Choose £(g) € Z.
with |£(g) — €% = mingez. |€ — &Y.

We claim that £(g) — €Y. Let V' C U be any neighborhood of £ with V' C U. By
the stability of £, there exists dy > 0 such that every continuous map a : V — R™

satisfying [|@ — al|cor) < dv has a zero in V. Since a. — a uniformly on U >V, for
e sufficiently small there exists n(¢) € V with a.(n(e)) = 0; thus n(¢) € Z., and by
minimality of £(g),

[€(e) = €% < In(e) — €°).

Since V' can be taken arbitrarily small around £°, it follows that £(g) — &£°.
Since &(g) € Z., we have a.(£(g)) = 0, and since M (£(¢)) is invertible,

a(E(e) =0, ie. cné(e)/e)=0, k=1,....m.

Finally, setting

we have

Hence the solution
Ugr(e) = Vere) + @er(e)

of the projected problem solves the rescaled problem. Scaling back to the original

variables, we set
V(7)) = ugr(e)(z/e) — 2loge.

Then v, solves (5.57) and concentrates at the boundary points

§1<5>7 s afm(g)a
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which satisfy
&.(e) — &, k=1,...,m.

[]

Remark 5.31. A non-degenerate zero of a is a stable zero. More generally, an
isolated zero with non-zero local degree is stable under sufficiently small C° pertur-

bations.

Remark 5.32. There are cases in which the reduced vector field a admits a zero in

(092)™ \ D. Suppose, for instance, that
K=Ky>0 on 0f).

Then the last term in the definition of a; vanishes and

20, h(&)
- y 2 0(1)G 3 Gi — Tk > .
ai(§) H (&, &) + WZE# (&, &) + Kot he)?

In this case a is the tangential gradient of the function

=mY H(, &) +2r Y. GE.&)
7=1

1<i<j<m

—i—QZlog( &)ﬂ/W)

namely

ag(§) = 0, P(€), E=1,...,m.

Moreover, since

1
G(z,y) = =5~ loge - yI> + H(z,y),

we have
O(&) — +o0 as & = D.

Fix a connected component I' of 9€2. Then there exists d > 0 such that
(&) > d(€) whenever rgéljn & — &5 < d,
for some fixed £ € T" \ D. Therefore ® attains its minimum on the compact set
el & —¢&| > dfor every i # j},

and such a minimum &° belongs to I'™ \ D.
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Consequently,

a(§’) =0.

Moreover, for a generic choice of h, the function ® is Morse. Indeed, view a = a(&; h)
as depending on the parameter h in the Banach space C% (99) of positive functions.
Since a;({; h) depends on h only through A(¢;) and 9-,h(¢;), for any zero (&, h) of a
and any index k a perturbation of h supported near &, alone, with dh(§;) = 0 and
0-,. (0h)(&;) = 1, changes only the k-th component of a, by m # 0; varying
k =1,...,m shows Dya(&; h) : C2(092) — R™ is onto. Hence 0 is a regular value
of a(-;-), and by the Sard—Smale theorem it is a regular value of a(-;h). Hence
all critical points of ® are non-degenerate. In particular, the minimum £° obtained
above is a non-degenerate critical point, and therefore is a stable zero of a, so we

can apply Theorem 5.30.

175



Appendix A

Useful Tools and Computations

A.1 Test functions

Consider a point p € 9%. Let ¢ = p + ¢an(p), where n denotes the outward unit
normal to 0%, and choose g2 > 0 small enough so that ¢ lies in a smooth extension

of . For a parameter p satisfying pd(x,q) > 1 for every x € ¥, define

42

p2d?(z, q) — 1)%’

Oup 2 — R, Yup(x) =log (

and
Gup 2= R, Pup(T) = @up(r) —log | K (z)]. (A1)

Lemma A.1. Let p € 0% satisfy ©(p) > 1, and let I be the functional defined in
(3.3). With ¢, as in (A.1), one has
Pu.p 1 1

I(¢pp) = —o0, f e 2 — 400 as p— = —.
" ox d(p,q) @

Proof. Observe that

I(@MJ) = / <é|V@u,p‘2 +2K Pup + 26%”) —4 g D epurl?,
x z

Fix € > 0. By Young’s inequality the gradient term may be estimated as

8190l < (3+¢) [ IVensl + 01,

We treat the remaining contributions separately and claim the following esti-

martes:
8

2 < 1
/E [Voupl” < T%g —+ o( \/Mqu_l), (A.2)
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271—/“]2 ( 1 )
oun <SG A3
/Ee IRV RS TAVRaT) (4-3)

90#,1)/2 > 1 ( ) X
0% De - Bp?g)lrrwlazg q _1 \/u2q§ 1 (A-4)
| & @ < 0. (A.5)

From these estimates the conclusion of the lemma follows immediately.

Proof of (A.2).

Fix r > g9 and split the integral as
VouslPdVy= [ VP dV+ [ ey,
/Z IVoupl” dVy S\By(r) Voupl” dVy By (r)nE Vol g

Using the inequality |Vd(z, 2)?| < 2d(z, z), we obtain the pointwise bound

2
Vg . dg

EMALRSIL viis — P forallz € X
prd*(z,q) —1 = 7 pPd*(z,q) — 1 orane

V()| = 247
Working in normal coordinates centered at ¢, and using
dVy = (1+0,(1)) dz, d(g,x) = |z —q| forxz e By(r)nx,

one finds, for r small,

[z —q|*dz
(] —q|? = 1)%

Voulav, <165t [ (14001
L 190l Vo <160 [ (14 0,(1)

where B (1) = {(x1,22) € R*: 27 4 (23 + q2)* < 1%, 25 > 0},
Write

4 2 2
pr —q pe(1+o,(1))
(A= [ e = [ A da
Bf () (#?|lr —q* — 1) Bi () (w*|lz —q* = 1)

Passing to polar coordinates centered at (0,—¢>), with (p,6), and using the
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change of variables t = p2p? — 1, we get

2d /2 r 2
/ 2 E :26 2:2/ / 2;;p 5 dpdo
Bf () (#?|z —q[* — 1) arcsin(2) J 225 (u2p? — 1)

sin 0

w/2 w2r2—1
~ i o

arcsin(q%) :i—g%—l th
/2 sin? 0
- dd + 01
/arcsin(qf) p2q3 sin? 6 — sin? 0 +0(1)
2,2 1 /2
= ’uqz[arctan(u(b tanQ)] +O(1)
A /MQQ% —1 Mgz arcsin(2)
HTg2
- =21 0(1).
2y/p2gs — 1
(A.6)
On the complement ¥\ B,(r) we have the uniform bound
diam(3)
|V(10M»p($)| S m for all z € X \ Bq('l“),
and since pur > pgs > 1 this yields
V> = 0(1). AT
Loy V05l = 001 (A7)
Combining (A.6) and (A.7) proves (A.2).
Proof of (A.3).
Split
/ ePmr — ePrp + e¥rp.
by Bq(T)mE E\BQ(T)
In normal coordinates
2
u-dx
e“"“”’dx:él/ =4(A),
et i Gl — g~ 11
where (A) is defined above.
Moreover, for x € ¥\ By(r) we have the uniform bound
2
e%up < 74’111
~ (= 1)
hence
/ e = O(1). (A.8)
\Bq(r)
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Using (A.6) and (A.8) yields (A.3).

Proof of (A.4).

Write

) e@u,p/z — % 9] €<Pu,p/2 + 59) e‘P/A,p/Z7

0% By, (r)Nox OX\Bp(r)

and estimate the first term from below as

f D e?rr/2 > min @(m)% ePrr/?,
By (r)NOT Byp(r)nox Bp(r)Nos

Taking r sufficiently small and using normal coordinates along the boundary, we

compute

r pdxy B s

ePrrl? =2 +0(1). A9
'émmw o pA(rf+qg3) —1 12¢2 — 1 W (4-9)
On 9%\ B,(r) the function e#=#/2 is uniformly bounded, so
f D er/2) < O(1). (A.10)
OX\Bp(r)

Combining (A.9) and (A.10) establishes (A.4).

Proof of (A.5).

By the definition of ¢, , one checks directly that

/Ek@up < _C/2 Pup + O(1).

Finally, since the pointwise inequality

2

log 2 < pup(z) holds for all z € X,

(12g3 — 1

the estimate (A.5) follows. O
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A.2 An Harnack type inequality

Lemma A.2. Let f € LP(B;) for some 1 < p < 400 and g € L1(OB; N{t = 0})
for some 1 < q < +o00. Suppose that u satisfies

—Au=f in B,

ou N B
5 =Y on OB N {t =0},
u<0 on OB N{t > 0}.

Then, for any 0 < 0 < 1, there exist a constant € (0,1) depending only on r,0,
and a constant v > 0 depending only on r,p,q, such that

supu < Bg}rfu +(1+ 5)7(||f||Lp(Bj) + ||9||Lq(aBjm{t:0})) :
or

+
BQT

Proof. Let w solve
—Aw = f in BT,
ow
ot =9
w =0 on OB N{t > 0},

on B} N {t = 0},

and set v = w — u. Then v satisfies

—Av =0 in B/,
@:O on dBFN{t =0}
ot " ’
v>0 on OB N {t > 0}.

By the maximum principle and Hopf’s lemma, v > 0 in B}. By even reflection
across {t = 0}, v becomes a harmonic function in B, with v > 0. Hence, by the
Harnack inequality for nonnegative harmonic functions, for any 0 < 6 < 1 there

exists 8 € (0,1), depending only on r, 6, such that

1
supv < —in+fv. (A.11)

Bg; BGT
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Next, decompose w = w; + wq, Where w; and wy solve respectively

—Aw; = f in B, —Awy; =0 in B/,

8w1 aw2

P 0 ondBMN{t=0}, 5 — Y on OB N {t =0},
w; =0 on dBF N{t >0}, wy =0 on dBF N{t > 0}.

By even extension, w; can be regarded as the solution of a Poisson problem in

B, and standard LP-estimates yield

sup lwil < nllfll e (A.12)
B}

for some constant v; depending only on 7, p.

For ws, define for z € B}

1 2r
SO(x) 27 /63iﬂ{t0}< RN P |y - | + log | |> |g< )’ Y,

where = denotes the reflection of x about {t = 0}. Then ¢ > 0 in B;" and satisfies

—Ap=0 in B/,

0
a*f = —|g| ondBFn{t=0}
It is clear that
sup ¢ < %llgllzaoms nge-o (A.13)
B;

for some 7, depending only on r, q.

Now consider

—A(wy — ) =0 in B,
O(wz — )
ot
wy—p=0 on 0B N{t>0}.

=g+lgl ondBfN{t=0},

By the maximum principle and Hopf’s lemma, wy < ¢ in B;". A similar argument

applied to wy + ¢ gives wy > —¢, hence

lws] < ¢ in B, and thus sup lwa| < V2llgll Laonrni=oy)- (A.14)
B,
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Combining (A.12) and (A.14), we obtain

sup [w] < 3(1flzoss) + 191 agonsage=on) (A.15)
By

for some v > 0 depending only on 7, p, q.
Finally, since u = w — v, from (A.11) and (A.15) it follows that

sup u < Bg}rfu +(1+ 5)7<||f||Lp(Bj) + ||9||Lq(aB;fm{t:0})> ;

+
BOT or

which completes the proof. O]

A.3 Integrals and Taylor Expansions for the disk

case

Here we only state some technical propositions; their proofs can be found in the

appendices of [4].

Proposition A.3. Let £ € OD. For any z € D one has

)
f(z) =¢[=0 <6+|z+£|> ; (A.16)
and in particular
0(9) 1<p<2,
O (dlog = =1,
1f(2)=¢ll ey = 0(6 log%) p =2, 1f(2) —§|LP(8D) = { ( I;g 5) p> 1
O((ﬁ) p> 2, p

Moreover, if z € 0D and h € C? (D), then

M=) — h(E) = H(E)O(2) + O (M) |

with
2(z¢")
1+ (1 — 5)2 + 2(1 — 5)(2,5)'

9(2) = @5’5(2) =

Proposition A.4. Given £ € 0D,

[ (h(F (=) = h(©)d= = —2mi(=A)2h() + O (#7).

oD
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Proposition A.5. The following identities hold true:

1.
(1—=0)|wf* =1+ duwy 4o(€)? o dhy — 2 5
e (e e T e e A O
2.
/ — 4@(&)2 wi dw = 0.
1+ ( 1— wP 0(O)? + K(&)|w]?)®
3.
JEEE S B T T
D A= BeP (e + K@)
4.

/ - dp(€)? w0y s — 2
1+ ( 1— w\2 (9(€)? + K(&)w?)? ((£)* + K(S))

>+ 0(6).

Proposition A.6. The following identities hold true:

1.
dw 1
/Q(g (1+w)2+ws Wlogg +OW).

2. .

Qs (14 wy)? +w2)
3. 1+ wy)

wy)w
/ 21 2 oV dw = 0.
2 ((1+wp)? + w3)

where

1-946 1-946
Qs = — < .
o= {e- 15 <5

Proposition A.7. The following identities hold true:

1.
| () = W) (=, §)dz = 2m8(=)Eh() + 0 (5%)

[ (1)~ H@) (6= = 2m00(6) 4.0 ().

Proposition A.8. The following identities hold true:
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| og =+ €IS (2)) — H(€)) (2, &)d= = 23 log 5 (~A)Hh(€) + O(D).

)
2.
/ arctan <Z,§L> (h(f(2)) — h(&)){(z,£)dz = —2nd1o lh’({) +0(5)
oD 1+ (z,€) §)dz = = .
3.
[ og = +-€l(h(£2))  h(©) (=) d= = 0(6).
/.

(s .
[, arctan 2 7(6) — 1(E) (16 = = O)

Proposition A.9. The following identities hold true:

1.

Oy = —
L= S rm

/ log|z — w|dz =0 for every w € JD.
oD

Proposition A.10. The following identities hold true:

/ (1—98)|w|> =1+ dw, 4o(€)? dw = — 47
b [T+ =0wP  (p(&)?+ K(©)|w]?)* p(€)? + K (&)
: Rty gl

dw = 0.

D 14 (1= 8wl (p(€)? + K(&)|w]?)’
Proposition A.11. The following identities hold true:

1.

2

V2?2 V22 W2K(§> (3¢(£)* + K(€))
() [V 28 =200 [ 2 = e K

ME20() [ g MO0 [ L wl(© = K(©)
0+ K P = e+ 5@ In B = e m O
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