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Singular Liouville systems

| considered Singular Liouville systems on a compact surface
(X, 8):

M
—Au; = ZaUPJ (f hieidV, )—47rm2::loz,-m(5pm—1),/:1,...,N.

o A= (a,-j)f\!j:l symmetric positive definite N x N matrix,
@ p1,...,on >0,

@ 0< hy,...,hy € C(Y),

@ p1,...,pmME X,

® ai1,...,anm > —1,

e Without loss of generality |X| = 1.
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Singular Liouville systems

Motivations

Such systems arise from different fields:

Statistical mechanics (Chern-Simons vortices theory)
Physics of particles (Kinetic plasma models)

Algebraic Geometry (Complex holomorphic curves)

Biology (Chemotaxis)
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Singular Liouville systems

A change of variables

We re-write the system in an equivalent form:

Consider the solution of

~AG, =6, —1

/ GpdVy =0
>

and apply the change of variable

M
uj — u; + 4w Z CM,'mGpm

m=1
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Singular Liouville systems

A change of variables

The new u solve

N T
5T ey, o
j=1 s g
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Singular Liouville systems

A change of variables

The new u solve

ZN: hye” h 4m S imG
_AU,' = 3UPJ = 1 h = h T 2 um=1 ®im Gpm
. 1
Since G, = Iog at.p) + O(1) around p, then
E,- ~ d(-, pm)>im around pp,
that is

ajm >0 = F,- goes to 0 around pp,
aim < 0 = F,— goes to + oo around pp,
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Singular Liouville systems

The variational structure

In the last form, the problem has a variational structure:
solutions are all and only the critical points of

N N
1 .. ~
Jp(u) = E E aU/ZVU,"VUjdVg—E Pi (Iog/zh,-e”"dvg—/zu,-dvg)
i=1

ij=1
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Singular Liouville systems

The variational structure

In the last form, the problem has a variational structure:
solutions are all and only the critical points of

N N
1 ” -
Jp(u) = 5 E a’f/ Vu,--VuJ-dVg—E Di (Iog/ h;e”"dVg—/ u,-dVg)
ij=1 “J% i=1 > >

If J, is coercive (up to constants), then the system has
minimizing solutions.
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Existence of minimizing solutions

The scalar case

If N=1,

F u
f): he!d Vg
and we have

1 ~
I,(u) == 2/Z|Vu\2dVg—p<|0g/):he”dVg—/zudVg>.
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Existence of minimizing solutions

The scalar case

If N=1,

Au—p
f): he!d Vg
and we have

1 ~
I,(u) == 2/Z|Vu\2dVg—p<|0g/):he”dVg—/zudVg>.

It is well known that, setting with & := min {0, min am}
m

p<8r(l+a) = I, coercive
p=28n(l+a) = I, bounded from below but not coercive

p>8n(l+a) = I, not bounded from below
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Existence of minimizing solutions

Concentration-compactness alternative

We deduce that J, is coercive for small p and we get minimizing
solutions w,,.
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Existence of minimizing solutions

Concentration-compactness alternative

We deduce that J, is coercive for small p and we get minimizing
solutions w,,.

What happens for higher values of p?
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Existence of minimizing solutions

Concentration-compactness alternative

We deduce that J, is coercive for small p and we get minimizing
solutions w,,.

What happens for higher values of p?

We take a sequence u,, and discuss its convergence for p, — p.
If u,, — u,, then J, must be coercive and u), is a minimizer.
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Existence of minimizing solutions

Concentration-compactness alternative

Concentration-compactness Theorem

Let {up,}y,—p be a sequence of solutions with / hie“endV, = 1.
b
Then,

Si:={x € X : Ix, = x such that v; ,,(xn) = 400}

is finite for all i’'s. Moreover,

N
o Either § := US,- =0, and u,, — u, in W2I(T)V;
i=1
o Or S # 0, for each i, either u;,, — u; in W27 (Z\S) or

uj 5, = —00 in L (X\S); the latter occurs for at least one .
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Existence of minimizing solutions

Concentration-compactness alternative

Define, for x € S;,

r—0 n—+o0

oi(x) :== lim lim p,-y,,/B( )F,-e”hpndVg.
F(x
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Existence of minimizing solutions

Concentration-compactness alternative

Define, for x € S;,

oi(x) :== lim lim p,-y,,/B( )F,-e”hpndVg.
F(x

r—0 n—+o0

Then,

pi > Z oi(x);

x€S;
pi=Y oi(x) <> Uiy, ——ooin L (L\S).
XES;
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Existence of minimizing solutions

Concentration-compactness alternative

If x €S, forieZ, then

Arx(o(x)) =8> (14 ai(x)oi(x) = 3 ajoi(x)oj(x) =0

ieT ijeET
Qjm  if X = pm
where ai(x) = { 0 otherwise
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Existence of minimizing solutions

Concentration-compactness alternative

If x €S, forieZ, then

Arx(o(x)) =8> (14 ai(x)oi(x) = 3 ajoi(x)oj(x) =0

ieT ijeET
Qjm  if X = pm
where ai(x) = { 0 otherwise




Existence of minimizing solutions

Conditions for coercivity

Since 0j(x) < pj, blow-up cannot occur if Az (p) > 0 for all Z, x.
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Existence of minimizing solutions

Conditions for coercivity

Since 0j(x) < pj, blow-up cannot occur if Az (p) > 0 for all Z, x.

Setting A(p) := rgin Az x(p), we get:
X

B.-Malchiodi, 2014 - B., preprint

A(p) >0 = J, coercive
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Existence of minimizing solutions

Conditions for coercivity

Since 0j(x) < pj, blow-up cannot occur if Az (p) > 0 for all Z, x.

Setting A(p) := rgin Az x(p), we get:
X

B.-Malchiodi, 2014 - B., preprint

A(p) >0 = J, coercive
A(p) =0 = J, not coercive
A(p) <0 = J, not coercive nor bounded from below
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Existence of minimizing solutions

Conditions for coercivity

The set A > 0:
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Existence of minimizing solutions

Competitive systems

Suppose now a;; < 0 for all i # j.

Then,
A(p) = _min

! EARAE)

N (87m(1 + @i)pi — aip?)

with
aj = min a;(x) = min {0, min a,-m}
X m
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Existence of minimizing solutions

Competitive systems

1+ aq;
The set A(p) > 0= {Pi < 87r(a"."_0‘)}:

]
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Existence of minimizing solutions

Competitive systems

1+ aq;
The set A(p) > 0= {Pi < 87r(a"."_0‘)}:

]
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Existence of minimizing solutions

Competitive systems

. . 8r(l+ «;
For blowing-up sequences of minimizers for p; , — M

aji
Si = {x;} and either a;; = 0 or x; # x; for all i # j.
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Existence of minimizing solutions

Competitive systems

: C 8r(l+ «;
For blowing-up sequences of minimizers for p; , — W(al)'
ii
Si = {x;} and either aj =0 or x; # x; for all i # j.

By the scalar Moser-Trudinger inequality we get a sharp result.
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Existence of minimizing solutions

Competitive systems

8m(1+ )

For blowing-up sequences of minimizers for p; , —
Si = {x;} and either a;; = 0 or x; # x; for all i # j.

aji

By the scalar Moser-Trudinger inequality we get a sharp result.

B.-Malchiodi, 2014 - B., preprint

A(p) >0 = J, coercive
A(p) =0 = J, not coercive but bounded from below

A(p) <0 = J, not coercive nor bounded from below

Luca Battaglia

Variational aspects of singular Liouville systems



Min-max solutions

The role of sub-levels

If A(p) <0, we cannot have minimizers.
We have to look for min-max critical points.
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Min-max solutions

The role of sub-levels

If A(p) <0, we cannot have minimizers.
We have to look for min-max critical points.

We will study the topology of sub-levels {J, < a}:

No critical points with a < J, < b = {J, <a}~{J, <b}
{J, <a} #{J,<b} = Critical points with a < J, < b
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Min-max solutions

The role of sub-levels
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Min-max solutions

The role of sub-levels

We need some compactness conditions.
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Min-max solutions

Compactness issues

In general, such compactness conditions are not known, except for
some particular systems.
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Min-max solutions

Compactness issues

In general, such compactness conditions are not known, except for
some particular systems.
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Min-max solutions

Compactness issues

Although B, G, are not symmetric, we can argue in the same way:

hie™t P2 hyet2
CAu =2y (e g 2
“ pl(f hiendV > 2 <f haedV, >
h1e“1 P2 h2€u2
o 4.2 ("=
J5 hrendV, ) T J5 hpe2dV,

2 ) 2
Jp(u) = /<|V‘2'1| +V”12VU2+WZ2| >dVg
>

p1 <Iog/ hleuldVg—/ u1dVg>
bn b

p2 |og/h2e“2dvg—/ ndV, ).

2 bn ba

< A7,

—AU2 = —2,01 -1

The coercivity threshold is p
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Min-max solutions

Compactness issues

Although B, G, are not symmetric, we can argue in the same way:

hiet P2 hyet2
SNV P (LA R D (L —
”1 pl(f hiendV > 3 <f hae2dV, >

h1e“1 hge“2
Ay =-3p [ —1)46- 2 (1
2= T T hemdV, )+ J5 haedV,
\V4 2
Jy(u) = Z<\vul|2+vul VU2+‘ ‘3’2| >dvg

- m (Iog hie"'dV, — / u1dVg>
Jx
- = <Iog/ hoe*2d V, —/ u2dVg>.
3 bn ba

The coercivity threshold is p < 4.
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Min-max solutions

Compactness issues

Concerning Ay, the coercivity threshold is p1, p2 < 47(1 + @;):

et haet
J5 hietrd Vg J5 h2et2d Vg
h1e“1 h2€u2 1)

—Aunp=—p1 | ——— 1| +2m = —
[y hietdV, [ het2dV,

"IVl + Vg - Vs + [Vl
J() = /zl | . | |dVg

- m <|og/Fle“1dvg/ u1dVg>
X pN

— <|og/ﬁ2e“2d\/g—/ Udeg>.
JX p=
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Min-max solutions

Compactness issues

Jost-Lin-Wang, 2006 - Lin-Zhang, preprint
Assume ajm, = 0 and A = Ay, By. Then, 01(x), 02(x) € 47N.
The same holds true for A = G» if

o1(x) < 4w (2 + \/§> , 02(x) < 47 (5+ \/7)
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Min-max solutions

Compactness issues

Jost-Lin-Wang, 2006 - Lin-Zhang, preprint
Assume ajm, = 0 and A = Ay, By. Then, 01(x), 02(x) € 47N.
The same holds true for A = G» if

o1(x) < 4w (2 + \/§> , 02(x) < 47 (5+ \ﬁ)

Combining with concentration-compactness Theorem, we get

B.-Gabriele Mancini, 2015

Under the same assumptions, if blow-up occurs then
p€lp:=47rN xR UR, x 47N,
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Min-max solutions

Compactness issues

Similarly,

Lin-Wei-Zhang, 2015

Assume A = Ay. If x & {p1,...,pm}, then o1(x), 02(x) € 47N,
and (o1(pm), 02(pm)) € =m for some finite =p,.

Therefore,

B.-Gabriele Mancini, 2015

Under the same assumptions, if blow-up occurs then
pel =T xRy UR, x I'p for some discrete ['1, o C Ry
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Min-max solutions

Compactness issues

Moreover, J, < L for all solutions, so {J, < L} is a deformation
retract of H'(X)?, hence it is contractible.
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Min-max solutions

Compactness issues

Moreover, J, < L for all solutions, so {J, < L} is a deformation
retract of H'(X)?, hence it is contractible.

Existence of solutions will follow if {J, < —L} is not contractible
for large L.
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Min-max solutions

Analysis of sub-levels

To prove that low sub-levels are not contractible, we “compare” it
with a not contractible space X" in the following way:

x3{,<-135x Wod o~ Idy.

{J, < —L} is dominated by X'.
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Min-max solutions

Analysis of sub-levels, o > 0

Let us consider the A, Toda system in the case «jp, > O:
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Min-max solutions

Analysis of sub-levels, o > 0

Let us consider the A, Toda system in the case «jp, > O:

If p1 € (4K1m,4(K1 + 1)m), p2 € (4Kom, 4(Kz + 1)), then either
up concentrates at Ki points or up concentrates at Ky points.
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Min-max solutions

Analysis of sub-levels, o > 0

To express the concentration we use the barycenters on :

K K

D)k = Ztkéx Xk €L, t >0, Ztk:].
k=1 k=1
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Min-max solutions

Analysis of sub-levels, o > 0

To express the concentration we use the barycenters on :

K K
D)k = {Ztkéx;xkez, thO,Ztk:].}.

k=1 k=1

To express the alternative between vy and wup, we use the join:

X*xY ={1-t)x+ty;xeX,yeY,te]0,1]}.
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Min-max solutions

Analysis of sub-levels, o > 0

Two big issues are the concentration at singular points and
concentration of both components at the same point.
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Min-max solutions

Analysis of sub-levels, o > 0

Two big issues are the concentration at singular points and
concentration of both components at the same point.

If x(X) <0, this can be “by-passed” by a topological trick.

There exist two retractions [1; : ¥ — ~; for i = 1,2 onto
disjointed circles not containing any pp,.
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

Through My, My, we can study the concentration of each u; only on
v, avoiding interactions.
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

Through My, My, we can study the concentration of each u; only on
v, avoiding interactions.

We can take X' := (71)k, * (72)k,, Which is not contractible.
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

Through My, My, we can study the concentration of each u; only on
v, avoiding interactions.

We can take X' := (71)k, * (72)k,, Which is not contractible.

(71)K1 *(72),(2 ~ (Sl)Kl*(Sl)KQ ~ S2K1*1*S2K271 ~ SZK1+2K2*1'
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

Through My, My, we can study the concentration of each u; only on
v, avoiding interactions.

We can take X' := (71)k, * (72)k,, Which is not contractible.

(71)K1 *(72),(2 ~ (Sl)Kl*(Sl)KQ ~ S2K1*1*S2K271 ~ SZK1+2K2*1.

B.-Jevnikar-Malchiodi-Ruiz, 2015

Suppose p € T, x(X) <0 and ajpy, > 0 for all m. Then the A
Toda system has solutions.
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

The same results also works for the B, and G, Toda systems:

B., in preparation
Suppose p1, p2 € 47N, x(X) < 0. Then the B, Toda system has

solutions.
The same holds for the G, Toda system, provided

p1<47r<2+\/§>,p2<47r(5—|-\/?>.
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

If ¥ has genus g = [ + 1> 2, we can take v1, 72 as

-

bouquet of g circles to get a generic multiplicity result via Morse
theory:
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Min-max solutions
Analysis of sub-levels, aim > 0, x(X) <0

B., 2014 - B., in preparation
If p1 € (4K1m,4(Ka + 1)m), p2 € (4Kom, 4(Kz + 1)), then for a
generic choice of g, hy, hy there are at least

Ki + [ (z)} Ko + [%(Z)}
K1 K>

solutions.

Luca Battaglia

Variational aspects of singular Liouville systems



Min-max solutions
Analysis of sub-levels, x(X) <0

If we consider the A, Toda system without restrictions on «;,, the
same argument fails because negative coefficients affect the M-T
inequality.
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Min-max solutions
Analysis of sub-levels, x(X) <0

If we consider the A, Toda system without restrictions on «;,, the
same argument fails because negative coefficients affect the M-T
inequality.

To take account of this, we introduce the weighted barycenters:

' B 14+ ajm i'Fq:l3m’04im<0 . _ .
wilq) = { 1 otherwise Wi (LkJ qk) o zk:w’(qk)

(Z)pra, = Z tkOx; Xk € X, tye >0, Z ty =1, 4nwi(JT) < pi
xke€J xxe€J
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Min-max solutions
Analysis of sub-levels, x(X) <0

The topological argument can be adapted by modifying the
retractions to take account of singularities.
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Min-max solutions
Analysis of sub-levels, x(X) <0

The topological argument can be adapted by modifying the
retractions to take account of singularities.

We need pp, € ;i if ajm < 0, so we assume max{aim, @2m} > 0.
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Min-max solutions
Analysis of sub-levels, x(X) <0

Write:
/ / / / / /
{p17 s 7pM} = {p017 tee 7p0M(’)7p117 cee 7p1[\/]{7p217 N '7p2/\/lé}

pmzp(,)m/ <= a1maom >0 <= pm €11 UM
Pm = Py = 4y =aim <0 < pn€m

Pm = Popy = Qb = om <0 < pm €72
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Min-max solutions
Analysis of sub-levels, x(X) <0

Write:
/ / / / / /
{p17 s 7pM} = {p017 tee 7p0M(’)7p117 cee 7p1[\/]{7p217 N '7p2/\/lé}

pmzp(,)m/ <= a1maom >0 <= pm €11 UM
Pm = Py = 4y =aim <0 < pn€m

Pm = Popy = Qb = om <0 < pm €72

This time, low sub-levels are dominated by the join of weighted
barycenters (V1) 1,0, * (72) 2.0, -
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Min-max solutions
Analysis of sub-levels, x(X) <0

The weighted barycenters, hence their join, could be contractible.
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Min-max solutions
Analysis of sub-levels, x(X) <0

The weighted barycenters, hence their join, could be contractible.

This happens if
o€ (Vi)pay, = (—t)o+tdy € (Vi)po, Vte[0,1];

which means, in terms of p,

4¢r<K+Z(1+af—m)><p,—é4w k + Z (1+ ) | <pi

meM meMuU{1}
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Min-max solutions
Analysis of sub-levels, x(X) <0

If this does not happen for either i, then (v1),;,0, * (72) 2,0, i NOt
contractible.
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Min-max solutions
Analysis of sub-levels, x(X) <0

If this does not happen for either i, then (v1),;,0, * (72) 2,0, i NOt
contractible.

B. (2015)
Suppose p € T, x(X) <0, max{aim, a2m} > 0 for all m and

dr | Ki+ Y (Ltad) | <pi<ér|Ki+ Y (1+al)
meM; meM;U{1}

for some K1, K> € Nand M; C {2,..., M;}.
Then the A> Toda system has solutions.
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Min-max solutions

Analysis of sub-levels, general surfaces

In the general case, we need a sharper analysis.
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Min-max solutions

Analysis of sub-levels, general surfaces

In the general case, we need a sharper analysis.

Roughly speaking, in case of concentration at the same point with
the same rate, the point must be given a higher weight.
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Min-max solutions

Analysis of sub-levels, general surfaces

In the general case, we need a sharper analysis.

Roughly speaking, in case of concentration at the same point with
the same rate, the point must be given a higher weight.

If p1 < P1, p2 < Pa, Where
p; = 4mmin {1, min (2 4+ ajm + Ot,‘m/)} ,
m#m’
then low sub-levels are dominated by

1
X = (Z)Pl»al*(Z)PLaz\{ <pm> Pm, 2) P, P2 < 47T(2 +a1m + Oé2m)} .
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Min-max solutions

Analysis of sub-levels, general surfaces

Since, for such p, both (X),, o are finite, than &’ is easy to study:
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Min-max solutions

Analysis of sub-levels, general surfaces

We need some assumptions to get a not-contractible space:

B. (2015)
Suppose p €I, p; < p; for both i and

(M17 M27 M3) ¢ {(17 m, 0)7 (m7 17 0)7 (27 27 1)7 (27 37 2)) (37 27 2)7 m e N})
with My, My, Ms defined by
My = #{m: d4x(1 + c1m) < p1},

My := #{m: 4n(1 + aom) < p2},
Mz .= #{m: 4x(14+aim) < pi, pi < 47(24+a1m+azm) for both i}.

Then the A, Toda system has solutions.
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Non-existence results

General systems

We made topological assumptions on ¥ to get general existence
results.

In fact, if X has a “simple” topology, general systems could not be
solvable.
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Non-existence results

General systems

We made topological assumptions on ¥ to get general existence
results.

In fact, if X has a “simple” topology, general systems could not be
solvable.

On the standard unit disk we get, through a PohoZaev identity,
necessary algebraic conditions.
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Non-existence results

General systems

B.-Malchiodi, preprint

The following problem on the unit disk B:

|20¢1 el

Zaupjf |X’20‘Jeujdx Ui|8]B:0 i=1,...,N,

has no solutions if p satisfies

N

N
Aa,.vyp(p) =87 > (L4 ai)pi— Y ajpip; < 0.
=i =
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Non-existence results

General systems

Comparison with existence results for the A, Toda system:
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Non-existence results

General systems

Similar results hold on the unit sphere with antipodal singularities:

B.-Malchiodi, preprint

The following problem on the unit sphere S?:

1
—Au; = Zaupj (f cudV, 47r> 4#2@,,1,( Pm 7r>’

has no solutions if p satisfies:

either Az, (p) > A1, . Np\Z,po(P) VIc{l,...,N}
or  Azp,(p) > N, .Np\Z,p1 (P) VIc{l,...,N}

and at least one inequality is strict.
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Non-existence results

General systems

Comparison with existence results for the A, Toda system:
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Non-existence results
A> Toda system

We also get a non-existence results for the A, Toda system on any
surface.
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Non-existence results
A> Toda system

We also get a non-existence results for the A, Toda system on any
surface.

If we take a couple of coefficients (a1, ap1) close to —1 we show,
through a blow-up analysis, that no solutions exist.
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For any fixed a1»,...,a10m, @22, ..., aop and p & I'gﬁ%i there

exists € (—1,0) such that the A Toda system has no solutions
for a1, 21 S a”.
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