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Let k be a field of characteristic zero.

R = k[x1, . . . , xn], standard graded polynomial ring.

Let

A = R/I =
s⊕

i=0

Ai

be an Artinian standard graded algebra.
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Let ` ∈ R1 be a “general” linear form.

For each i , ` induces a
multiplication

×` : Ai → Ai+1.

Since ` is general we expect that this multiplication should be
either injective or surjective i.e.

rank(×`) = min{dimk Ai , dimk Ai+1}.
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Definition

We say that A has the Weak Lefschetz property (WLP)
if there is an element ` ∈ R1 (called a Lefschetz element) such
that the linear map

×` : Ai → Ai+1

has maximal rank, for every i .

An algebra with the WLP will be call Weak Lefschetz
algebra.
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If A is a standard algebra and ` ∈ R1 such that the
multiplication map

×` : Ai → Ai+1

is surjective

then, for any r ≥ i , the multiplication map

×` : Ar → Ar+1

is also surjective.
An sequence (1, h1, ..., hs), with hs 6= 0 is called unimodal if
there is an integer t such that

h1 ≤ . . . ≤ ht ≥ ht+1 ≥ . . . ≥ hs .
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An Artinian standard graded algebra with Hilbert function

h = (1, 3, 6, 6, 7, 2, 0 . . .)

never satisfy the WLP.
Strictly unimodal:

h1 < . . . < ht ≥ ht+1 ≥ . . . ≥ hs .

Brenner-Kaid: A = R/I where

I = (x3, y 3, z3, xyz) ⊂ R = k[x , y , z ]

has Hilbert function

HA = (1, 3, 6, 6, 3, 0, . . .)

fails the WLP.
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Which algebras have the WLP?

standard algebras on R = k[x , y ];

Theorem (Stanley 1980)

Let R = k[x1, . . . , xn]. Let I be an Artinian monomial
complete intersection, i.e.

I = (xa1
1 , . . . , x

an
n ).

Then R/I has WLP.

Do all complete intersections have WLP?
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Theorem (Harima - Migliore - Nagel - J. Watanabe
2003)

Let R = k[x , y , z ]. Let I = (F1,F2,F3) be a complete
intersection ideal. Then R/I has WLP.

Artinian Gorenstein algebras in codimension ≥ 4 do not
necessarily have WLP

do all Artinian Gorenstein algebras in codimension 3 have
WLP?
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Let A be an Artinian standard graded algebra and ` ∈ R1

ϕ`,i : Ai → Ai+1

0→ Kerϕ`,i → Ai

ϕ`,i−→ Ai+1 → (A/`A)i+1 → 0.

HA/`A(i + 1) = ∆HA(i + 1) + dimk Kerϕ`,i .

ϕ`,i injective ⇒ HA/`A(i + 1) = ∆HA(i + 1).
ϕ`,i surjective ⇒ HA/`A(i + 1) = 0 and
∆HA(i + 1) = − dimk Kerϕ`,i .
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Proposition

Let A be an Artinian standard graded algebra. The following
are equivalent

A has the WLP;

there is an element ` ∈ R1 such that HA/`A = ∆H+
A .

A has the WLP if and only if its Hilbert function has a
good behavior with respect to a generic linear form.
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Let A = R/I be an Artinian standard graded R-algebra.

HA := {HA/`A | ` ∈ R1};

HA = {H1,H2, . . . ,Hr}

Now we define

SHi
:= {[`] ∈ Pk(R1) | HA/`A = Hi}.

So we have that set-theoretically

Pk(R1) = SH1 ∪ · · · ∪ SHr .

There exists u such that SHu contains a non empty open
subset U ⊆ Pk(R1).
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Definition

With the above notation we say that A/`A has the generic
Hilbert function with respect to A iff [`] ∈ SHu . In this case
Hu = HA/`A will be called the Hilbert function of the generic
linear section of A and will be denoted by Hgen

A .

Proposition

Let A = R/I be an Artinian standard graded R-algebra. The
poset HA has only one minimal element, precisely Hgen

A .

A has the WLP iff Hgen
A = ∆H+

A
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Sgen := SHgen
A

= {[`] ∈ Pk(R1) | HA/`A = Hgen
A }.

BA = {β(A/`A) | [`] ∈ Sgen}.

By Bigatti, Hulett and Pardue the set BA is finite.

BA = {β1, . . . , βr}.

Zβi := {[`] ∈ Sgen | βA/`A = βi}.

Sgen = Zβ1 ∪ · · · ∪ Zβr .

There exists v such that Zβv contains a nonempty open subset
V of Sgen.
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Definition

With the above notation we say that A/`A has the generic
Betti sequence with respect to A iff [`] ∈ Zβv . In this case
β(A/`A) will be called the Betti sequence of the generic linear
section of A and will be denoted by βgen

A .

Proposition

Let A = R/I be an Artinian standard graded R-algebra. The
poset BA has only one minimal element, precisely βgen

A .
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Let R = k[x , y , z ] and let A = R/I , where

I = (x4 +x2z(y +z), x3y−xyz(y +z), x2y 2 +y 2z2, z5, y 5, xy 4).

Then
HA = (1, 3, 6, 10, 12, 9, 2, 1, 0)

The linear forms `0 = x + y + z , `1 = y + z and `2 = z are
WL forms for A;we have that

HA/`0A = HA/`1A = HA/`0A = ∆H+
R/I = Hgen = (1, 2, 3, 4, 2, 0)
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We have
βA = ((43, 53), (6, 710, 9), (86, 10))

and
βA/`0A = ((43), (62));

βA/`1A = ((43, 5), (5, 62));

βA/`2A = ((43, 52), (52, 62)).

Consequently βgen
A = ((43), (62)).

Moreover one can see that BA contains only these three Betti
sequences.
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Weak Lefschetz Property
Linear Quotients of Artinian Algebras

Betti Weak Lefschetz Property

Hgen
A βgen

A

Hgen
A ≥ ∆H+

A βgen
A ≥?
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A = R/I WL algebra and ` ∈ R1 a WL element for A.

Let β ij(A/`A) be the graded Betti numbers of the algebra
A/`A as an R/(`)-algebra.
We set R := R/(`), I := I/(`) ⊆ R

A := R/I ∼= A/`A.

We set
t := max{j | ∆HA(j) > 0}.

β0,j(A) = 0 for all j ≥ t + 2

β0,j(A) = β0,j(A) for all j ≤ t
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Weak Lefschetz Property
Linear Quotients of Artinian Algebras

Betti Weak Lefschetz Property

A = R/I WL algebra and ` ∈ R1 a WL element for A.
Let β ij(A/`A) be the graded Betti numbers of the algebra
A/`A as an R/(`)-algebra.

We set R := R/(`), I := I/(`) ⊆ R

A := R/I ∼= A/`A.

We set
t := max{j | ∆HA(j) > 0}.

β0,j(A) = 0 for all j ≥ t + 2

β0,j(A) = β0,j(A) for all j ≤ t

Favacchio Giuseppe La proprietà di Betti Weak Lefschetz
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Weak Lefschetz Property
Linear Quotients of Artinian Algebras

Betti Weak Lefschetz Property

A = R/I WL algebra and ` ∈ R1 a WL element for A.
Let β ij(A/`A) be the graded Betti numbers of the algebra
A/`A as an R/(`)-algebra.
We set R := R/(`), I := I/(`) ⊆ R

A := R/I ∼= A/`A.

We set
t := max{j | ∆HA(j) > 0}.

β0,j(A) = 0 for all j ≥ t + 2

β0,j(A) = β0,j(A) for all j ≤ t

Favacchio Giuseppe La proprietà di Betti Weak Lefschetz
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β(A) =



β01 β12 · · · βn−1,n

β02 β13 · · · βn−1,n+1

· · · · · · · · · · · ·
β0,t−1 β1,t · · · βn−1,n+t−2

β0,t β1,t+1 · · · βn−1,n+t−1

β0,t+1 β1,t+2 · · · βn−1,n+t

β0,t+2 β1,t+3 · · · βn−1,n+t+1

· · · · · · · · · · · ·



β(A) =



β01 β12 · · · βn−1,n

β02 β13 · · · βn−1,n+1

· · · · · · · · · · · ·
β0,t−1 β1,t · · · βn−1,n+t−2

β0,t β1,t+1 · · · βn−1,n+t−1

β0,t+1 β1,t+2 · · · βn−1,n+t

β0,t+2 β1,t+3 · · · βn−1,n+t+1

· · · · · · · · · · · ·
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Weak Lefschetz Property
Linear Quotients of Artinian Algebras

Betti Weak Lefschetz Property

β(A) =



β01 β12 · · · βn−1,n

β02 β13 · · · βn−1,n+1

· · · · · · · · · · · ·
β0,t−1 β1,t · · · βn−1,n+t−2

β0,t β1,t+1 · · · βn−1,n+t−1

β0,t+1 β1,t+2 · · · βn−1,n+t

β0,t+2 β1,t+3 · · · βn−1,n+t+1

· · · · · · · · · · · ·



β(A) =



β01 β12 · · · βn−1,n = 0

β02 β13 · · · βn−1,n+1 = 0
· · · · · · · · · · · ·
β0,t−1 β1,t · · · βn−1,n+t−2 = 0

β0,t β1,t+1 · · · βn−1,n+t−1 = 0

β0,t+1 β1,t+2 · · · βn−1,n+t = 0
0 0 · · · 0



Favacchio Giuseppe La proprietà di Betti Weak Lefschetz
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We consider the following(
R/I

)
t

ψ−→
(
R/(I≤t)

)
t+1

ϕ

↘ ↓p(
R/I

)
t+1

Theorem

β0 t+1(A)− β0 t+1(A) = dimk(Kerψ)− dimk(Kerϕ).
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Corollary

With the above notation

i) ψ is surjective iff β0 t+1(A) = 0;

ii) ψ is injective iff β0 t+1(A) = β0 t+1(A) + ∆HA(t + 1).
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Let us consider a graded minimal free resolution of A as a
R-module

F• : 0→ Fc−1 → · · · → Fi
di→ Fi−1 → · · · → F0 → R → A→ 0

and a graded minimal free resolution of A as a R-module

G• : 0→ Gc−2 → · · · → Gi

d ′i→ Gi−1 → · · · → G0 → R → A→ 0.

Let π• : F• → G• be a lifting of the natural map of R-modules
π : A→ A.
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Theorem

With the above notation, for every i ≥ 0, let

{γi1, . . . , γiβi}, deg γi1 ≤ . . . ≤ deg γiβi ,

be a minimal set of generators for Im di , and
ui := |{j | deg γij ≤ t + i}|. If ui > 0 then
{πi−1(γi1), . . . , πi−1(γiui )} can be completed to a minimal set
of generators for Im d ′i with elements of degree ≥ t + i .
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Theorem 4.3 give a description of the graded Betti numbers of
A.

Corollary

β ih(A) = βih(A), for i ≥ 0 and h − i ≤ t − 1.

Moreover β i t+i(A) ≥ βi t+i(A).

Corollary

βn−1 h(A) = 0 for all h ≤ t + n − 1.
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Corollary

β1 t+1(A) = β1 t+1(A) + dimk(Kerψ).

Proposition

β i t+i(A) = βi t+i(A) for every i ≥ 0 iff ψ is injective.
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Collecting the previous results we can give a description of the
graded Betti numbers of A.

βij (A) =


βij (A) if j ≤ t + i − 1
βij (A) + mi if j = t + i∑

h≥i+1(−1)h+i+1βh j (A) + (−1)i+1∆c−1∆H+
A (j) + mi+1 if j = t + i + 1

0 if j > t + i + 1
(1)

where mi ≥ 0 and in particular m0 = 0 and m1 = dimk kerψ.
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Definition

We say that A = R/I has the Betti Weak Lefschetz Property,
briefly β-WLP, if there exists ` ∈ R1 such that

1 ` is a Weak Lefschetz form for A;

2 ψ` is injective, i.e. ×` : (R/I )t → (R/(I≤t))t+1 is
injective.

Proposition

Let A be a standard graded R-algebra. The following are
equivalent

1 A has the β-WLP and ` is a β-WL form;

2 The graded Betti numbers of A are determined by (1)
with mi = 0 for every i .
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It is known from Harima Migliore Nagel Watanabe, (2003),
that if H is a Weak Lefschetz sequence then the set

BWL

H = {βA | HA = H and A has the WLP}

admits exactly one maximal element, say, βH .

Proposition

Let H be a Weak Lefschetz sequence and let A = R/I be an
Artinian algebra with HA = H such that A has the WLP. If
β0 t+1(A) = βH

0 t+1 then A has the β-WLP.
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Let R = k[x1, . . . , xn]. Let A = R/I be a WL Artinian
standard graded algebra, where I = (g1, . . . , gn) is a complete
intersection ideal and deg gi ≤ deg gi+1 for 1 ≤ i ≤ n − 1.

Proposition

Let A be as above then

1 If deg gn > t then A has the β-WLP.

2 If deg gn ≤ t and ∆HA(t + 1) = 0 then A has the β-WLP.

3 If deg gn ≤ t and ∆HA(t + 1) < 0 then A has not the
β-WLP.

The item 3 of the previous proposition in particular says that
ψ` is not injective but still it has maximal rank.
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Betti Weak Lefschetz Property

Definition

We say that A = R/I has the generators Weak Lefschetz
Property, briefly β0-WLP, if there exists ` ∈ R1 such that

1 ` is a Weak Lefschetz form for A;

2 ψ` has maximal rank.

Note that for complete intersections the WLP and the
β0-WLP are equivalent.

β-WLP⇒ β0-WLP⇒ WLP

β-WLP 6⇐ β0-WLP 6⇐ WLP.
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