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Proprietá omologiche di funtori F : Nr → Vect.

Calcolo locale dei numeri di Betti multigraduati.

Omologia Multipersistente.

Numeri di Betti di un point cloud.

Presentazione di un modulo di omologia multipersistente.
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Definizioni

Nr categoria associata al poset (Nr ,≤) con
v ≤ w ⇐⇒ vi ≤ wi i : 1 . . . r .

k campo, Vectk categoria k-spazi vettoriali.

Fun(Nr ,Vectk) categoria oggetti: funtori

F : Nr −→ Vectk

v → F (v)

v ≤ w → F (v ≤ w) : F (v)→ F (w)

morfismi: trasformazioni naturali N : F → G

N = {N(v) : F (v)→ G (v)}v∈Nr t.c F (v) //

��

G (v)

��
F (w) // G (w)

∀v ≤ w
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Funtore N2 → Vectk

Un funtore F : N2 → Vectk é una rappresentazione del quiver

• //

OO

• //

OO

. . . • //

OO

. . .

...
...

...
...

• //

OO

• //

OO

. . . • //

OO

. . .

• //

OO

• //

OO

. . . • //

OO

. . .

con relazione di commutativitá sui quadrati.
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Funtori Semi-semplici

Definizione

Un funtore F : Nr → Vectk é semi-semplice se
F (v < w) = 0 ∀v < w .

Uv : 0 // 0 // 0 // . . .

0 // v //

OO

0 //

OO

. . .

0

OO

0

OO

Definizione

Un funtore semi-semplice ha rango finito se

F (v) 6= 0 per un numero finito di indici

dimkF (v) <∞
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Radicale

∀v ∈ Nr , radF (v) ⊆ F (v) generato da
⋃

u<v Im F (u < v) .

F (u < v)(radF (u)) ⊂ radF (v)

radF : Nr → Vectk é un sottofuntore di F .

Osservazione

F/radF é semisemplice.

Definizione

Un funtore F : Nr → Vectk ha rango finito se F/radF ha rango
finito.
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Funtori Compatti

Caratterizzazione di oggetti compatti in Fun(Nr ,Vectk).

Le seguenti affermazioni sono equivalenti:

Il funtore F : Nr → Vectk é compatto in Fun(Nr ,Vectk).

F ha rango finito

F (v) ha dimensione finita ∀v ∈ Nr .
Esiste un indice n ∈ N t.c per ogni v = (v1 . . . vr )
l’omomorfismo F (min(n, v1), . . . ,min(n, vr ) ≤ v) é un
isomorfismo.
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Definizioni

K (v ,−) : Nr → Vectk é t.c F (w) = k se w ≥ v e F (w) = 0
altrimenti.

Definizione

Sia S un insieme di oggetti in Nr e {Vv}v∈S una famiglia di spazi
vettoriali. Funtori del tipo F = ⊕v∈SK (v ,−)⊗Vv sono detti liberi.

Se F é libero, F/radF ' ⊕v∈SU(v)⊗ Vv

Definizione

Una trasformazione naturale φ : F → G é minimale se F é libero e
il morfismo indotto F/radF → G/radG é un isomorfismo.
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Risoluzione Minimale

Costruiamo una risoluzione proiettiva minimale di G : Nr → Vectk .

G/radG é semisemplice e quindi isomorfo a ⊕v∈S0U(v)⊗Vv ,0

Sia F0 := ⊕v∈S0K (v ,−)⊗ Vv ,0.
F0/radF0 ' G/radG .
Inoltre F0 é proiettivo, esiste trasformazione naturale
φ : F0 → G t.c il diagramma é commutativo

F0
φ //

��

G

��
F0/radF0

' // G/radG

K0 = ker φ. Calcoliamo K0/radK0..
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Calcolo locale dei numeri di Betti

Dato un funtore G : N2 → Vectk ,

...
...

. . . // G (v1) //

OO

G (v) //

OO

. . .

. . . // G (v1,2) //

OO

G (v2) //

OO

. . .

...

OO

...

OO

funtorialmente ogni quadrato definisce un chain complex

CG ,v : G (v1,2)→ G (v1)⊕ G (v2)→ G (v).
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Calcolo locale dei numeri di Betti

Teorema

Sia 0→ F2 → F1 → F0 → G → 0 una risoluzione minimale di G
nella categoria Fun(N2, Vectk), allora
Fi

radFi
(v) = Hi (CG ,v ) i : 0 . . . 2.

G (v1) // G (v)

G (v1,2) //

OO

G (v2)

OO

Martina Scolamiero Numeri di Betti Multi-graduati e applicazioni alla TDA



Dimostrazione

Sketch della dimostrazione

L’omologia di un funtore libero é concentrata in grado 0 e
multigrado w ∈ S .

Il funtore F : Fun(Nr ,Vectk)→ Fun(Nr ,Ch) é esatto.

Usando l’immagine in Fun(Nr ,Ch) di sequenze esatte corte del
tipo 0→ K0 → F0 → G → 0 otteniamo la formula ricorsiva:

Hj(CG ,w ) ' H0(CK(j−1),w ) ' Kj−1
radKj−1

(w) ' Fj

radFj
(w) j : 1 . . . r .
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Moduli Multigraduati

k campo, R := k[x1 . . . xr ], ModR  R-moduli graduati da Nr .

Theorem

Le categorie Fun(Nr ,Vectk) e ModR sono isomorfe.

Ad F : Nr → Vectk associamo lo spazio vettoriale

F =
⊕

v∈Nr

F (v)

con azione di R data da:

·xi : F (v) −→ F (v + ei )

m → F (v < v + ei )(m)
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Omologia Persistente

Persistent Homology

Introdotta da Carlsson, Zomorodian, Ghrist, De Silva, Edelsbrunner
etc..(′02)

Introduction

• Why we need homology ?

3

Connected Components =2

Holes=20

Connected Components =1

Tunnels=1059, Cavities=0
Usata per analizzare la forma di un point cloud. Implementata
(Plex, jPlex, Java Plex, Dionysus).
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Da un Point Cloud a un Complesso Simpliciale

RIPS-VIETORIS COMPLEX

Dato un point cloud
4 ROBERT GHRIST

RεCε

ε

Figure 2. A fixed set of points [upper left] can be completed to
a a Čech complex Cε [lower left] or to a Rips complex Rε [lower
right] based on a proximity parameter ε [upper right]. This Čech
complex has the homotopy type of the ε/2 cover (S1 ∨ S1 ∨ S1),
while the Rips complex has a wholly different homotopy type (S1∨
S2).

needed for a Čech complex. This virtue — that coarse proximity data on pairs of
nodes determines the Rips complex — is not without cost. The penalty for this
simplicity is that it is not immediately clear what is encoded in the homotopy type
of R. In general, it is neither a subcomplex of En

nor does it necessarily behave
like an n-dimensional space at all (Figure 2).

1.4. Which ε? Converting a point cloud data set into a global complex (whether
Rips, Čech, or other) requires a choice of parameter ε. For ε sufficiently small,
the complex is a discrete set; for ε sufficiently large, the complex is a single high-
dimensional simplex. Is there an optimal choice for ε which best captures the
topology of the data set? Consider the point cloud data set and a sequence of Rips
complexes as illustrated in Figure 3. This point cloud is a sampling of points on
a planar annulus. Can this be deduced? From the figure, it certainly appears as
though an ideal choice of ε, if it exists, is rare: by the time ε is increased so as
to remove small holes from within the annulus, the large hole distinguishing the
annulus from the disk is filled in.

2. Algebraic topology for data

Algebraic topology offers a mature set of tools for counting and collating holes
and other topological features in spaces and maps between them. In the context of
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Da un Point Cloud a un Complesso Simpliciale

Costruiamo un grafo:
vertici  punti del point cloud e lati  intersezione di sfere.

Costruiamo il clique complex:
una k clique corrisponde ad un k − 1 simplesso.
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Rips, Čech, or other) requires a choice of parameter ε. For ε sufficiently small,
the complex is a discrete set; for ε sufficiently large, the complex is a single high-
dimensional simplex. Is there an optimal choice for ε which best captures the
topology of the data set? Consider the point cloud data set and a sequence of Rips
complexes as illustrated in Figure 3. This point cloud is a sampling of points on
a planar annulus. Can this be deduced? From the figure, it certainly appears as
though an ideal choice of ε, if it exists, is rare: by the time ε is increased so as
to remove small holes from within the annulus, the large hole distinguishing the
annulus from the disk is filled in.

2. Algebraic topology for data

Algebraic topology offers a mature set of tools for counting and collating holes
and other topological features in spaces and maps between them. In the context of

4 ROBERT GHRIST

RεCε

ε

Figure 2. A fixed set of points [upper left] can be completed to
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From Data to Simplicial Complexes

Al crescere di ε otteniamo una filtrazione.
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Omologia Persistente

L’Omologia Persistente confronta l’omologia simpliciale dei
complessi nella filtrazione, cercando generatori persistenti.

PERSISTENT TOPOLOGY OF DATA 7

Theorem 2.3 ([22]). For a finite persistence module C with field F coefficients,

(2.3) H∗(C; F ) ∼=
⊕

i

xti · F [x] ⊕


⊕

j

xrj · (F [x]/(xsj · F [x]))


 .

This classification theorem has a natural interpretation. The free portions of
Equation (2.3) are in bijective correspondence with those homology generators
which come into existence at parameter ti and which persist for all future parame-
ter values. The torsional elements correspond to those homology generators which
appear at parameter rj and disappear at parameter rj + sj . At the chain level,
the Structure Theorem provides a birth-death pairing of generators of C (excepting
those that persist to infinity).

2.3. Barcodes. The parameter intervals arising from the basis for H∗(C; F ) in
Equation (2.3) inspire a visual snapshot of Hk(C; F ) in the form of a barcode. A
barcode is a graphical representation of Hk(C; F ) as a collection of horizontal line
segments in a plane whose horizontal axis corresponds to the parameter and whose
vertical axis represents an (arbitrary) ordering of homology generators. Figure 4
gives an example of barcode representations of the homology of the sampling of
points in an annulus from Figure 3 (illustrated in the case of a large number of
parameter values εi).

H0

H1

H2

ε

ε

ε

Figure 4. [bottom] An example of the barcodes for H∗(R) in the
example of Figure 3. [top] The rank of Hk(Rεi) equals the number
of intervals in the barcode for Hk(R) intersecting the (dashed) line
ε = εi.
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Omologia Multipersistente

Multidimensional Persistence

Generalizzazione dell’omologia persistente in cui si studia
l’omologia di una multi-filtrazione.

The Theory of Multidimensional Persistence∗

Gunnar Carlsson
Dept. of Mathematics
Stanford University
Stanford, California

gunnar@math.stanford.edu

Afra Zomorodian
Dept. of Computer Science

Dartmouth College
Hanover, New Hampshire
afra@cs.dartmouth.edu

ABSTRACT
Persistent homology captures the topology of a filtration – a one-
parameter family of increasing spaces – in terms of a complete dis-
crete invariant. This invariant is a multiset of intervals that de-
note the lifetimes of the topological entities within the filtration.
In many applications of topology, we need to study a multifiltra-
tion: a family of spaces parameterized along multiple geometric
dimensions. In this paper, we show that no similar complete dis-
crete invariant exists for multidimensional persistence. Instead, we
propose the rank invariant, a discrete invariant for the robust es-
timation of Betti numbers in a multifiltration, and prove its com-
pleteness in one dimension.

Categories and Subject Descriptors: F.2.2 [Analysis of Algo-
rithms and Problem Complexity]: Nonnumerical Algorithms and
Problems—Computations on discrete structures

General Terms: Algorithms, Theory

Keywords: computational topology, multidimensional analysis, per-
sistent homology

1. INTRODUCTION
In this paper, we introduce the theory of multidimensional persis-
tence, the extension of the concept of persistent homology [7, 17].
Persistence captures the topology of a filtration, a one-parameter
increasing family of spaces. Filtrations arise naturally from many
processes, such as multiscale analyses of noisy datasets. Given a
filtration, persistent homology provides a small description in terms
of a multiset of intervals we call the barcode. The intervals corre-
spond to the lifetimes of the topological attributes. Since features
have long lives, while noise is short-lived, a quick examination
of the intervals enables a robust estimation of the topology of a
∗Research by the first author partially supported by NSF under grant DMS-
0354543, by the second author partially supported by DARPA under grant
HR0011-06-1-0038, and by both authors partially supported by DARPA
under grants 32905.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
SCG’07, June 6–8, 2007, Gyeongju, South Korea.
Copyright 2007 ACM 978-1-59593-705-6/07/0006 ...$5.00.

Curvature κ

R
ad

iu
s 
ε

Fixed κ0

Fixed ε0

Figure 1. A bifiltration, parameterized along curvature κ and radius
ε. We can only apply persistent homology to a filtration, so we must
either fix ε or κ.

dataset. This is the key reason for the current popularity of persis-
tent homology for solving problems in diverse disciplines, such as
shape description [4], denoising volumetric density data [13], de-
tecting holes in sensor networks [6], and analyzing the structure of
natural images [5].
We often encounter richer structures that are parameterized along

multiple geometric dimensions. These structures may be modeled
by multifiltrations, as the bifiltration shown in Figure 1. In pre-
vious work, we provided the theoretical foundations for persistent
homology, obtaining a simple classification over fields in terms of
the barcode [17]. Significantly, we showed that the barcode was
complete, capturing all the topological information within a filtra-
tion. In this paper, we show that a similar result is unattainable
for multidimensional persistence: there exists no small complete
description, like the barcode, in higher dimensions. Given this neg-
ative theoretical result, we still desire a discriminating invariant that
enables detection of persistent features in a multifiltration. To this
end, we propose the rank invariant. In one dimension, this invari-
ant is equivalent to the barcode and consequently complete. Unlike
the barcode, however, the rank invariant extends to higher dimen-
sions, where it still captures persistent features, making it useful for
practical applications.

1.1 Motivation
Filtrations arise naturally whenever we attempt to study the topo-
logical invariants of a space computationally. Often, our knowledge
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ABSTRACT
Persistent homology captures the topology of a filtration – a one-
parameter family of increasing spaces – in terms of a complete dis-
crete invariant. This invariant is a multiset of intervals that de-
note the lifetimes of the topological entities within the filtration.
In many applications of topology, we need to study a multifiltra-
tion: a family of spaces parameterized along multiple geometric
dimensions. In this paper, we show that no similar complete dis-
crete invariant exists for multidimensional persistence. Instead, we
propose the rank invariant, a discrete invariant for the robust es-
timation of Betti numbers in a multifiltration, and prove its com-
pleteness in one dimension.
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1. INTRODUCTION
In this paper, we introduce the theory of multidimensional persis-
tence, the extension of the concept of persistent homology [7, 17].
Persistence captures the topology of a filtration, a one-parameter
increasing family of spaces. Filtrations arise naturally from many
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Figure 1. A bifiltration, parameterized along curvature κ and radius
ε. We can only apply persistent homology to a filtration, so we must
either fix ε or κ.

dataset. This is the key reason for the current popularity of persis-
tent homology for solving problems in diverse disciplines, such as
shape description [4], denoising volumetric density data [13], de-
tecting holes in sensor networks [6], and analyzing the structure of
natural images [5].
We often encounter richer structures that are parameterized along

multiple geometric dimensions. These structures may be modeled
by multifiltrations, as the bifiltration shown in Figure 1. In pre-
vious work, we provided the theoretical foundations for persistent
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the barcode [17]. Significantly, we showed that the barcode was
complete, capturing all the topological information within a filtra-
tion. In this paper, we show that a similar result is unattainable
for multidimensional persistence: there exists no small complete
description, like the barcode, in higher dimensions. Given this neg-
ative theoretical result, we still desire a discriminating invariant that
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Bi-filtrazione

Serie temporale, (t, ε).
Point cloud che cresce nel tempo.

Densitá/Distanza, (N, ε).

Densitá ∼ distanza dal k−esimo vicino.
Aggiungiamo i top N% punti con densitá piú alta.

(P1,P2) é un lato ⇐⇒ ci sono almeno N punti
nell’intersezione delle sfere di raggio ε.

Due metriche, (ε1, ε2).
(P1,P2) é un lato ⇐⇒ d1(P1,P2) ≤ ε1 e d2(P1,P2) ≤ ε2.
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Omologia Multipersistente

Una multi-filtrazione é un funtore

M : Nr −→ SC

v → M(v)

v ≤ w → M(v) ⊆ M(w)

L’omologia multipersistente di M é il funtore

Hn ◦M : Nr −→ Vectk

v → Hn(M(v))

v ≤ w → Hn(M(v))→ Hn(M(w))
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Numeri di Betti di point clouds

Esempi di Betti numbers di H0(M)

U insieme di punti in R2.

Due vertici P1 = (x1, y1), P2 = (x2, y2) sono connessi da un lato
in M(ε1, ε2) ⇐⇒ |x1 − x2| < ε1 e |y1 − y2| < ε2.

U (B, d1)

(C , d2)

f

g

P1 ∼ P2 ⇐⇒ d1(f (P1), f (P2)) ≤ ε1 e d2(g(P1), g(P2)) ≤ ε2.
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Rank Invariant

Definition

Il rank invariant di un modulo di multipersistenza é la funzione

R : Nr × Nr −→ N
(v ,w) → rankkHn(M(v ≤ w))

Nel caso in cui tutti i morfismi sono epi, R(v ,w) = dimkHn(M(v))
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Rank Invariant

Stesso rank invariant ma Betti diagrams diversi.
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Presentazione

Presentazione dei moduli di Omologia Multipersistente

Il modulo Hn =
⊕

v∈Nr Hn(M(v)) é n-esima omologia di:

CM : 0→ Cd → . . .→ Cn
∂n→ . . .→ C0 → 0

Cn =
⊕

v∈Nr Cn(M(v)) e ∂n =
⊕

v∈Nr ∂n(v)

Osservazione

Il chain complex CM é doppiamente graduato.
Fissato n ∈ N abbiamo le n catene della multifiltrazione.
Fissato v ∈ Nr abbiamo CM(v) chain complex simpliciale di M(v),
quindi CM =

⊕
v CM(v).
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Moduli delle catene

I moduli delle catene Cn =
⊕

v∈Nr Cn(M(v)) hanno una struttura
speciale.

Proposizione

Per ogni n ∈ N, il modulo Cn é isomorfo a una somma diretta di
ideali monomiali.

Proof. Consider the short exact sequence of R-modules

0 ! Bn(C)
l! Zn(C) ! Hn(C) ! 0 (3.10)

and resolutions (M(In+1), @M(In+1)) of Bn(C) and (Pn,'n) of Zn(C).
Repeating the mapping cone argument, l induces a chain map L : M(In+1) !

Pn. The mapping cone M(L) is the desired free resolution for Hn(C).

3.2 Example

We will now write the chain complex C and the combinatorial resolution for
the example considered in [5].

(0,0) (1,0) (2,0) (3,0)

(0,1) (1,1) (2,1) (3,1)

(0,2) (1,2)   (2,2) (3,2)

In this example:

C0 '< 1 > � < xy, x3, y2 > � < y, x2 >,

C1 '< x2 > � < y2, x2y > � < xy2, x3 >,

C2 '< x3y2 > .

The free resolution for H0(C) is

0 ! R(�3,�1) � R(�1,�2)2 � R(�2,�1)2 � R(�3, 0) � R(0,�2) � R(�2, 0) !
! R(�3, 0) � R(0,�2) � R(�1,�1) � R(�2, 0) � R(0,�1) � R(0, 0) ! 0.

The free resolution for H1(C) is

0 ! R(�3,�2)2 ! R(�2,�2) � R(�3,�1) ! 0.

Remark 3.10. The presentation matrix �1 shows how cycles are identi-
fied and when they become boundaries so it can be used to detect persistent
features in the sequence of simplicial complexes.

10

C0 '< 1 > ⊕ < x21 , x2 > ⊕ < x22 , x1x2, x
3
1 > C1 '< x22 , x

2
1 x2 > ⊕ < x21 > ⊕ < x1x

2
2 , x

3
1 >

C2 '< x31 x
2
2 >
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Funtori F : Nr → Sets

Categoria dei funtori Fun(Nr , Sets)

F : Nr → Sets é indecomponibile ⇐⇒ colimF = {∗}.

Se F (v ≤ w) é iniettiva ∀v ≤ w , F é idecomponibile ⇐⇒ é
un funtore a scala.

Ogni funtore in Fun(Nr ,Sets) con F (v ≤ w) iniettiva ∀v ≤ w
puó essere decomposto in modo unico come unione di funtori
a scala. Se il funtore é compatto la decomposizione é finita.
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Funtori F : Nr → Sets

Componendo un funtore F : Nr → Sets con il funtore linear span
K : Sets → Vectk otteniamo un funtore K ◦ F : Nr → Vectk .

Osservazione

Non tutti i funtori in Fun(Nr ,Vectk) sono di questa forma.

k k2 k2

0 k k2

0 0 k

Martina Scolamiero Numeri di Betti Multi-graduati e applicazioni alla TDA



Funtori F : Nr → Sets

Proposizione

Se S : Nr → Set é un funtore a scala, allora K ◦ S : Nr → Vectk é
un ideale monomiale.

Corollario

Se F : Nr → Vectk é t.c F (v ≤ w) sono monomorfismi e
F ' K ◦ G per G : Nr → Sets , F puó essere decomposto come
somma diretta di ideali monomiali.

Cn(v ≤ w) sono monomorfismi ∀v ≤ w .

Cn : Nr → Vectk fattorizza attraverso Fun(Nr ,Sets).
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un ideale monomiale.

Corollario
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Cicli e Bordi

I moduli dei cicli Zn =
⊕

v Zn(M(v))

e dei bordi Bn =
⊕

v Bn(M(v)) non ammettono questa
decomposizione.

k k2 k2

0 k k2

0 0 k

Martina Scolamiero Numeri di Betti Multi-graduati e applicazioni alla TDA



Cicli e Bordi

I moduli dei cicli Zn =
⊕

v Zn(M(v))

e dei bordi Bn =
⊕

v Bn(M(v)) non ammettono questa
decomposizione.

k k2 k2

0 k k2

0 0 k

Martina Scolamiero Numeri di Betti Multi-graduati e applicazioni alla TDA



Presentazione

Rn+1

��

Rn

��

Rn−1

��
Gn+1

��

// Gn

��

// Gn−1

��
Cn+1

��

∂n+1 // Cn

��

∂n // Cn−1

��
Dn+1

// Dn
// Dn−1

Teorema

L’ n-esimo modulo di omologia multipersistente é l’ H1 di

Rn ⊕ Gn+1 → Gn → Dn−1
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Prospettive future

Metrica su i diagrammi di Betti. Quantificare la differenza tra
diagrammi. Verificare che il processo sia continuo.

Scrivere Hn come co-nucleo di una matrice.
(presentazione di Zn).

Invarianti discreti di funtori in Fun(Nr ,Vectk) che fattorizzano
attraverso Fun(Nr , Sets).
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