ON THE CORANK OF GAUSSIAN MAPS
FOR GENERAL EMBEDDED K3 SURFACES

Ciro Ciliberto*, Angelo Felice Lopez* and Rick Miranda**

ABSTRACT: Let S, be a general prime K3 surface in IPY of genus g > 3 or a
general double cover of IP? ramified along a sextic curve for g = 2 and S; 4 its i
th Veronese embedding. In this article we compute the corank of the Gaussian
map o, (1) : N* HO(Si 4,05, , (1)) = HO(S; 4, Q% (2)) for i > 2,9 > 2
and i = 1,¢g > 17. The main idea is to reduce the surjectivity of Do, () to
an application of the Kawamata-Viehweg vanishing theorem on the bylow—up
of §;.4 X S; 4 along the diagonal. This is seen to apply once the hyperplane
divisor of the K3 surface S; , can be decomposed as a sum of three suitable
birationally ample divisors. We show that such a decomposition exists when
1 > 3 or on some K3 surfaces, constructed using the surjectivity of the period
mapping, when i =1,g > 1Tori=2,9 > 7.

1. INTRODUCTION

Let H be the disjoint union of the Hilbert schemes of smooth K3 surfaces in P9, for all
g > 3. It follows by the transcendental theory that H has some main components H, whose
general element is a genus g K3 surface S, C IPY of degree 2g—2 with Picard group generated
by its hyperplane class (the so called prime K3 surfaces), while all the other components
H;,q for ¢ > 2 are obtained by re-embedding prime K3 surfaces via the i-th Veronese map.

In this paper we will compute the corank of the Gaussian map
Dos, (1) N2 H(Sig Os, , (1)) = HO(Si, 05, (2))

on a general embedded K3 surface, that is a K3 surface ;4 representing a general point

of H; 4 (where we set Hy,4 = Hy, 51,y = Sy and Ho is the family of genus 2 K3 surfaces,
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that is double covers of IP? ramified along a sextic curve). This is of course equivalent to
computing the corank of the Gaussian map ®o, () N> HO(S,, Os, (1)) — H°(S,, Qg (29)) .
The main technique that we will use to study this map was suggested to us by L. Ein
and it consists, as we will see in section 2, in the fact that its surjectivity follows by the
Kawamata-Viehweg vanishing theorem once the hyperplane divisor of the K3 surface S; g4
can be decomposed as a sum of three suitable birationally ample divisors (Lemmas (2.1) and
(2.2)). Therefore this approach is particularly effective, and in fact it gives sharp results,
when such a decomposition exists, that is on some surfaces representing points in H, for high
enough genus or in H; 4,7 > 2 where the hyperplane divisor is divisible. The existence of
K3 surfaces whose i-th Veronese embedding has hyperplane divisor decomposable as above

will then be treated in section 3, mainly using the surjectivity of the period mapping.

Our result is as follows:

Theorem (1.1). Fori > 1 and g > 2 let H; 4 be the component of the Hilbert scheme
of K3 surfaces whose general element S; 4 is the i-th Veronese embedding of a prime genus

g K3 surface. Then the corank of Do, , is given by the following table:

1 g corank q)Osi,g(l)
1 > 17 0
2 2 3
2 >3 0
3 2 8
3 >3 0
>4 > 2 0

Moreover for all i, g in the above table (withi > 5 if g = 2), the Gaussian maps (IDOSZ_ ,(1).0s, (k)

are surjective for all k > 2.

Remark that it remains to compute the corank for i = 1, g < 16; on the other hand the

above result for ¢ = 1, g > 17 allows a generalization of a theorem of [CLM] (see below).

As is well-known now Gaussian maps give a new interesting approach in the study of

algebraic varieties (see for example [W1], [W3], [CLM], [Z]). In particular, in the above case,
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the knowledge of the corank of (I)Osi,g(l) gives, upon restricting to a smooth hyperplane
section C; 4 of S; 4, the possibility of computing the corank of the Gaussian map (or Wahl
map)

Do, N H(Cig,we,,) = HO(Ci g, ).

The latter is a particularly interesting invariant as it encodes information both on the com-
ponent H; 4 of the Hilbert scheme (since it gives the dimension of the tangent space at points
representing cones over C; ;) and on the possibility of extending C; 4 as a curve section of
higher dimensional varieties (via Zak’s theorem [Z], [BEL]). The main application that we
have in mind is to use the knowledge of corank Do, , tO classify Fano threefolds of index
greater than one, in the same vein as [CLM] where we carried out this project for prime
Fano threefolds. The calculation of corank q)wci’g (that gives an extension, for g > 17, of
Theorem 4.1 of [CLM]) and the study of its consequences on Fano threefolds of index greater

than one will appear in a forthcoming paper.

2. EIN’S APPROACH TO THE SURJECTIVITY OF GAUSSIAN MAPS

Let S be a smooth embedded K3 surface, Og(1) its hyperplane bundle. In this section
we will give some sufficient conditions for the surjectivity of the Gaussian map ®p (1) :
N> HO(S,05(1)) — HO(S,QL(2)), which is defined by Ppg1)(0 AT) = odr — 7do (on any
open subset where Og(1) is trivial).

The main idea, that was suggested to us by L. Ein, is to blow up S x .S along its diagonal
A and then use the Kawamata-Viehweg vanishing theorem. To this end let us recall that a
line bundle A on a projective variety X is said to be nefif ¢;(A)-T' > 0 for every irreducible
curve I' C X; A is big if for some m > 0 the rational map defined by mA on X is birational.
The Kawamata-Viehweg vanishing theorem asserts that H*(X,wx ® A) = 0 for i > 0 if X
is smooth and A is big and nef.

Now let Y be the blow-up of S x S along its diagonal A, E the exceptional divisor and
for every sheaf F on S let us denote by F;,i = 1, 2, its pull-back via the map Y — 5 x S8
where p; is the th projection. Then we have

Lemma (2.1). Suppose there are line bundles Ay, A3, A3 on S such that
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(i) Os(1) =2 A] ® Ay ® As;
(ii) é [Aj1 ® Ajo(—FE)] is big and nef on Y.
Then @é:(ll) is surjective.
Proof: Let Za be the ideal sheaf of A C S x S, L = Og(1) and consider the exact sequence

T
0= piLop;L©Tx —>p’{L®p§L®IA—>p’fL®p’2‘L®I—§—>O.
A

It is a standard fact that the isomorphism H(A,pjL ® p3L ® 28) = HO(S,Q%(2)) gives
A

T
Coker®y, = Coker{H°(S x S,p;L ® p5L @ Ip) — H°(A, piL @ p3L ® I_§>}
A

hence the surjectivity of @, is implied by the vanishing of H'(S x S,piL ® p5L ® Z3) =
HY(Y,L; ® La(—2E)). On the other hand, since wy = Oy (E), we have L; ® Ly(—2F) =
wy ® é [Aj1 ® Aj2(—F)] and the required vanishing follows by (ii) from the Kawamata-
Viehwje:{lvanishing theorem. m

As we will see below if we have three very ample line bundles as in (i) of Lemma (2.1)
then (ii) is automatically satisfied. If at least one line bundle is very ample it is still possible
that (ii) holds. Some sufficient conditions that are enough for our purposes are stated in the
following lemma.

Let A be a line bundle on a K3 surface S with A2 > 2, having no base points. Recall that
we have the following three cases (see [SD], [Ma]) : if A2 > 4, A # 2B with B? = 2 and the
associated morphism ¢4 is birational, then in fact it is an embedding or an isomorphism off
some irreducible curves Z such that Z? = —2, Z-A = 0; if A? = 2 then ¢4 is a 2:1 morphism
onto IP? and is finite if there are no irreducible curves Z such that Z2? = -2, 7 - A = 0; if
A = 2B with B? = 2, then ¢4 is a 2:1 morphism onto the Veronese surface in /P°. In these
three cases we have

Lemma (2.2). Let Ay, As, A3 be three base point free line bundles on S with AJ2. >
2,5 =1,2,3 and such that A; is very ample and Ay, As define either isomorphisms off one
(possibly empty) curve Zsy, Zs respectively or 2:1 finite morphisms onto IP? or onto the
Veronese surface in IP°. Suppose that either

(i) Ay and As are very ample or



(ii) (A1 + A2 + As) - Z; > 3 whenever there is a Z; and

(iii) (Ay + Az + A3z) - Aj > 9 whenever A3 = 2 or (A; + Ay + A3) - B; > 9 whenever
A;=2B;,B2=2.

Then é [Aj1 ® Ajo(—E)] is big and nef on Y.
Proof: 1t fi;;s very ample the linear system |A;; ® Aj2(—FE)| on Y has a sublinear system
defining the morphism Y — G (1, PH°(4;)*) associating to (x,y) € Y the linear span
of ¢p4,(x) and ¢4, (y) (note that this still makes sense if (z,y) € E since we can think of
(z,y) as a pair with x € S, y € IPTs,,). Therefore Aj; ® Aj2(—F) is nef and also big since
the image of S in IPH(A;)* is not ruled. If As and/or Aj is not very ample certainly
the line bundle é [Aj1 ® Ajo(—FE)] is big since A3 ® Aj2(—F) is already big; moreover

Jj=1
it can fail to be nef only on a curve contained in the indeterminacy locus of the maps

Y — G(1,IPH°(A))*),j = 2,3, that is a curve Z C {(z,y) € Y : ¢, () = da,(y)}. If A;
is an isomorphism off one curve Z; then Z; = IP', Z C Z; x Z; (which we have identified

with its blow-up in Y'), and we have

®w

[Aj1®Ajo(—E)|z,x2z, = Oprxpr (A1 + A2+ A3)-Z;, (A1 + A+ A3)- Z;) (—=3Api1xpr) =
j=1

=O0pixpr (A1 +A2+A3) - Z; =3, (A1 + Ay + A3) - Z; — 3)
is nef on any curve Z C Z; x Z; 2 IP' x IP! by (ii). Suppose now that A; gives a 2:1 finite

morphism onto IP?. If Z ¢ E, letting i : S x S — S x S be the involution i(x,y) = (y,z) we
_ . 3
can assume that the image Z of Z in S x S is such that i(Z) = Z, because Q) [Aj1 Q@A 2(—FE)]
j=1

is invariant under i. Then the first (or second) projection Z’ of Z in S is ¢%,(Z1) for some

curve Z; C IP?2. If N is a line in IP? and Z; ~ mN we have

[Ajn @ Ajo(—FE)]- Z =2(A1+ Ay + A3) - Z' —3E - Z =

®oo

j=1
and we will be done by (iii) if we show that E - Z = 6m. To this end let B be the

ramification divisor of ¢4;; then B is a smooth plane sextic and £ - Z = mB - N = 6m

provided that the intersection of E and Z is transverse. On the other hand there is a one
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to one correspondence between F N Z and A N Z, and transversality can then be checked
on S x S. For our purpose it is of course enough to show that A and the pull-back of N
on S x S intersect transversally. The latter being a local computation, we can assume that
locally the double plane S is given by 22 = z and N is y = 0; then on S x S with coordinates
y, 2,1y, 2" the pull-back of N is defined by the equations 2’ = —z,y = ¢y’ = 0, hence it is
transversal to the diagonal A of Sx S. If Z C E, since Z C {(z,y) €Y : ¢a,(x) = d4,(y)},

then it must be the strict transform of the ramification divisor B on S of ¢ A;, hence we have
that Z - £ = —c1(Oprs(1)) - Z = —deg Tz = 18 and therefore é[Ajl ® Ajs(—EB)|-Z =
6(A1 + As+ A3) - Aj —3E - Z > 0 by (iii). If A; = 2B; with B]Zj;lQ then ¢4, = v2 0 ¢p,,
where vy is the Veronese map, and we have Z C {(z,y) € Y : ¢4, (x) = ¢4, (y)} = {(z,y) €
Y : ¢p,(x) = ép,;(y)} hence on S, Z' = ¢} (Z1) = ¢}, (Z2) where Z; is a curve on the
Veronese surface in IP? and Zy = v3(Z1) C IP?. Now setting Z5 ~ mN a computation as

above shows that

3
®[Aj1 & Ajg(—E)] . Z = 2(A1 + A2 + Ag) . Z/ - 3E . Z = 2m(A1 + AQ + Ag) . Bj - 18m

j=1
and we are done by (iii) (similarly when Z C E). =

We will now start the proof of Theorem (1.1). This will be done in two main steps:
First we will compute the corank of @Osm(l) for low values of g or high values of ¢ and then
(in section 3, for i = 1,9 > 17 or i = 2,9 > 7) we will construct K3 surfaces in H, whose
i-th Veronese embedding has the hyperplane bundle decomposable as in Lemma (2.1), and
hence CI)Osi,g(l) surjective.
Proof of Theorem (1.1): First of all, by the semicontinuity of the corank of Gaussian maps,
in order to prove that the general surface in an irreducible family has a surjective Gaussian
map, we only need to exhibit a single surface which has a surjective Gaussian map. For
i > 3 and g > 3 on any smooth K3 surface representing a point in H; , there is an obvious
decomposition of the hyperplane bundle as a tensor product of three very ample line bundles,
hence satisfying (ii) of Lemma (2.1) by Lemma (2.2), and therefore giving the required
surjectivity by Lemma (2.1). For g = 2 the values of corank Do, ,(1) follow by a result of
J. Duflot [D, Proposition 4.7]. Alternatively, for ¢ = 2,7 > 5 the surjectivity can also be
proved using Lemmas (2.1) and (2.2) as follows. We have iH = 3H + H + (i —4)H and the
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conditions of Lemma (2.2) are satisfied with A; = 3H, Ay = H, A3 = (i —4)H: In fact 3H
is very ample and (i — 4)H is very ample for ¢ > 7 while it defines a 2:1 finite morphism
for i = 5,6 and we have (A; + Ay + A3)-H =21 >10. Fori=1,g > 17Tori=2,9g>7
there is a K3 surface T whose i-th Veronese embedding v;(7T") has surjective Gaussian map
by Proposition (3.1) and Lemma (2.1).

Now for L = Og, (1) set R(L, L*) = Ker{H"(L)® H°(L¥) — H°(L**1)} and consider
the Gaussian map

O 10 R(L,LF) — H(S; 4,05, © LF*)

defined as usual by @, 1x(0 ® T7) = odr — 7do. We recall that for k¥ = 1 we have Im ®r, 1 =
Im &, where @1, : A\> H(S; ,, L) — H(S;4,Q%,  ®L?). With the same notation as in

Lemma (2.1) we have
Coker®y 1 C H (S x S,pjL@psLF @ IR) 2 H' (Y,wy ® L ® L5(—3E)) =0

by the Kawamata-Viehweg vanishing theorem for ¢ =1 and ¢ > 17,¢ =2 and ¢ > 7,7 > 3
and g > 3,9 =2 and ¢ > 5. In fact as we have seen above in all these cases a decomposition

3
as in (i) and (ii) of Lemma (2.1) holds for L so that L1 ® Lo(—3E) = @ [A4;1 @ Aj2(—FE)]

7j=1
is big and nef on Y, and therefore so is L; ® LE(—3FE).

It remains to prove the surjectivity of ®p ;» for k¥ > 1,4 = 2,9 = 3,4,5,6. Since
Sa,g = v2(Sy), where vy is the second Veronese embedding, we clearly have corank®;, p» =
corank@osg@)’@sg (2k)- When g < 5 the K3 surface S, is a complete intersection and the
corank of the Gaussian map ‘I)Osg(2),osg(2k) can be computed by results of Wahl and S.

Kumar as follows. We have a diagram

PO g (2),0pg (2k)
gl

R(Ops(2), Opa (2K)) HO(P9, Qb (2K + 2))

1 &g
(2.3) 17y HO(Sy, Qpy (2k +2))5,)
Doy (2),05 (2k) - ¢9
R(0s,(2),0s,(2k) =" HO(S,, %, (2k +2))

and ®o ., (2),0p (2k) 1 surjective by [W1, Theorem 6.4] and [K, Theorem 2.5]. Since S, C
IP9 is a complete intersection surface of type (4) for g = 3, type (2,3) for ¢ = 4 and
type (2,2,2) for g = 5, we have that Ngg/Pg(Qk +2) = Os,(2k — 2),0g,(2k) ® Og,(2k —
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1), Os, (2k)®3 respectively and its H' vanishes (in fact H'(Og,(a)) = 0 for every integer
a); therefore v, is surjective since Cokery, C Hl(Ngg/lpg@k; +2)) = 0. Now Coker¢g, =
H' (Qp, ® Is, s (2k +2)) since H' (Qp, (2k +2)) = 0 by Bott vanishing. For g = 4,5 and

the Koszul resolution of the ideal sheaf Zg ,ps we have
0= Qppa(2k — 3) = Qpa(2k) B Qpa(2k — 1) = Qpa @ Ig, ypa (2k +2) — 0
and
0 — Qs (2k — 4) = Qs (2k — 2)F° = Qs (26) % — Qs @ T, /s (26 +2) — 0

and by Bott vanishing we see that H'(QL, ® Zs,/ps(2k +2)) = 0, hence ¢, is surjective
and so is @OSQ(Q),OSQ(%), by diagram (2.3).

For g = 3 we have that corank ¢3 = h'(Qps(2k —2)) = 0 unless k = 1. In the latter case we
get corank ¢3 = 1 and dimKers = h°(Og,) = 1; hence to see the surjectivity of Pog, 2)
it is enough to show that Keriys € Im@s because then 3 o ¢3 is surjective. Now consider

the diagram

0 —>H0(Q}PS(4)) — HY%(Ops(1)) ® H(Ops(3)) — H°(Ops(4)) — 0
Loy = la

0 —>H0(Q}P3|SS(4)) —  H%0s,(1)) ® H*(0s,(3)) — HY%0s,(4)) — 0
and let & : H%(Zg,/p3(4)) = Keraw — Cokergs be the isomorphism induced by the
snake lemma. Since ¢ is surjective and Kerys = H°(Ng, ps(4)) = H?(Zs,/ps(4)), to
show that Keriys  Imes is enough to see that 44 is the composition HO(]\fé'iS/lP3 4)) —

HO(Q!

5« (4)) — Cokergs. To this end observe that if ' = 0 is the equation of Ss,
P3|S;

3
we have F' = 1 OF .. hence by the snake lemma applied to the above diagram, 48 (F) =
4 ox;

i=0
3 3
Yor® % +Ima@s (where we see > x;® % as an element of the kernel of the multiplication

1=0 =0
map u: H%(Og,(1)) ® H°(Os,(3)) — H°(Os,(4)), hence as an element of HO(Q}P3|SS(4))).

3
On the other hand the map HO(N§3/IP3(4)) — HO(Q}P3|53 (4)) takes F to dF = ) %dzi
i=0

3
which viewed as an element of the kernel of y is in fact Y z; ® %.
i=0 i
Finally to see the surjectivity of P0os, (2),05, (2k) We will use the fact that Sg is a complete

intersection in a Grassmannian. We have G = G(1,4) C IP? in the Pliicker embedding and
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Se =GN Hy N Hy N H3NQ where H; is a hyperplane and () is a quadric hypersurface. In

the diagram

Do (2),0¢(2k) 0 1
R(Og(2), O (2k)) 2.9 HO(G, Q4 (2k + 2))
1 b6
\L7T6 H0(567Q(1G<2k+2)|56)
1 Y

Pog,(2),05,(2k)

R(Os,(2), Os, (2K)) HO(S6, 2, (2k + 2))

we have that ®o_(2),0.(2k) 18 surjective by [W1, Theorem 6.4] and [K, Theorem 2.5], 9 is
surjective because Cokeriyg C Hl(Ngs/G(Qk +2)) = HY(Og,(2k + 1)® @ Og,(2k)) = 0.
Therefore the surjectivity of ®p 56 (2),054 (2Kk) will follow by the above diagram as soon as we
show that ¢g is surjective. To this end note that Cokergg C HI(Q%G ® Lsy/c(2k +2)) = 0:

by the Koszul resolution of the ideal sheaf Zg, ¢ we have an exact sequence
0= Qn(2k—3) = Qp(2k —2)P © Qp(2k — 1) = Qi (2k)° @ Qi (26 — 1)%° —

— Q6 2k +1)% @ Qp (2k) = Qp © Ts, 62k +2) = 0

and the vanishing follows by the
Claim (2.4). Hp(Qé(q)) =0forp>2,¢g>—1andforp=1,q>1.
Proof of Claim (2.4): This is just Bott vanishing for the Grassmannian. Alternatively from

the normal bundle sequence
0 — NG (@) = Qps (@) g — Q@) = 0

we see that the Claim is implied by

(2.5) HP(Q}Pg(q)@) =0forp>2,g>—-3andforp=1,¢q>1
and
(2.6) HP (N (g)) =0 for p>0,q > —1.

To see (2.5) consider the Euler sequence

0— Q}pg(q)|G — H°(Og(1)) ® Og (g — 1) = Og(g) — 0.
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We have H? (O (q — 1)) = HP(wg(4+¢q)) = 0 for p > 1,q > —3 by Kodaira vanishing
and H? (O (q)) = H? (wg(5+4¢)) = 0 for p > 2,q > —4 again by Kodaira vanishing,
therefore (2.5) holds for p > 2,¢ > —3 and also for p = 1,¢ > 1 since by what we just proved

we have
H°(Og(1)) ® H°(Og(q — 1)) = H(Og(9) = H' (Qps(a),g) — 0

and the above multiplication map is surjective.

Now to prove (2.6) we use Griffiths vanishing theorem ([G]). In the Pliicker embedding the
ideal of the Grassmannian G is generated by quadrics, hence N@(?) is globally generated
and det(N@@)) = det(Né)(G) = w@l(—él) = Og(1). Therefore setting E = N@(Z) we can

write

N (q) = E®detE ® Og(g+2) ®wg

with p > 0,¢+ 2 > 0 and (2.6) follows by Griffiths vanishing theorem. m (for Claim (2.4))
This then concludes the proof of Theorem (1.1). m

(2.7) Remark. Note that in the proof of Theorem (1.1) for ¢ = 2 and 3 < g < 4 or
for i > 3 and g > 3 we did not use the fact that S; ; represents a general point of H; .
Hence for such values of ¢ and g the corank of CI)Osi’g(l) and of (I)Osi,g(l),osi,g(k) is as in
Theorem (1.1) for any smooth S; ;. Similarly in the case g = 2 we only use the fact that
the ramification locus is smooth (as in [D, Proposition 4.7]) hence the computation of the

corank of ®p L (1) holds just with this hypothesis.

3. CONSTRUCTION OF K3 SURFACES WITH SURJECTIVE GAUSSIAN
MAP

In this section we will construct with the aid of the surjectivity of the period mapping,
K3 surfaces with very ample line bundles whose multiples decompose as in (ii) of Lemma
(2.1). We have

Proposition (3.1). For every i,g such that i = 1,9 > 17 or i = 2,9 > 7 there
exists a K3 surface T' representing a point in H4 such that v;(T") has the hyperplane bundle

decomposable as in Lemma (2.1).
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The proof of Proposition (3.1) will be in two parts. We will first construct the needed
K3 surfaces using the surjectivity of the period map and then we will show how to decompose
tHyi=1,2.

Let us recall that a cohomology class h € H2(X,R) on a compact Kihler manifold X is
a Kahler class if it can be represented by a Ké&hler form, that is by a (1,1)-form associated
to a Kéahler metric. In particular if h is a Kéhler class and y is the class of any closed curve
on X we have h -y > 0 [BPV, Lemma 1.13.1].

Proposition (3.2). There exist smooth K3 surfaces Tjp with Picard lattices I ji, as

follows:

. . . . . 'D2 D.L 2h k
(i) Ujky, = ZD@ZL with intersection matrix (L D I2 ) - ( k Qj)
forj:1727k2j+4gh:27Orj:—l,k:1727h25_2kOrj:]‘7k:57h:3;

(ii) Tjpn = ZDSZLSZR with intersection matrix

D? D-L D-R 2h  k 2
L-D L[> L-R|=|k 4-2
R-D R-L R? 2 j -2

forj=0,k=1,2h>5—2kand j=1,k=4,h=1.

Moreover all the D’s are Kéhler (hence ample) classes on Tjyp,.

Proof: Let A = H® @ Eg(—1)? be the K3 lattice where H denotes the hyperbolic plane and
FEg the root lattice, Ac = A®C, Ap = A ® R with the quadratic form extended C or
R-bilinearly and let

(K)? = {(k,[w]) E AR x PAC :w-w=0,w-w>0,k-k>0k-w=0and k-d+#0

Vd € A with d?> = —2,w - d = 0}.

We will show that there exists w € Ag such that (D, [w]) € (KQ)°. To this end let us
record the following
Claim (3.3). The lattices I, are even, nondegenerate of signature (1, kL ji, —1) and there
is no class d € I'j, such that d>=-2,D-d=0.
Proof of the Claim: Clearly all the I'j;; are even and nondegenerate since discl'j, =
det (intersection matrix) # 0 (see Table (3.4)). The assertion about the signatures follows
easily by looking at the signs of the principal minors of the intersection matrix. Now suppose

there is d € Ty, such that d* = —2,D - d = 0. In case (i), since discl'ji;, must
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divide the discriminant of any rank two sublattice, we get that 4hj — k? divides disc(D,d) =
—4h and this does not hold for the given values of j, k, h. In case (ii) set d = aD + L+ R,
then d- D =0 gives v = —ha — %B and from d? = —2 we get

2ha’ + (45 — 2)B% — 2(—ha — gﬁ)Q + 2kaf + da(—ha — gﬁ) + 2jB(—ha — gﬁ) = -2

hence
2

k
2h(h + 1)a? + 2hB(k + j)a + (jk + 5 +2-45)3*-2=0

whose discriminant in « is
2

A, = hlh(k +7)* = 2(h + 1)(jk + % +2 — 45)]8% + 4h(h + 1),
which is easily seen to be negative for 5 # 0, while for 8 = 0 it is not a square since 4h(h+1)
is not a square for h > 1. m (for Claim (3.3))

To finish the proof of Proposition (3.2) let I' = I'j. Since 7k’ < 3, by [BPV, Theorem
1.2.9], T has a primitive embedding into the K3 lattice A and by Claim (3.3) the signature
of Tt is (2,20 — rkT"). Hence there is a positive definite two dimensional space V C FI%R
such that V- NA =T. Indeed let u and v be two orthogonal vectors in Ff@ spanning such a
positive definite two dimensional space; multiplying by a real factor we can assume u? = v2,
hence if we set w1 = u +iv € Ag we have w?=0,w; -w; >0and I' C (Cw; @ Cwy)t NA.
By [EEK, proof of Theorem 5.4], wi can be perturbed, to a class w € A, in such a way
as to preserve the first two relations and achieve equality in the third. Then we can take
V = RRew ® RImw. Now let d € A be such that d> = —2,w -d = 0. Then we get that
deVt Infactif d = dy +do, di €V, do € V*, we have di = aRew + bImw and
0=w-d=w-d; = (Rew + ilmw) - (aRew + bImw) = a(Rew)? + ib(Imw)? hence a = b = 0,
that is d; = 0. Therefore d € V- N A =T and by Claim (3.3) we have D -d # 0. Since
D? > 0 we have that (D, [w]) € (KQ)° and hence, by the surjectivity of the refined period
mapping [BPV, Theorem VIII.1.4] there exists a marked K3 surface T}, with period point
[w], Picard lattice I' = I'j;;, and Kéhler class D. The latter implies that D is an ample class.
]

Proof of Proposition (3.1): On the K3 surfaces Tjx, with Picard lattices I'jp, given in
Proposition (3.2) let us define divisors H, Ay, Ay, A3 according to the following table (in
1

which we record also the genus g(H) = 5H? + 1 and the discriminants):
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Table (3.4)

il j k h rank | discljgp, H g(H) Al Ay As
1i2>ji+4] 2| 2 |8 -k | 2D+L |2+5+9/D | D L

1| 1| 5,6,7 20 2 8 —k? D +2L 2k+7 | D L L

11 1 ) 3 2 —13 D+ 2L 18 D L L
211 1 >3 2 —4h —1 2D — L 4h—2 | H D D—-L
21—-1 2 >1| 2 —4h — 4 2D + L 4h+4 | H D D+ L

21 0 1 >3 3 8h+10 (2D —-L+ R 4h +1 H D D—-L+R
21 0 2 >1| 3 8h+16 |(2D+ L+ R 4h+7 |H |D+L| D+ R
211 ) 2| 2 —17 D+ L 9 H D L

20 1 4 1 3 30 D+ L 7 H D L

Note that the first three rows of the above table are relative to the case i = 1,9 > 17,
while the remaining six to the case 1 = 2,9 > 7.

We will show that H is very ample and embeds T}z, as a K3 surface T' C IPY with the
required properties. To see this first observe that g(H) runs through all the integers g > 17
for i =1 and g > 7 for i = 2 as Table (3.4) shows. Also notice that in all cases H is a linear
combination of generators of the Picard group in which appears at least one generator with
coefficient +1, hence H is indivisible and, by the transcendental theory of K3 surfaces, T
represents a point in H,. To finish the proof we will see, with a case by case analysis, that
H is very ample and that the decomposition of iH,i = 1,2, given in Table (3.4) satisfies (ii)
of Lemma (2.1).

Before we start we record, for the reader’s convenience, the well-known theorems that
we will use.

Lemma (3.5). Let S be a smooth K3 surface and A an indivisible divisor on S with
A2 > 2. We have

(i) A is very ample if A is nef, A? > 4 and there is no irreducible curve F on S such
that either F? =0,F -A=1,20r F? = -2, F-A =0;

(ii) If A is nef it has no base points unless there exist irreducible curves F', G and an
integer a > 2 such that A ~ aF + G, F? =0,G*> = -2,F -G =1;

(iii) If A> = 2 and A has no base points then it defines a 2:1 morphism S — IP?.

13



Moreover the morphism is finite if there is no irreducible curve F' on S such that F? =
—2,F-A=0;

(iv) If A%2 > 4, A has no base points and there is no irreducible curve F on S such that
F?2 =0,F-A = 2 then A defines a birational morphism. When the latter holds the only
curves contracted by A are the curves F such that F? = -2, F - A = (.

Proof of Lemma (3.5): By Mori’s version of a theorem of Saint-Donat [Mo, Theorem 5]
it follows that under the hypotheses of case (i), if A is not very ample then there is an
irreducible curve F' on S such that A ~ 2F, hence A is divisible. Part (ii) follows again
by [Mo, Theorem 5]; (iii) is a result of Mayer [Ma, Proposition 2| and Saint-Donat ([SD]).
By a theorem of Saint-Donat ([SD]) under the hypotheses of case (iv), if A does not define
a birational morphism then there is an irreducible curve F' such that A ~ 2F hence A is
divisible. The rest follows again by [SD]. = (for Lemma (3.5))

Claim (3.6). For j = —1,k = 1,h > 3 we have that D is very ample and so is D — L unless
h = 3 and in that case D — L defines a 2:1 finite morphism onto IP?.

By Claim (3.6) we see that, for j = =1,k =1,h >3, H = A; = D+ D — L is very
ample and (ii) of Lemma (2.1) holds by Lemma (2.2) since for h > 4 A, and Ajz are very
ample and for h = 3 we have (A; + As + A3) - A3 = (4D —2L) - (D — L) = 14.

Proof of Claim (3.6): By Proposition (3.2) D is a Kéhler (hence ample) indivisible class; if
there is an irreducible curve F such that F2 = 0,F-D = 1,2 (F - D = 0 is excluded since
D is an ample class) then discI'_; 15, = —4h — 1 divides disc(F, D) = —1,—4. Hence D is
very ample by (i) of Lemma (3.5). If h > 4 we have (D — L)> =2h—4 >4 and D — L
is indivisible and nef since (D — L) - L = 3 (L is effective and irreducible because L? = —2
and D - L = 1); if there were a curve Fy such that either F2 = 0,F; - (D — L) = 1,2 or
F2=-2F (D - L) =0 then —4h — 1 would divide disc(Fy,D — L) = —1,—4,—4h + 8.
Therefore D — L is very ample by (i) of Lemma (3.5). If h = 3 we have (D — L)? = 2 and
D — L has no base points and does not contract any curve by what we saw above, hence we
can apply (iii) of Lemma (3.5). = (for Claim (3.6))

Claim (3.7). For j = —1,k = 2,h > 1 we have that D is very ample for h > 2, D defines a
2:1 finite morphism onto IP? for h = 1, D + L defines a birational morphism that contracts

only the irreducible curve L.
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By Claim (3.7) we have that, for j = -1,k =2,h > 1, H = A} = D+D+L is very ample
for h > 2 and also for h = 1 by (i) of Lemma (3.5) since in this case H? = 14 and if there
is a curve F with F2=0,F-H = 1,2 or F? = -2, F - H = 0 then disc['_; 5 ; = —8 divides
disc(F,H) = —1,—4,—28. To see (ii) of Lemma (2.1) we check again the conditions of
Lemma (2.2): (A1+As+A3)-L=2H-L =4and, forh =1, (A1+A3+A3)- Ay =2H-D = 12.
Proof of Claim (3.7): If h > 2 we have D? > 4 hence D is very ample since if there is a curve
F such that F? =0,F-D =1,2 (F - D # 0 since D is ample) then discI'_1 9 = —4h — 4
divides disc(F, D) = —1,—4. If h = 1 and there are irreducible curves F;, G and an integer
a > 2 such that D ~ aF} + G, F12 =0,G°> = —-2,F, -G =1 then discl'_1 21 = —8 divides
disc(F1,G) = —1. Therefore D has no base points and (iii) of Lemma (3.5) gives that it
defines a 2:1 morphism onto IP? which is finite since D is ample. Now notice that L? = —2
implies by Riemann-Roch that either L or —L is effective, hence L is because D is nef and
D - L = 2; also L is irreducible for if L = L; + Lo then necessarily D - Ly =D - Ly =1 (D
is Kihler) hence L; and Lo are irreducible and —2 = L? = L? + L2 + 2L, - Ly gives that
L?=13=-2L-Ly=1 (L # Lo since L is indivisible) but then discl'_; 2 = —4h — 4
divides disc(L1, L2) = 3, a contradiction. Since L is irreducible and (D + L) - L = 0 we
have that D + L is nef and base point free because it has no base points on L as it can
be seen from the exact sequence 0 — Or_,,,(D) = Or_,,,(D+ L) — O — 0 and
the fact that H'(Or_, ,, (D)) = 0 [SD, Proposition 2.6]. Also there is no curve F, with
F?=0,F-(D+L)=2else discl'_1 2, = —4h — 4 divides disc(Fy, D + L) = —4. By (iv)
of Lemma (3.5) we get that D + L defines a birational morphism and if F3 is an irreducible
contracted curve then F3-(D+ L) = F5- D+ F5-L > 0 unless F3 = L. m (for Claim (3.7))
Claim (3.8). For j =0,k = 1,h > 3 we have that D is very ample and D — L + R defines a
birational morphism that contracts only the irreducible curve R.

By Claim (3.8) we have that, for j =0,k =1,h >3, H=A; =D+ D — L+ R is very
ample and (ii) of Lemma (2.1) holds by Lemma (2.2) since (A; + A2+ A3)-R=2H-R = 4.
Proof of Claim (3.8): First notice that D is base point free, else there are irreducible curves
F, G and an integer a > 2 such that D ~ aF + G, F? =0,G? = =2, F - G = 1. But then
G # L (or D — L is divisible) hence 1 = D-L=aF - L+ G- L implies F- L =0,G-L =1
and then discl'g 1 = 8h + 10 divides disc(L, F,G) = 2. To see that D is very ample let
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F; be an irreducible curve such that F12 =0,F) - D = 2 (the case I} - D = 1 is clearly
impossible). Then F; # L and 0 < L - F; < 2. In fact the map ¢p sends both L and F;
to lines in IP(H"(Og, , ,(D))*). The possible values of disc(D, L, Fy) are 8,12 — 2h, 16 — 8h
and they are divisible by discl'o 1 = 8h + 10 only if L - F} = 1,h = 6. Remark that in
this case ¢p is a finite morphism of 7j 16 onto a rational normal scroll V' of degree 6 in
IP" = IP(H°(Og, , 4(D))*), and ¢p(L) is a line directrix of V. One moment of reflection
then shows that D = 5F} + L+ M, where M is a rational curve such that ¢p(M) = ¢p(L).
Sincel=L-D=3+L-M wehave L =M and D = 5F; +2L. But then 2 =D -R =
5F; - R+ 2L - R = 5F; - R, a contradiction. Hence the very ampleness of D follows by (i)
of Lemma (3.5). Note that D very ample implies that D — L is nef. Indeed the general
curve in |D — L| is irreducible by Bertini’s theorem because |D — L| has no base points
and is connected since H*(Or_, , (D — L)) = 0 by [SD, Proposition 2.6]. Now notice that
R is irreducible for if R = R; + Ry then 2 = D - R implies D - Ry = D - Ry, = 1 and
Ri, Ry are irreducible; from R? = —2 we get that R? = R% = —2, Ry - R, = 1 but then
discl'o 1, = 8h + 10 divides disc(D, Ry, R2) = 6h + 6, which is impossible. Now D — L
nef implies that also D — L + R is nef since (D — L+ R)- R = 0. Actually |D — L + R|
has no base points. This follows since |D — L| has no base points and the exact sequence
0—Op,,,(D-L)—=Or_,,,(D-—L+R)— Or = 0and H'(Or_,,,(D—-L)) =0
show that there are no base points on R either. Now (D — L + R)? = 2h —2 > 4 and
suppose F, is an irreducible curve such that either F = —2 F, - (D — L+ R) = 0 or
F?=0,F-(D— L+ R)=2. We will show that this is possible only when F;, = R, hence
(iv) of Lemma (3.5) will give that D — L+ R defines a birational morphism contracting only
R. If F5, # R in the first case we have 0 = F5 - (D — L+ R) = F5 - (D — L) + F5 - R hence
Fy-(D—L) =F;-R =0 but then discl'g 1, = 8h + 10 divides disc(D — L, R, F5) = 8h — 8.
In the second case we have 2 = Fy- (D — L)+ F» - R hence Fy - (D — L) =0,2,F,- R=2,0
(F» is an elliptic curve hence we cannot have Fy- (D — L) = 1) but then discl'g 1 5, = 8h+ 10
divides disc(D — L, R, F5) = —8h + 16, 8, both impossible. m (for Claim (3.8))

Claim (3.9). For j =0,k = 2,h > 1 we have that H = 2D + L + R is very ample and D + L
(respectively D+ R) defines a birational morphism that contracts only the irreducible curve

L (respectively R).
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By Claim (3.9) we see that, for j =0,k =2,h > 1, H is very ample and (ii) of Lemma
(2.1) holds by Lemma (2.2) since (A1 + As + A3) - L= (A1 + A+ A3) - R=2H - L =4.
Proof of Claim (3.9): First we show that L and R are irreducible effective divisors. Suppose
L = Ly + Ly with Ly, Ly effective. Since D - L = 2 we have D - Ly = D - Ly, = 1 and
Li, Ly are irreducible; from L? = —2 we get that either L? = —2,L§ =Li-Ly =0
or L? = L3 = —2,L; - Ly = 1. But in these cases we have that disclg2, = 8h + 16
divides disc(D, L1, Ly) = 2,6h + 6, both impossible. Since D - L = D - R, L? = R? the
same proof shows that R is irreducible. To see that H = 2D + L + R is very ample first
notice that it is nef since D is and H - L = H - R = 2. Let F be an irreducible curve
such that either F2 = —2,F - H = 0 or F2 = 0,F - H = 1,2. Then F # L,R hence
H-F=2D-F+L-F+ R-F > 2, therefore necessarily D-F =1,L- F = R-F =0
and F? = 0, but then discl'g 2 = 8h + 16 divides disc(D, L, F) = 2. Therefore H is very
ample by (i) of Lemma (3.5). Notice now that D has no base points for otherwise we have
irreducible curves F; and G and an integer a > 2 such that D ~ aF} + G, F2 = 0,G? =
—2,F1 -G =1. But then L # F;,G (else D — L is divisible) and 2=D-L=aF;- L+ G- L
implies that either F} - L = 0,G-L = 2 or F}, - L = 1,G-L = 0, but in both cases
disc(Fy,L,G) = 2,4 is not divisible by discl'g 2, = 8h + 16. D being base point free yields
that D + L is also base point free. This follows from H'(Or,, , (D)) = 0 and the exact
sequence 0 — Oy, (D) — Op,, (D + L) - O — 0. Since (D + L)? =2h+2 > 4 we
use now (iv) of Lemma (3.5) to conclude the proof of this Claim. Let F5 be an irreducible
curve such that either Ff = -2 F,- (D+ L) =0or F? =0, F, - (D + L) = 2. We will show
that this is possible only when Fy = L. If Fy # L then Fy - (D+ L) =Fy- D+ F>,- L >0
hence F2 = 0, Fy is an elliptic curve and we cannot have Fy - D = 1, therefore we have
Fy-D = 2,F,-L = 0 but then discl'g 2 = 8h + 16 divides disc(D, L, F;) = 8. Again
replacing L by R we get the statement for D + R. = (for Claim (3.9))

Claim (3.10). For j = 1,k =5, h = 2 we have that D is very ample and L defines a 2:1 finite
morphism onto IP?.

By Claim (3.10) we obtain that, for j = 1,k = 5,h = 2, H = A} = D + L is very
ample and (ii) of Lemma (2.1) holds by Lemma (2.2) since (A; + As + A3) - A3 =2H - L =
2D+ L)-L=14.
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Proof of Claim (3.10): In this case the K3 surface 17 5o with Picard lattice I'y 5 2 can be
taken to be a smooth quartic surface in IP? with Picard group generated by the hyperplane
section D and a smooth irreducible genus 2 quintic curve L (T} 5 2 exists by [Mo]). Moreover
there is no irreducible curve F such that F? = —2,F - L = 0 else discl'y 5 o = —17 divides
disc(L,F) = —4. Therefore L defines a 2:1 finite morphism. m (for Claim (3.10))

Claim (3.11). For j = 1,k = 4,h = 1 we have that H = D + L is very ample and both D
and L define 2:1 finite morphisms onto IP?.

By Claim (3.11) we see that, for j = 1,k = 4,h = 1, (ii) of Lemma (2.1) holds by
Lemma (2.2) since (A1 + As + Ag) - Ao = (A1 + A+ A3)- A3 =2H-D =2H - L =12.
Proof of Claim (3.11): First of all notice that D is base point free otherwise there are
irreducible curves F,G and an integer a > 2 such that D ~ aF + G but then 2 = D? =
alF' <D+ G-D > 3. Now let us see that R is irreducible. Suppose R = R; + R, with
Ry, Ry effective; since D - R =2 we have D - Ry = D - Ry = 1 hence R, Ry are irreducible
and R? = R% = —2 because D has no base points. But then we have that discl'1 41 = 30
divides disc(D, Ry, Ry) = 12, a contradiction. Also L can be assumed irreducible. To
see this observe first that R is not a fixed component of the linear system |L|. Indeed
L — R is effective because (L — R)?> = —2,(L — R) - D = 2 and connected since if we had
L — R = B1+ By with By, B effective then D- By = D- By = 1 hence By, By are irreducible
and distinct (because L — R is indivisible), therefore B; - Bo > 0 and if By - By = 0, since
B? = B2 = —2, we get that discl'1 41 = 30 divides disc(D, By, B2) = 12, a contradiction.
Since h°(Or, ., (L)) > 3,h°(Or, ,, (L — R)) = 1 we deduce that R is not a fixed component
of [L|. Let L' = Ly + Lo be a divisor of |L| not containing R, with L, Lo effective. We
have R-L; > 0,7 = 1,2, hence 0 < R-L; <land 1< D-L; <3. If D-L; =1 then
discl'y 41 = 30 divides disc(D, L;, R) = 18,20 which is impossible. If D - L; = 3 then
D - Ly =1 and we conclude as above replacing L1 with Ls. Hence D - Ly = D - Ly = 2 and
they are both irreducible. The linear system cut out on L; by | D| has dimension 2 otherwise
D — L, is effective and D - (D — Ly) =0 hence D =Ly and —1=R-(L—D)=R-Ly > 0,
a contradiction. This implies that L; is rational and therefore L? = —2 and the same holds
for L. Therefore we can assume R - L; = 0 and this is impossible because discl'1 41 = 30

does not divide disc(D, Ly, R) = 24. This shows that L is irreducible. Since L? = 2 we
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have that L is nef and so is H = D + L. Let F be an irreducible curve such that either
F?2= 2 F -H=0or F?=0,F-H=1,2. Then F# Lhence H-F=D-F+L-F>1
and therefore we have F? = 0 and either D - F = 1,L - F =0or D-F =L-F =1
or D-F = 2,L-F =0, but then discl'y 41 = 30 divides disc(D,F,L) = —2,4,-8, a
contradiction. Therefore H is very ample by (i) of Lemma (3.5). Since D has no base
points, by (ii) and (iii) of Lemma (3.5) we have that D defines a 2:1 finite morphism onto
IP? because D is ample. Similarly for L (which is irreducible, hence base point free) there
is no irreducible curve F5 such that Fy - L =0, F22 = —2 else setting © = R - F, we get that
discl'y 41 = 30 divides disc(R, L, Fy) = —22% + 10, but then 22? = 4 (mod 6) and this is
not possible for an integer x. m (for Claim (3.11))

Claim (3.12). For j = 1,2,k > j+ 4,h = 2,3 we have that D is very ample and so is L,
except for j = 1, and in that case L defines a 2:1 finite morphism onto IP?.

From Claim (3.12) we see that, for j = 1,2,k > j+4,h =2,3,2D+ L and D + 2L are
very ample and both satisfy (ii) of Lemma (2.1) by Lemma (2.2) since (A; + A + A3z) - L =
(2D+L)-L = 2k+2j > 4j+8 > 12 or (A + Ay +A3)-L = (D+2L)-L = k+4j > 5j+4 > 9.
Proof of Claim (3.12): If there is a curve F such that F? = 0,F-D = 1,2 (F-D =0 is
excluded since D is an ample class) then disclji;, = 85 —k? divides disc(F, D) = —1, —4, but
k? — 85 > 13 does not divide 1 nor 4. Hence D is very ample by (i) of Lemma (3.5). When
h = 2 it is shown in [Mo] that L can be assumed to be irreducible base point free. Hence,
by (iii) of Lemma (3.5), it defines a 2:1 finite morphism onto IP? for j = 1 since there is no
irreducible curve Fy such that Fy - L = 0, FZ = —2 else discl'y o = 8 — k% < —25 divides
disc(L, Fy) = —4. For j = 2 if there were a curve Fy such that either FZ =0, F,-L = 1,2 or
Fi = -2, Fy-L = 0 then disc(F», L) = —1, —4, —8 would be divisible by discl's . o = 16— k2.
But k? — 16 > 20, therefore L is very ample by (i) of Lemma (3.5). For h = 3 it suffices
to show that L is irreducible: In fact it is then nef, base point free and defines a 2:1 finite
morphism onto IP? again by (iii) of Lemma (3.5) since if there were a curve F3 such that
F32 = —2,F3- L =0 then disc(F3, L) = —4 would be divisible by discl'1 5 3 = —13. To show
that L can be assumed to be irreducible notice that D — L is effective by Riemann-Roch
since (D—L)? = —2,(D—L)-D =1 and in fact it is a line L’ in the embedding given by D.

Now a general element L € |D — L'| is smooth since D — L’ is base point free and connected
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(as in the proof of Claim (3.8)). m (for Claim (3.12))

[SD]
[W1j

[W2]

(W3]

2]

The proof of Proposition (3.1) is now complete. =
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