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ABSTRACT. We classify Ulrich vector bundles that are not big on smooth complex surfaces and three-
folds.

1. INTRODUCTION

Let X C PV be a smooth complex projective variety. It is a well-known philosophy that the geometry
of X is reflected in the richness of its subvarieties. For this purpose a classical method is the use of
vector bundles on X, the most useful being usually ample or at least big and globally generated
vector bundles. The latter in turn can be produced by checking some cohomological vanishings via
Castelnuovo-Mumford regularity.

Strenghtening a little bit the condition one gets Ulrich vector bundles, that is vector bundles £ such
that H*(E(—p)) =0 for all i > 0 and 1 < p < dim X.

The study of Ulrich vector bundles started in the 80’s in commutative algebra [U] and evolved recently
in algebraic geometry through several pioneering works such as [ES, Bel] (see also [Be2] and references
therein). Nowadays many articles have appeared in the subject, focusing mainly in producing several
examples - the basic existence question is still open - and, in some cases, even classifying them.

The first author started in [Lo] the investigation of positivity of Ulrich vector bundles. While in that
paper the emphasis was on the positivity of the first Chern class, it appeared already clear that unless
the variety or the vector bundle is somehow special, an Ulrich vector bundle should be positive enough.
As a source of intuition, it was proved in [Lo, Thm. 1] that an Ulrich vector bundle is big unless X
is covered by lines. Moreover other results (see [Lo, Thm. 2, 3 and 4]) pointed in the direction of a
possible classification of non-big Ulrich vector bundles.

It is the goal of the present research to give a classification of non-big Ulrich vector bundles on
surfaces and threefolds.

In the case of surfaces, non-big Ulrich vector bundles turn out to be the same as the ones with
c1(€)? =0, as one can see from the ensuing

Theorem 1.
Let S C PN be a smooth irreducible complex surface. Let £ be a rank v Ulrich vector bundle on S.
Then & is not big if and only if (S,0g(1),E) is one of the following:
(1) (P27 OIP’Q (1)a OE?;);’
(ii) (P(F), Opry(1),7*(G(det F))), where F is a rank 2 very ample vector bundle over a smooth
curve B and G is a rank r vector bundle on B such that H1(G) = 0 for q¢ > 0.

On the other hand, on threefolds, as expected, the situation is more variegated, as there are examples
with ¢1(£)® > 0. A beautiful classification result is given, in [AHMPL], on a rational normal scroll.
In particular our classification on linear scrolls over a curve (see Theorem 4.2) drew much inspiration
from the above mentioned paper.

Nevertheless we were able to classify them, as follows.

Theorem 2.
Let X C PN be a smooth irreducible complex threefold. Let £ be a rank r vector bundle on X .
Then & is Ulrich not big if and only if (X,Ox(1),&) is one of the following.
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If C1 (5) =0:
(i) (P?, Ops(1), OpF);
If 61(5)2 = 0,61(5) 75 0:
(ii) (P(F), Opr)(1), 7*(G(det F))), where F is a rank 3 very ample vector bundle over a smooth
curve B, with G a rank r vector bundle on B such that H1(G) =0 for ¢ > 0.
If 01(5)3 = 0, 61(5)2 75 0:
(iii) (P(F),OpF)(1),7*(G(det F))), where F is a rank 2 very ample vector bundle over a smooth
surface B, with G a rank r vector bundle on B such that H1(G) = HY(G ® F*) =0 for ¢ > 0.
If c1(€)% > 0:
(iv) (Q,00(1),S), where Q@ C P* is a smooth quadric and S is the spinor bundle;
)

(v) (P(F),Opr)(1),E), where F is a rank 3 very ample vector bundle over a smooth curve B, and
& 1is an extension

0 = Qy/p(2H + 7°M) = € — 7*(G(det F)) — 0

and M is a line bundle, G is a rank r — 2 vector bundle on B such that H4(M) = H1(G) = 0
for every q > 0.

As a matter of fact it is not difficult to see that all cases in the above theorem actually occur. See
Remark 5.5 for (iii) and Lemma 4.1 for (v).

Throughout the whole paper we work over the complex numbers.

We would like to thank G. Casnati and J.C. Sierra for many useful conversations.

2. NOTATION AND GENERAL FACTS ON VECTOR BUNDLES

Definition 2.1. Let X be a smooth irreducible variety of dimension n > 1 and let £ be a globally
generated rank r vector bundle on X. We let

e : X = G(r —1,PHO(E))
be the morphism to the Grassmannian. We set
v(€) = v(Op(e) (1)) = max{k > 0: Op(e)(1)* # 0}
to be the numerical dimension of £. We say that & is big if Opg)(1) is big, that is if v(£) =7 +n — 1.
As we are interested in studying (non) big vector bundles, we will now collect some useful results.

Remark 2.2. Let X be a smooth projective variety of dimension n and let £ be a nef vector bundle.
Then s,(E*) > 0 and & is big if and only if s,(E*) > 0. Moreover if ¢1(£)™ = 0 then £ is not big.

Proof. Let £ be the tautological line bundle on P(£) = Proj(Sym(€)) and let 7 : P(£) — X be the
projection. Then (see [EH, Def. 10.1], where they use Proj(Sym(€*))), we have, setting [P] for the class
of a point P € P(€) in the Chow group A"~ 1(P(£)) = Z,

sn(E) = m([€"7Y]) = m (€T THP)) = € ([P]) = € [n(P))]
that is, identifying with Z and observing that £ is nef,
sn(E%) = €71 > 0,
Moreover £ is big if and only if £€"t"~! > 0, that is if and only if 5,,(£*) > 0.
Now if ¢1(€)" = 0, it follows by [DPS, Cor. 2.7] that s,(E*) = 0, therefore £ is not big. O

Definition 2.3. Let X be a smooth irreducible variety and let L be a line bundle on X. The augmented
base locus of L is
Bi(L)= () Supp(E)
L=A+E
where the intersection is taken over all decompositions L = A + E, where A is an ample Q-divisor and
FE is an effective Q-divisor on X.

The following result will be useful to prove non-bigness.
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Lemma 2.4. Let X be a smooth irreducible variety and let £ be a vector bundle on X. Let {Y;}ier be
a covering family of subvarieties of X. If &y, is not big for allt €T, then £ is not big.

Proof. Assume that & is big, so that B4 (Op(g)(1)) C P(E). Let 7 : P(€) — X be the projection and
choose z € P(E) \ B4 (Op(g)(1)). Let t € T be such that 7(z) € ¥;. Then z € 7 1(Y;) = P(€y,)
and therefore P(E}y,) € B4 (Opg)(1)). Hence O[P(g‘yt)(l) = O[p(g)(l)m(g‘yt) is big, that is &y, is big, a
contradiction. ]

The following is the definition of Ulrich vector bundle.

Definition 2.5. Let X C PV be a smooth irreducible variety of dimension n > 1 and let & be a vector
bundle on X. We say that £ is an Ulrich vector bundle if H*(£(—p)) =0 foralli > 0and 1 <p < n.
We will sometimes say that £ is an Ulrich vector bundle for (X, H), where H is an hyperplane section
of X C PN,

Now a couple of remarks on Ulrich vector bundles. The first one will be often used without mention-
ing.

Remark 2.6. Let X C PN be a smooth irreducible variety of degree d and let £ be a rank r Ulrich
vector bundle on X. Then & is O-regular, hence it is globally generated by [Lal, Thm. 1.8.5]. Moreover
& is ACM and h%(&) = rd by [Be2, (3.1)].

Remark 2.7. Let Q C P* be a smooth quadric and let £ be a rank 7 Ulrich vector bundle on Q. Then
7 is even and € = S®(3), where S is the spinor bundle. In particular ¢; (€)? = %L # 0, where L is a

line in Q and s3(£*) = "C=20H2)  Hence £ is big if and only if r > 4.

Proof. As is well-known (see [BGS, Rmk. 2.5(4)], [Be2, Rmk. 2.6], [AHMPL, Exa. 3.2]), S has rank 2
and is the only indecomposable Ulrich vector bundle on @ C P*. Since any direct summand of £ is an
Ulrich vector bundle, it follows that € = S¥(2). Now [O, Rmk. 2.9] gives that ¢, (S) = H and ¢(S) = L,
where H is a hyperplane section of Q. It follows that ¢;(€)? = %L # 0 and s3(&*) = W. Hence
Remark 2.2 gives that £ is big if and only if r > 4. O

3. NON-BIG ULRICH VECTOR BUNDLES ON SURFACES

In this section we classify non-big Ulrich vector bundles on surfaces.

Proof of Theorem 1.

If (S,05(1),€) is as in (i) or (ii), it follows by [ES, Prop. 2.1] (or [Be2, Thm. 2.3]) in case (i) and
[Lo, Lemma 4.1] in case (ii), that & is a rank 7 Ulrich vector bundle on S C PV with ¢;(£)? = 0. Also
£ is not big by Remark 2.2.

Vice versa let £ be a rank r Ulrich vector bundle on S C PV such that £ is not big.

If (5,05(1)) = (P?, Op2(1)) it follows by [ES, Prop. 2.1] (or [Be2, Thm. 2.3]) that £ = OF), so that
we are in case (i).

Assume from now on that (S, Og(1)) # (P?, Op2(1)).

We claim that ¢ (€)? = 0.

Assume to the contrary that c1(£)? # 0. As £ is globally generated, it follows that c1(&) is nef and
big, whence, in particular, 7 > 2. Let d be the degree of S, so that d > 2. We have h%(£) = rd > r + 2.
Also observe that H'(—det &) = 0 by Kawamata-Viehweg’s vanishing theorem. Now [BF, Thm. 3.1]
implies that £ is big, a contradiction.

This proves that ¢;(€)? = 0 and then [Lo, Thm. 2] gives that (S, Og(1),€) is as in (ii). O

4. NoN-BIG ULRICH VECTOR BUNDLES ON P2-BUNDLES OVER A CURVE

One basic source of non-big Ulrich vector bundles is on P*~!-bundles over a curve. While it is easy,
via pull-back, to find examples with ¢1(£)™ = 0, the case ¢1(€)™ > 0 is more delicate. Nevertheless,
we will see below that, at least on P2-bundles over a curve, the latter can be characterized as suitable
extensions.
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Lemma 4.1. Let B be a smooth irreducible curve and let F be a very ample rank n > 2 vector bundle
on B. Let X = P(F) with tautological line bundle £ and projection m : X — B. Let M be a line bundle
on B such that H'(M) = 0 for everyi > 0. Set H = &. Then & = Qx/p(2H + 7 M) is an Ulrich
vector bundle for (X, H), &€ it is not big and, if n > 3, we also have that c1(E)™ > 0.

Proof. Let p be an integer such that 1 < p < n. Then the twisted relative Euler sequence is
(4.1) 0= E(—pH) = " (F(M))((1 = p)§) = (2—p)§ + 7" M — 0.
By [Ha, Ex. I11.8.4] we see that
Rim (n*(F(M))(1=p)¢)) =0if j >00or j=0and2<p<n
and
. i - <<
Rim((2 = p)é + 7* M) = 0 1 ].>001"] Oand3_p_n.
M ifj=0and p=2

Now the Leray spectral sequence gives that
(4.2) HY(X, 7" (F(M))(1-p)§)) =0ifi>20or0<i<land2<p<n
and similarly

0 ifi>2or0<i<land3<p<n

4.3 Hi(X, (2 - *M) = .
(43) (X, 2= p)e+ M) {Hl(B,M)zo if0<i<1andp=2

From the cohomology sequence of (4.1), using (4.2) and (4.3), we get that
H'(E(—pH)) =0fori>0and 2 <p<n.
Also, for p =1, we have that
E(—H) =Qx/p(§) @M
and it is a well-known fact (see [La2, Lemma 7.3.11(i) and (iii)]) that
R (Qx/p(€)) = 0 for j >0
whence the Leray spectral sequence gives that H(X,E(—H)) = 0 for 4 > 0. Thus & is Ulrich for
(X, H).

Observe now that, on any fiber F = P"! of m, we have that & = Qpn-1(2) is not big. In
fact Qpn-1(2) is O-regular, hence globally generated. If it were big, Griffiths’ vanishing theorem [La2,
Ex. 7.3.3] would give the contradiction

0 = Al (wpn-1 @ Qpn-1(2) @ det(Qpn-1(2))) = A (Qpn-1) = 1.
Therefore Lemma 2.4 gives that £ is not big. Finally set ¢ = g(B) and d = deg(F). Then deg(M) = g—1
and H" = d. Now
c1(f) =caQx/p) +2(n—1H+n-1)r"M=(n-2)H+ (d+ (n—1)(g—1))F
and we deduce that
()" =mn—-2""1n—-1)2d+n(g—1)) >0
when n > 3. ]

We now classify non-big Ulrich vector bundles in the case of P?-bundles over a curve.

Theorem 4.2. Let B be a smooth irreducible curve and let F be a very ample rank 3 vector bundle on
B. Let X = P(F) with tautological line bundle §& and projection w: X — B. Set H = ¢.
Let € be a rank r vector bundle on X.
Then & is Ulrich for (X, H) and not big if and only if € is as follows:
(i) 7*(G(det F)), with G a rank r vector bundle on B such that HY(G) = 0 for ¢ > 0, when
c1(£)2 =0, or
(i) B=P, X =P'x P2 H = Op1 (1)K Op2(1) and & = 75(Op2(1))®", when c1(E)? # 0,c1(E)2 =0,

or
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(iii) an extension
(4.4) 0—Qx/p(2H +7"M) = & — 7°(G(det F)) — 0
where M is a line bundle and G is a rank r—2 vector bundle on B such that HI(M) = H1(G) =0
for every q¢ > 0, when ¢1(€)® > 0.

Proof. It € is as in (i) or (ii), then & is Ulrich for (X, H) by [Lo, Lemma 4.1]. Also £ is not big by
Remark 2.2.

If £ is as in (iii), then & is Ulrich for (X, H) because so are Qx/p(2H + 7*M) by Lemma 4.1 and
7*(G(det F)) by [Lo, Thm. 3]. Moreover

c1(€) = a(Qx/p(2H + 7 M)) + c1 (7 (G(det F)))

and we know that ¢1(7*(G(det F))) and ¢1(Qy/p(2H + 7*M)) are nef and ¢ (Qy/p(2H +7*M))* > 0
by Lemma 4.1. Therefore also ¢1 (€)% > 0. Let F' =2 P? be a fiber of 7. Restricting (4.4) to F we get an
exact sequence
0= Qp2(2) = Ep = O0F =0
which splits since H!(p2(2)) = 0 and therefore
Er = Qp2(2) ® OF 2

is easily seen not to be big. But then Lemma 2.4 implies that £ is not big.

Viceversa assume now that & is Ulrich for (X, H) and that & is not big.

If ¢1(€)? = 0 it follows by [Lo, Proof of Thm. 3] (or [LS, Cor. 5]) that & is as in (i).

Suppose then that c;(€)? # 0.

Let 10,...,7—1 € H°(E) be general sections, thus giving rise to a general morphism ¢ : O?@r = £.
Note that the expected codimension of the degeneracy locus D,_s(¢) is 4. Therefore it follows by [Ba,
Statement (folklore), §4.1] that D,_2(¢) = (0 and that, at any point where ¢ drops rank, it has rank
r — 1. Thus we have an exact sequence

(4.5) 050y =E—=L—0

where £ is a line bundle on W = D,_;1(¢). Moreover, again [Ba, Statement(folklore), §4.1] implies that
W is smooth. We now claim that W is irreducible. In fact consider the map

Ae : ATHO(E) — HO(det £).

Then [Im\¢| is base-point free and not composite with a pencil since ¢;(€)? # 0. Therefore any element
of ImAg|, hence also W, is connected. It follows that W is a smooth irreducible surface.

Set d = H3,g = g(B) and let F be a fiber of . Note that d > 3 for otherwise X would be P3 or a
quadric, contradicting the fact that p(X) = 2. There are integers a and b and a line bundle N on B
such that

(4.6) W ~det€ ~ al + 7N = a + bF.
Hence a > 0 and 0 # W? = a?€2 + 2ab€F, so that a > 1.
Claim 4.3. (W, Hyy) # (P, Op2(1)). In particular F € W.
Proof. Assume that (W, Hyy) 2 (P?, Op2(1)). Let R be a line in W 22 P2, so that
l=Hw-R=H-R=¢-R.
But then the adjunction formula and (4.6) give
—3=R-Kw=R-(Kx+W)=R-[(a—3)¢+ (29 —2+d+b)F]
that is
a+bR-F+(29—2+d)R-F=0.
Since d > 3, R-F > 0 and
0<W-R=detf-R=a+bR-F
we get that R - F'= 0 and then a = 0, a contradiction. O

Claim 4.4. L is an Ulrich line bundle for (W, Hyy) and £* = 0.
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Proof. Note that H'(E(—pH)) = H (Ox(—pH)) = 0 for i > 0 and p = 1,2. Then (4.5) gives that
H'(L(-pHw)) =0 for i > 0 and p = 1,2, that is £ is an Ulrich line bundle for (W, H)yy).
Let

V = 00,1 (P(E)) € PH’(Op(e)(1)).

Since £ is not big it follows that dimV < r 4+ 1. On the other hand (4.5) implies that there is an
inclusion W — P(£) such that Opg)(1),;, = £ and that

W
POpe,()(W) SV N HLN...N Hy
for general hyperplanes Hy,..., H,.. But then
dimp,(W) <dimV —r < 1.
As L is globally generated it follows that £2 = 0. O
Using Claim 4.4, [Lo, Thm. 2] and Claim 4.3 we get that
(4.7) (W, Hyw, L) = (P(F"), Op(zry(1) @ p*L, p* (M’ + L + det F"))

is a P'-bundle p : W = P(F") — C, with C' a smooth curve, " a rank two vector bundle on C', M’, L
two line bundles on C' with H*(M' — L) = 0 for every ¢ > 0.
Set & = Op(r)(1) and let f be a fiber of p.

Claim 4.5. If f-F=0thena=1. If f-F>1, thenb= —a,d=3,9 =0 and c1(£)> = 0.
Proof. By (4.7) we have that Hy = ¢ 4 uf for some u € Z, hence
1=¢ f=Hw f=H f=¢ f
By the adjunction formula and (4.6) we deduce that
2=fKw=f (Kx+W)=f-[(a—3)¢+29—2+d+bF)=a—-3+29—-2+d+b)f-F
hence
(4.8) a+bf - F+(29—2+d)f-F=1.
If f-F =0 we have that a =1. If f-F > 1, since
0<W-.-f=detE - f=a+bf-F

we get from (4.8) that a+bf-F =0,f-F =1 and 2g —2+d = 1. The latter imply that b = —a,d =3
and g = 0. This gives that ¢1(£)3 = 0. O

We now conclude the case f - F > 1. As it will turn out, it is the only case with ¢;(£)3 = 0.
Claim 4.6. If f- F > 1, then (X, H,E) is as in (ii).

Proof. By Claim 4.5 we know that d = 3 and g = 0, that is F = Op1(1)®3 and then X = P! x P? and

H = Op1(1) K Opz2(1). Moreover det £ ~ a(§ — F) ~ w5(Op2(a)) and [Lo, Lemma 5.1] gives that there

is a rank r vector bundle H on P? such that £ = 7w3H. Setting H' = H(—1) we deduce by [Lo, Lemma

4.1(ii)] that H’ is a rank r Ulrich vector bundle for (P?, Op2(1)), whence that %' = OF) and therefore

E 2 h(Op2(1))%r. O
We will assume, from now on, that f - F' = 0. Recall that a = 1 by Claim 4.5.

Claim 4.7. There is a rank two vector bundle F' on B and a surjection F — F' such that

(W, Hyy, £) = (B(F'), Opry (1), s (M + det )

for some line bundle M on B such that H'(M) = 0 for every i > 0.
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Proof. Since f - F = 0 it follows that any fiber f of p is contained in a fiber F' of # and [D, Lemma
1.15(b)] allows to construct a morphism v : C' — B such that 7y, = ¢ op. Also H-W - F =1 hence
W N F is a line, for every F'. Therefore, for every b € B we have that

Wnr i) = W@(b) =p (¥ (b))

is a line, hence ¥ must have degree 1, that is 1) is an isomorphism. Hence we can assume that C' = B
and p = myy. Now &y = Hyyy = &'+ 7r‘*WL by (4.7) and this gives the exact sequence

(4.9) 0= Ox(§=W) = Ox(§) = Ow(¢ + 7y L) — 0.

Moreover we know that W ~ ¢ 4+ 7* N, for some line bundle N on B and then R'7,(Ox (& — W)) =
Appying 7, to (4.9) we get the exact sequence
0—--N—=F—=F'(L)=0
and setting ' = F"(L) and M = M’ — L we get that W = P(F'), Hy = Opzy(1) and L
|W(M + det F') with H'(M) = 0 for every i > 0.

O e

Claim 4.8. £ = OF 7% @ Qp2(2).
Proof. Let R be any line in F = P2, It follows by Claim 4.7 that W - R = 1. Then &R 1s globally
generated and c1(§g) = 1, that is £ = Of/ '@ Opi(1). Now [E, Thm. 5.1] implies that either
Er 2O 2 ®Qp(2) or Ep = OF ! @opz( ).

On the other hand, as F' € W by Claim 4.3, we have that 7op,...,Tr—1p € HO(E|F) are linearly

independent at the general point of F' and therefore we have an exact diagram, obtained from (4.5),

0 0 0

0 Ox(—F)® —  §(~F) — > L& Ox(—F) —0

0 oY £ L 0
0 oFr Er Lyp 0
0 0 0

Observe that Claim 4.7 gives that W N F is a line and that £;r = Op1. Then the above diagram gives
an exact sequence
0— 058 = Er — Op1 — 0.

But the latter implies that H%(&p(—1)) = 0, therefore excluding the case O]g_l @ Op2(1). O

Claim 4.9. Let M be the line bundle in Claim /.7 and set M = E(—& — n*M). For any b € B set
Fy, = 7= 1(b). Then we have:

(1) ( (]€_Fb)):0f07nj:07_27
(M(j£ - Fb)) =0 fO’l"j = 07 _17 _2;
HY(M(=j€)) =0 for j =0,-2;
hH(M(=€)) = 1;
HO(M) =0.
Proof. We start with an observation that we will use throughout the proof.

Let D =a1P) +...+ asPs be an effective divisor on B, where Py,..., P; € B are distinct points and
ap > 1 for 1 <k <s. Let H be a vector bundle on X. Given an i > 0, to prove that H'(H«p) = 0 it

is enough to show that Hl(H|F) = 0 for any fiber F'.
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In fact 7*D = a1 Fp, + ...+ asFp, and
S
(4.10) H'(Hjzep) = D H (M)
k=0

On the other hand, using for every ¢ > 1, the exact sequence
0—=0pr = O — O(c—l)F — 0

it is clear that if H'(#p) = 0 then H'(H,.p) = 0 by induction on ¢. Therefore also H'(H«p) = 0 by
(4.10).

Since £ is ACM, we have that H*(E(j¢)) = 0 for i = 1,2 and for every j € Z.

To see (i) and (ii), note that when g = 0 we have that M(j& — F,) = E((j — 1)), hence (i) and (ii)
hold. When g > 1 we have that deg(M + b) = g so that there exists an effective divisor D ~ M + b
and an exact sequence

0= M@GE - Fp) = E((F = 1E) = E((U = V)E)ja=p = 0.
Therefore the above observation gives that, to prove (i) and (ii), it is enough to show that
HYE(( = 1)€)) = 0 for j = 0,2 and HOE((j — 1)€)) =0 for j = 0,—1,—2.

But these vanishings follow easily from Claim 4.8. Hence (i) and (ii) are proved.
Now let j = 0,—2. Then H'(M(j¢ — F;)) = 0 by (i) and H*(M(j&)r,) = HY(E((G — DE)r,) =0
by Claim 4.8. Thus the exact sequence

0 = M(j§ — Fy) = M(j§) = M(j&§)r, — 0
gives (iii). To see (iv) consider the exact sequence, obtained from (4.5),
0— Ox (=2 —7*M)®" — M(=€) — L(—2¢ —7*M) — 0.
Since H (Ox (—2¢ — 7*M)) = 0 for i = 1,2 we get, using Claim 4.7, that
P M(=€)) = B (£(=2¢ — 7 M) = B (Op)(~2) & Ty (det ) =
= WO(R (myy). (Opr (~2) © Op(det ) = K(Op) = 1.
Thus (iv) is proved. Moreover the exact sequence, obtained from (4.5),
0— Ox(—¢(—7"M)® - M — L(—6—7*M) =0

implies that H°(M) = 0, that is (v), because H(Ox(—¢ — n*M)) = 0 and HO(L(—€ — m*M))
HO(OP(]:/)(—l) ) 7T|*W(det .F/)) = 0

ol

Let M be as in Claim 4.9. By [AB, Thm. 4.1] there is a second quadrant spectral sequence
(4.11) {EV?,—3 <p <0< q< 3} abutting to M when p+ ¢ =0

with the following properties. There is an exact sequence
(4.12)

e Ripy, (h(—A) ® pEM((p + 1)6) © 25N (—(p + 1)8) — EP = HUM(pE)) © O (—pE) —

— R pr (*(=A) @ psM((p+ 1)€) @ Q5 (—(p+ 1)§) — -
where p1,p2 : X X X — X are the projections, A is the diagonal in B x B and h = 7w X w. Moreover

(4.13) EM >~ HI(M) ® Ox
and
(4.14) E[?9 2 Ripy (h*(—A) @ pyM(—2€)) @ Ox (=€ + 7 (det F)).

Claim 4.10. With the above notation we have:
() B = By = B> = B0 =,
(ii) Exs = By = Qx/p(&).
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Proof. By Claim 4.9(iii)-(v) we have that HO(M) = HY(M) = HY(M(-2¢)) = 0. Tt follows by (4.13)

that B = EV'' = 0. Moreover Claim 4.9(ii) gives that H'(M(—¢ — F,)) = H2(M(—-2¢ — Fb)) 0
and then [AB, Rmk. 4.2] implies that R'py,(h*(—A) @ psM(—€)) = R?p1, (h*(—A) @ psM(—2€)) = 0.
Therefore Efm =0 by (4.12) and E;3’2 = 0 by (4.14). This proves (i). To see (ii) consider, for s > 1,

the differentials
Esflfs,s_>Esf1,1_>E;1+s,2fs'

We have that E; 1727% = 0 because either s = 1 and this is (i), or s > 2 and then —1+s > 1. On the
other hand we have that E; '~ = 0 because either s = 1,2 and this follows by (i), or s > 3 and then
—1 — 5 < —4. Therefore Ex,"' = E; "', Moreover again [AB, Rmk. 4.2] and Claim 4.9(i)-(ii) imply
that Ripy, (h*(=A) ® psM) = R?py (h*(—A) @ pyM) = 0. Tt follows from (4.12) and Claim 4.9(iv)
that By "' 22 Qy/p(€). This is (ii). O

We now proceed to conclude the proof of the theorem.
Consider the filtration associated to the spectral sequence (4.11)

M=FD>F>F DF'DF =0

It follows by Claim 4.10 that FO = FO/F~! = EX® = 0 and then F! = F!/F° = ;0" = By M =
Qx/p(€). But then we have an inclusion 2x,5(§) = F 1 C M and therefore also an 1nclus1on

Let O be the quotient and consider the exact sequence
(4.15) 0= Qx/p(2l+7"M) - & = Q—0.

Now Lemma 4.1 gives that both Qx,p(2{+7*M) and £ are Ulrich vector bundles for (X, H), hence so is
Q by [CKM, Prop. 2.14]. Moreover, using Claim 4.7, we see that c1(Q) = ¢1(€) —c1(Qx/p(2§+7"M)) =
vF for some v € Z. But then ¢1(Q)? = 0 and it follows by [Lo, Proof of Thm. 3] (or [L.S, Cor. 5]) that
Q = 1*(G(det F)) where G is a rank r — 2 vector bundle on B such that H(G) = 0 for every i > 0.
This gives case (iii). O

5. NON-BIG ULRICH BUNDLES ON THREEFOLDS
In this section we will prove Theorem 2. We start with a couple of consequences of [LS].

Lemma 5.1. Let X C PN be a smooth irreducible threefold. Suppose that X carries a rank r Ulrich
vector bundle £ such that € is not big and c1(€)> > 0.
Then (X,0x (1)) is one of the following:
(i) (Q,00(1)), where Q@ C P* is a quadric;
(ii) (P(F),Opr)(1)), where F is a very ample rank 3 vector bundle on a smooth curve.

Proof. Set v = v(€). By hypothesis we have that v < r 4+ 1. Let m be the dimension of the family
of lines in X passing through a general point. By [LS, Cor. 2] we get that m > r — v + 2 > 1. Note
that (X, O0x (1)) # (P3,Ops(1)), for otherwise it follows by [ES, Prop. 2.1] (or [Be2, Thm. 2.3]) that
£ = OF, contradicting the fact that ¢1(€)3 > 0. Now [LP, Thm. 1.4] gives that (X, Ox(1)) is as in (i)

P3 >
or (ii). O

Before giving the next result, let us adopt the following

Definition 5.2. Let X be a smooth irreducible variety and let H be a very ample line bundle on X.
We say that (X, H) is a linear P¥-bundle over a smooth variety Y if there is a rank k4 1 vector bundle
F on'Y and a line bundle L on Y such that (X, H) = (P(F), Op(#)(1) + 7*L), where w : P(F) — Y is
the projection.

Proposition 5.3. Let S be a smooth irreducible surface and let F be a very ample rank 2 vector bundle
on S. Let X = P(F) with tautological line bundle § and projection m : X — S. Set H = £. Assume
that (X, H) is not a linear P2-bundle over a smooth curve.

Let € be a rank v Ulrich vector bundle for (X, H) such that ¢1(€)3 =0 and c¢1(€)? # 0.
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Then there are a smooth irreducible surface B, a very ample rank 2 vector bundle G on B, a rank r
vector bundle H on B with HI(H) = HY(H ® G*) =0 for ¢ > 0, so that X = P(G), H = Op(g)(1) and
E = p*(H(det G)) where p : P(G) — B is the projection.

Proof. Tt follows by [LS, Thm. 2] that the general fiber of ®¢ : X — G(r — 1,PH(£)) is a line L and
all fibers are linear spaces in PY. Moreover &1, is trivial, hence L - det £ = 0.

Suppose first that all fibers of ®¢ are 1-dimensional.

Consider the Stein factorization

X B
k ig
Pe(X)

where B is normal and g is finite. Since the general fiber of ®¢ is reduced and irreducible, it follows
that g is bijective, so that the fibers of p coincide with the fibers of ®¢. Now we can apply [BS,
Prop. 3.2.1] and get that B is a smooth surface and p : X = P(G) — B is a linear P'-bundle. We
know that £ = ®fU = p*(g*U), where U is the tautological bundle on G(r — 1,PHY(£)). Setting
H = g*U(—det G), it follows by [Lo, Lemma 4.1] that we are done in this case.

Suppose now that there is a fiber F' = P? of ®¢.

Let f = f, be a fiber of 7 passing through = € X. Note that f is a line in PV,

We claim that f-F = 1. In fact it cannot be that for every € F' we have that f, C F, for otherwise
two different fibers f,, f,» would meet. Then there exists an x € F such that f, ¢ F and therefore
f-F=1

Thus we deduce that mp : F' — S is an isomorphism, that is S = P2

Pick a line Z in P? and let R = 7*Z. There are two integers a and b such that

det & ~ a& + bR.

If a = 0 we get that det & = 7*(Op2(b)) and it follows by [Lo, Lemmas 5.1 and 4.1] that we are done in
this case.

Suppose from now on that a # 0.

Note that L - R > 0 and
(5.1) O=L-det& =a+bL-R

hence L - R > 1.

If F is indecomposable, using the dominating unsplit family of lines given by the fibers of ®¢, we get
by [MOS, Thm. 6.5] that X = P(Tp2) with tautological line bundle ¢ and H = ¢ = ¢’ + [R for some
l € Z. Note that

1< WO(H) = h(Tpa 1))

hence | > 0. If [ > 1, as £ is very ample, we get the contradiction
l=H - L=¢-L+IL-R>2.

Therefore [ = 0 and we conclude in this case by [Lo, Prop. 6.2].
It remains to consider the case F = Op2(«) ® Op2(B) for some a > § > 1. Note that

P(Op2(a)) ~ £ = BR
hence
0<L-(({-pR)=1-p5L-R
and it follows that 5 = L- R =1 and (5.1) gives that b = —a. Now
S=c*+a+1,2 R=a+1,{-R*=1and R®*=0
hence
0= (det&)3 = a3(a — 1)?

so that o = 1. But then (X, H) is a linear P2-bundle over a smooth curve. As this case is excluded,
the proof is complete. O

Remark 5.4. If the two P!-bundle structures on X are different, it follows by [Sa, Thm. B] that either S
and B are P!-bundles over the same smooth curve C and X = S x¢cBor S = B = P? and X = P(Tps).
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Remark 5.5. Ulrich vector bundles as in Proposition 5.3 can occur. For example (see [Lo, Lemma 4.1])
one can take a very ample line bundle L on B, G = L%? and H a rank r vector bundle on B such that
H(L) is Ulrich for (B, L). Another possibility is when B = P? and G = Tp2 (see [Lo, Prop. 6.2]).

We are now ready for our classification theorem.

Proof of Theorem 2.

If (X,0x(1),€) is as in (i)-(v), then it is clear by [ES, Prop. 2.1] (or [Be2, Thm. 2.3]) in case (i), by
[Lo, Lemma 4.1] in cases (ii) and (iii), by Remark 2.7 in case (iv) and by Theorem 4.2 in case (v), that
€ is a rank r Ulrich vector bundle for (X, H) with the assigned values of ¢1(£)*%,s > 1. Moreover €& is
not big by Remark 2.2 in cases (i)-(iii), by Remark 2.7 in case (iv) and by Theorem 4.2 in case (v).

Vice versa let £ be a rank r Ulrich vector bundle for (X, H) such that £ is not big. Let d = deg X.

If d = 1 then (X,0x(1)) = (P3,Ops(1)) and it follows by [ES, Prop. 2.1] (or [Be2, Thm. 2.3]) that
£ = 05y, so that we are in case (i).

If d = 2 then (X,0x(1)) = (Q,Og(1)) whith Q C P* is a smooth quadric, and we are in case (iv)
by Remark 2.7.

Assume from now on that d > 3.

If ¢1(€)? = 0, it follows by [LS, Cor. 5] that (X, 0x(1),&) is as in (ii).

In the rest of the proof we will thus assume that c;(€)? # 0.

By [Lo, Thm. 1] we find that X is covered by lines. By [LP, Thm. 1.4] [SV, Thm. 0.2] it follows,
using our assumption, that (X, Ox(1)) is one of the following:

(1) a linear P2-bundle over a smooth curve;
(2) a linear P'-bundle over a smooth surface;
(3) a Del Pezzo threefold;
(4) a quadric fibration over a smooth curve.
In case (1), Theorem 4.2 gives that (X,0x(1),&) is as in (iii) when ¢1(£)® = 0 and as in (v) when
Ccl (5)3 > 0.
Now we can assume that (X, Ox (1)) is not as in (1). In particular Lemma 5.1 implies that c; ()3 = 0.
In case (2), Proposition 5.3 gives that (X, O0x(1),€) is as in (ii).
We can thus assume that (X, Ox(1)) is also not as in (2).
To conclude we will now show that cases (3) and (4) do not occur.
In case (3) only Del Pezzo threefolds of degree d = 3,4,5 remain, and these are excluded by [Lo,
Lemma 3.2] since they have p(X) = 1.
In case (4) observe first that all fibers of the quadric fibration are irreducible. This was proved in [I,
§1]. We give an alternative proof. Assume that there is a reducible fiber, say M; U My C PN where M;
and My are planes. Assume thay they meet along a line R. Then for any x € R we have that

<M17 M2> g TacX

hence they are equal. But this violates Zak’s theorem on tangencies [Z, Thm. 0], [Lal, Thm. 3.4.17].
On the other hand if the fiber F' is a double plane M; then T, F = T, X for any = € M, and this again
violates Zak’s theorem on tangencies.

Now, if all fibers of ®¢ : X — G(r — 1,7d — 1) are 1-dimensional, it follows by [BS, Prop. 3.2.1], as
in the proof of Proposition 5.3, that ®¢ : X — ®¢(X) is a linear P'-bundle over a smooth surface, a
contradiction. Therefore, by [L.S, Thm. 2], the only other possibility is that there is a fiber F' = P?
of ®¢. Since P? does not surject onto a curve, it follows that F is contained in a fiber of the quadric

fibration. But then that fiber is reducible, a contradiction. ]
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