ON THE EXISTENCE OF SMOOTH VARIETIES OF ANY DIMENSION
CARRYING NO ULRICH BUNDLES FOR SOME VERY AMPLE LINE BUNDLE

ANGELO FELICE LOPEZ

ABSTRACT. Using some recent examples of [A] in dimension 2, we prove that for any n > 3 there exist
many smooth n-dimensional varieties X with a very ample line bundle H, such that there is no Ulrich
bundle for (X, H). Moreover, we find many new examples in dimension 2.

1. INTRODUCTION

In their seminal 2003 paper [ES], Eisenbud, Schreyer and Weyman introduced Ulrich vector bundles
in the realm of algebraic geometry. Let X be a smooth irreducible variety of dimension n > 1 and
let H be a very ample line bundle on X. A vector bundle £ on X is Ulrich if H*(£(—pH)) = 0 for
all i > 0 and 1 < p < n. The authors of [ES] showed what important consequences on the geometry
of X could be deduced from an Ulrich bundle and posed the main question of their existence (in
fact, for an Ulrich sheaf on any projective scheme). In the case of complete intersections, existence
followed by previous results in algebra [HUB]. Since then, many papers have been written to show that
Ulrich bundles exist on several classes of pairs (X, H). Some of these existence results include curves
(and any polarization), many surfaces (see for example [B2, I, C1, C2, CoHu, L1]), some threefolds,
including Fano threefolds [B2, CFK1, CFK2], and other scattered examples of higher dimensional
varieties (see [CMR, ES, B2, CMRPL] and references therein). Moreover, several results (see for
example [LM, LMS, L.2] LS]) confirmed that the existence of an Ulrich bundle gives a lot of insights on
the geometry of X.

Despite of all this work, the main existence problem remained open until the 2026 breakthrough
paper [A], where several examples of surface pairs (S, H) not carrying Ulrich bundles were produced.
Anghel used the following obstruction to the existence of an Ulrich bundle on a surface pair (S, H) (see
[A, Prop. 2.1], improving on a previous idea of Beauville [B1]):

H? < K% — 8x(Og).
Our starting point was to notice that the above obstruction has a natural generalization in any dimension
(see Lemma 3.1):
(n+1)H" < (K% — 2c2(X))H" 2.
Using the above and some examples present in [A], we produce natural examples of many n-dimensional
smooth pairs (X, H) that do not carry any Ulrich bundle. Our main result is the following

Theorem 1. Let (Si, L) be the pair consisting of a smooth irreducible surface and a very ample line
bundle as in [A, Thm. 1.2]. Let n > 3, let Y be any smooth irreducible (n — 2)-dimensional variety and
let M be any very ample line bundle on Y. Let

X=SxY, H=L,XM

and let X' € |aH|,a > 1 be smooth, H' = H|x,. Then for k > 0 the pairs (X, H), (X', H'), and all
their successive hyperplane sections until dimension 2, do not carry an Ulrich vector bundle. Moreover,
X' is not isomorphic to a (non-trivial) product.

Note that the surface sections of X and X’ gives new examples of surface pairs, that is, different
from the ones in [A], not carrying Ulrich bundles.

We observe that an explicit bound for k, depending on (n,Y, M) (and a in the second case), can be
easily deduced from the proof of the theorem.
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Given the above results, perhaps at this point the main question that remains open is the existence
of Ulrich bundles for sufficiently ample polarizations. The latter is known for surfaces by [CoHu].

2. A NON-PRODUCT CRITERION
We give a simple result that shows that a hypersurface section of a product is not a product.

Lemma 2.1. Let X1, X5 be two smooth irreducible varieties of dimension at least 2 and let H be a very
ample line bundle on X := X1 X Xo. Let a > 1 and let D € |aH| be smooth. Then D is not isomorphic
to a (nontrivial) product.

Proof. Consider, for a given smooth variety V', the k-th Newton class

pe(V) := pr(Tv) = klchy,(Tv ).
For i € {1,2}, let n; = dim X; > 2,n = n; +ng,n; <n—1and let m; : X = X; x Xo — X, be the
projections. Then Tx = 7T, @ m31,, hence
(21) pn—l(X) = ﬂ-i(pn—l(Xl) —+ ﬂ;pn_l(XQ) =0.

Suppose that
D= Yl X Y2

for two smooth projective positive dimensional varieties Y;,i € {1,2}. Let p; : D 2 Y] x Yy — Y] be
the projections, so that Tp = piTy, ® p51y,. Since dimD = n — 1 = dimYj + dim Y3, we have that
dimY; < n — 1, hence

(2.2) Pn-1(D) = p1pn-1(Y1) + papn-1(Y2) = 0.
On the other hand, the exact sequence
0—1Tp — Tx)p — Op(aH) —0
and the additivity of Newton classes give, using (2.1) and (2.2), the contradiction
0=pn-1(D) = pn-1(X)p = Pn-1(Op(aH)) = a"H".

3. AN n-DIMENSIONAL OBSTRUCTION TO THE EXISTENCE OF AN ULRICH BUNDLE
The following is a simple generalization of Anghel’s [A, Prop. 2.1] (and Beauville’s [B1]) obstruction.

Lemma 3.1. Let X be a smooth irreducible variety of dimension n > 2, let H be a very ample line
bundle on X. If

(3.1) (n+1)H" < (K% — 2c2(X))H" 2

then there is nmo Ulrich bundle for (X,H) and for all successive smooth hyperplane sections
(Xi,Hx,),2<i<n—1, where X; = XN H1N...N Hy_; with H; € |H|.

Proof. Assume that there exists a rank r Ulrich bundle & for (X, H). Set

r
a=c(€)— §(KX +(n+1)H).

As is well known (see for example [LR, Lemma 3.1(iii)]), we have that « H"~! = 0. Let S be a smooth
surface section of X C PHY(H). Then ajgHg = aH™ ! =0 and therefore O‘|23 < 0 by the Hodge index

theorem. Therefore
(3.2) ?H" 2 <0.
By [LR, Lemma 3.1(viii)] we have that

3n +5n+2

(EVH 2 = L(e1(€)? — er(€) K x ) H™ + TR 4 ea(x) -

2
and therefore an easy calculation gives that

H2) Hn—2

T2

A(€) = (2rea (&) — (r — 1)01(5)2)Hn—2 — o2H"? 4 s

(2¢2(X) — K% + (n+ 1)H*)H" 2.
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Since & is ppg-semistable by [CH, Thm. 2.9(a)], it follows by Bogomolov’s inequality that A(£) > 0.
Using (3.2) we therefore get that

(2e2(X) — K% + (n+ 1)H*)H" % >0
that is
(n+1)H" > (K% — 2c9(X))H" 2
a contradiction. This proves that if (3.1) holds, then then there is no Ulrich bundle for (X, H).
To prove that the same property holds on (X, H|,), it is enough to show that (3.1) is equivalent

to the corresponding one on a smooth hyperplane section of X. Set X’ = X,,_;, so that X’ € |H|, and
H' = H|x/. We have

(3.3) (H'"1 = H"
and
3.4 K2, (HY" 3 =(Kx+ H?H" 2=K*H" 2+ 2KxH" '+ H".
X X

From the exact sequence
0—->Tx — TX|X’ — OX/(H/> —0

we obtain ca(X') = (c2(X) + KxH + H?) and consequently,

‘X/?
(3.5) co(XV(HN"3 = co(X)H" 2 + KxH" ™' + H".
Now, using (3.3), (3.4) and (3.5), we see that (3.1) for (X', H'), that is

n(H)"' < (K% — 2e(X")(H')"
is equivalent to

nH" < K¥H" % — 2c(X)H" 2 — H"
hence to

(n+1)H" < (K% — 2c2(X))H" 2

that is to (3.1) for (X, H). O

4. PROOF OF THE MAIN THEOREM

Proof of Theorem 1. Weset S =Sy and L=Liyandlet p: X =S xY - Sandg: X =5SxY =Y
be the two projections.

We compute the quantities in (3.1).

We have

n
H" — (p*L + q*M)n — (nj)p*qu*Mn_j
— \J
7=0
and therefore
n
2

(4.1) H" = L2Mm—2,

YO
——

Similarly, if n > 4 we get
n—2 9
H" 2 — (p*L + q*M)n—Q Z <n _ >p*qu*Mn—2—j
(4.2) =0~ 7

-2
_ q*Mn—Q + (n _ 2)p*Lq*Mn—3 + (n ) )p*LQQ*Mn_4.

Now, Kx = p*Kg + ¢*Ky. If n > 4, using (4.2), we get
(4.3)

-2

n—2

= KZM" 2 + ( 0

>L2(K§M"—4) +2(n — 2)(LKg)(Ky M"™™3).
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If n = 3, the same calculation shows that
(4.4) K% H = K%deg(M) + 2(LKg) deg(Ky).
Next, Tx = p*Ts @ ¢*Ty and therefore

c2(X) =p*e2(S) + p*Ksq"Ky + ¢ c2(Y).

Using again (4.2) when n > 4, we find
(4.5)

n—2
CZ(X)HH—QZ (p*C2(S)+p*KS(]*KY+q*CQ(Y)) (q*Mn—2+(n_2)p*Lq*Mn—3_|_< 0 >p*L2q*Mn—4)

= co(S)YM"™ 2 4+ (n — 2)(LKg)(Ky M™3) + (” g 2) L2 (cp(Y)M™ 4.

When n = 3 we get
(46) c2(X)H = (p*ca(S) + " Ksq* Ky) (p*L + ¢* M)
| — 3(8) deg(M) + (LKs) deg(Ky).

We now consider (3.1).
First, assume that n > 4. Using (4.1), (4.3) and (4.5), we see that (3.1) is holds if and only if

n—2

(n+1) <Z> LPM™ 2 < K2M™2 + < )

)L2<K§M"—4> +2(n — 2)(LKs)(Ky M"™™)
n—2

— 2¢5(S)M™ % — 2(n — 2)(LKg)(KyM"3) — 2< )

AT
if and only if
47  ((n+1) (Z) M2 - (“ ; 2) KZM"4 42 (" ; 2) e (Y)M™™)L? < M"3(K% — 2¢5(9)).
Set

Fn,Y,M) = (n+1) (Z) Mn2 <” ) 2) K2M™ 42 <” ) 2) eo (Y )M
so that (4.7) becomes
(4.8) f(n,Y,M)L* < M"?(K% — 2c2(5)).

By [A, Thm. 1.2] we have that L? = 7k° and K2 — 2¢2(S) = 30(S) = 3(3k* — 11)k° > 0. Therefore, if
f(n,Y, M) <0, then certainly (4.8) holds. On the other hand, if f(n,Y, M) > 0, (4.8) is equivalent to

L? 7 3M"2

o(S) 32 —11 " f(n,Y, M)

that certainly holds for k£ > 0.
Finally, assume that n = 3. Using (4.1), (4.4) and (4.6), we see that (3.1) is holds if and only if

1212 deg(M) < K%deg(M) + 2(LKs) deg(Ky)
— 2c2(5) deg(M) — 2(LKyg) deg(Ky)
if and only if

12 < K% —2¢)(S5) _o(5)
12 4
that is
L2 7 1
4.9 — L
(49) o(S) 3K _11 4

that certainly holds for k > 4.

Therefore, in all cases, (3.1) is satisfied and we conclude by Lemma 3.1 that (X, H) and all its
successive hyperplane sections until dimension 2, do not carry an Ulrich vector bundle.

As for (X', H'), the plan is to check again (3.1).
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We have
(4.10) (H'" ™! = aH"
and
(4.11) K3 (H')" 3 = aK¥H" 2+ 2a° Kx H" ' + a*H".

From the exact sequence

0— Txr — Tx|x: = Ox/(aH') = 0

we obtain co(X') = (c2(X) + aKxH + a*H?) and consequently,

|x7
(4.12) co( XNV (HN"3 = acy(X)H" 2 + i’ Kx H" ™' + a*H".
Now, using (4.10), (4.11) and (4.12), we see that (3.1) for (X', H'), that is

n(H')"H < (K% — 2e2(X"))(H')"
is equivalent to

naH" < aK%H" ™2 — 2acy(X)H" ™% — a>H"

hence to
(4.13) (n+a®)H" < (K% — 2c2(X))H" 2.
The same calculations as the case (X, H) show that (4.13) is the same, for n > 4, as (4.8) with the new

function

f(n,a,Y, M) = (n+ a?) (Z) M2 - (" ) 2) K2M™ + 2(" ) 2) ea(Y)M™ 1,

That is, (4.13) is equivalent to
f(n,a, Y, M)L* < M"?(K§ — 2c5(S))

and the latter is certainly satisfied for k& > 0 as we showed for (4.8). Similarly, when n = 3, the same
calculations as the case (X, H) show that (4.13) is similar to (4.9), namely is
L? 7 1

o(S)  3kZ-11 S3ta

that is certainly satisfied for k£ > 0. We therefore we conclude by again by Lemma 3.1.
It remains to show that X’ is not a product. The latter follows from Lemma 2.1 when n > 4. If
n = 3, assume that X’ 2 C x Oy, for two smooth curves C;,i € {1,2}. Let p; : D = Y1 XYy — Y] be the
projections, so that Tp = piTy, ®p3Ty,. As in the proof of Lemma 2.1, we have that pa(D) = p2(Y) =0,
while pa(X) = wip2(S). Therefore, the normal bundle sequence of X’ gives, using (4.1),
3a3L? deg(M) = adH? = p2(Ox/(aH)) = p2(X)|XI =amp2(S)H = a(ﬂ'fcl(S)2 — 27??02(5’))(7rTL + TrSM)
= a(cl(S)2 — 2¢9(S)) deg(M) = 3ac(S) deg(M)

and dividing by 3a deg(M), the above becomes

a’L? = o(9)
that is
Ta® = 3k* — 11
hence 3k? = 4 (mod 7), a contradiction. Therefore X’ is not a product. O
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