
Network Flow
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 = (𝑉 𝐷 ,𝐴 𝐷 ,𝜑𝐷) 𝜑𝐷

𝜑𝐷 𝑎 = 𝑢, 𝑣 ∀𝑎 ∈ 𝐴(𝐷)

a
u v

𝑢
𝑣

𝑑𝐷
−(𝑣)

𝑑𝐷
+(𝑢)

𝑑𝐷
−(𝑢)

𝑑𝐷
+ 𝑣 = 0

source sink



S ⊂ V, 𝜕+ 𝑆
V ∖ S

S



 𝑐(𝑎)

 𝑁 ≔ 𝑁(𝑥, 𝑦) 𝑥 𝑒 𝑦

 𝑓 𝐴 𝑓(𝑎) 𝑎 𝑆 ⊂ 𝐴
 𝑎∈𝑆 𝑓(𝑎) = 𝑓 𝑆 𝐴 𝑋

𝑓+ 𝑋 ≔ 𝑓(𝜕+ 𝑋 ) 𝑓− 𝑋 ≔ 𝑓(𝜕− 𝑋 )
𝑓

1. 0 ≤ 𝑓 𝑎 ≤ 𝑐 𝑎 ∀𝑎 ∈ 𝐴

2. 𝑓+ 𝑣 𝑓− 𝑣 ∀𝑣 ∈ 𝑉
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Capacità
Flusso

 𝑓 𝑎 = 0
 𝑓 𝑎 = 𝑐 𝑎
 ∀ 𝑥, 𝑦 − 𝑓𝑙𝑜𝑤 𝑓+ 𝑥 𝑓− 𝑦

𝑣𝑎𝑙(𝑓)




 𝑓 𝑁(𝑥, 𝑦) 𝑋 ⊂ 𝑉 𝑥 ∈ 𝑋 𝑒 𝑦 ∈ 𝑉\X 𝑣𝑎𝑙 𝑓 = 𝑓+ 𝑋 − 𝑓− 𝑋

𝑓+ 𝑣 − 𝑓− 𝑣 =  
𝑣𝑎𝑙 𝑓 𝑠𝑒 𝑣 = 𝑥

0 𝑠𝑒 𝑣 ∈ 𝑋\{𝑥}

𝑋 𝑣𝑎𝑙 f =  𝑣∈𝑋 𝑓+ 𝑣 −𝑓− 𝑣 = 𝑓+ 𝑋 −𝑓− 𝑋

 𝑥, 𝑦 − 𝑡𝑎𝑔𝑙𝑖𝑜 𝑁(𝑥, 𝑦) 𝜕+ 𝑋 𝑥 ∈ 𝑋 𝑒 𝑦 ∈ 𝑉\X

 𝐾 = 𝜕+ 𝑋 𝑐𝑎𝑝(𝐾)

 𝑓 𝐾 = 𝜕+ 𝑋 𝑁 𝑣𝑎𝑙 𝑓 ≤ 𝑐𝑎𝑝(𝐾)
𝜕+ 𝑋 𝑓 𝜕− 𝑋 𝑓

 𝑓 𝐾 𝑣𝑎𝑙 𝑓 = 𝑐𝑎𝑝(𝐾) 𝑓 𝐾
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𝑣𝑎𝑙 𝑓 = 6
𝑋 = 𝑥, 𝑧, 𝑠
𝐾 = 𝜕+ 𝑋 = {𝑥𝑦, 𝑥𝑤, 𝑧𝑡, 𝑠𝑦}
𝑐𝑎𝑝 𝐾 =5+4+3+4=16
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𝑣𝑎𝑙 𝑓 = 10
𝑋 = 𝑥, 𝑧, 𝑤
𝐾 = 𝜕+ 𝑋 = {𝑧𝑡, 𝑥𝑦, 𝑤𝑠}
𝑐𝑎𝑝 𝐾 = 3+ 5+ 2 = 10



𝑓+(𝑋) ≤ 𝑐+(𝑋) 𝑓− 𝑋 ≥ 0.

𝑣𝑎𝑙 𝑓 = 𝑓+ 𝑋 − 𝑓− 𝑋 ≤ 𝑐+ 𝑋 = 𝑐𝑎𝑝(𝐾)

𝑣𝑎𝑙 𝑓 = 𝑐𝑎𝑝 𝐾 ↔ 𝑓+ 𝑋 = 𝑐+(𝑋) ↔ 𝜕+ 𝑋 𝑓 𝜕− 𝑋 𝑓

𝑓∗ 𝐾∗

𝑣𝑎𝑙(𝑓) ≤ 𝑣𝑎𝑙(𝑓∗) ≤ 𝑐𝑎𝑝(𝐾∗) ≤ 𝑐𝑎𝑝(𝐾)
𝑣𝑎𝑙 𝑓 = 𝑐𝑎𝑝 𝐾

𝑁 𝑥, 𝑦



 𝜀(𝑃)

𝜀 𝑃 = min{𝜀(𝑎)|𝑎 ∈ 𝐴 𝑃 } ε 𝑎 =  
𝑐 𝑎 − 𝑓 𝑎 𝑠𝑒 𝑎 è 𝑎𝑟𝑐𝑜 𝑑𝑖𝑟𝑒𝑡𝑡𝑜

𝑓 𝑎 𝑠𝑒 𝑎 è 𝑎𝑟𝑐𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑜

𝑓 − 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑛𝑡𝑒



𝑓′ 𝑎 =  

𝑓 𝑎 + 𝜀 𝑃 𝑠𝑒 𝑎 è 𝑎𝑟𝑐𝑜 𝑑𝑖𝑟𝑒𝑡𝑡𝑜

𝑓 𝑎 − 𝜀 𝑃 𝑠𝑒 𝑎 è 𝑎𝑟𝑐𝑜 𝑖𝑛𝑣𝑒𝑟𝑠𝑜

𝑓 𝑎 𝑎𝑙𝑡𝑟𝑖𝑚𝑒𝑛𝑡𝑖
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𝑣𝑎𝑙 𝑓 = 6
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 𝑁 𝑥,𝑦

 𝑓 𝑁 𝑓 − 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑛𝑡𝑒 𝑓

𝑓 ′ 𝑣𝑎𝑙 𝑓 ′ = 𝑣𝑎𝑙 𝑓 + 𝜀 𝑃

 𝑓 𝑁 𝑓 − 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑛𝑡𝑖 𝑋

𝑥 𝑓 − 𝑖𝑛𝑠𝑎𝑡𝑢𝑟𝑖 𝐾 = 𝛿+(𝑋) 𝑓 𝑁 𝐾
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𝑿 = {𝒙, 𝒛, 𝒘}
𝑲 = 𝜹+ 𝑿 = {𝒙𝒚,𝒘𝒔}
𝒄𝒂𝒑 𝑲 = 𝟓 + 𝟐 + 𝟑 = 𝟏𝟎

2



𝑥 ∈ 𝑋 ∈ 𝑉\𝑋 𝐾
a ∈ 𝜕+(𝑋) 𝑢 𝑣 𝑢 ∈ X Q (x − 𝑢)

𝑎 𝑣 ∈ 𝑉\X
𝑎 a ∈ 𝜕−(𝑋) 𝑓 − 𝑛𝑢𝑙𝑙𝑜

𝑣𝑎𝑙 𝑓 = 𝑐𝑎𝑝(𝐾) 𝑓 𝐾

𝑓

 𝑓 ⟺ 𝑓 − 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑛𝑡𝑖



𝑁(𝑥, 𝑦)

𝜀(𝑃)



𝑣𝑎𝑙 𝑓 = 19
𝑋 = {𝑋, 𝐶}

𝑐𝑎𝑝 𝛿+ 𝑋 = 19
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