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Question

Which are the complete intersections lying on Veronese surfaces?

General setting

Let v, 4 be the Veronese map:

Vn,d: P — P

The (singular) embedding of V45 in P?: the Steiner surface

We showed that, it X C V}, 5 is a subvariety and we set Y = v, Cli(X), then it holds that
(Z(X)); = (Z(Y)) ;- Hence we have

Hx(t) = Hy(dt)

and that allows us to prove the following theorem:

Hilbert functions of subvarieties of V,, 4

Let h(t) : N — N be the Hilbert function of a projective variety in P?¥. Then there exists
XCV,qC PV such that Hx(t) = h(t) if and only there exists k(t) : N — N Hilbert
function of a projective variety in P" such that h(t) = k(dt).

An exampble

Let us consider the sequence (ht);eny defined as follows
ti01 2 3 4 5 6 7 8 9 10 11

hel1 36 120 253 435 666 946 1256 1531 1744 1956 2022

and hy = 2022 for t > 12. Using a theorem of A.V. Geramita, P. Maroscia and L.G. Roberts,
it is easy to check that this is the Hilbert function of a set of 2022 reduced points in P3°.

We ask whether there exists X C 157 C P such that Hx(t) = hy for all t > 0. To
answer we use Theorem 1. First we determine ¢7 and t9. Since the Hilbert function of V5 7 is

Hy, (1) = (ZEH), we have that
¢t 01 2 3 4 5 6 7 8 9 10 11 12

Hy, .11 36 120 253 435 666 946 1275 1653 2080 2556 3081 3655

so that t; = 6 and ¢t = 11. To determine p1(7,6, Ah¢,+1) we compute Ahg, 1. We have
that

¢t 01 2 3 4 5 6 7 8 9 10 11 12

Ahy 1 35 84 133 182 231 280 310 275 213 212 66 0

and thus 21(7,6,310) = 72+ 6 + "3 _ 310 = 19. Finally, since 19 < (751} = 28, we get

2-76+1)+3—+/1+8-19
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To check conditions of Theorem 1 we compute {A#J and [A;ﬂ obtaining the following table

t 0123 45 6 7 8 9 1011 12
[A{ﬂ15121926334045403131100
B0 512 19 26 33 40 44 39 30 30 9 0

Since po(7,6,310) = 44 and {Aﬁh%} = 40 the first condition is satisfied. However the second
condition is not satisfied for ¢ = 9 and hence such an X does not exist.

1o(7,6,310) = = 44,

d-seauences

Inspired by the definition of differentiable 0-sequences, given by A.V. Geramita, P. Maroscia
and L.G. Roberts in 1983 to characterize Hilbert tfunctions of reduced varieties, we define
differentiable d-sequences as follows:

e A sequence of non-negative integers (¢¢)epy is called a 0-sequence if ¢ = 1 and ¢p41 < )
for all t > 1.

o Let (b)ieny be a O-sequence. Then (by)en is differentiable if the difference sequence
(ct)teN, ¢t = b — by—1 is again a O-sequence (where b_1 = 0).

o A (O-sequence (bt)sen is called d-sequence if there exists a O-sequence (ct)iepy such that
bt = C(qt1)t-

o A O-sequence (by)sen is called differentiable d-sequence if there exists a differentiable
O-sequence (ct)¢en such that by = ¢4 1.

With these definitions we have:

Hilbert functions of subvarieties of V,, 4

Let (ht)ien be a sequence of non-negative integers such that hg = 1 and hy = N + 1.
There exists a projective variety X C V), 4 C PV such that Hx(t) = hy if and only if
(ht)ien is a differentiable (d — 1)-sequence.

Theorem 2

Using Theorem 1 we can characterize the complete intersections on Veronese surfaces.

Complete intersections on Veronese surfaces

X C Wy C PV is a reduced complete intersection of type (a,...,a,), with
a] < --- < a, then one of the following holds:

° (d,r,(a1,a9,...,ar)) = (2,4,(1,1,1,2)), that is X is a conic lying on V5 o;

® (d,r, (a1,a9,...,ar)) =(2,5,(1,1,1,2,a5)), any a5 € N, that is X is a set of 2a5
complete intersection points of a conic lying on V5 9 and a hypersurface of degree as;

e (d,r, (a1,a9,...,ar)) = (d,N,(1,1,...,1)) for any d > 2, that is X is a reduced
point;

® (d,r, (a1,a9,...,ar)) = (d,N,(1,1,...,1,2) for any d > 2, that is X is a set of two
reduced points.

Another exampbple

If we want to find a conic C C Va9 it suffices to consider 9 9(L) where L C P? is a line. For
example if we choose L : x9 = 0 then we get

Z(C) = (v2, Ya, U5, U7 — You3)

that, indeed, is a complete intersection on V5 9. Moreover, if we want to get a c.1. set of reduced
points X C V5 9 with |X| = 2k we can take X = C N Vgl — yb).

Theorem 1

Given d,t, s € N such that s > d?t + d<d2+3> we define the following two functions:
d(d+ 3
ui(d,t, s) = dt + ( ; ) — S
Iu2(d7 t) S) _ {Qd(t-l—l)—l—?)—\2/1-|—8,ul(d,t,8)J7 1 < ,ul(d, t S) < (d;l)
dt — n, if (dgl) +dn < py(d, t,s) < (dgl) +dn+1),0<n<dt

Using the fact that reduced O-dimensional varieties are always aCM and some properties of
Hilbert functions of artinian ideals we proved the following theorem:

Hilbert functions of points on Veronese surfaces

d(d+3
Let (ht)ieny be the Hilbert function of a finite set of m reduced points in P ( 2 | and set

t=max |t | h(t) = Hy, ()] t2 =min{t | h(t) = m} .
Then there exists X C V5 4 C PN, |X| = m such that Hx(t) = hy if and only if the

following conditions hold

Ahtl—l—Q .
d )

po(d, t1, Al 41) = {

e forallt1 +2 <t <ty —1

lNlt‘ X |Nlt+1

d d

What about the case n # 27

We show that, except for the case d = 2, the only complete intersections lying on rational
normal curves V7 4 are the trivial ones, that is one single point or the set of two points. The
case V] 9, that is of a plane conic, is different. In fact, by cutting with any properly chosen
curve, one will produce a complete intersection set of points. Inspired by these evidences we
formulate the following conjecture:

Conjecture

Let XC V), g C P be a reduced subvariety with d > 1. Then X is a complete intersection
of type (ay,...,ay), with a; < -+ < a, if and only if

r=N,a; =...=ay =1, any n, d, that is X is a reduced point;

r=N,a; =...=any_1 = lay =2, any n,d, that is X is a set of two reduced points;

r=Na =...=any_9o=lay_1=2,ay =b,any n,d =2, any a > 2, that is
X =CNHyfor C C V9 aconic and Hy a degree b hypersurface;

r=N—-1la=...=any_o=1ay_1=2,d=2, any n, that is X is a conic.

We verity the conjecture in the case n = 3,d = 2 and prove the following, hopefully usefull,
lemma:

It Conjecture holds tor all reduced zero dimensional subvariety of Vj, 4, then it holds for
all reduced subvarieties of V), ;.




