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MOTIVATIONS

The celebrated Cayley-Bacharach the-
orem asserts that if

F={P,..., P} CP

IS the collection of distinct intersec-
tion points between two plane curves
of degree d and e respectively, then
any curve of degree d + e — 3 passing
through all but one points of 1" passes
through the last point.

All cubics passing through the eight white
points meet in a unique ninth point

This is a basic version of a very classi-
cal property that come up in many field
of modern algebraic geometry. For in-
stance, it is useful for studying linear
series on curves. Moreover, Iin the
last decade there has been a new and
growing interest for this property due
to its applications to the study of mea-
sures of irrationality for projective va-
rieties, I.e. Dbirational invariants that
measure how a variety is far from sat-
Isfying properties that are distinctive of
the projective space.

CAYLEY-BACHARACH
PROPERTY

Definition. A set of distinct points
F:{Pl,...,Pd} C pP"

satisfies the Cayley-Bacharach con-
dition with respect to the complete
liner system |Opx(k)| of hypersurfaces
of degree k, or more briefly 1T' is
CB(k), if forevery+ = 1,...,d and
for any effective divisor D € |Op.(k)
passing through P, . .. ,E, ..., P, we
have P, € D as well.
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GEOMETRY OF POINTS C'B(k) IN THE
PROJECTIVE SPACE

Following the approach of Lopez and Pirola in [4], we prove

Theorem A

Llet I' = {P,,...,P;} C P" be a set of distinct points
satisfying the Cayley-Bacharach condition with respect to

|Opn(K)|, with k& > 1. Forany 3 < h <5, if
d<h(k—h+3)—1
then I' lies on a curve of degree h — 1.

We point out that
» the theorem is true also for h = 2 (see [2, Lemma 2.4]);

ecases h = 3,4,5in P> and cases h = 3,4 in P’ are covered
by [4, Lemma 2.5].

The cases h = 3, 4 are achieved by induction on the dimen-
sion of the ambient space. On the other hand, the case
h = 51s more complicated, because the induction argument
requires to prove separately the cases n = 3 and n = 4.
To this aim we extend to this setting the argument of [4]. In
particular, we first prove that I' lies on a reduced curve C of
degree at most 9. Then we distinguish several cases (de-
pending on the irreducible components of (') showing that
the sum of the degrees of the irreducible components C; of
C' such that C; N T # () is at most 4, as wanted.

APPLICATIONS

As first application we extend [4, Theorem 1.5] about linear
series on curve in projective 3-space .

Theorem 1. Let S C P’ be a smooth surface of degree d >
5, let C' be an integral curve on S such that |O¢c ® Og(C)
Is base point free and let L be a base point free special g,
on C that is not composed with an involution ifr > 2.

Ifn < 5d — 31, there exists an integer h, with1 < h < 4,
such that

h(d—h—1) <n <min{hd, (h+1)(d—h —2) -1}

and the general divisor of the g, lies on a curve of degree
h.

Our contribution is the improvement of the upper bound on
n (which was n < 4d — 21 in [4, Theorem 1.5]).

The second application concerns the so-called correspon-
dences with null trace.

Let X, Y be two projective varieties of dimension n, with X
smooth and Y integral. A correspondence of degree d on
Y x X is an integral n-dimensional variety > C Y x X such
that the projections 7 : X2 — Y, m : 22 — X are generically
finite dominant morphisms and degm; = d. Let U C Y4 b€
an open subset such that dim7; '(y) = 0 for every y € U.
Associate to ¥ there isamap v : U — X%, defined by

YY) =P+ -+ Fu,

where 7' (y) = {(y, P)li = 1,...,d}.
Linked to the map v it is possible to define the Mumford’s
trace map (see e.g. [4, Section 2])

Tr.,: H"(X) — H"(U).
We say that 2 is a correspondence with null trace it 1r., = 0.

Theorem 2. Letn > 3 and let X C P" be a smooth hyper-
surface of degree d > n + 2. Let >, a correspondence of
degree m with null trace onY x X.

Ifm < 5(d —n) — 16, the only possible values of m are

e d—n+1<m <d,
e 2(d—n)<m < 2d,
¢ 3(d—n—1)<m < 3d,
¢ 4d—n—2)<m <4d.

The proof of this theorem relies on the argument of [4,
Theorem 1.3], which holds in P, and extends it to any P"
with n > 3.
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CAYLEY-BACHARACH PROPERTY ON
GRASSMANNIANS

Let G(k — 1,n) be the Grassmann variety of (k — 1)-planes
inP” and let I' = {P,,..., P;} be a set of points in G(k —
1, n) satisfying the Cayley-Bacharach condition with respect
to the complete linear series |Og(;—1.,)(1)|. Forany (n — k)-
plane L C P", the Schubert cycle

oi(L) = {[A] € 6(k — 1,n)|A N L # 0}
is an effective divisor of |Og;_1,)(1)|. This leads to

Definition. Let A{,..., Ay C P" be (k — 1)-planes. We say
that they are in special position with respect to (n — k)-
planes, or briefly that they are SP(n — k), if for every
i = 1,...,d and for any (n — k)-plane L. C P" intersect-
ingAl,...,E,...,Ad, we have \; N L # (), too.

Theorem B (joint with F. Bastianelli)

Let Ay,..., Ay C P"be (k—1)-planes SP(n— k). Assume,
moreover, that there exists no partition of {Ay,..., Ay}

such that any part is SP(n — k) itself. Then
dim Span(Ay,..., Ay) <d+k - 3.

APPLICATION TO MEASURES OF
IRRATIONALITY ON C'F)

One of the main extensions of the notion of gonality to higher
dimensional varieties is the covering gonality (cf. [3])

f olven a general point x € X,

cov.gon(X) :=min ¢ d € N| 3 an irreducible curve C' C X
through x with gon(C') = d

\

In [1] Bastianelli proved that if C' is a smooth curve of genus
g > 3, then cov.gon(C'?) = gon(C'). We prove the same for
3-fold and 4-fold symmetric products of curves. Namely,

Theorem 3 (joint with F. Bastianelli). Let k € {3,4} and let
C be a smooth complex non-hyperelliptic projective curve
ofgenus g > k+ 1. Then

cov.gon(C'™)) = gon(C)
unless (k, g, gon(C))

As for any k > 2 the variety C'%) is covered by the family
{Cp}pccu— of curves Cp .= C + P = {q+ Plg € C}, it
is immediate to see that cov.gon(C'"*)) < gon(C'). Moreover,
as C'%) is not covered by rational curves, it follows that the
assertion holds when gon(C') = 2.

The hardest part is to prove that cov.gon(C*) > gon(C)
when C' Is non-hyperelliptic. To this aim we consider the
canonical model of C' C P/t and a family £ = {E;},cr of
d-gonal curves covering C'*), where T is a variety of dimen-

sion k — 1.

For general t ENT’ let v: E’t — FE, be the normalization
map and let f;: £ — P! be a map of degree d. Moreover,
let {1, ..., Py} be the general fiber of f;. Finally, for i =
1,...,d, let P, .= v(P;) with
P, =pi+---+p, € CV
and let
A; := Span(p;,, ..., p;) C P
It turns out that the (k — 1)-planes A; are SP(n — k).
Let us consider the effective divisor
D :=py, + -+ pa,.
By Theorem B, we can bound from above the dimension of
Span(/\l, . ,Ad) — Span(ph, o ,pdk).

Then, by the geometric version of Riemann-Roch theorem,
we get a lower bound for the dimension of the linear series
on C given by |D|. Distinguishing the cases in which the
points p;. are or not distinct, we get d > gon(C).



