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Abstract

We consider the nonlinear Schrédinger equation of degree five on the circle 5! = R/27.
We prove the existence of quasi-periodic solutions which bifurcate from “resonant” solutions
(studied in [I8]) of the system obtained by truncating the Hamiltonian after one step
of Birkhoff normal form, exhibiting recurrent exchange of energy between some Fourier
modes. The existence of these quasi-periodic solutions is a purely nonlinear effect.

1 Introduction
We consider the quintic NLS on the circle
— 105t + Ogpu = o|u)tu u=u(t,x) (t,x) eRxT T:=R/(2m) (1.1)

where 0 = £+1. This is an infinite dimensional dynamical system with Hamiltonian

H:/yw?+5/yu\6 (12)
T 37

having the mass (the L? norm) and the momentum

L= | |[u?, M= [ Im(u-Vu) (1.3)

T2 T2
as constants of motion. Classical results imply that, for small values of the mass, equation
(LT) is globally well-posed in H® with s > 1. This is a consequence of the local well
posedness result in [6], combined with the conservation law (2] (if the mass is small,



the Hamiltonian controls the H'-norm also for ¢ = —1, via the Gagliardo-Nirenberg in-
equality). However, one expects solutions of (LI]) to exhibit a rich variety of qualitative
behaviors. Even close to zero, very little is known on the qualitative structure of typical
solutions and the literature is confined to the study of special solutions which exhibit in-
teresting features. A fruitful approach is to take the dynamical systems point of view and
to apply the powerful tools of singular perturbation theory, such as KAM theory, Birkhoff
Normal Form, Arnold diffusion, first developed in order to study finite-dimensional sys-
tems.

A first elementary feature is that NLS equation has an elliptic fixed point at u = 0.
However such fixed point is completely resonant (i.e. all the linear solutions are periodic).
It is well known, already in a finite dimensional setting, that such resonances may produce
hyperbolic tori, secondary tori and energy transfer phenomena where the solutions of the
non—linear system differ drastically from the ones of the linear system.

The dynamical systems approach was first applied in the early '90s to model PDEs
on [0, 7] with Dirichlet boundary conditions in order to prove existence of quasi-periodic
solutions and finite dimensional reducible KAM tori (see Definition [ and [[L2]). Among
the vast literature we mention [33], [24], [25] and [7],[I3], [I0] for the case of periodic
boundary conditions. We note that the above papers all take advantage of some simplifying
assumptions and hence they do not apply to our setting. The first results on reducible
KAM tori for NLS equations were proved in [15] for equations with external parameters, see
also [3I]. Reducible KAM tori for (L)) were then proved in [26] and [I6], see also [27],[29]
and [32]. Differently from the (integrable) cubic case, it can be seen that for appropriate
choices of the initial data such solutions have a finite number of linearly unstable directions.
Then it is quite natural to wonder whether one may prove the existence of an orbit which
starts close to the unstable manifold of one solution and in very long time arrives close
to the stable manifold of a different solution, thus exhibiting a large drift in the action
variables. This approach was first proposed in [I1] in order to study the growth of Sobolev
norms for the cubic NLS on T2 (see [20] for an estimate of the time) and then generalized
to any analytic NLS on T2 in [22] and [19]. Unfortunately the approach proposed in these
papers fails equation (L)) on the circle, see Appendix C of [22] for a discussion of the
problem. The main point is that even if it is still true that unstable solutions exist one
is not able to prove full energy transfer. In [I8] the authors study a quintic NLS on the
circle as ([II)) and prove the existence of beating solutions which exhibit a recurrent energy
exchange between some Fourier modes for a long but finite time interval (see also [23]).
The result follows by showing that the Birkhoff normal form Hamiltonian exhibits such
a behavior and that its dynamics approximates the true one for long times. It is then
very natural to ask whether such solutions persist for infinite times, this is the question
assessed in the present paper. The solutions that we construct are genuinely non-linear:
they do not bifurcate from linear solutions, which do not feature any transfer of energy
between Fourier modes. Regarding other genuinely non-linear periodic solutions for PDEs
we mention the papers [2] and [5].

It is interesting to note that our quasi-periodic solutions correspond to secondary KAM
tori (see for instance [4] for a discussion about secondary KAM tori in the finite-dimensional
context), since they are 4-dimensional, but homotopically equivalent to 3-dimensional tori
in the phase space. To the best of our knowledge, this is the first result establishing



existence of secondary KAM tori for PDEs. It would also be interesting to reproduce a
similar result for the cubic NLS on T?: we believe that this can be done, however the
extension of this type of result to a higher dimensional setting involves some non-trivial
technical difficulties.

Among other results proving long time existence of beating solutions, we mention the
work [17], dealing with two coupled cubic Schrodinger equations on the circle. Moreover,
the modified scattering argument proved in [21] implies that the cubic NLS on the product
space T2 x R has solutions exhibiting beatings over an infinite forward (or backward) time.

Main results and strategy of the paper. We start by defining the main objects
on which our result relies.

Definition 1.1. Given a rationally mdependen w € R", a quasi-periodic solution of
frequency w is a torus embedding I : T" 3 ¢ — u(p,x) such that u(wt,z) is a classical

solution for (IJ).

Definition 1.2 (reducible KAM torus). A quasi-periodic solution of frequency w is a re-
ducible KAM torus if (in appropriate complex symplectic variables ¢, y, z, Z ) it is expressed
by the equations y = z = 0 and moreover the associated Hamiltonian vector field Xy re-
stricted to the torus is Y ;| w(&)0y,, while X linearized at the torus is block-diagonal in
the normal variables with x-independent block matrices of uniformly bounded dimension.

From now on, we shall systematically work on the Hamiltonian (L2l), which we study

in the Fourier coefficients u(t,z) =3, u;(t)e”” where the sequence {u;};ecz € (*P.

_ 20, |2 S T T T
H= E i luil” + o § , Uy Ugp Uz Uy Ujs Ujg (1.4)
jEZ Ji+j2+js=jatjs+je

with the constants of motion

L= lu?, M=yl (1.5)

jez jez
Remark 1.1. For all k € Z, equation (L)) is invariant with respect to the transformation
v () 1=y ()e 1 2R, (1.6)

Since the actions satisfy |v;j|* = |ujik|®, this means that for any given solution u(t,z) of
(LT)), there exists another solution v(t,z) whose actions have the same dynamics, up to a
translation by k of the Fourier support.

Having fixed our notation, the main result of the paper is the following.

Theorem 1.1. There exist ¢g > 0 and a compact domain Oy C R* such that, for all
0 < & < g, there exists O. C Oy, satisfying |Oc|/|Oo| — 1 as € — 0, and a locally
invertible Lipschitz mapping w™ : O. — R4, with the following property. Fiz k € 7 and let

lie. a vector w € R™ such that for all k € Z" \ {0} one has w -k # 0.



S:={-2,-1,1,2}. Forall§ = (&, &1,&2,&3) € O, equation (LI)) admits a quasi-periodic
solutio

uea(1,2) = (Y 0y(E RO IR R L o)) (1)
JjES

of frequency w>(&) = (0,1,1,4) + O(e), such that the v; satisfy
[05(& %0, 01, 2, 93)* = £(& o)

£1(£0) <1 £1(60) >3 £2(£0) >

£1(&m) >3 f(§m) <1 f£2(§m) <

po | = N

Moreover, for all oo € T, € O one has

£1(&w0) + 2£2(&5¢00) = &
f_1(& ¢o0) — 2£2(&5¢0) = & (1.9)
f_2(&90) +£2(85900) = &3

while

£2(+ &1, 62, 63:0) — £2(+, €1, 62, €35 ) s an increasing function of &o. (1.10)
The quasi-periodic solutions u. j, are analytic reducible KAM tori.

The proof of this Theorem is performed essentially in two steps, formally described
in Propositions 1] and We now give an informal presentation of the strategy. Note
that, since the sign ¢ will play no role in our reasoning, we shall for simplicity set it to

one in the following. We rescale u ~ £'/%u, so that the Hamiltonian # assumes the form
22 o
H=> > +e > Wiy Uy Uy Uy U Ui (1.11)
JEZ Ji+j2+iz=ja+is+je

while the costants of motion are unchanged. It is well known that the dynamics of
(CLII) is controlled for finite but long times by the corresponding Birkhoff Hamilto-
nian, containing only the terms in (LII)) which Poisson commute with the quadratic part
H® .= djez §2|u;|?, see Subsection B In the case of Hamiltonian [L11 we get

Hpyx = Zj2|uj|2 +¢ Z WUy Uy Wjg U Ujs U j
JjEZ Jit+ie+is=jatis+je
i3 +i3=i3+i3+33
which was studied in detail in [I8] and [23]. A simple remark, proved for instance in [27]
Propositions 1 and 2, is that while the dynamics of Hpj may be very complicated still
one may produce many subspaces which are invariant for the dynamics of Hg;jx and such
that the restricted dynamics is integrable.

By the notation O(¢*/%") in equation (), we denote a remainder t. 1 (&;t, ) belonging to the space (%P
introduced in (1)) for some a > 0,p > 1/2 fixed once and for all, satisfying ||tz x|lap < Cse379 for all § > 0.
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More precisely given a set S C Z we define the subspace

Us={ue (1) ul@)=3 uel},
jES

and consider the following definitions.

Definition 1.3 (Complete). We say that a set S C Z is complete if Us is invariant for
the dynamics of HRes.

Definition 1.4 (Action preserving). A complete set S C Z is said to be action preserving if
all the actions |u;|* with j € S are constants of motion for the dynamics of Hges restricted
to Ug.

The conditions under which a given set S is complete or action preserving can be
rephrased more explicitly by using the structure of Hg;.

Definition 1.5 (Resonance). Given a sextuple (ji,...,j56) € (Z2)% we say that it is a
resonance if

Nnt+Jj2+iz=Jja+Js+Js
{ e e o T (1.12)
JItI3 I3 =05+J5 16

With this Definitions one easily sees that generic choices of S lead to complete and ac-
tion preserving subspaces. Indeed S is complete if and only if for any quintuple (j1,...,J5) €
S5 there does not exist any k € Z \ S such that (ji,...,Js5,k) is a resonance. Similarly
S is action preserving if all resonances (j1,...,js) € SO are trivial, namely there exists a
permutation such that (j1,j2,73) = (j4, 75, J6)-

Note that the tori constructed in [16], [26] and are all essentially supported on such
generic sets S. In this paper we study instead a simple choice of set S which is complete but
not action preserving. Following [18], we choose S := {—2,—1,1,2} and its translations,
see Remark As shown in [I8], Hpiy restricted to S is in fact still integrable (it has
four degrees of freedom and three constants of motion, see Formulas 3.4l and B.5]) however
it has a non-trivial structure. To study this system we restrict to a domain which is the
product of a 4-cube and a 4-torus, such that all the variables in the 4-cube are constants
of motion for the dynamics of H®. If we take into account also the resonant terms of
degree 6 we get a different qualitative behavior. Indeed after symmetry reduction it is a
Hamiltonian system on a cylinder with one stable and one unstable fixed point with its
separatrix, see Figure[[l Namely there is one stable and one unstable 3-torus coming from
the resonant structure. We concentrate our attention on the new set of quasi periodic
solutions, which are families of stable 4-tori around the new stable 3-torus. The structure
of these solutions as well as their action angle variables is studied in sectiondl A key point
is that these tori satisfy the so-called twist condition, i.e. the determinant of the Hessian
of Hp;yx restricted to S is not identically zero, see Lemma 2] In the paper [I8], these tori
were used to prove the existence of beating solutions of the (ILI)) for long but finite times.
This follows from the fact that the dynamics of Hpjy approximates the true dynamics of
(LII)) for long times.

We wish to prove the persistence of Cantor families of such quasi periodic solutions
for infinite time, as well as their linear stability by applying a KAM scheme. A main



point naturally is to control the behavior of the infinitely many normal directions, i.e. the
Fourier coefficients u; with j # £1,£2. As is well known, a crucial preliminary point is
to study the reducibility of the Birkhoff system linearized at the quasi-periodic solutions.
This amounts to removing the angle dependence and diagonalizing an infinite dimensional
quadratic Hamitonian.

As happens already in the case of solutions bifurcating from linear tori (see [27]), this
reduction is not trivial and not of a perturbative nature but must be constructed essentially
by hand. In our case we proceed as follows:

1. We perform a phase shift (9], inspired by [27], which removes the dependence
on all the angles except one. Note that such phase shifts are typical in almost-
reducible finite dimensional dynamical systems, see [14]. We are left with a quadratic
Hamiltonian which depends on one angle and is diagonal except for a 4 x 4 block.

2. We apply a phase shift (£I1]) which removes the dependence on the last angle from
all the terms of the Hamiltonian except for the non-diagonal 4 x 4 block.

3. To this last finite dimensional block we apply Floquet Theorem[T] in order to remove
the dependence on the angle. Finally we diagonalize it by using the standard theory
of quadratic Hamiltonians.

This proves the first item in Proposition 211 In order to prove the second item we must
have some control of the eigenvalues of our quadratic Hamiltonian in the normal directions,
we discuss this in subsection EIl The third item follows by a careful study of our changes
of variables. Once we have proved Proposition 2.1l the NLS Hamiltonian essentially fits
all the hypotheses of a KAM scheme for a PDE on the circle. In Proposition we give
a brief description of such algorithms, in order to make the paper self contained.

2 Functional setting and main Propositions

2.1 Functional setting

Given a possibly empty set S C Z and setting n = |S| we consider the scale of complex
Hilbert spaces:

657 = {udrens | o+ 32 fugl2 k2 = [[ul2, < o0}, (21)
kez\S

where a > 0, p > 1/2 are fixed once and for all. When S = () we denote £*? := (", We
consider the direct product

E:=C"x C"x L5’ x tg¥ (2.2)

We endow the space E with the (s, r)-weighted norm

B 1 z z
V= (s € B, ol = vl = ey WL Bllew | Blop )



where, 0 < s,r < 1, and |p|oo 1= maxp—1__n |onl, [yl1 := D jp_1 |yn]. We shall also use the
notations

We remark that F is a symplectic space w.r.t. the form dy Ady +1) ;. duy A duy. We also
define the toroidal domain

D(s,7) i= T2 x D(r) i= T2 x By2 x B, x B, C E (24)

where D(r) := B,2 X B, X By,

17 = {go eC": , max IIm ¢y | < s}, B2 := {y eC": |y < 7"2} (2.5)

=L...n

and B, C Eg’p is the open ball of radius r centered at zero. We think of T" as the
n-dimensional torus T" := 27R"/Z".

Remark 2.1. If n =0 then D(s,r) = B, X B, C {*P x (*P.
For a vector field X : D(s,r) — E, described by the formal Taylor expansion:
X =3 X\ ey o, v=y.zz
v,
we define the majorant and its nornﬁ:

MX = Z |Xuza5|es‘ylyzz z V=0,Y,2,%

I/7Z7a76

’X‘SJ’ = sup HMXHE75,7»- (2.6)
(y,2,2)€D(s,7)

In our algorithm we deal with Hamiltonian vector fields which depend in a Lipschitz
way on some parameters £ € R™ in a compact set @ C R™. To handle this dependence one
introduces weighted norms. Given X : O x D(s,r) — E we set

X - X s,r
X0 = sup Xy +7 sup 2 & =X
£eo n£EEO 1€ —n

(2.7)

where + is a parameter. Sometimes when O is understood we just write |X|] . » = [X[J;.

Definition 2.1. We say that a Hamiltonian function is M-regular if its associated vector
field is M -analytic i.e. has finite (Z8) norm. We define the norm of such H as

[H[E = 1 Xulg, - (2.8)

We denote the space of functions with finite | - ;ﬂ norm as A0 = Asr.

3The different weights in formula ([23]) ensure that, if | X/, is sufficiently small, then X generates a close—
to—identity change of variables from D(s/2,r/2) — D(s,r).



2.2 Main Propositions

We fix once and for alﬂ S:={-2,-1,1,2} and n = 4. As explained in the introduction
we first obtain a normal form result for our Hamiltonian (LIT]).

Proposition 2.1. There exist €y, 50,70 > 0 and a compact domain Oy C R* of positive
measure such that the following holds:
for all e < eg,s < sg,r < ro there exists an analytic function

U: Opx D(s,r)— (4P,
such that for all & € Oy the map V(§;-) : D(s,r) — %P is symplectic and satisfies the

following properties:

(1) Define v(& ) = {vj(&@)tjez == ¥(& o,y = 0,w = 0). Then, for all j € S,
equations (L), (LA), (CIO) hold.
(1) The NLS Hamiltonian H defined in (LII)) in the new variables becomes:

HoW:i=Hus=w(é) -y+ >, Qlw+R, Q=" +6,¢), (29
jAE1,42,
where
w(&) = (0,1,1,4) +eA(§)

with §& = X&) an invertible analytic map and ©; is chosen in a finite list (in fact
with 5 elements) of distinct analytic functions.

(1ii) For all £ € Oy, we have the bounds:
Al 4+ 10¢Al < Mo, |0xE] < Lo, |0] +10:0;| < Mo,Vj # +1, 42
|)\'f+@i:|:@j| > o, V(Z,z,]) 75 (O,i,i) : |f| < 4MyLyg
Rlsro, < Cle*r™ +er),
(tv) Hyrs has the constants of motion:

L=yi+y2+ys+ Z Jw;[?,
jAE1,+2
M=y1—y2—2ys + Zj(’wj\zﬂw—j\z)Jr Z lwj|?
j=3.4 jA+1,42,+3,44
Proof. The proof of this Proposition is deferred to subsection 2] since it requires all the
structure developed in Sections 3, [l O
Proposition 2.2. Consider the Hamiltonian Hys in Proposition 21 and fix r = &'/3.
There exist €4, 84, V%,Cx > 0 and, for all ¢ € (0,e4) and v € (C*sl/?’,v*), a compact
domain O = Os(7y,2) C Op of positive measure with Oy \ Oso| ~ 7, such that for all
s < sqg there exists a Lipschitz family of analytic affine symplectic maps

O 3&—= D(&50) : D(

with the following properties.

s T

Z’Z) — D(s,r)

4by Remark [LT] we could trivially shift for any k, to S = {k — 2,k — 1,k + 1,k + 2}.



(i) ®oo is O(e'/3y~1) close to the identity, i.e.

|@oc(€%) = Vlimsana <2970 WweD(5,5)
(79) One has
Hirs © P := w™ -y + Z Q]‘?O|wj|2 + R
jAEL 2,
where
Xreely=g =0, dywXrely=g =0,

and
we(€) = (0,1,1,4) +eA®(§), QF(E) = j* + 0

with &€ — X\(€) an invertible Lipschitz map |N°—\| ~ e!/3~y~1 (©7°—0;| ~ el/3y~1,

Proof. The proof of this proposition is deferred to Section [l U

2.3 Proof of Theorem [I.1]

We choose Qg as in PropositionZIland g > 0 as the smaller between ¢ in Proposition 2.1
and &, in Proposition 2.2 same for s9. We choose 7 = (—1loge)~! so that the hypotheses
of Proposition are fulfilled for e small enough. Then, for all £ € O (7,¢) given by
Proposition 2.2 the 4-dimensional torus ¥ o ®,,(&; ¢,y = 0,w = 0) is a reducible KAM
torus, by Proposition (71). Equations (L7)-(TI0) hold true by Proposition 211 (), by
Proposition (i), and by the definition of the norm || - ||g s, in (3]). This gives the
thesis for k = 0.
The fact that the thesis holds for all k € Z is a trivial consequence of Remark [Tl

3 Birkhoff Normal form

We study the Hamiltonian ((LTT]) which, following the definitions of Section2] is an analytic
function : Br x Brp — C with maximal degree 6. We apply a step of Birkhoff normal form
(cf. [8],[9],[2]), by which we cancel all the terms of degree 6 which do not Poisson commute

with
H® =" 2 u ).
JEZ

This is done by applying a well known analytic change of variables, with generating func-

tion B
fi=e 2 (o)) T Bﬂkw | (31)

o,BE(@Z)N:|a|=|8|=3
Sklap—Br k=0, S (a—B)|k|2£0

ad(F)

We denote the change of variables by Ugj := e
it is well defined and analytic: By X By — By X Bs.

and notice that, for € small enough,



By construction Wg;y brings (LIT)) to the form

Mus = Hpik + € Ro10 = Y _ 52 lul* +e Y w0, 2 s + €° R0
JjEZ Jit+je+is=jatis+je
SIS HIE=Ii I3+
where the terms of degree 6 (which we denote by Hg) are supported on of resonant sex-
tuples, see Definition The remainder term R>19 is a M-regular analytic Hamiltonian
with minimal degree 10, defined for v € B; and with norm |R|; controlled by some &
independent constant.

Let us analyze in detail the term Hg by studying the resonant sextuples. Among the
resonant sextuples, there are the trivial ones corresponding to {j1,72,j3} = {J4,J5,J6}-
We call action preserving the trivial resonant sextuples (and the corresponding monomials
in the Hamiltonian), while we call effective all the others.

We denote § = {—2,—1,1,2} C Z as the set of tangential sites. The complementary
set Z\ S is the set of normal sites. Whenever j is a normal site, we denote u; = z;. We
order the term Hg according to the degree in the normal variables: we denote by Hg j, the
part of Hg that is homogeneous of degree k in the z;’s so that

6
Hg = Z Hgy .
k=0

With our choice of S, the terms Hgj with & < 2 have a relatively simple form. In
particular, the only integer solutions to (LI2]) with all six elements belonging to S

{(]&Jé,js) =(1,1,-2) (3.2)

(j4aj5,j6) = (_15 _1’ 2)

up to permutations of {j1,jo,j3}, permutations of {j4, j5,js} and exchange of (j1, jo,j3)
and (j4,J5,J6). Moreover, there are no solutions to (LI2) with five elements in S and one
element outside S (see Lemma 2.4 of [I8]) so S is complete. Finally, it is easy to verify
that the only integer solutions to (II2]) with four elements in S and two elements outside
S are of the form

{(jl,j%j:s) =(1,2,-3) {(jl,jz,js) =(2,2,-4)

T o (3.3)
(Ja, 35, J6) = (—=1,-2,3) (Jas 35, J6) = (=2, —2,4)

up to permutations of {j1,jo,j3}, permutations of {j4, j5,js} and exchange of (j1, jo, j3)

and (j47j57j6)'
With the remarks above, we compute the terms Hgj, with k& < 2 and obtain

_ ap eff
H670 — H6,0 + H670

3
HR =6 > P | =9 (Dl | Dl | +4 (Dl

JES JES jeS jEeS

Hg% = 9(utu_ou? Uis + c.c.)

10



Hg1 =0
Hgo = Hih + ng‘g

2
Hehy = 118 Y ful* | =9 [ D luyl* > Izl

jES JjES j¢S
Hgg = 36(u_1u_oUiliez3zZ_3 + c.c.) + 9(u2_2ﬁ3242_4 +cec.) .

We push the terms of degree at least three in the normal sites to the remainder, namely

we write
H=Hy+ €H670 + 6H6,2 +R

with
R = 6H6,3 + 6H6,4 + 6H675 + 6H676 + 62R210 .

Note that the constants of motion remain unchanged after the Birkhoff change of variables.

Remark 3.1. Here and in the following we will denote by the same letter R “perturba-
tion terms” that we are for the moment ignoring, which we will bound at the end of the
procedure.

We have shown that the Birkhoff Hamiltonian restricted to the invariant subset S has

the form:
> P luilP46e0> i) = 950> g Jugl*) + 48 Juy° (3.4)
JES JES JES JES jES
+9€(u%u_2ﬁ2_1ﬁ2 + ﬂ%ﬁ_guzlm)
with the constants of motion
ur [+ 2fual?,  Ju—af? = 2lual*,  fu—a|® + |ug|? (3.5)

For j € S, we first pass to the symplectic polar coordinates (I, ¢) namely

uj =+/I;e" €S, (3.6)
so that the symplectic form is now dZ A ¢ + idz A dz. We work in the domain

Bgyrg = To % Ty x By, x By,

0,70

with I a compact domain in (0,00)?, so that the change of variables (Z, ¢, z, 2) — u is
well defined and analytic. One easily sees that, for ¢ small enough, R and dz7; R with
7 =1,...,4, are M-regular Hamiltonians and

T - — z _
swp (163 oo + 1X5 1+ 15 X o + 751X oy ) < Clero +e7rgh):
(I7¢7272)EBSO,1"0

Then we make the analytic symplectic change of coordinates (J,9) ~» (Z, ¢) defined
by

Jo=1o, N1=T1+2Ly, Jo=1 1-2I5, J3=71 92+1s
Vo= 201 —p_2+20_1+¢2 V1 =¢1 Vo=0¢_1 V3=0_o. (3.7)

11



Note that now Js is not necessarily positive. We have

L=J+Jy+J3s+ Z |Zj|2

jAE1,42
M=J —Jy—2J3+ Z j’Zj‘z

jAE1,42
Hy=Jl+JD+4J5+ > 2l

JE—

HEl =6(J1 + Jo + J3)* = 9(J1 + Jo + J3)(J§ + (J1 — 2J0)% + (Ja + 2J0)* + (J3 — Jo)?)
+4(J5 + (J1 — 2J0)% + (Ja + 2J0)° + (J3 — Jo)?)

HEY = 18(J1 — 2J0) (Jo + 2J0)\/Jo(J5 — Jo) cos ¥

HEb = <18(J1 +Jy 4 J3)2 = 9(JE 4 (J1 — 2J0)? + (Jo + 2J0)* + (J3 — Jo)? > > Izl
Jgs

Hg,fg =72/ Jo(J1 — 2J0)(J2 + 2J0)(J3 — Jo)Re <zgz_3ei(ﬁo+3(ﬁ2ﬁl))>
+18Jo(J3 — Jo)Re <z4z_4ei(_2190+4(192—191))> .

We now write the Hamiltonian in a more compact notation (note that (J,9) € R* x T4):

Hirs = J1+J2+4J3+5Hg%(J)+5H60 (J,00)+ Z H;+ Z G +ef(D)IzP+R

J=34 JFAEL,+2,43,4+4
where
Hy = (72 + e f () (|2 + |251%) + elty (J)Re(l 7002700 555 )
with
f(I) = 18(J1 + Jo+ J3)2 = 9(J2 4 (J1 — 2J0)* + (Jo 4+ 2J0)? + (J5 — Jp)?)
Us = T2¢/Jo(J1 — 2J0)(J2 + 2J0)(J3 — Jo), (3.8)

Uy = 18Jy(J3 — Jo)

and finally
n3:—1, 63:3, ’I’L4:—2, 64:4

We first make a change of variables which removes the the phases in H j- We set

w_j = e_i("j’g“Hf(’gQ_ﬂl))z,j J =34 wj=zj, |j| =5 (3.9)
p="Jo— > mnilz;*, q=1,
j=34
= D Ul Ka=dat Y Gl Ks =g
j=3.4 j=3.4
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and we get
L=Ki+ Ko+ Ks+ > |w],
jA41,42

M=Ki— Ky —2K3+ Y jlwil> + o)+ D il
j=3.4 jAEL,£2 43,44

Now the conjugate variables are (p, q), (K,1). Substituting we get the Hamiltonian

71=34 jF#+1,+2.43,+4

Now R contains some new terms of degree at least four in wis3, wy4. Here
Ap, K,q) = A(K,p) + B(K,p) cos g
with
A(K,p) = K1 + Ky + 4K3 + eHi} (p, K),  B(K,p)cosq = cHgl(p, K, q) (3.11)
while
Hj = (j% + e f(p, K))(Jw; |* + [w—;[?) + el (p, K)Re(wji—;) + V;(p, K, q)|w_; |

with f,U; defined in (B8] and
V; = Evj‘ = Ej <3K1 % 8}(2 %) + njap%/./

Note that all the changes of variables are analytic provided that we require that rg is
sufficiently small and we fix |w|,, < r so that |z|,, < re% < ro. The bounds on R and
on its Jx derivatives remain the same.

4 The integrable invariant subspace
We now restrict to the invariant subspace {z; = 0}. Our Hamiltonian is of the form
A = A(p,K) + B(p,K) cos g

with A, B defined in ([BI1]). The corresponding dynamical system:

{q = 0pA + 0pBcosq (4.1)

p = Bsing

has been studied in detail in [I8], here we group some facts that we will need. Let us
introduce the rescaled time 7 = et, so that the system (@) in the rescaled time is e-
independent.

Lemma 4.1. There exists a neighborhood B C R3 of K, = (4,0,2) such that the following
holds:

13



(i) there exists an e-independent analytic function p : B — R with p(K,) = 1 such that
q=0,p=p(K) is a stable fized point for ([@I);
(i) there exists an e-independent analytic function P : B — R with P(K,) = 1 such that
q=m,p="P(K) is an unstable fired point for [@I);
(iii) up to the 2mw-periodicity in q, these are the only fized points of the system (LI)) and

the phase portrait is qualitatively the same as in Figure [I;

(iv) for K = K, the two homoclinic connections linking the unstable fized points to itself
intersect the axis ¢ = 0 at two points with p = pV, p = p@ | satisfying p™) +p3 =2
and

M = hd
D <2, P >2. (4.2)

Proof. The system is 2w-periodic in ¢, direct computation shows that for K = K, =
(4,0,2)

A =1308 + 5( —270(p® + (2 — p)?) + 36(p® + (2 — p)®) + 72p*2(2 — p)/? cos q>

there is a stable fixed point at ¢ = 0,p = 1 (a non degenerate maximum for the Hamil-
tonian) corresponding to a periodic solution and a non degenerate unstable fixed point

q=m,p=1.
Then by the Implicit Function Theorem we construct p(K) by solving the equation
OpA+0,B =0 (4.3)

for p = p(K) in a neighborhood of K = K,,p = 1. In the same way, since B(p, K) # 0
then we obtain 3 by solving the equation

0pA — 9,B = 0. (4.4)

Note that e factorizes in equations ([@3]), ([@4). The qualitative structure of the phase
portrait follows by Morse theory. Finally, formula (£2)) is obtained by direct computation
(see the evaluation of k, in Section 4.1 of [I§]). O

By the previous Lemma for all K € B we have an open domain delimited by the
heteroclinic connections where the motion is oscillatory in p,g. Then in all of this domain
minus the stable fixed point we can construct an e-independent symplectic change of
variables which conjugates the system to action angles

(b, K, 0) 5 (B Kiw,g): Ao =H(E,Ke) (4.5)
p=pE K, 0), q¢=q(E K ¢), U=1v+F(E K,
note that L, M do not depend on p (nor on the angles) hence L(K)o ¥ = L(K) and the

same for M.
We denote by 27 the (open) domain of definition of H.

Lemma 4.2. The Hamiltonian H(E, K) is real-analytic in & moreover there exists a
proper algebraic hypersurface Z such that for all B, K € @\ Z the determinant of the
Hessian matriz O%J(H(E, K) is not zero.
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Figure 1: The phase portrait of £ at some value K € B.

Proof. We first note that the change of variables is real analytic in 7, in particular
for each K in a neighborhood of K, the p,q are analytic in £ in the whole of the region
delimited by the two separatrices, excluding the fixed point. We wish to compute the
twist i.e. 9% H(E,K) and show that its determinant is a non-identically zero analytic
function. We verify this near the stable fixed point, where the computations are explicit.

By Vey’s theorem the Birkhoff normal form at the fixed point converges, namely there
exists a symplectic change of variables

P:P(p_p(K)aQaK)a Q:Q(p_p(K)’q’K)’ ¢:19—|—‘1)(p—p(K),q,K)

which conjugates the Hamiltonian <7 to H(P? + @2, K) in a neighborhood of P,Q = 0.
Note that the variables K play the role of parameters for A Hence we first construct
symplectic changes of variables for p,q (depending parametrically on K) at the end of
the procedure we complete the symplectic change of variables by adjusting the angles
conjugated to K. Since the change of variable is analytic and the actions are uniquely
defined we must have that P? 4+ Q%> = F and the Birkhoff map gives an analytic extension
to zero. So we may compute the I, K derivatives of H from the Birkhoff normal form at
E=0,K = Ki,.

We start by Taylor expanding in p,q the Hamiltonian at the point (p,0) up to order
four. We denote G = A + B, see formula (BII)). Given a function f(K,p) we writdd

FK) = (K p(K)).
Hpa) = G+ 5Ciyp—0) — LB + <Gyl —0)° — L B — )0

1 1 1
* ﬁBﬁ - Zng(p —p)e* + ﬂGzﬁ)ppp(p =)'+ O (gl +[p—0))°) -

Note that e~'(# = G¥) is e-independent, while G is of order O(1) in e. It follows that
the Birkhoff changes of coordinates that we shall perform are all e-independent. First we

5 Note that the application f — f* does not commute with the derivatives. We denote f}j( = (fx)? and
Or % := O (f*), similarly for the derivatives with respect to p.
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symmetrize the quadratic terms and translate the critical point to zero.

Gip

— _ — -1 4. _ Tpp

(recall that Gf,p < 0 and B* > 0 in a neighborhood of K,) so, setting
O =at o? .= A/ —BﬁGgp,

. 1 1
H =" — §a<2> (P2 + Q%) + 6G§,ppA 3p3 — §BgAPQ2 +

we get

BiIAQ — Bﬁ P2Q* + — Gti APt 40 ((I1P] + ’Q‘)E))

+2 4 PP 924 ~ PPPP

4

It is convenient to pass to complex notation in order to perform the Birkhoff normal form,
let us write the Hamiltonian (neglecting higher order terms) as

A= a0 — —a(z) P% 4+ Q?) Z Z oz(h PiQ¥

h=3,4 i+2j=
where ) )
(3) _ -3 (3) _
3,0 = ngﬁapp)‘ R S _5315)"
and 1 1 L
4 _ # —4 (4) _ # (4) _ £y 4
Qg0 = ﬂGpppp)‘ N T _4Bpp7 Qo2 = 24B A
we set V22 = P +1iQ, so that
(h)
H= o — ol 12\2—1-2 Z z—i—z)(z—z)zj
h=3,4i+2j=
(h) 1
P+ > Z Bima'2"
h=3,4l+m=h

with

(l+m) ; j l+m) < > <2]>
Lm =D DD DN -
\/5 " i+2j=Il+m 0<a<i a b
0<b<2j

a+b=l

In particular we compute

(4) _ 3@ (4) (4) 4,3
522 2( 02 + ) Bﬁ)‘ 8 pp+16Gpppp)‘

Direct computations show that ﬁ ( ») =0.
Now we need to remove the terms of order three: we perform a change of variables

with generating function
Z Fiom (K Zzm
I+m=3
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with F'(K,) = 0 which cancels the terms of degree three. We have
a __ Bin
b i@ (I —m)

note that since [ +m = 3 then | — m cannot be zero.
This gives the new Hamiltonian with new terms of order four

H= O — @ + Z %(‘;)Izlzm + h.o.t.
l+m=4

and we know that W W
4 4

Vi Ex) = By (K). (4.7)

since F'(K,) = 0. Now we remove the terms of order 4 which are not in the kernel. By

definition the kernel is the part depending only on |z|? i.e. ’yég. This procedure may be

repeated indefinitely and, by Vey’s Theorem, it converges to H(|z|?, K). By construction:
H(|2I, K) = a® (1) = a® (K) |21 + 355 () 21* + ho.t.
Thus the twist matrix 0% ; H(L, K) evaluated at L = 0 is

3KKQ(O) —3Ka(2)
M(K) :=
(%) <—(3Ka(2’)T 294

Note that e !M(K) is e-independent. We now compute the determinant of this matrix
at K. Note that, since we are evaluating the matrix at K, we do not need to compute
explicitly the corrections to the order four given by the change of variables (L), see
formula ([(@7). Direct computations show that det M(K,) # 0, thus the twist condition is
fulfilled outside the zero set Z of an analytic function of (E, K) € C*. O

As we have mentioned before, H(F, K) is real-analytic in 27 and satisfies the twist
conditions outside Z. Now we choose a point in 2/ where we wish to prove persistence
of tori by setting

(E7 K) = 5 +y= (60751752753) + (y07y17y27y3)7 (48)

where £ are parameters and with y is in some neighborhood B,2 of the origin so that the
action & + 72 belongs to 2. We sistematically use the notation

F(&, ) = F(p(&0,£1£2, &3, 9), €1, €2, €3, 4(80, €162, 63, 90)).-

Now the Hamiltonian is

Hus =w(€) y+ Y Hi(&owe)+ Y, (FPHefEo)wP+R - (49)
=34 jA+1 £0.43 %4

where

w(&) = 0cH(§) = (0,1,1,4) +A()
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Hy = (77 +ef (& o) (lws]? + lw_i*) + eUt; (€, o) Re(wyw_j) + eV;(€, @) |w_; |

Note that we have grouped in R all the terms which are of degree higher than one in y or
greater that two in w. As before the change of variables is analytic in all its entries and

we have the bounds )

£
|R|;,r,(’) < C(er + T—Q) (4.10)

provided that we choose for O a compact domain in “Jand choose g, small enough, in
particular much smaller that the distance between O and the border of 2

The term €272 is due to the scaling of the domain in the y-component of the Hamil-
tonian vector field.

This change of variables gives for the constants of motion

L=yi+ytuys+ Y |wl,
AL E2

M=y —y2—2ys + Zj(|wj|2+|w,j|2)+ Z jlw;?
j=34 jAE1,+2,43,44
We wish to reduce the “normal form” above to constant coefficients. First we remove the
¢ dependence in w; for j # +1,£2,43,+4. This is done by performing the symplectic
change of variables

(new) _ f(f? ()0) — fO(g) 2 (new) _ - —i@;lf(g, 90)
Yo Yo + —)\0(5) #iZLﬂ\wj] ;W wj exp <—)\0(§) , (4.11)

here fo(§) denotes the average of f in ¢ while 0, 1 f is the zero average primitive of f — fo.
Since f is real this gives a phase shift (leaves each |w;|> unchanged) and hence also the
mass and momentum are unchanged.

Dropping the superscript (®®%) the Hamiltonian is:

Hiws = w(&) -y + Z ﬁj(fa%wij)"‘ Z (j2+€f0(§))’wj’2+72

j=3.4 AELE2,43,44
with
Hj = (5% +fo(€)) (Jw;[* + [w_4|*) + elt; (&, p)Re(wjm_;) + Vi (&, p)w—s >, 5 =3,4,

Possibly restricting to a smaller set O, in order to assure that A\o(£) is bounded away from
zero we have for R the same bounds (€I0]). L
Now the dependence on ¢ appears only in the finite dimensional blocks given by Hs, Hq,
where we reduce to constant coefficients by using Floquet’s theorem. Consider the Hamil-
tonian _ _

Hp1 = eXoyo + H3(&, 0, w3) + Ha(€, 0, wa)

Direct computation shows that the Hamiltonian flow preserves the quantities w;|?+|w_;|?
for 7 = 3,4. Since the reduction procedure is the same for j = 3,4, we explicitly perform
it on one block.
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The Hamilton equations for w; = (w;, w_;) have the 2 x 2 block structure

B )5 )@

where the 2 x 2 matrix
| fo U >
A& @) = J 4.13

is skew-Hermitian and A;(§, ¢) denotes the entry-wise complex conjugate of A;(&, ). In
other words, the two Lagrangian subspaces w; = 0, w; = 0 are invariant, the system is
decoupled into

p=cho, W= ("1 +eAi(& )y, W= (i1 + A€ 0))u; (4.14)

. (72 .
By variation of constants we may set w; = z;je’/"* so that the equations for z; are

p=cho, z;=cd;(§v)zj, zj=¢4;(§9)z, (4.15)

which is still a Hamiltonian system with Hamiltonian

Hpy =¢ | doyo+ > fo()(Jw;* + [w_;*) + Ui(&, @) Re(wm_;) + eV; (&, @) w-;|”
j=3,4

Let us study this system and rescale the time to 7 = et.

Theorem 4.1 (Floquet’s theorem). Consider a complex linear n x n dynamical system
& = A(7)x where the matriz A is periodic of period T'. Let X (1) be the fundamental matriz
solution. Then

X (1) =P(r)eP

where the n x n matrices P(T) and B satisfy:

e P(7) is invertible and periodic of period T
e B is time independent and satisfies X (T) = e B.

As a consequence, the dynamical system & = A(7)x is symplectically conjugated to the
constant coefficient system v = Bv through the time-periodic change of variables P(7).

For j = 3,4, the system (L.I5]) satisfies all the assumptions of Theorem [L.I]and therefore
we may reduce it to constant coefficients. From the proof of Floquet’s theorem, it also
follows that we can perform such reduction in a way that preserves the skew-Hermiticity
of the matrix. In fact, the matrix B in Theorem [.1]is constructed considering the matrix

fundamental solution of )
{Wj = AJ(T)WJ (4.16)

W;(0) =1

and finding a constant coefficient matrix B; such that eTBi = W;(T'). The key point is
that the 2 x 2 skew-Hermitian matrices form the Lie algebra su(2) associated to the special
unitary group SU(2), which is compact and connected. This implies that W;(t) € SU(2)
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for all ¢ and, in particular, W;(7T) € SU(2). Hence, using the fact that the exponential
map is surjective on compact connected Lie groups, the matrix B; can be chosen so that
Bj € su(2). Thus, the time-periodic change of variables P;(t) := W;(t)e B conjugates
(£I4) to the constant coefficient dynamical system (with an abuse of notation, we denote
the new variables again with z;)

¢=cho, zj=eBj(€)z;, B;(€)=i (“j 57') € su(2) , (4.17)
¢j b

note that we have returned to the original time-scale.
Clearly, the change of variables P;(t) := W;(t)e 'Pi conjugates the last equation in

EI5) to

Ej = 6Bj(£)2j . (418)

We now return to our original system (£.I4]). We note that the fundamental solution W ()

of @Id) is W(r) = €7° "X (7) so if we apply the change of variables given by P to ([@14)
we get

¢ =eXo, W= (" +eB;(&)w;. (4.19)

Adding to yg a correction quadratic in the wy; with j = 3,4, we obtain a symplectic
change of variables. Thus, the Hamiltonian becomes

His = w(©)-y+ Y QG wj,wj,wpwj)+ Y (FP+efo()|wP+R (4.20)
=34 JAEl,+2, 43,44
with
Q; = 7> (lw;* + [w—;1*) + e{a;lw;|* + bjlw;|* + Re(cjwjw_;)}.
The mass and momentum become

L=yi+y2+ys+ Z Jwy|?,
AEL 2

M=y —y2—2ys + Zj(|wj|2+|w,j|2)+ Z jlw;?
j=3.4 A1 E2,43,44

since the Floquet change of variables must preserve |w;|? + [w_;[? for j = 3,4.

By the classification of quadratic Hamiltonians, since Bj(&) is skew-hermitian there
exists a symplectic change of variables, depending on £ € O smoothly, where the Q; are
diagonal, i.e.

Hus =N+R N=w®)-y+ D>  Qlul, Q=" +6;(), (4.21)
jA+1,42,

Where we have denoted by ©4; the eigenvalues of —iB; for j = 3,4 and for |j| > 4 we
have set ©; = fy. Finally R satisfies bounds of the form (@I0).
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4.1 Melnikov conditions
As in the paper [30], we study the action of the NLS normal form
2
Ni=w@) y+ Y )yl
jAELE2,
by Poisson bracket on the space of regular analytic Hamiltonians that are at most quadratic
in the normal modes and commute with mass and momentum.
We only need to study the action of N' on monomials of the form
e”'%g’wg

where ¢ = (€y,l1,02,03), o € {0,1,—1} and by definition

w, ifo=1
wy = w, ifo=-1
1 ife=0

Mass and momentum conservation means that we only need to consider monomials satis-
fying the following constraints:

n(l) +o'+0=0 (4.22)
7(0) + o'r(h) + or(k) =0 (4.23)
where
. i| if j=3,4
nl) =0y +Llo+Lls, w{l):=0 —ly—23, x(j):= m ' ]
joifljl =5

Proposition 4.1. For each {,0,0" h,k satisfying E£22) and [@23) the Melnikov reso-
nance condition
w-l+0oQ+0 Q=0 (4.24)

defines a proper algebraic surface except in the trivial case £ =0, o +0' =0, h = k.

Proof. 1t is sufficient to verify that none of these analytic functions are identically zero.
We first consider the second order Melnikov conditions, namely o, 0’ # 0. Since these
are all affine functions of ¢, these functions are identically zero if and only if

7@ ) + or?(h) + o't2 (k) =0, N L400,+00,=0 (4.25)

where

7@ () := 0y + by + 445,
In conclusion we have the system of equations
L4+ lo+l3+0+0 =0
0y — 0y — 205+ ox(h) +o'r(k) =0
01+ by + 43 + or?(h) + o'r?(k) = 0
AN l+00+00,=0
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Case 1: |hl,|k| > 4.

If o0 + 0’ = 0, in the last equation we get A - ¢ = 0. Since & — A is generically a
diffeomorphism this gives ¢ = 0, hence h = k from [@27). If o+0’ = 2 we get A-L+2fy(§) =
0. In order to prove that this is not an identity we only need to compute the functions
A(§), fo(§) as the action § = E' — 0 and (£1,£2,&3) = K — (4,0,2). It is easily seen that

20,4,0,2) = (a'?(4,0,2), 05 al? (4,0,2)) = (—144+/3, 426, 426, 498) ,

fO(O’ 45 0’ 2) = f(l’ 45 0? 2) = 558
By the irrationality of A\g(0,4,0,2), we deduce ¢y = 0. Then we try to solve

ANE) - €+2fo(§) =0, bitlr+il3=-2 (4.30)

at £ = (0,4,0,2) and one verifies that no integer solutions ¢ exist, since (set ¢1 + {2 = x,
¢35 = y) the solution of the linear system

426x + 498y = —1116
rT+y=-2

isx=5/3, y=—-11/3.

Case 2: h,k € {£3,+4}.

As above, we consider the limit {g = E — 0 and (&1,&2,&3) = K — (4,0,2). We compute
V;(0,4,0,2) = 0 for j = 3,4, and U3(0,4,0,2) = 144, 14(0,4,0,2) = 18. This gives
©43(0,4,0,2) = 558 £ 144, ©44(0,4,0,2) = 558 £ 18. Then, since A1, A2, A3, Op, O are
all integers while \g is irrational (here all functions, when not specified, are evaluated
at & = (0,4,0,2)), equation [E29) gives ¢y = 0. First consider the case o + o' = 0.
Then equations [@26), [@28) imply 3/3 + or?(h) + o’'r?(k) = 0. Since 3 does not divide
42 — 32 =17, we get |h| = |k| € {3,4}, hence r(h) = r(k). Equations [{28]), [{21), [E2])
then give £ = 0. The observation that ©; # ©_; for j = 3,4 implies that [@29) with £ =0
is satisfied only if h = k. Now consider the case o + ¢’/ = 2. If |h| = |k|, then equations

(£24)), ([E29) lead to the linear system

426x + 498y = —1116 + p
r+y=-2

with p € {0, £36, 4288}, which has no integer solution; indeed the first equation (divided
by 3) implies z +y = 0 (mod 3), which is clearly incompatible with the second equation.
If |h| # |k|, then equations ([A26]), (£28)) imply 3¢5 = —23, so there is no integer solution.
Case 3: |h| € {3,4}, |k| > 4.

Like before, we evaluate everything at & = (0,4,0,2); again, we use equation ([€29]) to
deduce ¢y = 0. Consider the case o + o/ = 2. Then equations [L20]), [@29) lead to the
linear system

426x + 498y = —1116 + ¢
r+y=-2

with ¢ € 2 := {£18, £144}, which has no integer solution as above. Finally, if o + ¢’ = 0,
equations (L.20), ([A£29) imply 72¢3 = o, with o € E. Now, if ¢ = +18, there is no integer
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solution, which rules out the case |h| = 4. Therefore we have |h| = 3, f3 = £2. Using
equations (E20), ([£2]), this implies r?(k) € {43,415}, which is not possible.

Then we consider first order Melnikov resonances of the type, without loss of generality
oc=-1,0/ =0.

w-E—Qh

cannot identically vanish. Indeed, it is enough to consider the mass conservation ¢1 + ¢o +
¢3 = 1 and the resonance condition A - ¢ = ©. Reasoning like above, the evaluation at
¢ =1(0,4,0,2) leads to the linear system

426x + 498y = 558 + o
r4+y=1

with ¢ € E, which again has no solution, since the first equation implies x+y = 0 (mod 3).

The case 0 = o’ = 0 is completely trivial since the map w <+ £ is a local diffeomorphism.
This concludes the proof of the proposition. O

Consider the Hamiltonian (£2]]) in the set O. Let My, Ly be defined by

Aloo + AP, | foloo + [ fol™, Si‘{gpﬂ\@j!oo +104"P < Mo, [N <Ly (431)
.]: ’

where given a map f : O — R? we set
Flo=sup sup [fl, /%= sup sup PN
€cOi=1,..d etne0i=1,.d &=

Lemma 4.3. There exists an e-independent proper algebraic surface 21 so that for all
£ O\ on has
w-€+JQh+0'Qk #£0

for all non-trivial ¢, 0,0, h, k satisfying |¢| < 4MyLo and conditions [E22]), E23). Let Oq
be an e-independent compact domain in O\ A. There exist constants ag, Ro such that
Nl + 00+ 00Ok >ay Vo, =0,£1, [¢] < 4MyLo, ([E22),[E23) hold
IRIY. 0, <7ER0, 70 =7M ", (4.32)

s,m,0p
where R is defined in ([E21), oy does not depend on € while Rg ~ r + er™2.

Proof. By Proposition ] each Melnikov resonance defines a proper algebraic surface. Our
first statement follows by showing that the condition [¢| < 4MjyLo implies: 1. that the
only Melnikov resonance surfaces which may intersect O are such that

7@ (0) + or?(h) + o't (k) = 0 (4.33)

see ([A20); 2. that such resonances are only a finite number. This is due to the smallness

of e. Indeed if ([@33) does not hold, we have

XL+ 00; + 00, > 7P () + or?(h) + o' (k)| — e(AMZ Lo + 2Mp) > 1 —

N |

Then we notice that ([A33]) fixes h, k inside a ball of radius 4MyLg except in the trivial
case { = 0,0 = —0’,h = k. The estmates ([L32) follow trivially. O
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4.2 Proof of Proposition 2.1]

We just apply all the changes of variables discussed in the previous sections.First we apply
the Birkhoff change of variables generated by the Hamiltonian in (B.1), then we pass the
sites (1, £2) to polar coordinates in ([B.6]) and pass to the coordinates ([B.7)). Next we apply
our first phase shift (39) and then we integrate ~# in ([@5). Now the change of variables
([L8) sets our approximately invariant torus at y = 0, z = 0. The NLS Hamiltonian now
has the form (£9]), and the normal form depends only on one angle. In order to remove this
dependence we apply the phase shift ({11 and then Floquet’s theorem Il We obtain
the Hamiltonian (A20]), which we diagonalize by using the standard theory of quadratic
Hamiltonians. We choose Qg to be a compact domain as in Lemma Finally, formula
([CH) is obtained as a consequence of ([{2), by possibly further restricting the set Q. O

5 KAM theorem

5.1 Technical set-up

We introduce a degree decomposition on Aj, by associating to each monomial m a degree
d(m) as follows

Myjaps =Py 222" = dmgjap) =2j+|al+ |8 —2.

This gives us a definition of homogeneous polynomials of degree d and a degree decom-
position of analytic functions. Given f € A, , we denote by f (@) its projection onto the
homogeneous polynomials of degree d

F=) fejopefytd Wf=fD= 3 frjapetyia2,
2j-+lal +1]-2—d

We use the same notations for IIS? and I1Z¢. We are also interested in projections onto
trigonometric polynomials in ¢, we shall denote

Infi= Y frjapsefyz22", Ty :=1-1Ix
le|<N

More in general given a subset of indices | € Z4 x N* x NZ x N we define

H[]f = Z f&j,aﬁew'“"yjzo‘zﬁ. (5.1)
(£7j7a7/3)6ﬂ

We denote as usual by {A, B} the associated Poisson bracket and, if we want to stress the
role of one of the two variables, we also write ad(A) for the linear operator B — {A, B}
The main properties of the majorant norm (27, contained in [3], Lemmata 2.10, 2.15,
2.17, express the compatibility of the norm with projections and Poisson brackets, we
briefly recall them in the next propositions.

8ad stands for adjoint in the language of Lie algebras.
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Proposition 5.1. For every r,s > 0 the following holds true:

(i) All projections Iy are continuous namely

[Lhl3, < (A3,

s,r =

Smoothing: one has

[TI<nh[], < N*h|] [TI>nhl], < N5 h|]

§—81,T $+51,r

(11) Graded Poisson algebra: Given f,g € As, for any v’ < r one has

{F.9}00 < 0= 2) ')A gl
moreover on all monomials d({f,g}) = d(f) +d(g).

(iii) partial ordering if we have

|f0‘7ﬁ7£| S |h04,67£|’ VC!,IB,E

and hq g is the Taylor-Fourier expansion of a function h € A, then there exists a
unique function f whose Fourier expansion is { fo 5,0} and such that

13 < RIS,

s,r =

(iv) Degree decomposition Given a Hamiltonian h € A, which is homogeneous of degree

d then h € As g for all R and one has

[Al2, < IRl

s,r =
Proposition 5.2. For every r,s > 0 the following holds true:
(i) Changes of variables: if (1 — %)fllf];’,r < o sufficiently small then its Hamiltonian

vector field Xy defines a close to identity canonical change of variables Ty such that:

hoTp = el th satisfies |ho Tsl) . < (14 Co)ln|],

sl =

(i1) Remainder estimates: consider two Hamiltonians f,g with f of minimal degree df
and g of minimal degree dg, then set

Prm =5 C U adine= g, 1) (5:2)

=i
then Pi(f, g) is of minimal degree dfi 4 d, and we have the bounds

/

PN, <06 (1-5) ARl

Note that the same holds if we substitute in ([52) the sequence {3} with any sequence
{bi} such that Vi one has |b| < 3.

Note that H defined in (LIT)) is M —regularﬁ for all r.

7it is well known that the NLS is locally well posed under much weaker regularity conditions. This is not
the purpose of the present paper.
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5.2 The iterative algorithm

Definition 5.1. We first define the diagonal Hamiltonians which are our normal forms.

Fir ={h=q-y+ > Q> withqeR', Q; R},
jAELE2

Given an M -analytic Hamiltonian H we denote by o, H the projection of H onto Fiyer
(this is a projection of the form (51))). Now we define Fg, be the subspace of M -analytic
Hamiltonians H such that H — Iy, H € Ag, is a regular M-analytic Hamiltonian and
Poisson commutes with L, M. Finally let

Frg = (1 — My ) TT=0F ..

so that
For = Ficer & Frg ® Fi). (5.3)

Note that F , is naturally decomposed in terms of subspaces of growing degree.

By construction the NLS Hamiltonian

Mus=w(@) y+ Y. GOWwP+R=N+REF,, Vr<ry,s<sy (54)
JAE1,+2,

Remark 5.1 (The goal). By definition, the normal form N is in Fyer. In general, the
condition for a Hamiltonian H = N 4+ P, N = IlyH to have KAM tori is II,,H =
ILgP = 0. So our goal is to find a symplectic transformation ®,, so that

Ty (H) = 0.

The strategy is to construct this as a limit of a quadratic Nash-Moser algorithm.
We will denote:

N =y (H), Pyg:=1Le(H), P>%:=1T"°H), (5.5)

so that H = N + Py, + P70,

By the Poisson algebra property (ii) of Proposition ] if A has degree ¢ > 0 then also
ad(A) has positive degree and hence is strictly lower triangular on Fs, w.r.t. the degree
decomposition.

We start with the NLS Hamiltonian (£2]]) which we denote by Hy := Ny —|—Prg,0—|—PO>O,
where Ng = N, Py + Py% =R, so that

Pgo~ 2, P0>0 ~ Eer

are appropriately small.
We wish to find a convergent sequence of changes of variables

By = U)o P, (5.6)
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dependent on a sequence K, of ultraviolet cuts, so that at each step Hy, 11 = ®p,1(Hp) =
Npi1+ P]rg ma1+ P>Jrl is such that N,, stays close to N, P, stays bounded while Pyg
converges to zero (super—exponentially).

At a purely formal level we would like that P ,,y1 is quadratic w.r.t. Beg,,. The
generating function F,, € Frg <k <k, ,Frg is fixed by solving the homological

equation

m—+1 =

{Nm, Fm} + Hrg,m{Pran Fm} = HSKmHPrg,m ) Hrg,m = Hrg,SKmH (5'7)

which uniquely determines F,, as a linear function of P ,, provided that the linear oper-
ator:

L = ad(Np) + g mad(P;%) = ad(Np) 4 g mad(Py,) + g mad(P2),
is invertible on Frg <,,,, (clearly we also need some quantitative control on the inverse).

Remark 5.2. On F, the operators ad(Ny, ), Iyg mad(PL,), Iy mad(P2) have respectively
degree 0,1,2 so it should be be clear that £, is invertible if and only if ad(Ny,) is invertible
and in this case one inverts

L = ad(Ny,) (1 - ad(Nm)—lnrg,mad(P;0)>

by inverting the second factor. This is of the form 1+A with A a sum of two linear operators
of degree 1,2 respectively, so A> =0 and we invert 1 + A with the 3 term Newmann series

1— A+ A2

We now justify our choice by computing one KAM step, for notational convenience we
drop the pedex m in H,, etc.. and substitute H,,;1 with H, etc....

Let us compute H, := ¢®F) H. First split the operator ) =1+ ad(F) + Ep, by
definition Er is quadratic in ' and hence quadratic in P. Regarding the term

(1+ad(F))(N 4+ Pg+ P7%) =N+ Py + P°° — {N + P7° F} + {F, Py}

we first notice that, since F' is linear w.r.t. P then the last summand is quadratic
moreover since F' solves the homological equation we have

Py —{N +P7Y F} = (T + Msg + o g T ) { P70, F} 4+ Ts g Prg.
Then we deduce that
Mo H := Ny = N + o {P7°, F} + My Q(Prg)
Hrgead(F)H = PEO =k (P + Hrg{P>0a F}) 4+ g Q(Prg)

MooV H = P20 = P20 4 T1.o{ P>, F} + T12Q(Pyy)

where Q(P,g) , is quadratic in Py, and collects the terms from Ep(H) and {F, Pg}.
We now introduce some parameters which control H,,. Recall that by definition of

F ker

N Y+ Z Q |w]|2
j#EL,+2

27



and set
W = (0,1,1,4) +ex™ Q™ = 2 4 0™,

Fix a small v > 0. Let O,, be a positive measure Cantor set, assume that & — \(™) (&) is
invertible and let L,,, M,,, Ry, > 0 be such that
A A < M,y (O] 4 (@5 P < My, ()1 < L,
A0+ 0™ 1+ 00| > ay Vo =0,£1, Y(¢,i,5) # (0,4,0) : |¢] < 4MoLo
|Hyp — N1 SYeRm,  Ym = ’YMrﬁl- (5.8)

$,7,Om,
Note that our conditions are fulfilled by the Hamiltonian (£.21]) for m = 0.

Definition 5.2. We say that a positive parameter b = {by, }men is telescopic if for each
step m we have by/2 < by, < %bo (usually by, is either an increasing or a decreasing
sequence).

Note that a sufficient condition is that

> b
> b1 — b < 50 (5.9)
m=0
We choose as in [29]:
g1 = (1 =270, S =1 —27"s,, K, =4™K). (5.10)

We choose the set O,,41 as

Omi1 ={€ € O+ [ -0+ 0Q™ +0'Q™| > eyK,7, 0,0" = 0,%1, (] < Ko,
(5.11)
nl) +o+o' =0, wl)+or(i)+o'r(j) =0, (00',63)#(=1,0,5)}.

Lemma 5.1. For all § € Opyq1, 1) admits a unique solution and moreover

< (em) 7 R ) | Prgan 171 (5.12)

SmTm,Om ?

[ Eom 1"
m Sér“r;y“(’)m«‘ﬁl

where ', = (s + Smi1) /2,70 = ('m + Tma1)/2 , and vy = YM, L.

Proof. This is a subcase of Lemma 14 of [29] or Proposition 2.31 of [12]. We first notice
that (10 and item (iii) of Proposition Bl imply that for any g € Fig m one has

D g < 3(ey) KL gt

57T70m+1 - S,T,Om+1 :

Following Remark 5.2 we set A = © 1, ,ad(P;0). Using (5.8) and Propositions EI5.2]
we get

j m 2 1 m -
g, o < (K2R Plgimo, o G =12
The thesis follows by Remark O
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Proposition 5.3. For Ky, large and for all e,r such that r +er=2 < WKO_67, at each
step m, in the set O,,, one has the estimate

3m

”Prg,mHZ::,rm,om < (r +€7’_2)e_5 . (5.13)

Moreover the constants R, L, M, a are telescopic. Finally our algebraic algorithm converges
on the set Ny O, and we obtain a change of variables @, := limy, o0 ®,. The corre-
sponding Hamiltonian Hs, has reducible KAM tori.

Proof. These estimates are all standard. The condition on e, r implies that Py ~ er+e2r—2

is small w.r.t. the size of the divisor ~ ev. By induction, suppose we have reached some
step m and proved the estimates. Using (5.12]) and items (i-ii) of Proposition (2] one
proves that F, defines a symplectic change of variables with H,,,, = e*mH, well
defined in the domain D(sy,+1,7m+1). The corrections of the parameters R, L, M, « are
obtained by item (i) Proposition [0.1] and item (ii) of Proposition using the fact that
the coordinate change is very close to the identity due to the super—exponential decay
of the norm of F'. This implies easily the telescopic nature of the parameters used, as
|byt1 — b | < const boe_(g/Q)m. Then the algorithm converges. O

5.3 Proof of Proposition 2.2,

The change of variables of item (i) is ®Poo := lim, 00 Py, defined in (B6) and with F,
defined in (B7). The estimates on ®,, — 1 follow from Lemma (1] Proposition B3] and
Proposition [5.2] provided that we choose r = /3.
Item (ii) follows directly from Proposition and Definition

In order to complete the proof of the KAM theorem we only need to show that the set
Ooo = N5o_y Oy, has positive measure. Let us denote

R ={€ O : [w™ 0+ UQEm) + 0'Q§m)\ <eyK,"}

)
0—70— 7£7Z7]

so that
Omi1 = O \ U R

P ..
0-70- 7£7Z7] U7Ul7€7z7j

where the U* is the union of all the sets such that
U < Ky, nl)+oc+0" =0, w{)+or(i)+or(j)=0, (o0, ¢i)+#(-1,0,7).

We first consider the case oo’ # 0, corresponding to second Melnikov conditions. We
claim that for any fixed ¢ € Z*, the union U:—,o—’,i,i,j is finite, with an upper bound on the
cardinality depending on |/].

By the estimates (5.8]) and the fact that «,, is telescopic we deduce that, if we choose

Ky so that o9 > 2K ", we have E)%E‘n;), i = () for all |¢] < 6LoMj.
Denote v := (0,1,1,4). If |¢i® + /52| > 2|v||¢| we have D‘igr;), rij =0 Since

joi® + o' > [lil — 1] (|i] + 1),
this condition ensures that U* runs only over

il, 1] < const|¢
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unless one has o0 = —¢’ and |i| = |j].

In this last case we use momentum conservation, if ¢ = j we get £ = 0 and this is
explicitly excluded in our U*. If i = —j with ¢ = 43, £4 again we get £ = 0 so by our
previous argument ,m) = (. Finally if 1 = —j # £3, £4 we obtain

o,0' 4]
2[i] < | (0)],

which obviously implies |i| < const |¢|. Let us now give a bound for the measure of a single
set %(m)/ L

By construction all the maps & — A" are invertible with Lipschitz inverse, so we
change the variables to \ € )\(m)((’)m), note that this set is contained in [—2Mg, 2M]*.
We have

R IS LA EA™(0n) 1 [(v+ed) £+ o™ () + A ()] < evK,TY

o, a/ AN
We note that |Q§m)()\)|lip < eLy, M, < ell]/3, since by hypothesis [¢| > 6MyLy. Now we
can introduce an orthogonal basis for R* where the first basis vector is parallel to ¢, in this
basis

|Ox, (v +eX) - 4] = e|¢],

so we may estimate the measure of the resonant set as

]9‘{ | < const yLo(LoM) (| 'K,

UU’K@]

Hence, we estimate

< U U 9{((7”;) i,

m|i|<cle], [(|<Km, 00! #0
ox(i)+o't(j)=m(0)

U U grso R

o,0' Li,]

o0
< const yLo(LoMy)? Z Kn_f+4 < const yLo(LoMy)?

m=0

provided that 7 > 4.
In the remaining cases with oo’ = 0 (Diophantine condition on X and first Melnikov
conditions), one similiarly obtains the corresponding estimate

‘Um 0 %g?/,é,i,j < const yLo(LoMy)?

oo’ =

(actually, when oo’ = 0, this estimate is simpler to obtain and completely standard).
Hence

yoo\oooy<(u u* R

o,0' 0,i,]

< const fyLO(LOMO)g.
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