A KAM ALGORITHM FOR THE RESONANT NON-LINEAR
SCHRODINGER EQUATION

M. PROCEST*, AND C. PROCEST**.

ABSTRACT. We prove, by applying a KAM algorithm, existence of large families of
stable and unstable quasi periodic solutions for the NLS in any number of independent
frequencies. The main tools are the existence of a non-degenerate integrable normal
form proved in [18] and [20] and a suitable generalization of the quasi-T6plitz functions
introduced in [24]
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1. INTRODUCTION

The present paper is devoted to the construction of stable and unstable quasi—periodic
solutions for the completely resonant cubic NLS equation on a torus T%:

(1) iug — Au = k|u|?u 4+ 95G(Jul?).

Here u := u(t, ), ¢ € T¢ A is the Laplace operator, G(a) is a real analytic function
whose Taylor series starts from degree 3 and k = +1.

Our results are obtained by exploiting the Hamiltonian structure of equation and ap-
plying a KAM algorithm. As is well known such algorithms require strong non-degeneracy
conditions which are not always valid, even for finite dimensional systems and, when valid,
are generally proved by performing on the Hamiltonian a few steps of Birkhoff normal
form. This is done in [I8] (where the results are for for a larger class of NLS with non—
linearity |u|??u) and [20] in which we exhibit and study the normal forms for classes of
completely resonant non—linear Schrodinger equations.

Let us give a brief overview of the main difficulties in proving existence and stability
of small quasi-periodic solutions for PDEs. One starts with a Hamiltonian PDE which
has an elliptic fixed point at u = 0, and wishes to prove that some of the solutions of the
nonlinear equation stay close to the linear solutions for all time. One has to deal with
two classes of problems:

the resonances, namely the equation linearized at u = 0 does not have quasi-periodic
solutions so we are dealing with a singular perturbation problem;

the small divisors, namely the equation linearized at u = 0 is described by an operator
whose inverse is unbounded so that in order to find small solutions one needs to use some
Generalized Implicit Function Theorem.

There are two main approaches to these problems: 1. Use a combination of Lyapunov—
Schmidt reduction techniques and a Nash—Moser algorithm to solve the small divisor
problem. This is the so—called Craig-Wayne—-Bourgain approach, see [7] ,[5] and for a
recent generalization also [4]. 2. Use a combination of Birkhoff normal form and a KAM
algorithm, see for instance [15], [I].
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In both cases one usually studies simplified models, namely parameter families of PDEs
with the parameters chosen in such a way as to avoid resonances. Even under this sim-
plifying hypotheses the problems related to the small divisors are in general quite compli-
cated. Essentially, in order to perform a quadratic iteration scheme to prove the existence
of quasi-periodic solutions, one needs some control on the operator (which we denote by
L(w)) describing the equation linearized on an approximate solution u(z,t) (and not only
at u = 0). In the Nash—-Moser scheme one requires very weak hypotheses, in order to
ensure that one may define a left inverse for L(u) with some control on the loss of reg-
ularity. In a KAM scheme instead one imposes lower bounds on the eigenvalues of L(u)
and on their differences, this allows to prove a stronger result namely the NLS operator
linearized at a quasi-periodic solution can be diagonalized by an analytic time dependent
change of variables. Note that these last hypotheses imply a very good control on the loss
of regularity of L='. The Nash-Moser approach combined with reducibility arguments
(together with some novel ideas from pseudo-differential calculus) was used in [I6] in or-
der to prove existence and stability of quasi-periodic solutions for a class of fully-nonlinear
perturbations of the KdV equation.

For PDEs in dimension d > 1, where the eigenvalues of L(0) are clearly multiple, the
Nash—Moser algorithm is more readily applicable, see for instance [5]. KAM results for
PDEs in dimension d > 1 are few and relatively recent, see for instance [II], and in
particular the paper [§] which studies an NLS with external parameters. Note that not
only one needs to impose that the eigenvalues are different but one must give a lower
bound on the difference. In the case of the NLS of [§] this requires a subtle analysis and
the introduction of the class of Toplitz-Lipschitz functions (see also [24]).

In the case of equation , before attempting to study the small divisor problem one
must deal with the resonances, since there are no external parameters and the only freedom
is in the choice of the initial data.

In the case of in dimension one this problem is avoided by just performing a step
of Birkhoff normal form then applying a KAM algorithm (see [I5] or [I]). This is due
to the fact that the NLS equation after one step of Birkhoff normal form is integrable
and non-degenerate. Unfortunately this very strong property holds only for the cubic
NLS in dimension one, indeed for d > 1 the non-integrability of the NLS normal form
has been exploited (see for instance [6] and [I4]) to construct diffusive orbits. In order
to overcome this problem Bourgain proposed the idea of choosing the initial data wisely.
More precisely one looks for a set S C Z<, the tangential sites, such that the Birkhoff
normal form Hamiltonian admits quasi-periodic solutions which excite only the modes
j € S. Then, by choosing S appropriately, one may prove existence of true solutions
nearby.

This idea was used in [5] to prove the existence of quasi-periodic solutions with two
frequencies for the cubic NLS in dimension two. This strategy was generalized by Wang
in [21],[22] to study the NLS on a torus T¢ and prove existence of quasi periodic solutions.

A similar idea was exploited in [I3] and [12] to look for “wave packet” periodic solu-
tions (i.e. periodic solutions which at leading order excite an arbitrarily large number of
“tangential sites”) of the cubic NLS in any dimension both in the case of periodic and
Dirichlet boundary conditions. All the previous papers only deal with the existence of
quasi-periodic solutions and not the linear stability and reducibility of the normal form.
Note that the results by Wang on the NLS imply existence of quasi-periodic solutions for
equation and indeed her approach to the resonance problem is parallel in various ways
to the one of [I8]. Her approach is through the Nash-Moser method and hence does not
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prove reducibility results as explained before. Note however that [22] covers a larger class
of cases i.e. non-cubic NLS equations with explicit dependence on the spatial variable.

In the context of KAM theory and normal form, we mention the result of [9] for the
NLS in dimension one with the nonlinearity |u|*u.

A strategy similar to the one used in this paper is proposed by Geng You and Xu in
[10], to study the cubic NLS in dimension two. In that paper the authors show that one
may give constraints on the tangential sites so that the normal form is non-integrable (i.e.
it depends explicitly on the angle variables) but block diagonal with blocks of dimension 2.
They apply this result to perform a KAM algorithm and prove existence (but not stability)
of quasi—periodic solutions. We also mention the paper [19], which studies the non-local
NLS and the beam equation both for periodic and Dirichlet boundary conditions.

The present paper is the last of a series of three papers in which we have developed a
strategy aimed at the construction of large families of stable and unstable quasi-periodic
solutions for the cubic NLS in any dimension.

In the first paper [I8] we study the NLS equation after one step of Birkhoff normal
form and give “genericity conditions” on the tangential sites S C Z% in order to make the
normal form as simple as possible.

The main results of [I8] are formulated in Theorem 2} where we prove that, for [S| < oo
and for generic S, one can choose symplectic coordinates in which the normal form is
integrable. On the tangential variables the normal form is non-degenerate and the motion
is quasi-periodic with frequency w = w(&), where w(§) is a diffeomorphism and ¢ € R™
(n = |S|) are free parameters modulating the initial data. Moreover, in the “normal
variables,” the normal form is a block diagonal quadratic form, with blocks of dimension at
most d+1. All blocks have constant coefficients. These infinitely many blocks are explicitly
described by a graph I'g (cf. which contains all the combinatorial difficulties of the
structure. This combinatorial structure will influence the KAM-algorithm presented in
this paper.

In [20] we address the delicate question of the non-degeneracy of the normal form
deduced in [I8], we obtain precise positive results for the cubic case ¢ = 1.

In this paper we address the question of constructing quasi—periodic solutions and
present a general solution. We need to analyze three issues

i) The second Melnikov non—degeneracy condition. This we prove by using the
results of [20].

ii) The Toplitz—Lipschitz (cf. []]) or quasi-Toplitz property of the perturbation.
This is done by generalizing the quasi-T6plitz functions of [24] to this context;
in particular we need to prove that the changes of variables that we perform to
integrate the normal form do not destroy the quasi-To6plitz structure.

iii) The KAM algorithm. This is a variation (with some complications) of a well
established path; we follow closely the structure of [I] and of [24].

In all these steps we need to combine the analysis of [24] with the special structure of
the graph I's. This is the source of most of the specific problems for the NLS which make
this case particularly complex.

The final result will be the construction, for any dimension d, of families of linearly
stable (and also elliptic for appropriate initial data) quasi—periodic solutions for the cubic
NLS.

Following [I8] for any n € N we introduce the notion of generic set of frequencies
S C 74 with |S| = n (see Definition 3.of [I8]). The conclusive result of this analysis is:
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Theorem 1. For any n € N and any generic set of frequencies S = {j1,...jn} C Z¢
the NLS equation admits small-amplitude, analytic (both in t and ¢), quasi-periodic
solutions of the form
(2) ulpt) = 3 GO 4 o(/E), w(e) R P

jes
for all sufficiently small £ € R™ belonging to a ”Cantor-like” set of parameters with asymp-
totical density 1 at &€ = 0. The term o(\/€) in is small in an analytic norm. The
equations linearized at these quasi-periodic solutions are diagonable by an analytic
time dependent change of variables. Finally, in a non empty open set of this Cantor set
the solutions are also elliptic and linearly stable.

We prove this result by verifying that the NLS Hamiltonian can be brought into a
normal form which satisfies the properties of an abstract KAM Theorem, Theorem [6]

Most of the properties necessary for Theorem [6] have been verified for the NLS in
Theorem 1 of [I§] and in [20], here we have to prove the quasi-Toplitz property of the
NLS, cf.

It is possible to perform a KAM algorithm for any analytic NLS obtaining a weaker
result. In this case one has the second Melnikov condition property i) only in a finite block
form. This will be discussed elsewhere.

1.0.1. The plan of the paper. The paper is divided into four parts. In Part 1 we recall all
the properties of the normal form proved in [I8] and [20] which will be needed. In Part
two we start by recalling the geometric formalism developed in [24] and prove that this
formalism is compatible with the structure of the graph I'g. Having done this we proceed
to define quasi-T6plitz functions in our context and prove their basic properties. Parts 3
and 4 are devoted to the KAM algorithm. In Part 3 we discuss the general properties of
the type of algorithm that we shall apply to the NLS while in the final Part 4 we verify
that the NLS satisfies all the properties of the class of Hamiltonians studied in Part 3.
We can finally conclude that the KAM algorithm, applied to the Hamiltonian of the NLS
starting from the normal form described in Part 1, leads to a successful construction of a
family of quasi—periodic solutions of the NLS parametrized by a set of positive measures
of the parameters &;, actions of the initial excited frequencies. We discuss also which
solutions are stable or unstable.

Part 1. The normal form
2. SUMMARY OF RESULTS FROM [I8]

2.0.2. The Hamiltonian. In [18] we have studied the NLS on T¢ as an infinite dimensional
Hamiltonian system. After rescaling and passing to Fourier representatiorﬂ

(3) ut, @) ==Y ur(t)e )
kezd
the Hamiltonian is (having normalized k):

= 3 [kPusi S @ -
(4) H .= |]<}| UpUk + Uy Uy Uy Uy »
kezd k;€24:3°% | (—1)ik;=0

n fact one should work in a slightly more general setting where the torus is the quotient of R? by
any lattice A of finite index in Z¢ and write u(t, @) := ZkeA* U, (t)el(’“‘P),
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The complex symplectic form is i), duy A dug, on the scale of complex Hilbert spaces

(5) 7P = {u = {utpeza | uol> + 3 furPe2 MR = [Jul 2, < oo},
kezZd

a>0, p>d/2.

We systematically apply the fact that we have d 4+ 1 conserved quantities: the d—vector
momentum M and the scalar mass L:

M= Y kul, L= fuf?,

kezd kezd
with
(6) M, up} = ihup, {M,up} = —ihtp, {L,up} =iup, {L, 4} = —its.
The terms in equation commute with L. The conservation of momentum is expressed

by the constraints Z?Zl(—l)iki =0.

2.0.3. Choice of the tangential sites. If in the Hamiltonian H we remove all quartic terms
which do not Poisson commute with the quadratic part, we obtain a simplified Hamiltonian
denoted Hp;rr. This has the property that its Hamiltonian vector field is tangent to
infinitely many subspaces obtained by setting some of the coordinates equal to 0 (cf.
[18], Proposition 1). On infinitely many of them furthermore the restricted system is
completely integrable, thus the next step consists in choosing such a subset S which, for
obvious reasons, is called of tangential sites. Without loss of generality one may assume
that S spans Z¢ over Z (cf. footnote [1)).

With this remark in mind we partition
(7) 2t =SuUS S:= (31, 3n)

where the elements of S play the role of tangential sites and of S¢ the normal sites. We
divide w € £*P in two components u = (u1,uz), where u; has indexes in S and wus in
S¢. The choice of S is subject to several constraints which make it generic and which
are fully discussed in [I8] and finally refined in [20]. Here we shall always assume that
these constraints are valid so we just refer to the results of these two papers in all the
statements.

We often use the map m : R® — R%, 7(aq,...,a,) == >, a;ji, notice that 7 maps Z"
to Z%, and set

8 = il.
(8) K r]ngglJ\

If we use on R™ the L' norm then & is also the norm of the map .
We apply a standard semi-normal form change of variables with generating function:

(9) Pk = i 2 @ @ zmzau ;wlk?'

a,Be@M)N:|a|=|8|=2,|az|+|B2]<2
Sk(ag—Bi)k=0, S (ap—Bg)|k|2#£0

Here the notation as, 82 refers to the exponents for the variable uy, @ with k& € S¢. We
use the operator notation ad(F') for the operator X — {F, X}. The change of variables
by () .= e®d(Frirk) is well defined and analytic: B, X B, = Bae, X Ba,, for ¢ small
enough, see [I8]. By construction ¥ brings (4) to the form H = Hpjpi + P*(u) + P%(u)
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where P*(u) is of degree 4 but at least cubic in up while P%(u) is analytic of degree at
least 6 in wu, finally

(10) Hpio:= Y MPwan + Y (2) (;) e

kezd a,Be@HN:|al=|B|=2, [az|+|B2| <2
Sk(ag—Br)k=0, Sk (ap—By)|k|2=0

The three constraints in the second summand of the previous formula express the
conservation of L, M and of the quadratic energy

(11) K:= Z |k|2ukﬁk.

kezd

In order to perform perturbation theory from the system given by the tangential sites
it is convenient to switch to polar coordinates. We set

(12) up ==z, fork € 8¢, wuy, := /& + g€ = \/Z,(l + 2% +..)e% fori=1,...n,

considering the & > 0 as parameters |y;| < & while y,x,w := (z,Z) are dynamical
variables. We denote by ¢(®P) .= Egl’p) the subspace of 7(&P) x (&P) of the sequences
u;, 4; with indices in S¢ and denote the coordinates w = (z, z).

Definition 2.1. Let & C R} be a compact domain and let 0 < ¢; < ¢z be such that
¢? =min(min&;), ¢ = max(max&;)
R A R 7

It is convenient to choose as & = $) x J a product in polar coordinates of a compact domain
$ in the unit sphere and some compact set J in the coordinate p. We will consider for all
p > 0 the scaled domain pfR and notice that pR = H x pJ.

One can refer to such a domain as a truncated cone.

We choose p = €2 and note that, for all r < c;e, formula is an analytic and
symplectic change of variables ®¢ in the domain

(13) Dap(s,7) = D(s,7) := {z,y,w : x €T, |yl <7%, |wllap <7} C TP X C" x £(@P),

Here ¢ > 0, s > 0 and 0 < r < ec; are auxiliary parameters. T7 denotes the compact
subset of the complex torus T¢ := C"/27Z" where x € C", |Im(z)| < s. Moreover if

(14) V2nearPelt e < ¢g, (vecall k= max(|ji]))

the change of variables sends D(s,r) — B, so we can apply it to our Hamiltonian.

We thus assume that the parameters ¢, r, s satisfy . Formula puts in action
angle variables (y;z) = (y1,...,Yn;Z1,...,T,) the tangential sites, close to the action
§E=¢&1,...,&,, which are parameters for the system.

The symplectic form is now dy A dx 414, ge dzp A dZy,.

We give degree 0 to the angles z, 2 to y and 1 to w. We use the degree only for handling
dynamical variables, as follows. We develop in Taylor expansion, in particular since y is
small with respect to & we develop v/&; + y; = V& (1 + ng’ +...) as a series in %

By abuse of notations we still call H the composed Hamiltonian H o ¥() o .

Definition 2.2. We define the normal form N which collects all the terms of Hpg;p of
degree < 2 (dropping the constant terms). We then set P = H — N.
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Notice that the Hamiltonian Hp,p is different from the corresponding one in [I8] (in
that paper we performed a full normal form transformation), however the resulting normal
form N is the same since it collects only terms of degree less or equal to two in the variables
Z = U3.

3. FUNCTIONAL SETTING

Following [17] we study regular functions F : €28 x D, ,(s,r) — C, that is whose
Hamiltonian vector field Xp(+;€) is M-analytic from D(s,r) — C" x C" x £g”. In the
variables £ we require Lipschitz regularity. Let us recall the definitions of M-analytic and
majorant norm and their properties proved in [3].

Let us consider the space
(15) V:i=C"xC"x g
with (s, 7)-weighted norm

T z 3
||V9r—|lm+w+M+w

16 = z)eV
(16) v=(z.y.22) €V, |v] R

where 0 < s < 1,0 <7 < ¢ie and |x]oo := maxp—1, _p |Zal, |yl1 := Don_; lynl-
For a vector field, i.e. a map X : D(s,7) — V, described by the formal Taylor expan-
sion:
X = Z Xl(,vz)a Wy 2280, v=1xy, 2,2
v,i,a,3

we define the majorant and its norm:

MX = Z |Xma |es|”|ylzaz’88 V=2,Y,2,2

v,t,a,B

(17) X5, = sup  [[MX]ly .

(y,2,2)€D(s,7)
The different weights ensure that, if | Xp|ls, < 3, then F generates a close-to-identity
symplectic change of variables from D(s/2,r/2) — D(s,r), Proposition

Remark 3.1. The notion of M-analytic can be given in general for any map between
separable Hilbert spaces with prescribed bases. It means that the map given in coordinates
by the corresponding majorant functions is in fact analytic. It is then easy to see that
composition of M—analytic maps is M—analytic with the corresponding estimate on norms.

In our algorithm we deal with functions which depend in a Lipschitz way on some
parameters £ in a compact set O C 28 (Formula (2.1))). To handle this dependence we
introduce weighted Lipschitz norms for a map X : O x D(s,r) — V setting:

||X||llp — sup HX(,’]) _X(E)”SJ'
PO 400, (syw)eD(sr) n—¢|
li
(18) 1Xlsr0 = 1 Xls,r = sup  [MX[lv, X[, = [X]sr0 + MXsl5 o
OxD(s,r)

where ) is a parameter proportional to |O|. Correspondingly for a parameter dependent
sequence f = {fm(&)}mer, here I is any index set, we define:

(19) [Floo = sup sup | fn(€)], IfIE = sup sup (&) = fm ()|
{eOme e#ncomel  |N— €l

bl
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Definition 3.2. We define by H, 0 = Hs,r the space of regular analytic Hamiltonians
depending on a parameter £ € O with the nornﬂ

(20) IF115, = 1 XPI3, < oo

We denote by T = Z™ x N* x N%° x N°° the indexing set of the monomials, that is
k,i,a, B is associated to e ®®)yiz2z8  For all I C T we define the projection II; as the
linear operator which acts as the identity on the monomials associated to I and zero
otherwise. In particular we define Il;<x to be the projection relative to the set I of
k,i,a, B with |k| < K, same for II};> g, similarly we define @ as the projection on the
k,i,a, B with 2i 4 |a| 4 || = ¢, same for II(Z9) and TI(=0.

The main properties of the majorant norm are contained in the following statements,
proved in [2], Lemma 2.10, 2.15, 2.17.

Proposition 3.3. Let H, K € Hy,. Then, for allr/2 <r' <r,s/2<s <s, N <A:

(21) Xl < A1 Xall,
(22) X o, i 13 = 1 X rrs Xic] 10 < 2278267 [ X 12,1 X kN2
where § is defined by:
/ /
(23) 5::min{175—,177ﬁ—}.
s r

Letr/2 <7r' <r,s/2<s <s, and F € H,, with
(24) IXkI2, < 6/(22+0e)
with 6 defined in . Then the time 1-Hamiltonian flow
®L = U D(s' ') — D(s,7)
is well defined, analytic, symplectic, and, VH € Hs ,, we have H o @} € Hy o and

(25) N Xpoop Iy <20Xullss 1 Xmooy, — Xaulld . < 21Xel23, [ Xall2, -
For all I C1 and, YVH € Hs,, we have
(26) M Xmll3, < 1Xul2,

In particular we have the smoothing estimates: s’ < s,

s
(27) s x Xa ), < " K= X1

S,

and the degree estimates
g
(28) Xrazo w12 < ()2 IXnl,

Remark 3.4. For a diagonal quadratic Hamiltonian F' =" = ¥,,(§)2mZm we have
0
Xp=1
r z(;ﬂm(f)z Zﬁ Zmazm)
0

0 _ i
MXp = Y m(@)l e+ Zmg) IMXFI, = (0] + AL

2in fact Hamiltonians should be considered up to scalar summands and then this is actually a norm
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Lemma 3.5. For cie > r > €3, the perturbation P of Definition is in Hs, and
satisfies the bounds

(29) ||Xp||A < Cler+e°r Y,
where C' does not depend on r and depends on €, \ only through \/e>.

Proof. This is item iv) of Theorem 1 of [I8]. The fact that we are using the majorant
norm only changes the constant and not the order of magnitude. (I

4. THE NORMAL FORM

We will work with many quadratic Hamiltonians in the variables w (thought as a row
vector). We represent a quadratic form F by a matrix F' as

1 1
(30) Flw) = i(w,wJFt) = —inJwt,

where J := —i{w!, w} is the standard matrix of the symplectic form which expresses the
action by Poisson bracket.

By explicit computation, and under simple generiticity conditions, the normal form N
of Definition is as follows:

(31) @©,9) + Y kPl + Q& w), wil€) = |5l — 2

kese

here Q(&; z, w) is a quadratic Hamiltonian in the variables w with coefficients trigonomet-
ric polynomials in z given by Formula (30) of [I§]:

(32) Q& w) =4 Z V&i&e )z 2+

1<i#j<m
h,kES¢

+2 Z VEE e @it 5y o 49 Z VEaE @itz 7,

1<i<j<m 1<i<j<m
h,kESC h,k€SC

Here Y denotes that (h, k,v;,v;) satisfy:

{(h kyviyv)) [h+ v = k4, B2+ ol = [k + v}
and >, that (h,v;, k,v;) satisfy:

{(h,vis ko)) [+ k =i+ vg, R+ [k = Jos® + v}

Notice that in the sums Y. each term appears twice.

This is a very complicated infinite dimensional quadratic Hamiltonian, by applying
the results of [I8], we decompose this infinite dimensional system into infinitely many
decoupled finite dimensional systems corresponding to the connected components of a
graph (which is recalled in §4.1)). One of the main results of [I§] is the construction of an
explicit symplectic change of variables which reduces N to constant coefficients.

Since this construction is needed in the following we recall quickly Theorem [2| of [I§]
adapted to the case of the cubic NLS. In the cubic case we also apply the more precise
results of [20].
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Theorem 2. For all generic choices S = {j1,...,jn} € Z"? of the tangential sites, there
exists a map

S5k — L(k)eZ", |L(k)|<d+1

such that the analytic symplectic change of variables:

ae= e HWD Ly =y Y LR =
keSe

U (y,z) x (2,2) = (y,2) x (2,2)

from D(s,r/2) — D(s,r) has the property that N in the new variables has constant
coefficients, namely:

(33) NoW=(w®,y)+ D Uulzl + Q')
keSe

where w(&) is defined in and furthermore:
i) Asymptotic of the normal frequencies: We have Q. = |k|> + 3, |5:?L? (k).
i) Reducibility: The matriz Q(&) which represents the quadratic form Q(€,w') (see
formula ) depends only on the variables & and all its entries are homogeneous of
degree one in these variables. It is block—diagonal with blocks of dimension < d+ 1 and
satisfies the following properties:

All of the blocks except a finite number are self adjoint.

All the (infinitely many) blocks are chosen from a finite list of matrices M(§).
iii) Smallness: If e < r < cye, the perturbation P :=PoWU is small, more precisely we
have the bounds:

(34) ||X15||’\ < Cler+e°r ),

s,r =

where C is independent of r and depends on &, X only through \/>.

The smallness condition implies that, if r is of the order of 2 and \/e? is of order one,
then || X ]2, is of order £3. As we shall see this is exactly a type of smallness required in
order to insure the success of the KAM algorithm (cf. Theorem 7).

Warning In Z" we always use as norm |I| the L! norm >, [I)]. On the other
hand in Z?, and hence in S°, we use the euclidean L? norm.

4.1. The geometric graph I's. It is important to recall that the term Q(€,w’) comes
from the sum of two contributions, the term Q(,z,w), in the new variables and the
contribution =237, _«. £+ L(k)|2},|? (coming from the y variables). Hence Q(w’) =

(35)

=23 LR +4 Y VaGam+2 Y VE&zma+2 Y., VEGmE.

kese 1<i#j<m 1<i<j<m 1<i<j<m
h,keS¢ h,keS¢ h,keS¢

In its matrix description the two terms will give the off diagonal and the diagonal terms
respectively.

The off diagonal terms are described through a simple geometric construction (which
gives a complicated combinatorics). Given two distinct elements j;,j; € S construct
the sphere S; ; having the two vectors as opposite points of a diameter and the two
Hyperplanes, H; ;, H;;, passing through j; and j; respectively, and perpendicular to the
line though the two vectors j;, j;.
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From this configuration of spheres and pairs of parallel hyperplanes we deduce a geo-
metric colored graph, denoted by I'g, with vertices the points in S and two types of edges,
which we call black and red.

e A black edge connects two points p € H; ;, ¢ € H;;, such that the line p,q is
orthogonal to the two hyperplanes, or in other words ¢ = p + j; — js.
e A red edge connects two points p, ¢ € .S; ; which are opposite points of a diameter

(p+aq=3i+3j)-

FIGURE 1. the plane H; ; and the sphere S; ;. The points
a1,b1,jj, ji form the vertices of a rectangle. Same for the points
az, J]7 b27 JZ

The condition for two points p, ¢ to be the vertices of an edge is given by algebraic
equations. Visibly p € H;; means that (p — v;,j; — j;) = 0, the corresponding ¢ =
p+3j — ji, while p € S; ; is given by (p — js,p — jj) = 0 and the corresponding opposite
point ¢ is given by p 4+ ¢ = j; + j;-

We thus have two types of constraints describing when two points are joined by an edge,
a linear ¢ —p = j; — j; or p+¢ = j; + j; and a quadratic constraint (p — j;, ji — j;) =0
or (p— ji,p — 3;) = 0. Given a connected component A of the graph we can choose one
vertex x € S° and use the linear constraints in order to write all the equations which
define A by linear or quadratic equations on x. We keep track of the linear constraints by
marking the edges by j; — j; for black edges and j; + j; for red ones.

Now each connected component A has a purely combinatorial description which encodes
the information on the edges which connect the vertices of A. We obtain an abstract graph
with two types of edges (black, red) marked with pairs i,5 € [1,...,n].

A connected component of the geometric graph is a solution of a system of equations
(associated to the graph) having the vertices as unknowns. It is easily seen that these
equations may be all expressed on a single vertex (which we call the root r), more precisely,
as seen in [I8] we obtain one equation (with unknown r) for each vertex v # r. A
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combinatorial graph of this type is admissible if its equations admit a solution r € R? for
generic values of the tangential sitesﬁ

In [I8] we have seen that such graphs have at most 2d vertices hence we have a finite
list of combinatorial graphs (which we have described explicitly in terms of a Cayley
graph, since we do not need it here we do not recall it). In [20] we have strengthened
this estimate, shown that for a generic choice of S the vertices of the geometric graph,
corresponding to an admissible combinatorial graph, are affinely independent and hence
at most d + 1. This stronger estimate is necessary for the proof of the second Melnikov
condition.

We denote by A the combinatorial graph associated to A, note that A encodes the
information on the equations which the vertices of A must solve so naturally there may
be many A wich have the same A.

Example 4.2.
r—ji+je+Jjatjs

r—Jj2+]Js
r —r+ji1+Jj2 s —r+Jj1+ J2
the equations that r has to satisfy are:
(r72j2 —33) = 32/ — (32, 33) (r§j2 —33) = [321* — (32, 33)
r|* — (r, 31 + J2) = —(J1,32) lr|* + (r, 31 + j2) = —(J1,32)
(r,31—33) = [311* = (32, 33) (r,j1—J2— 33— Ja) = —[311* + (31, 32) + (31, 33)

—(J2,33) + (31, 34) — (32, 34) — (33, J4)

In case the graph has no red edges the equations for the vertex = are all linear. This
implies that the connected components of I'g which correspond to a given combinatorial
graph with a chosen vertex are all obtained from a single one by translations by vectors
which are orthogonal to the edges of the graph.

By convention we also have chosen a preferred vertex, called the root, in each connected
component, in such a way that the roots of the translates are the translates of this root.

Formalizing,

e we have a map r : S¢ — S° with image the chosen set S“* of roots.

e The fibers of this map are the connected components of the graph I'g.

e When we walk from the root r(k) to k (inside the corresponding connected com-
ponent) we count the parity 1 of the number of red edges on the path, this is
independent of the path and we denote by o(k) (the color of k).

e There are only finitely many elements &k with o(k) = —1, the finitely many corre-
sponding roots are exactly the roots of the components with red edges.

e In any case the color of the root is always 1 (black).

At this point we can explain how to construct the elements L(k) which tell us how to
go from the root, of the component A of the graph I's to which k& belongs, to k. The
equations defining the component A imply that

3
R4.

we are interested only in solutions in S€ but it is more convenient to extend the possible solutions to
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k+ZL )i = o(k)r(k), |k\2+ZL )il = o (k)| (k) o—(kz):1+ZLi(k)

Note that the first of the equations defines the L(k), which depend only on the
combinatorial graph. The fact that this deﬁnition is well posed even if A is not a tree is
a consequence of our genericity conditions.

The main fact is that

Proposition 4.3. The Hamiltonian Q(§,x,w’) in the new coordinates z' is the sum
>0 Qe(& W) over all edges ¢ of the geometric graph of the following elements

o Q¢ ’) &&i (2,2, + z,QZ;L) if h,k are joined by a black edge £ marked i, j
o Qu(& ') = 4‘ /€& (2,21, + 21 2;,) if b,k are joined by a red edge £ marked i, j.

Form the previous remarks there are only finitely many elements of the second type.

4.3.1. The matriz blocks of Q and ad(N). Accordmg to Pr0p0s1t10n | the graph has
been constructed in such a way that we can group Q = >_, Q4 (cf. . ) where the sum
runs over all blocks A € I'g and, if E(A) denotes the set of edges in A:

Qui=) —26-L(k)|zP+ D Q& w
k€A LEE(A)

is a quadratic Hamiltonian in the variables w/y = 2,z with k running over the vertices
of A. The matrix of Q4 has a natural block diagonal structure in two conjugated blocks,
corresponding to two Lagrangian subspaces in the symplectic space generated by the
variables z;,z;, k € A appearing in it. We can thus divide v’y into two conjugate
components w’y = (v, @) where uj, = (z’)Z(k) then —%QA has as matrix denoted by
Ca @ —C4. By convention in the first block the root r corresponds to z..

Given two vertices uj,u) h # k € A we have that the matrix element Cufy g, OF Ca is
non zero if and ouly if h, k are joined by an edge (marked say (4, 7)) and then

(37) Cujy uf, = 20(k)\/&i&;o Culuf = —o(k)(&, L(k)).

By definition L(k) depends only on the combinatorial graph A of which A is a realiza-
tion, therefore the matrix C4 = C 4 depends only on the combinatorial block A.

Remark 4.4. One may choose the root of each combinatorial graph so that any other
vertex is connected by a path with at most [(d + 1)/2] edges. One deduces the estimates
S Li(k)| < d+ 1, for all k.

4.4.1. The space F%'. In the KAM algorithm we shall need to study in particular the
action by Poisson bracket of AV on a special space of functions called F%!, so we recall
some of this formalism.

Definition 4.5. We set F*! to be the space of functions spanned by the basis elements
io([o(k)v+L(k)]-x) 2

elmf(k)waxczl:C °_¢

which preserve mass and momentum. E|

4we deviate from the notations of [18] and in F! we also impose zero mass



A KAM ALGORITHM FOR THE NLS 15

One easily sees that %! is a symplectic space under Poisson bracket. The formulas
for mass and momentum in the new variables are

(38) {]L, eiaa(k)u-:cz;C cr} _ IUO'(]C)(Z Vi + 1) eicm’(k)u-:cg;c 07

(M, 770 o) =g (k)(Y wigi +2(k)) 0B 2L 7

hence the conservation laws tell us that for an element e7o(F)v-2! @ ¢ [0l the vector
v € Z4 is constrained by the fact that — ), v;j; must be in the set of roots in S¢ and
moreover the mass constraint . v; = —1.

For each connected components A of the graph I'g with some root r any solution v
of >, vij; + r = 0 determines in the space FO! a block denoted A,r with basis the

ioo(k)vx /o

elements e 2y,
corresponding to A.

From the previous formulas we have thus that this space decomposes again into blocks
indexed by pairs A, v with A a connected component of the graph I's and v any solution
of >, v:j; + r = 0 where the mass of v is —1, each such block is a symplectic space
decomposed into a pair of —%N stable Lagrangian subspaces.

with z, 7 the corresponding basis of the two Lagrangian blocks

Given thus such a pair of a component A and a frequency v, notice that in fact A is de-
termined by its root which is determined by v by the conservation law. We have to under-
stand the action of —iad(A), on the block of FO! with basis the elements ¢! > 7%/ 2 ot
with r(m) = — 3", v;3i, (on its conjugate A it is the minus transpose). The action of Q
does not depend on v and as before it is only through Q4 and gives the matrix Cy, we
need then to understand the elements (w(§),y’) + > jcge Qklz.|?. By Formula (36), the
term 3, e Q|z},|? contributes on the first block the scalar [r(m)|2. As of (w(§),y’) it
also contributes by a scalar, this time Y, v4|3:1? — 23", ;¢;. Summarizing

Proposition 4.6. The matriz of —$ad(N') on the block A, v is the sum of the matriz C4
plus the scalar matriz [L(|x(m)[* + 3, vil3:?) — 3, vi&il 1a.

4.6.1. The standard form. By the rules of Poisson bracket we have on the real space
spanned by z, Z that {a,b} = —{a,b} = {b,a} is imaginary so {@,b} = —{a,b} = {a,b}
and

Definition 4.7. (a,b) := i{a, b} is a real symmetric form, called the standard form.

For the variables we have (zp,2) = 1, (Zn,2n) = —1, so the form is positive definite
on the space spanned by the z, negative on the space spanned by the Z and of course
indefinite if we mix the two types of variables. Thus we may say that an element a in the
real space spanned by z, Z is of type z (resp. z)if (a,a) = 1 resp. (a,a) = —1. Now choose
any quadratic real Hamiltonian H = H. We have {#,{a,b}} = 0 by the Jacobi identity,
moreover the map x — i{H,x} preserves the real subspace spanned by z, Z hence we have
(39)

(a,i{H,b}) = i{a,i{H,b}} = {a, {H,b}} = —{{H,a},b} = i{i{H,a},b} = (i{H,a},b).

Formula tells us that the operator i{#, —} is symmetric with respect to this form.

4.7.1. The case of —%{Q, —}. We apply the previous analysis to H = —%Q and its block
decomposition. When we have red edges each of the two Lagrangian blocks contains both
variables z and Z and by convention we take as first block the one in which the variable
corresponding to the root is of type z. The standard form (a,b) := i{a, b} is indefinite.
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By assumption the operator —%{Q, —} can be put in normal form by a change of basis
preserving the form (a,b). Thus the new basis is formed still by elements which we have
called of types z and Z.

From all these considerations one has:

Lemma 4.8. For all combinatorial blocks A which do not contain red edges, the matrix
Ca is self-adjoint for all £ € R . If A contains red edges then each vertex k has a sign
and corresponds to an element uj, = (z’)z(k),

The diagonal matriz of signs o4 = diag(o(k)) is the matriz of the standard form in

the basis u), = (z’)z(k) and C 4 is self-adjoint with respect to the indefinite form defined
by o 4.

The orthogonal group of the standard form acts on the entire symplectic block preserv-
ing the two Lagrangian subspaces and thus it has a mixed invariant which we still call the
standard form

(40) Yo okal= Y o)zl

k|x(k)=r k|xr(k)=r

Lemma 4.9 (conservation laws). In the new variables the conserved quantities are:

L= ZTU+Z (k)| M= ZM#Z COIEARS
K= Z\J *y; Z k)% |z

note that all of these three quadmtzc Hamzltomans are represented by a scalar matriz on
each component of w'y.

Proof. We substitute the new variables and use the identities (36)). (I

5. NORMAL FORM REDUCTION

We now want to simplify —%/\/’ on each pair of stable Lagrangian subspaces described
in Proposition using the standard Theory of canonical form of symplectic matrices.
The main ingredient we need is :

Theorem 3. [Proposition 1 of [20]] i) For all combinatorial blocks A, C4 has distinct
etgenvalues, namely it is regular semisimple for values of the parameters &; outside a real
hypersurface (the discriminant).

ii) For any pair of distinct blocks (Ay,11), (Aa,v2) the resultant of the characteristic
polynomials of the two matrices of the action of —5ad(N) is non—zero, hence outside this
hypersurface the eigenvalues of these two blocks are distinct.

The algebraic hypersurface union of all discriminant varieties for all the combinatorial
matrices C' 4 will be denoted by 2 and called discriminant. It is given by a homogeneous
polynomial equation, thus (Ry)™ \ 2l is a union of finitely many connected open cones
(Ry)T, ..., (Ry)%, where the number of real, resp. complex eigenvalues of any given
combinatorial matrix C 4 is constant. On each of these regions (R)” we can thus describe
a normal form.

Since our normal form, thought of as operator has possibly also complex eigenvalues
let us recall the basic normal form of the simplest Hamiltonians.
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Consider Hy := a(|21]? — |22]?) + b(2122 + 21 22), setting ¥ = a + ib. On the space with
basis z1, Zo, Z1, 22 (symplectic form J) the operator —iad(H) has matrix.

a —b 0 0 0 0 —i 0
b a 0 0 0 0 0 i
My=1lo o —a o] 7=l 0 0 o
0 0 —-b —a 0 —i 0 0

with eigenvalues +9, =19, 1 = a+ib. One easily sees that a 4 x 4 real symplectic matrix
commuting with this matrix, when the 4 eigenvalues +1J, £0 are distinct, has the same
block form Mg for some complex number § = ¢ + id and so it is represented by the
Hamiltonian Hg = c(]21]? — |22]?) + d(2122 + 21 22).

Now we need to decompose the various combinatorial blocks that we previously de-
scribed. We have already defined the discriminant hypersurface 2. It is now convenient
to choose the compact domain K of Formula to be a union of compact domains

(41) 8= Uafa

each contained in the corresponding open connected component (R )% of (Ry)™\ . For
each combinatorial matrix C'4 the standard form o 4 on (R4 )% has constant signature and
we have:

Proposition 5.1 (cf. Williamson [23]). On each region (R4+)2 the eigenvalues of the C 4
are analytic functions of &, say V1, ..., Vgim(a)-

For all§ € (Ry)" there exists a linear symplectic change of coordinates v’ — U (&)u’ =
u” such that:

1. U4(&) is orthogonal with respect to o4

2. UA(€) is analytic in &.

3. Ua(€) conjugates C 4 into the following normal form:

For each real eigenvalue ¥ , C 4 acts as 91 on the (one dimensional) eigenspace of ¥
muA.

For each pair of conjugate complex eigenvalues v+ = a £1ib, we have a real two dimen-
sitonal space such that the two complex eigenvectors lie in its complexification. Then we
have a bastis of this subspace such that C 4 restricted to this subspace is a 2 X 2 matriz

a —b

b a )’
The matriz o4 of the standard form on this basis is diag(1, —1) so one of the variable is
a z and the other a Z.

Remark 5.2. We note that the matrices C'4 have entries wich are homogeneous of degree
one in £. Therefore given any compact domain O which does not intersect 2 the entries
of the matrices U(£),UA(§) ™!, 0:U4(€) can be uniformly bounded in p O independently
of p, in particular this applies to each K.

Since the Uy is determined by A we denote its matrix elements by [Ual,,, where a,b
run over the vertices of .A. Namely on a given geometric block A isomorphic to A, [Ulap
is the entry relative to the elements z] associated to a, b respectively.

Given a geometric block A let A be the corresponding combinatorial block. In each
connected component, the non-unique choice of the matrix U, putting in canonical form
the matrix C' 4 determines a symplectic change of variables for all blocks A with combi-
natorial block A, we do this for all the finitely many A. We may then index the new
variables still by S¢ and decompose S° in two sets: an infinite set S¢, which indexes the
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real eigenvalues, namely uy is an eigenvector of —%Q of real eigenvalue 95 (). Then a fi-
nite set S¢ which indexes the complex eigenvalues (note that by the special block structure
of the Hamiltonian there are no purely imaginary eigenvalues). By the reality condition
each two by two block corresponding to a pair of conjugate eigenvalues is indexed by
a pair (h,k) of elements of S¢f. We write the conjugate eigenvalues as 19h7k,1§h,;€ with
Up.k = ap g + by k. Note that for (h, k) € S¢ we have o(h) = 1 and o(k) = —1. By abuse
of notation we still call x,y, zx, Zr the new variables. We have finally the final diagonal
form of the Hamiltonian

Theorem 4. i) For each connected component of (Ry)" on 2R, we have a symplectic
change of variables E (depending analytically on &) which puts the Hamiltonian N in the
canonical diagonal form N = K + 2K' where

Z&yl + Y omklzl+ Y ank(lznl® = |2kl%) + bug(zaze + Z02)

keS¢ (h,k)eS¢

The elements Oy, an k, bnk are analytic functions of £ and homogeneous of degree one..

ii) [Elliptic open set] There exists a connected component (hence a non empty open
cone) of R such that in this region all the eigenvalues are real i.e. S is empty ([20],
proposition 1.13).

Remark 5.3. In order to simplify the notations we shall write the final variables as zy
since no confusion should arise with the initial variables.

We claim that for L, M, K we have still

(43) L= Zyﬁz k)22, M= ijyﬂrz k)22,
K= Z|JZ‘ yz+z | ‘Zk|2

In fact it is enough to compare the contrlbutlon of each block of given root r, to these
three quantities, it is the sum >, |, 4)_, o(k)|z|* times 1,r(k), |r(k)|* respectively. So
it is enough to see that the quadratic expression >, |, ) o(k)|z|* remains invariant.
This expression is in fact the standard form and in our case we can diagonalize the

matrix block by an orthogonal transformation with respect to this form, the claim follows.

=T

Corollary 5.4. i) Let (Ry)? be the elliptic open region, where all eigenvalues of all
combinatorial matrices are real and K, the corresponding domain.
ii) For all £ € €2R. the NLS normal form is

(w,9) + > Qulzl?,
p

where
=13 = 2&, QU =oak)(|x(k)]* + 20).
The functions ¥y are real valued and analytic.

5.4.1. Complex coordinates. Although it is not strictly necessary it is convenient to diag-
onalize also the blocks with complex eigenvalues, although this implies the introduction
of non real symplectic transformations.

We write everything in possibly complex coordinates as N' = (w,y) + > ,cqe Qg |Ce|?,
where (; = 2, if k£ € SS. In order to do this we have to define (;, for k € S7. Consider
one of the terms , say K, PR = ank(|zn|? = |2kl?) + bnk(znzk + Zn2k) and set ¥y, =
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ank +1bp g, On = an i —ibp i . Think of z +— Z as a C linear map on polynomials! so that
. = Zn+ Zh—izk

zp + 12k = Zp, + izx and thus setting (, := %, (k= 75 we have that (p,, ¢, (resp.

C, Ci) are eigenvectors with opposite eigenvalues for ad(K;):
h.k) o <9 o hk) o .4 o
{K(l )7 Ch} = oidny, {K§ ), (7} = —oidg (]

{7 =0, {Gn &) = {Gs &b =1, alenl + alGel? = K™Y
Moreover in these coordinates the three quantities L, M, K are still in the form of For-
mula . In fact the same argument that we gave before applies since the complex
transformation that we have used is in the orthogonal group of the form.
We can finally claim that we can use the notation zj also for complex coordinates and
write N = (w, ) + > cge Qkl2x* we assume that the €, are all distinct and the complex
ones come together with their conjugates according to the previous rules.

Summarizing;:
A monomial m = €l(F®)y! 228 has momentum iz, (m) with
(44)
Wr(m) = Wr(kv Q, ﬁ) = W(k)+ Z (aj_ﬁj)a(j)r(j) = 7T(k7 Q, B)—’_ Z (aj_ﬂj)(a—(])r(])_])

jese jese
and it satisfies momentum conservation if 7, (k, «, 8) = 0. Note that given functions f, g
which are eingenvectors of momentum we have . ({f, g}) = 7 (f) + 7:(g). Given k € S°¢
(corresponding to the eigenvalue ¥ of C4) the monomial ei""(k)”‘””z,;7 is an eigenvector
for all our operators with eigenvalues:

{L, eiaa(k)ung} — IUO'(]{J)(Z v; + 1) eiaa(k)u-zzg’
(M, 72} =00 (k)Y vidi + £ ()7
4
1K, 770257} — io0(k) (3 ml3if? + (b)) 70227

{K!, 77027y = ioo(k)(= Y vii +0x) €77

3

6. THE KERNEL OF ad(N)

6.0.2. Non-degenerate quadratic Hamiltonians. Consider a quadratic Hamiltonian

(45) Q=(w,m)+ > alwl+ D anr(lznl® = 2zl?) + bnk(zn2k + 2n%k)
kesg (h,k)eSs

we want to study the kernel of ad(Q) on the space of Hamiltonians of degree < 2. We set
Uk i= ap g +ibp i 50 that £, x, 05 1, are the four eigenvalues of ad(ap, i (|zn|? — |2x|?) +
bh.ik(#n2k + ZnZk)) acting on the space spanned by zp, 2, Zn, Zk. It is convenient to write
2! =z, 27! = z so if we do not want to specify if a variable is z or Z we write is as 2
where ¢ can be £1.

Next the operator iQ acts on the real space spanned by the elements e 2 (we need
some convergence conditions given by its norm). If as in our case Q commutes with the
mass and momentum then it acts also on the subspace F%! where

iov-x

Definition 6.1. We denote by F%!' the space of functions spanned by the elements

eV 27 with zero mass and momentum. Le. >, v; = -1, . v;j; + k = 0.
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Definition 6.2. We say that Q is non—degenemtfﬂ if the coordinates w; are linearly
independent over Q and its eigenvalues for the action on F'%! are all non—zero and distinct.

It is then not difficult to analyze the kernel of iad(Q), i.e. the elements which Poisson
commute with iad(Q), on the space of Hamiltonians of degree < 2 commuting with mass
and momentum, we have:

Proposition 6.3. If Q is non-degenerate then a (real) Hamiltonian of degree < 2, which
commutes with mass, Poisson commutes with Q if and only if it is of the form:

(46) Q=W+ > dalal+ D a izl =zl + by (znzk + 202k
kese (h,k)ESE

with aj,, aj, 1, by, 5, € R.

Proof. Tt is immediate that a Hamiltonian of the form of Formula commutes with Q
we need to show the converse.

Degree zero in w: Monomials of degree < 2 and of degree 0 in w are of the form
yte”® £ =0,1 and for the eigenvalues we have:

(47) [Qyfe e} = —i(w,v) e

By hypothesis of linear independence over Q these eigenvalues are 0 if and only if v = 0,
hence the Kernel of ad(N) is x independent and hence of the form ¢ + (w',y).

Degree one in w: By definition the eigenvalues of the adjoint action of Q on F%! are
non-zero.

Degree two in w: We write everything in possibly complex coordinates as Q =
(w, )+ pege ak|Cel? as in the previous paragraph. We assume that the ay, are all distinct
and the complex ones come together with their conjugates according to the previous rules.
Then we can write any monomial of degree 2

M = eV m(er?, {Q, M} =i[(w,v) + orap, + o2ar]M

conservation of mass n(v) + o1 + g2 = 0 implies that we can write v = vy + vy with
n(v1)+o1 =n(vy) +03 =0. Then (w,v1)+ o010, and (w, ve) + osay are two eigenvalues of
elements in F'%! since the eigenvalues are all distinct we must have that the corresponding
eigenvectors are one the conjugate of the other and then M is of the form |(z|? for some k.
Finally if we assume that the Hamiltonian is real the two terms associated to a pair h, k
giving complex eigenvalues must have conjugate coefficients so that in real coordinates
they give a term of type aj, ;. (|za|?> = |2&|*) + b}, (2021 + ZnZk). O

Warning From now on even if we shall use complex coordinates we shall denote them
by z; and not (k.

6.4. Eigenvalues and eigenvectors. The fact that the Hamiltonian N is non-degenerate
for generic values of £ is essentially a consequence of Theorem (3, we state it as:

Proposition 6.5. The normal form N is non-degenerate for all £ outside countably many
algebraic hypersurfaces.

5in the usual language we should say regular semisimple.
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Proof. We have w; = |j;|> — 2¢; which are linearly independent over the rationals outside
countably many algebraic hypersurfaces (the dependency relations).

The eigenvalues of the action on F(%1) are the roots of the characteristic polynomials
of the blocks into which this space decomposes. We have seen that these polynomials are
all irreducible and distinct. For a block of size > 1 irreducibility implies that the constant
term of the characteristic polynomial is a non—zero polynomial in £ so the eigenvalues are
non—zero outside the hypersurfaces given by these determinants. Moreover it is immediate
that for the blocks of size 1 the eigenvalues are non—zero linear polynomials.

In order to have that all the eigenvalues be distinct we have to remove the discrimi-
nant 2, and countably many resultants which are all non-zero polynomials in £ by the
irreducibility and separation Theorem. O

Remark 6.6. In the course of the KAM algorithm of Part [3] we shall see that the non-
degeneracy of the Normal form plays a fundamental role. Imposing the non-degeneracy
however requires removing a countable number of proper hypersurfaces hence working on
complicated sets in parameter-space. In order to avoid this problem, we impose that the
compact domains K, of Formula , should be disjoint from finitely many resultants,
i.e. we fix an integer Sy and impose V€ € Uy Ry

—(& k) +9i(€) £9;(€) # 0.

for all the couples of eigenvalues of (different) combinatorial matrices and forall k €
7z, |k| < Sy .

We would like to choose coordinates, independent of £, which are eigenvectors for M,
L, NV so that

Lemma 6.7. A reqular analytic function F Poisson commutes with N', M, L. for generic
values of & if and only if each monomial appearing in F' Poisson commutes with M, L, K

and K1.

Proof. An element commutes with A if and only if it commutes with both homogeneous
parts of degree 0,1 that is K and K!. O

Part 2. Quasi Toplitz functions
7. OPTIMAL PRESENTATIONS CUTS AND GOOD POINTS

Let us recall the definition of N-optimal presentations, cuts, good points as given in
[24], we omit most proofs.

7.1. N-optimal presentations. An affine space A of codimension ¢ in R? can be defined
by a list of £ equations A := {z | (v;, &) = p;} where the v; are independent row vectors
in R%. We will write shortly that A = [v;;p;]le. We will be interested in particular in
the case when v;, p; have integer coordinates, i.e. are integer vectonﬂ and the vectors v;
lie in a prescribed ball By of radius some constant kN. Recall that, , we have set
K :=max; |j;|. We denote by

(v3)¢ = Span(vy,...,v; R)YNZY, By :={x € z%\ {0}]|z|] < N},

here N is any large number. In particular we implicitly assume that By contains a basis
of R,

6such a subspace is usually called rational.
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For given s € N, in the set of vectors Z° we can define the sign lexicographical order <
as in [24] as follows.

Definition 7.2. Given a = (ay,...,as) set (Ja]) := (|a1],...,|as|) then we set a < b if
either (|a|) < (|b]) in the lexicographical order (over N) or if (Ja|]) = (]b]) and a > b in the
lexicographical order in Z.

With this definition every non empty set of elements in Z*® has a unique minimum.
Notice that, by convention, among the finite number of vectors with a given prescribed
value of (|a|) we have chosen as minimum the one with non negative coordinates.

In particular consider a fixed but large enough N.

Definition 7.3. We set Hxy to be the set of all affine spaces A which can be presented
as A = [v;; pi]e for some 0 < ¢ < d so that that v; € By, p; € N.
We denote the subset of H formed by the subspaces of codimension ¢ by HY.

We display as (p1,...,pe;v1,...,0¢) a given presentation, so that it is a vector in ZHd+1),
Then we can say that [v;;pile < [wi; qile if (D1, -, P V1, oy 00) < (q1y - Qes V1, -0, V).

Definition 7.4. The N-optimal presentation [l;;¢;]¢ of A € ’H?V is the minimum, in the

sign lexicographical order, of the presentations of A which satisfy the previous bounds.
Given an affine subspace A := {z|(v;, ) =p;, i = 1,...,¢} by the notation Ag[vi;pi]g

we mean that the subspace has codimension ¢ and the given presentation is N—optimal.

Remark 7.5. i) Note that each point m = (my, ..., mq) € Z% has a N-optimal presentation
(this presentation is usually not the naive one [e;,m;]q where the e; form the standard
basis of Z%).

ii) Thus we may use the ordering given by N—optimal presentations of points in order
to define a new lexicographic order on Z? which we shall denote by a <y b or a < b when
N is understood.

Remark 7.6. At this point we extend the definition of < to the elements of Hy by using
their N-optimal presentation.

Lemma 7.7. i) If the presentation A = [v;;p;]e is N—optimal, we have

(48) 0O<pi<p2<...<pe
ii) For all j < £ and for allv € By N ((v1,...,ve) \ (v1,...,v;)), one has:
(49) |(v,r)| Z pjy1, VreA

i) Given j < € set Aj = {x|(vs,x) = p;, © < j}, then the presentation A; = [v;, pil;
is N —optimal.

iv) Finally —A has a N-optimal presentation —A = [v}, p;] with the same constants p;
and ([vi]) = (|vil).

Remark 7.8. For fixed N, ¢, p the number of affine spaces in H4 of codimension ¢ and
such that p, < p is bounded by (26N + 1)%(p + 1),

7.9. A decomposition of Z?. We shall need several auxiliary parameters in the course
of our proof. We start by fixing some numbers

(50) T0 > max(d2 + n, 12)7 = (4d)d+1(7'0 + 1)’

c<—=,C>4, Ng=(d+1)x%cct.

N |
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In what follows NV will always denote some large number, in particular N > Ng.

Using the fixed parameters c, C and the notion of optimal presentation, for each N > Ny
we want to construct a decomposition

(51) Z¢ = ULy A;(N)

of Z4 which will be crucial for the estimates of small denominators (cf. §10.7.1)) and given
by the following

Definition 7.10. i) A subspace Ag[vi;pi]g € HY with 1 < ¢ < d is called N—good if
pe < cN7i. The set of N-good subspaces of codimension ¢ < d is denoted by Hﬁ\}g.

ii) Given A € HY the set:
(52)
A9 :={z e An 74| |r(z)| > CN™, |(v, )| > Cmax(N*4™ c~4dpldy vy € By \ (vi)e}
will be called the N—good portion of the subspace A.

Remark 7.11. Notice that every v € By \ (v;)¢ gives a non constant linear function (v, x)
on A. Thus the good points of A form a non empty open set complement of a finite union
of strips around subspaces of codimension 1 in A. Note moreover that we are interested
only in integral points and the integral points in A which are not good are formed, by
the finitely many points with [r(z)] < CN™, plus a finite union of affine subspaces of
codimension one in A.

We construct a decomposition of Z¢ using the following Proposition which is a variation
of [24] Proposition 1).

Proposition 7.12. Each point mﬁ[vi,pi] with |r(m)| > CN™ and p; < CN*970 belongs
to the set [v;;p;]] for some choice 0 < £ < d.

Proof. Consider A; := [v1;p1], since CN4I0 < cNT we see that it is N—good, so if
m € AY we are done, otherwise we have that py < Cmax(N4dm0 c~4dpid) < cN1a,
Consider Ay := [v1,v2;p1,p2], we see again that it is N-good, so if m € A we are
done otherwise we have that p3 < Cmax(N447 c=4dpid) < cN we continue in this
way and either we show that m € AY, ¢ < d or we have a sequence of inequalities
p; < CmaX(N4dT°,c_4dp§d_1). Let £ > 1 be the maximum index such p; < CN%70  if
k < d we have for all p;,j = k+ 1,...,d that p; < (c~44¢)I=*NUD’"""'70 We then
compute the coordinates of m by Cramer’s rule and by just estimating the numerator we
have a sum of d! terms each of which can be bounded by N9—1N(d)"70(c=4dg)d=1  Thig
sum is then bounded by N3¥(@-D+(d) 0 it follows that |m| < VAN3Ud-D+ED) T 4nq
r(m) < VAN?@-D+(Ed)"0 4 gr Recall 7 := (4d)% (1o + 1) thus we easily see that
|r(m)| < cNT. O

From this proposition to a point mg[fui,pi] with |r(m)| > CN™ and p; < CN*47 we
have associated an affine space A € Hf\’,‘q such that m € A9 and we set A¢(N) to be the

set of points of previous type for which A has codimension /.
The remaining points may be distributed in two sets:

Ag=Aq(N)C {m € 74 |lr(m)| <CN™}
and

(53) Ag:={m ez : mg[w;pi] with |r(m)| > CN™, p; > CK*m},
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In this way we construct a decomposition of Z¢ = U¢_, A,(N).

FIGURE 2. A drawing of the standard decomposition in Z%
Ap is Z2 minus the dashed lines (each dashed line is described by
an equation [v;p]1). On each dashed line the set [v; p]? is signed
in solid boldface. Note that [v;p]{ is [v;p]1 N Z? minus a finite
number of subspaces of codimension two, i.e. points.

7.13. Cuts. In the previous paragraph a point m which is a good point has an associated
affine space A of some codimension ¢ which, as we have seen in the proof of Proposition
[7.12] corresponds to a jump, or as we shall say a cut, in the optimal presentation. In fact
for technical reasons having to do with the structure of Poisson bracket we need to refine
this notion, introducing auxiliary parameters u, 6 which give a better control on the cut
and allow some flexibility in the constructions. This is the topic of this paragraph.

We assume that N has been fixed. Given a point m we write mg[vi; p;] for its optimal
presentation dropping the index ¢ which for a point equals d, we implicitly also mean that
m € Z%. Set by convention py = 0 and pg,1 = 0o.

We then make a definition involving three more parameters:

Definition 7.14. The parameters N, 0, u, 7 are called allowable if
0o <7T<7/(4d), c<O,u<C, N> Np.

We need to analyze certain cuts, for the values p; associated to an optimal presentation
of a point. This will be an index ¢ where the values of the p; jump according to the
following:
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Definition 7.15. The point mﬁ[vi;pi] has a cut at £ € {0,1,...,d} with the parameters
p=(N,0,pu,7),if £ is such that p, < uN7, pey1 > N7,

The space A := {z| (v;,x) = p;, ¢ =1,...,¢} has [v;;p;]e as optimal presentation and
it is called the affine space associated to the cut of m.

Remark 7.16. Note that, by Lemma 7.7} if mg[vi;pi] has a (N,0,u,7) cut at ¢ then
|(m,v)| > ON*97 for all v € By \ (v;);.

Consider a subspace A € Hy of codimension ¢ such that in its optimal presentation
pe < pNT. The set of points m € A which have ¢ as a cut with the parameters N, 6, u, 7
have A as associated affine space, if furthermore |r(m)| > ON™ we call them (N, 0, 1, 7)—
good points of A, we write m € A?N,a,u;)'

By definition the other affine spaces have no good points with respect to these param-
eters.

Definition 7.17. Given allowable parameters p = (N,0, u, 7) we denote by "Hf, the set
of affine subspaces A € Hy of codimension ¢ such that in their optimal presentation
pe < puNT. The union of all these sets for 0 < £ < d is denoted by H,.

Notice that §N4I™ > uNT (since by we have cN4I™ > CNT7), so for any given
m € S¢ there is at most one choice of ¢ such that m has a £ cut with parameters 0, u, 7.

Remark 7.18. 1) The purpose of defining a cut ¢ is to separate the numbers p; into small
and large. The parameters N, 6, u, 7 give a quantitative meaning to this statement.

2) The set of good points A?N,e,u,r)’ if non—empty, is the complement in A of a finite
number of codimension one subspaces plus finitely many points.

3) Given any rational affine subspace A (i.e. defined by equations over Z) there is an
N so that YN > N we have A € Hy, its optimal presentation is independent of N, the
set A?N#%T) is non-empty.

We need an auxiliary parameter depending on an optimal presentation
Definition 7.19. Given p < cN7/(44) gset 7(p) so that N™P) = max(N7,c~1p).

Notice that 79 < 7(p) < 71/(4d). The connection between the notion of good points
A9, defined in , of a given subspace A and the notion just introduced is explained by
the following Lemma.

Lemma 7.20. For all ¢ < 6,u < C and for all affine subspaces [vi;;pile € Hn such
pe < N/ e have that every point m € [vi; ] is a (N, 0, u, 7(pe))—good point for
ispile. Le [vispil] C ([vii Pile){n 0,47 (pyy) Jor all e <0,p <C.

Remark 7.21. 1) If m [vs; pi] has a cut at £ for the parameters €', i/, 7 then it has also
a cut at £ for parameters 0, u, 7 with 6 < ', u’ < p provided 6, u, 7 are allowable.

If 0 <6, i/ < u we shall say that the allowable parameters 6, 1 are less restrictive
than 6’ u'.

2) If for a given ¢, 7 we have py < cNT, ppy1 > CN497 then £ is a cut with parameters
0, i, T for every choice of allowable 6, .

Lemma 7.22. [Neighborhood property] Consider m,r € Z¢ with mﬂ)[vi;pi], rg[wi;qi].
Suppose that m has a cut at £ for the parameters N,0',u’, 7, and suppose there exist
allowable parameters 0 < 0', 1/ < p:

(54) |r —m| < min(ﬂfl(p — ,LL/)NTflv ,{*1(9/ _ 9)N4d7—71).
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then:
(1) The point r has a cut at £ for all allowable parameters 0, p, T for which holds.

(2) <’LU1,...,wg> = <’U1,...,’Ug>.
(3) [wi; gile is the N —optimal presentation of [vi;pile +r — m.

Corollary 7.23. Consider mg[vi;pi], rg[wi;qi] such that
(55) |r —m| < K le(N*T71 — ccmINTTh)

and both m,r have a cut with parameters p = (N, 0, u,7) then we can deduce:

i) the vectors m,r have the cut at the same (;

it) the space B associated to the cut of r is the one parallel to A = [v;;p;]e and passing
through r namely

(56) B=A+r—m.

The previous results explain why we wanted to introduce the parameters pu, 6 to define
cuts, in fact

Remark 7.24. With the above lemma we are stating that if m has a ¢ cut with parameters
0', 1, T then, for all choices of 6 < ¢,/ < p, for which 6, u are allowable parameters, we
have described a spherical neighborhood B of m such that all points » € B have a ¢ cut
with parameters 6, u, 7. The radius of B is determined by Formula . Note moreover
that if r has a cut at £ for some parameters then so has —r and with the same parameters.
Then lemma holds verbatim if in formula we substitute |m — r| with |m + r|.

We finally combine and

Lemma 7.25. For all affine subspaces [v;;p;]e with p; < cNT/UD) the following holds.
For all m € Z¢ with m € [vi; ps]{, for allr € Z4 and for all parameters ¢ < 0, < C such
that

(57) lr—m| <k Hu—c)N~ k1(C— g) N9~

r,m have the same cut € with parameters 0, p,7(pe) with parallel corresponding affine
spaces.

The definitions which we have given are sufficient to define and analyze the quasi—
Toplitz functions, which are introduced in section In the next subsection we collect
some definitions which are useful for the measure estimates and which are independent of
the auxiliary parameters 0, y.

7.26. Graphs and cuts. Recall that the choice of the vectors S := {j;} determines a
colored marked graph I's with vertices in the set S°.

This graph has finitely many components containing red edgesm The remaining set
will be denoted by S¢ and it is a union of connected components each combinatorially
isomorphic to a combinatorial graph out of a finite list G := { Ay, ..., Ax} formed only of
black edges. It will be enough to concentrate our analysis only on these black graphs.

Definition 7.27. Given A € G we set 3 4 to be the union of all connected components
of I's isomorphic to A.

A rough estimate of a bound on the norm of these points is (2d + 3)k.
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The set G is partially ordered by setting A; < A; if A; is isomorphic as marked graph
to a subgraph of A;.

From the theory developed it follows that, if A € G has d4 + 1 vertices we have that
Y 4 is a union of translates of any of its components (of the graph I's). Moreover ¥ 4
is the portion of S¢ in a union of d4 + 1 parallel affine subspaces of codimension d4
minus a union of finitely many affine subspaces of higher codimension whose points lie in
UgsaZa

Let us recall how we arrived at this statement. We choose a root in each A;. Using
the root a geometric realization of some A = A; is an isomorphic graph, with vertices
in 5S¢, in which the image r of the root solves a certain set of d4 independent linear
equations (Formula (61) of [18]) and the other vertices are determined by the labels on
the graph A. The components A of I'g which are isomorphic to A are exactly those
geometric realizations of A which are not properly contained in a larger component.
Recall that we have imposed generic conditions so that the vertices in a component are
affinely independent. Therefore, a component A associated to A, spans an affine subspace
(A) of dimension exactly d4. All other geometric realizations of A are obtained from a
given A by translating the graph A with the integral vectors orthogonal to (A). This set
is thus a union of d 4 + 1 parallel affine subspaces of codimension d 4 passing each through
an element m of A, image of a point a € A. It may well happen that a translate of r may
solve also the linear equations defining a larger graph, the points in the corresponding
component lie thus in a stratum ¥ 4,, A; > A.

Example 7.28.

T —j1+ i3 equations (2,31 — 33) = |311* — (J2, Js)
s
2,1

T — 2+ s (z,32 — 33) = |32]* — (G2, 33)

Notice that this is a subgraph of the graph of example

If a € Awelet ¥4, be the subset of ¥ 4 formed by the corresponding elements so that
Y 4 is the disjoint union of the strata ¥ 4, as a runs over the vertices of A.

The set ¥ 4., spans an affine space (£4,4) of codimension d4 and, in fact, it is the
complement in this affine space of the points which belong to graphs which contain strictly
A. Thus ¥ 4, is obtained from the affine space (¥ 4,,) removing a finite union of proper
affine subspaces.

Thus for any A € G having chosen a root r we have the stratum ¥ 4, which is the
complement in an affine space of a finite union of codimension 1 subspaces. Any point
m € S¢ lies in a unique stratum X 4, which is parallel to ¥4, we thus have for m a
corresponding root r(m) € ¥4, which is the intersection of ¥ 4, with the connected
component of the graph Ag in which m lies. Thus m — r(m) depends only upon the
stratum X 4 .

Definition 7.29. We denote the vector m — r(m) as the type of m.

Remark 7.30. The possible types run on a finite set Z of vectors. The type of a vector
m, as seen in Formula is a linear combination of the elements j; with coefficients the
coordinates of L(m). Hence each u € Z has |u| < dk. Note that when m € X4, the
element L(m) is fixed (by a), the corresponding type will be denoted by u,. Notice that
Z.A,a = E.A,r + Uq-
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Remark 7.31. Among the combinatorial graphs we have the graph {0} formed by a single
vertex. The corresponding open stratum (¢} o obviously spans 74, it is formed of all the
points in S¢ which do not belong to any of the proper strata X 4.

We have thus finitely many affine subspaces (¥ 4,) associated to the pairs (A, a),
these subspaces can be presented using the linear equations associated to the geometric
realization by formulas (61) of [18]. We have a finite number of possible systems of
equations with coefficients depending linearly or quadratically from the set S. We verify
that all the constant coefficients of these equations are < cNy (in fact the coefficients
can be bound by (2dk)?). Thus by the bounds chosen each of these subspace lies in
Hy, YN > Ny and thus has an N-optimal presentation [w;;¢;lq,, furthermore each
q; < CN().

Lemma 7.32. Assume thatm € ¥ 4, has a cut at £ with parameters 0, p, 7 and associated
space [v;,pile. Then [v;,pile is contained in the affine space (Xa.a) = [wiigila,. In
particular £ > d 4.

Proof. Since m is in both spaces it is enough to prove that (w;)q, C (v;)¢. By contradic-

tion if some w; ¢ (v;), then we have that |(w;,m)| > ¢N*47. This is incompatible with
the estimates on the ¢;.

O

Theorem 5. If m,n have the same cut { and the same associated affine space [v;, ;]
then they belong to the same stratum 3 4 o and hence have the same type, i.e. m—xr(m) =
n—r(n).

Proof. If both m,n form an isolated component then they belong to the open stratum.
Assume that m € ¥ 4, with d4 > 0. Thus m satisfies the equations [w;;¢;la,. By the
previous Lemma since n € [v;, p;]r we know that n € [w;;¢;la,. This implies n € X 4
where A’ contains A so that d 4 > d 4.

Exchanging the roles of m,n we see that m € X 4. where A" contains A’. This implies
that A = A’. Since the equations [w;;¢;]a, define the affine space spanned by ¥ 4, the
claim follows. O

8. FUNCTIONS
8.1. Toplitz approximation.

8.1.1. Piecewise Téplitz functionsn. Given a parameter N > Ny we will call low momen-
tum variables relative to N, denoted by w”, the z7 such that |r(j)| < CN?®. Similarly
we call high momentum variables, denoted by w'!, the z7 such that [r(j)| > ¢cN™. No-
tice that by the low and high variables are separated. Furthermore all variables z;
belonging to blocks with red edges are low by choice of the parameters. The remaining
variables will be denoted by w®. Given any set X of conjugate variables by {-,-}* we
mean the Poisson bracket performed only respect to the variables X (keeping the other
variables as parameters).

Our definitions will depend on several parameters which in turn depend upon the
particular problem treated. We shall denote them by a compact symbol p.

Recall first that a monomial el(**)yi2*z8 has momentum
i) kigi+ Y o()r(i) (s — Bi)).
i=1 jese
Thus we make a:
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Definition 8.2. (Low-momentum) A monomial e!(*#)y2%z8 is (N, j1)-low momentum
i
(58) D eIy +5;) <uN®, k[ < N.
jese
We denote by
Es,r(Nv ,u) C Hs,r

the subspace of functions

(59) 9= griase®y' 22 € H,,
whose monomials are (N, u)-low momentum. The corresponding projection
(60) %, : Her = Lo (N, )

is defined as HLN’ , i= Iy where I is the subset of indexes (k, «, 8) satisfying (58]) (notice
that the exponent i of y plays no role). Finally, given h € Z¢, we denote by

£S,’I"(N’ M? h) C ES,T(N7 /1‘)
the subspace of functions of momentum —ih, i.e. whose monomials satisfy (cf. (44)):
(61) me(kya, 8) +h=0.

By , any function in L, (N, 1), ¢ < p < C, only depends on z,y, w’ and therefore

(62) g,9' € Lo, (N,n) = g9, {9.9'}, {9,9'}"Y, {9,9'}" do not depend on w" .

Moreover if
(63) |h| > uN* + kN = Lg,.(N,pu,h)=0.

Definition 8.3. Given N and allowable parameters p = (IV, 0, u, 7) we say that a mono-
mial

. i(k,), | ja=B o o
(64) m = Mgi.q,8,mn,o0 =€ ( )y z zﬁzmzn

is p = (NN, 0, u, 7)-bilinear if:
1) it satisfies momentum conservation, m,(m) = 0, (44) and:

(65) Kl <N, @) [z(m)| > ONT", Z ()l(ag + B;) < uN>.

2) There is an 0 < £ < d so that both m,n have an ¢ cut with parameters N, 6, u, 7.

To the high variables m,n of the monomial m we associate the two affine subspaces
A, B associated to their /—cut. By reordering the variables if necessary, we may assume
that A < B and associate to the monomial, or equivalently to the pair m,n, only A.

A monomial which is p bilinear with associated affine space A is also called A,p re-
stricted.

We shall often write m € p — cut to mean that there is an 0 < £ < d so that m has an
¢ cut with parameters p = (N, 0, u, 7). If we want to stress the affine space A associated
to the cut we write m € (A, p) — cut.

8For k € Z™, by |k| we always mean the L! norm >, |ki]. In Z? instead we use the L? norm.
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Remark 8.4. Note that by momentum conservation and Remark [7.30]
=|me(m)|=|or(m)+o'r( —|—Z 3)(aj—=B;)+m(k)| > |om+o'n|—(2dk+uN>+kN)

we deduce
(66) lom + o'n| < uN?3 + 3dkN.
Thus the monomial m = gz, 29 of Formula has g € L, (N, pu,or(m) + o'r(n)).

Remark 8.5. Note that under condition 1), in condition 2) it is sufficient to assume that
m,n have a cut with the same parameters IV, 0, u, 7. The fact that the cut is at the same
¢ follows from Corollary - 3| since Formula implies Formula

By Theorem 5, for all A, p restricted monomials m with given om —i— o'n, 0,0’ we may
deduce r(m) — m from A. By Corollary [7.23| and (66]), we deduce
(67) —o00’'A+o'(om +0o'n) = B.
Note that, by hypothesis, m € AJ, n € Bg B in turn fixes r(n) — n and hence the type
of the monomial u(m), defined as
(68) u(m) :==u(A,om+o'n,0,0") = o(x(m) —m) + o'(xr(n) — n),
depends only on the elements A,om + o'n, o, 0’.
Definition 8.6. Set p = (s,r, N, 0, ui,7), in Hs » we consider the space By, of (N, 8, yi, )~
bilinear functions, that is whose monomials are all (N, 6, u, 7)-bilinear. We call

Hg = H(N,G,;L,'r) : /HS,T — Bg

the projection onto this subspace. A function f € B, is of the form:

(69) fyz2) =Y > oo (@, y, w2520

oo'=%  |x(m)|,|x(n)|>6NT1
m,nE€p—cut

with £7:9, o (x,y,w") € L (N, u, O'I‘( )+ O'/I‘(TL))
By convention we assume f,79, o (z,y,wk) = o7y, wh).

Note that, by Definition to each element m‘; (z,y,w)z3 29 is associated an affine
subspace A.

Remark 8.7. Of course, if we take less restrictive parameters 0, p’ with 6 < 6’ p/ < pu we
have that the set of (IV, 0, i, 7)-bilinear monomials contains the set of (N, ', i/, 7)-bilinear
monomials. In particular we have, for each s, r:

e ) I N0, = Wiv,0,0m Mo m) = N7 r) -

Definition 8.8. Given parameters p and an affine space A € H, (cf. Definition ,
the space TX”;/ of A, p-restricted T'éplitz bilinear functions of signature o, ¢’ is formed by
the functions g € B, where the coefficients of Formula [69] satisfy:

(A.p)
(70) g= Z glom + o'n)z7 20 .

m,n
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The apex (A,p), with p = (N,0,u,7), means that the sum is on the A,p-restricted
monomials (cf. 7 with bilinear part 27,22 . Notice that, by definition of A, p-restricted
monomials, the space 7}7,’; " is non-zero only if Ag[vi; pile is of codimension ¢ with 0 <
¢ <dandpy < uNT. N

For all h = om + o'n we have:
(71) g(h) € Ls (N, p,h+u(A, h,o,0"))
where u(A, h,o,0’) is the type, see Formula .

Remark 8.9. i) Notice that we have a translation invariance property (which justifies the
name restricted Toplitz). Indeed given A, o,0’,h one can choose arbitrarily an element
g""’/ (A, h) satisfying , and use formula to define a function in B,. One easily
sees that indeed such an expression defines a function in #; . a

ii) Note that condition implies that g(sm + ¢'n) in has momentum i(or(m) +
o’r(n)) hence g has zero momentum (as required).

Finally we define

Definition 8.10. The space 7, of piecewise Téplitz bilinear functions

(72) g= > 7)), FTAN)eTL.
AeH N, 0,0'=%1

Of particular significance are the piecewise Toplitz diagonal functions

(A;p)
(73) )= 3 Y 0enin= 3 S Q)2
AcHN m A€HN me(A,p)—cut

in this formula the elements m run over all vectors which have an /-cut with 0 < ¢ < d
and A is the corresponding affine spaces.

By definition Tg C BB is a subspace of the (N, 6, u, ) bilinear functions.

Lemma 8.11. Consider f,g € T, and ¢ € Ls (N, p1,0), ¢ < p,pu1 < C. Given any
p = (s, N, O ' 7m) with s/2 < s' <s,r/2<r' <r, 0 >0,4 <p, one has

(74) o AL} Mg A0} € Ty .
If moreover

(75) k(uN3 + 3deN) < (' — O)N* =1 (y— p/)N™!
then

(76) Ono o {f, 9} = Mo A S 937 € Tor .

Proof. Write f € T, C B, as in where
(77) ;;‘;’ = 7 (A, om+0'n) € Lor(N, p,om~+0'n+u) = Ly (N, p,or(m)+0'r(n)),
similarly for g (recall that u = u(A,om + o'n, 0,0’)), with ;‘n‘;’ = ;{:;,EL’.

ProoF oF (74). Since the variables z7,, 27" |r(m)|,|r(n)| > OGN, are high momentum,

{f77 (A om+0'n)20,28 , ¢}F = {f77 (A om + o'n), ¢}F 25,25
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The function {77 (A,om + o'n), ¢}* in in He . by and does not depend on w
by (62). Hence the coefficient of 2020 in My g o {f,q}" is

%, {77 (A,om + 0'n) , a}* € Ly oo (N, 1, ox(m) + 0'x(n))
since mp(q) = 0, m(f77 (A, om + o'n)) = —or(m) — oa’r(n).
The proof that Iy e w{f,q}*Y € Tor 1 N7, is analogous.
PRrROOF OF (76). A direct computation gives

{f, g} = > Z P28

[r(m),]r(n)|>ONT,
m,nEp—cut

with
(78) v =2 Y a(Frenl T I )
l, Ulzﬂ:
of course [ gives a contribution only if suitably restricted by the bilinearity constraint.
By the coefficient p%;%, does not depend on wy. Therefore

(79) Ty wif g} = > 4502020 with ¢ = 11K ,.p77 .
[r(m)];|x(n)|>6"N™1, 0,0 ==+
It results q,‘f,b",; € Ly (N, p',or(m)+0'r(n)) by (79), (78), and momentum conservation.
It remains to prove the (N, ¢, u')-Toplitz property:

(80)  g5o =" (A,om+o'n) forsome g7 (4, h) € Loy (N, s k1),

where A is the affine space associated to the pair m,n (cf. [8.3 . 2))

Let us consider in . ) the term with m,n fixed and ¢ = +1,0' = —1,01 = +1
(the other cases are analogous)

(81) Hk,y/ Z f'r:,’l-i_gl_,'rib_ )
l

Since by hypothesis f,g € 7T, we have that the [ that give a contribution have a p-cut
at £ and |r(l)] > ONT. By Remark the affine space associated to the cut of [ is
A" = —A + 1+ m; (while the affine space associated to the cut of n is B = A+ n —m).
We may assume without loss of generality that A < B.

We then divide in 3 parts according to the relative position of A" in the < order with
respect to A < B. Note that all these constraints depend only upon A,m —n,j := 1+ m.
We treat the case A < A’ < B, the other 2 cases are similar.

Since f,g € T, we have

(82) FoF = S (Am 1) € Lo (N, px(m) + (1)

(83) glj'y;_ = 97’7 (Ala —l - Tl) € ES,T(Na 122 —I‘(l) - I‘(Tl)) )
for all m,n,l which satisfy the bilinearity constraints with parameters p.

By construction m,n satisfy the bilinearity constraints with the more restrictive pa-
rameters p’. Set j := m + [, by formula we have that the elements j, which come

from the elements | which contribute, have |j| < uN® 4+ 3dxN. On the other hand by
condition we see that these j satisfy:

(84) il <& M p—p )N mTHO - )N
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thus, by Lemma the fact that j satisfies implies that m, n, [ satisfy the bilinearity
constraints with parameters p.

Then

+ —— ([0 N . .

05, > fhte, = T, > FHAG)g (- A+jm—n—j)
A<A'<B jezd:|j|<uN34+3dx N
A<A+j<A+n—m

depends only on A and m — n, i.e. . O
8.12. Quasi—Toplitz functions. Given f € H;, and F € T, we define
(85) f=FF)=N"Wwppnf—F).
and for K > Ny set

Xy Eor = inf X s 1 X 7lls,r
(56) X = sup - Ling (ma(1 Xz, 1K)

p=(s,m,N,0,1,7)

Remark 8.13. If we take new parameters K', 0, p/ with K < K',0 < ¢, u/ < p we have

by Remark [8.7] that
1415504 < NIX 1500

Definition 8.14. We say that f € H,, is quasi- Tdplitz of parameters (K,6,pu) if
| X ¢]|%,%# < 0o and we call this number the quasi-Téplitz norm of f.

Remark 8.15. Given f € H,, with finite quasi-Toplitz norm and parameters p we say
that a function F € 7T,, approximates f at order ¢ if

(87) IXF sy NN X100, g =Fllsir < (L )

Note that by our definitions such approximating functions exist for all allowable parame-
ters p and for all positive €.

Since in our algorithm we deal with functions which depend in a Lipschitz way on some
parameters £ € O (a compact set) we take finally a norm which includes also the weighted
Lipschitz norm (cf. (18)) with A a positive number:

Definition 8.16. We set p'= (s,r, K, 0, u, A\, O). We define
(83) X715 = max((| X[, 1X£112,)
We denote by Q; C Hs,r the set of functions with finite norm ||Xf|\g

Remark 8.17. Notice that our definition includes the T6plitz and anti-T6plitz functions,
setting 7 = Iy 9,4, f and hence f = 0. In the case of Toplitz functions one trivially
has || Xy [I5 = | X [I2,,-

The definition includes also functions with fast decay in the coefficients so that, taking
always as Toplitz approximation F = 0, we still have supy N4dT||XH(NY€%T)f||§"T < 0.

8.17.1. Some basic properties. The following Lemmas are proved in [2].

Lemma 8.18. (Projections 1) Set p'= (s,r, K,0, 1, A\, 0) and p = (s,7,N,0, p, 7) with
N > K. Consider a subset of monomials I such that the projection (see ) maps

(89) HI:TB—VTE, VN > K.
Then Il : Q}; — Qg and
(90) | X, el < IXelZ, VFeQF.
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Moreover, if F' € Qg satisfies Il F' = F, then, VN > K, Ve > 0, there exists a decomposi-
tion N g+ F = F + N=47E with a Téplitz approzimation F € Tp satisfying I,F=F,
T F = F and | Xpllsr | Xpllsr < | Xp|5 +e.

Lemma 8.19. (Projections 2) For alll € N, K € N, N > K, the projections

(91) H(l)>H\k|<K7 Haiag : Tp = Tp -

here I maps to the space of homogeneous functions of degree 1, giag = I, _g.
IfF e Qg then,

(92) I XnwplF s 1Xmycrerlly s 1 Xmprlly < 1XF[5
(99 Xesn 5, 1XF — Xpcen 5 < IXIE.
Moreover, VO < ' < s, set p’' := (s',r, K,0,u, \,0):
—K(s—s') S

(94) ”XHUC\EKFHZJ;' <e K )?”‘XF”%j
Finally, VO <1’ <r, set p’ := (8,7, K, 0, u, A\, O):

'
(95) [ Xm0 Ik < (?)D | XFlIE

Lemma 8.20. Let Q(z) = >, QmzmZm be a quasi-Tdplitz diagonal quadratic function
in the variables z,z with constant coefficients. For all allowable choices of p and € > 0,
there exists a diagonal quadratic function Q(z) € TB which approximates Q) at order €:

(Asp)
(96) Q)= > Y QA)zmZm,
AeH, m

s0 that setting Q(z): B
N74dTQ(Z) = H(N,@,M,T)Q(Z) - Q(Z) )
for all m which have a cut at £ with parameters (N, 0, u, 7) associated to A one has

(97) Qm = Q(A) + N1 Qp,

and

(98) Qs 1Q(A) ], [@m| < (1 +¢)|Xql5 -

For all m,m’ with a cut at £ with parameters (N, 0, u,T) associated to A we have
(99) Qm — Qur| < N™72| X0 |5

Proof. Since @ is quasi-T6plitz we may approximate it by a function F € 7,; moreover
since @ is quadratic and diagonal by the previous discussion we may choose F of the same
form.

Hence we can we can find a quadratic and diagonal function @ € 7, so that, with
Q= N*"(Ily,9,u,-Q — Q), we have || Xoll,, | Xgll» < 2| Xq|}. To conclude, by Formula

, we have that a quadratic, diagonal and piecewise Toplitz Q is of the form .
Our last statement is proved by noting that (see for the norm of a vector field)

2
zZ
IXolZ=2 sup 3 [QulP e > g 12
Iz]la,p<r heSe r

by evaluating at zgj) = jhe*a‘j||j|’pr/\/§. The same holds for Q and Q. O
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Corollary 8.21. Let Q be as above. Given parameters p for every A € H, choose a point

ma € AJ. The the function Q(z) € T, defined as in formula with Q(A) = Qum, is a
Téplitz approximant of order € =1 for Q.
9. POISSON BRACKET

9.1. Poisson bracket estimate. Analytic quasi-T6plitz functions are closed under Pois-
son bracket and respect the Cauchy estimates.
More precisely fix allowable = (s,r, K, 0, u, A\, O):

Proposition 9.2. (i) Given fO @ e Q;, quasi-Toplitz with parameters p we have
that {f(), f@)) ¢ Qg,, for all allowable parameters p' := (s',v', K", 0", 1/, X\, O), with p’
satisfying :

rj2<r <r, s/2<s <s, 2<(u—p)K”, kC< (O — 0K

(100) e (K T o,
We have the bound

(101) ||X{f<1>’f(2>}||§ <1225 X o || N1 X pen |15

where § := min(1 — %/, 1- %) < 1.
(ii) Given fM, f2) as in item (i), assume that
(102) 322 e[ X p || F < 1/2,
then the function f2) o¢}<1) =el “d(f(l))(f(z)), for |t| <1, is quasi-Téplitz for the param-
eters p'. More precisely f®) o qﬁ}(l) € Qz;, for all parameters (K',0', 1) for which
(103)
T EIE KT <1, 2 < (= @)K In(K) 2, KC < (6 — 0)K" O In(KT) 2,

Finally we have

(104) IX@ope 7 < 21X e |1
(105) IXp@op ) = Xl < 20X pollz 1 X p 5
Proof. In order to prove this proposition we need some preliminaries. (I

9.3. A technical Lemma. We take allowable parameters p := (N, 0, u,7) and p' :=
(N,0' 1/, 7) such that
(106) KC < (0 —O)N*™4 2k < (u— p/)N2.

Let us set up some notation. In Definition |8.2] we have introduced the notion of a
monomial m = e'(¥?)yl2z8 of low momentum with respect to the parameters p and
denoted by Hk, ,, the projection on this subspace. Recall that one of the conditions is also
that |k| < N, that is it has also a low frequency.

We shall say instead that m is of N—high frequency if |[k| > N and denote II§; the
projection on this subspace.
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We denote its degree in the high variables to be dy(m). We further set
m(M) = S [y + ), mu(M) = 3 [e(i)l(ag + By)-
7 low

The projection symbol Iy g ;. - is given in definition

We use a mixed decomposition f = Iy, ,.~f + Hk,?w,f + 0% f + Hgf where Iz f is
by definition the projection on those monomials which are neither (N, 8, u, 7) bilinear nor
of (N, 3u/)-low momentum nor of N-high frequency.

We hence divide the Poisson bracket in four terms: {-,-} = {-,- 3% + {-, }F + {-, .} +
{-,-}f where the apices identify the variables in which we are performing the derivatives.

We need the following technical lemmas and definitions.

Lemma 9.4. Consider a monomial M = %) Az0 = eik:2)yi az8,0 which, with re-
spect to some allowable parameters p, has |k| < N, m(A) < uN? + kN. Assume that z,
is a high variable i.e. |r(m)| > cN™. Then M cannot satisfy conservation of momentum.

Proof. If we have conservation of momentum 7 (k) + 3_; o(j)r(j)(e; — B;) + ox(m) = 0.
By the hypothesis and the triangle inequality we have

(107) cN™ < [r(m)| < m(A) + kN < uN? +2kN < (C+ k)N?

a contradiction to Formula . O

In order to simplify the notations let us set II' := Iy ¢/ 7, II := IInyg, . Assume
FO . f®) are two functions satisfying conservation of momentum.

Lemma 9.5. The following splitting formula holds:
(108) w{f, f@y = (ns mpe e
HILF O TIR 5, F30 4 (I TR, f O}
{0 fO I @Y7 - {5 f O, T}
HIR SO, O+ (O 05 P} - {1 O, ng s
Proof. We perform a case analysis: we replace each f() with a single monomial to show

which terms may contribute non trivially to the projection H/{f(l), f(z)}.
Consider the expression

(109) H/{ei(k(l)’x)yl(l) Za(l) 25(1) 7 ei(k(2)7w)yl(2) ZQ(Z) 23(2) }

If one or both of the [k(Y)| > N then one or both monomials are of high frequency and we
obtain a term in the last line of .

Suppose now that |k™)|, |k(?)| < N we wish to understand under which conditions on
the a9, B() the expression is not zero.

For a monomial M := e(k:=)ya,2 28 if TI'(M) # 0 we must have dy (M) = 2 (plus
further conditions). For two monomials M7, My we see that each term of {M;, Ms} has
as degree di ({ M1, M2}) equal to:

i) du(Mi) + dp(M2) — 2 if we have contracted conjugate high variables 27, z; ™.
i) dg(My) + dg (M) otherwise.

In case i) in order to have II'{My, M} # 0 we must have dy(M1) + du(Ma) = 4,
this happens either if a) dy(M1) = dg(Mz2) = 2 or b) dg(M1) = 1,dg(Ms) = 3 (resp.
dg(My) = 3,du (M) = 1). Let us show that, by conservation of momentum, case b)
is not possible. Let us denote by A;,7 = 1,2 the part of the monomials M; in the
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variables z;, which are not high i.e. M; = e!(k1.2) ‘“Alz My = etk z)ya?Agz]F a " .
In {M;, M5} the part of the monomial in the variables zj, Wthh are not high is A A2 S0,
if T'{ M7, Mo} # 0 we must have m(A;Ay) = m(A;1) +m(Az) < /N3, we are thus in the
hypotheses of Lemma@ for M; a contradiction.

In case a) we claim that both monomials My, My are N, u, 8,7 bilinear, so that this
contribution comes from the first line of . For this we only need to verify that, if
zj is the variable we contmct7 then j has a cut at ¢ for the parameters N, 6, u, 7. Write
M, = eilkno) “1Alz 20, My = ei(kQ’w)y“?Agz;Fzg,. Since II'{M;, Ms} # 0 we have
m(Ay)+m(As) < N3 By conservation of momentum |r(j) £r(m)| < u' N3+ kN hence
|j £m| < W N3+ kN + 4dk, using we have

lj £m| < u/'N®+ kN +4drk < /N3 + 25N < uN3.

We have that m has a £ cut for the parameters p’, #’, 7 and the hypotheses in Formula
of Lemma are satisfied, hence j has the cut and we obtain the first term in formula
(108]).

In case ii) we can have dy (M) + d(Mz) = 2 either if a) dy (M) = 2,dy(Mz) =0
(resp. dy(My1) = 0,dp(Mz) = 2) or b) dg(M1) = du(M2) = 1.

We claim that in case a) we obtain the contributions of lines 2,3 of Formula .

In fact say that dg(Mi) = 2,dg(Msy) = 0 and M; = eiFvo)ye g, 20 20" M2 =
e'(F2:2)b A, where A; do not contain high variables. We have that |k;| < N by hypothesis,
the high variables of M; have a N, u’, 6, 7 cut also by hypothesis and so also a N, u, 0,7
cut, finally if we contract variables x,y we have m(A;),m(As) < mp{My, Mo} < /' N3.
Assume we contract conjugate variables z;, which are not high, let A; = Bizf so that B1 By
is the part of { M7, M} in the low variables and m(B;)+m(Bz) < u'N3. By conservation
of momentum for My we have |r(h)] < m(Bz) + kN, hence m(A43) < 2m(B3) + kN <
2i/ N3 + kN. In both cases we deduce that we we obtain the contributions of lines 2,3 of

Formula ([108]).

Let us show finally that, by conservation of momentum case b) is not possible. We
are now assuming that for instance M; = ei(kl’””)y‘“Blzhz with z,, high while z; not
high, hence |r(h)| < cN7* and m(B;) < u'N3. We have m(Biz,) < i/ N3 + cN™. So by
conservation of momentum we have.

ON™ < |r(m)| < m(By) + |r(h)| + kN < W' N> +ON™ + kN
which implies (¢’ — 0)N™ < /N3 + kN contradicting (106)). O

9.6. The proof of Proposition We use all the notations and hypotheses of 0.2
We can first use the standard estimates and obtain

(110) [ X (s penylld - < 22"’L35_1||Xf<1>|| X o2, <2235 X o 1511 X e |1,
here § is defined in (23).

Since the allowable parameters K’, 0’ i’ satisfy we have that N,0', u/, 7 satisfy
for all N > K’,7 > 75. In order to show that {f(1), f?} is quasi-Téplitz (with
respect to the chosen parameters), it is enough to provide, for all N > K’ and the allowable
parameters p’ := (N, 0, i/, 7) a decomposition

H'{f(l), f(2)} - 1-[]\]7(9,7M,7T{J0(1)7 f(2)} = F12) 4 y—4dr f(1.2)
so that F(1:2) ¢ TE' and also
(111) I Xraw s X fam [l < 1222367 X po 111X 0 |12,
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For € > 0 take F() € Tp, p = (8,7, N, 0,1, 7) so that setting

(]‘12) fT(l) = N4dT (H(N,O,;Lﬂ')f(i) - -F(l)),
we have
(113) max(||X;<i) ER) HXf('i) ||5,?”)) < ||Xf(i) [7;+ €.

We thus define the function
FOR = Ty g ((FO, FOV 4 {(FO, T g, FOYODE T o, 7O, FO Y0141

where we have denoted {-, - }(#®)+L = {. . 3w.2) L . 1L We need to show that it satisfies
the required conditions.

Lemma 9.7. (i) One has F(12) € T -
(ii) Setting f(12) = NI {fV) 2} — F12) one has that the bounds hold.

Proof. (i) The constraints are satisfied and we just apply Lemma
(ii) The estimate (T11)) for F(12) follows by Cauchy estimates since

[Xran s <1 Xra zoylls e + 1 Xzo gyl + 1 Xz poy s

<275 1 X 2 s 1 X 2@ [lrs + [ X700 s 11X p@ s + 1X p0 s 1 X 2@ [lrs]

<322 X b [I5 1 X e 1
We now estimate || X ja.2[|s,,. We have f(1:2) =
N4dTH’({f(1), f(2)},{]:(1),]:(2)}H,{]:(1)’ HJLVBMf(2)}(y’w)+L7{H&3H/f(l)’ f(2)}(y,m)+L)
We substitute in formula ((108]) Hgf(i) = FO) 4 N—dr £,
Thus f(1?) =1I'(Z) with
(114) 2= [{FO N7 FO, FERI{FU), FE 4 N7 fEOMI L N=HTL O, fERH
+{f(1)a H]I\‘L?),u,’f@)}y’z-i—L + {H]L\/I,Bp,’f(l)7 f(Q))}y,:C-i-L

ANTIR PO, FOY 4 (O R F Y — (I O, 1 f ]
In order to estimate the norm || X .2 [[s  We estimate the norm || Xz|[s -

If we have chosen e sufficiently small in Formula (113)) the first two lines of = can be
estimated by 922361 X ) ||Z:HXf(2) ||;§ and the last by the smoothing estimates (27).

1 X fllor e < 267N X,

|s,r||Xf<2) st-
Since by (100) N497e~N(s=5) < 1, the estimate (111)) follows. O

||X{H%f(1),f(2)}+{f(1),l—l%f(2)}||S',r/ <8 22n+3€7N(sfs')671”Xf(1)

Proof. Conclusion of the proof of (proposition Proposition (1) follows from the
previous Lemma. The proof of (ii) is identical to that of Proposition 5 (ii) of [24]. O
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Part 3. The KAM algorithm
10. AN ABSTRACT KAM THEOREM

The starting point for our KAM Theorem is a class of Hamiltonians H, variation of
the Hamiltonians considered in [24]:

(115) H:=N+P, P=P(zy,z27¢).

N = (w(&),y) + Z Qi (9)] 21> + Z ank(znl? = |2k)?) + brr(znzk + Zn2k),
kese (h,k)ESE
defined in D(s,r) x O, where we take O C 2R, a compact domain of diameter of order
€2 contained in one of the components of Theorem [4| and subject to the restriction given
in Remark The functions w(§), 2, (€), an i, brx are well defined for £ € O. In our

examples the set S of complex eigenvalues or hyperbolic terms is finite.

It is well known that, for each ¢ € O, the Hamiltonian equations of motion for the
unperturbed N admit the special solutions (z,0,0,0) — (z+w(£)t,0,0,0) that correspond
to invariant tori in the phase space.

Our aim is to prove that, under suitable hypotheses, there is a set O, C O of positive
Lebesgue measure, so that, for all £ € O the Hamiltonians H still admit invariant tori
(close to the ones of the unperturbed system) with some frequency w® (&) (close to w(§)).

Given a value £ of the parameters we have the torus given by the equations y = z = 0. If
the Hamiltonian vector field Xy of a Hamiltonian H is tangent to this torus, and if on this

torus it coincides with > 1 | wf® (f)a— then the Hamiltonian evolution is quasi—periodic
7

on this torus, which is called a KAM torus for H.

This condition depends only on the terms H=2 of H of degree < 2. Denote by H (i)
the part of degree 2i in y and j in z, recall that we give degree 0 to the angles z, 2 to y
and 1 to w.:

(116) H=?* = H(2) + H™ (z;w) + H*(z;9,w), H*(zyy,w) = H""(z;y) + H**(z;w)

For a value ¢ giving a KAM torus for H we have that the term H° must be constant (and
we usually drop it), the term H(%Y = 0 and finally H(19) = Yo w(€)y; (there is no
condition on H®2(z;w)).

Therefore our goal is to find a change of variables (possibly in a smaller domain) so that
we have a large set O, of parameters defining KAM tori for H. The precise statement is
contained in Theorem [fl

We start by describing the class of Hamiltonians to which the method applies.

10.1. Compatible Hamiltonians. @ We consider a class of Hamiltonians stable under
the KAM algorithm.
In the construction there will appear parameters

B:(T,S,K,H,M,O,G,SO,M,L), (5777@)

playing different roles, where O C £28,, is a compact set of positive measure (of order £27)
while all the others are positive numbers such that K > Ny will play the role of a frequency
cut and will grow to oo in the recursive algorithm, v < 1 is an auxiliary parameter which
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we fix at the end of the algorithm and should be thought of as of order smaller than &2
but larger of the order of the perturbation, and ﬂ

—c)K™,(C— 0K > kK*,
7!

(117) v <2°M < 1/6, (8Me*)™t > Sy > 4ynML, a<M, LM <4.
Recall that £ = max(|j;|) and see for the definition of Ny, ¢, C,7p.
We consider Hamiltonians, defined in D(s,r) x O, of the form:

(118)  H:=N+P,N:= (&), 9)+ > U@zxl>+C P=Pz,y,z22¢),
kesSe

n
C= > ankllzl = zl?) + bur(znze + 2n2),  (@(E€),y) =Y wi()y:.
(h,k)ESE i=1
We also may use for the complex eigenvalues the complex coordinates, as explained in
In that case unless there is a risk of confusion we may write the Hamiltonian in
full diagonal form N := (w(&),y) + > rcge Qe (§)|2k]? with the understanding that finitely
many zj are complex coordinates which come in pairs and that the corresponding Qy(¢)
are complex and in conjugate pairs.

Definition 10.2. We say that a Hamiltonian (118) is compatible with the parameters p
if the following conditions (A1)—(A5) are satisfied:

(A1) Non-degeneracy: The map § — w(§) is a lipeomorphiSIrﬂ from O to its image
with w14 < L. Setting v; := |j:|?, for i = 1,...,n we have |w(§) — v]o < Me2.

(A2) Asymptotics of normal frequency: For all n € S¢ we have a decomposition:

(119) (&) = o () (lr(n) > + 20, (€)) + Q2 (€)-
We assume that the 9,(£) are chosen in a finite list of analytic functions which are

homogeneous of degree one in &, moreover the Q) := {Qn}ne ge are Lipschitz functions
from O — o, with]

(120) w|%P + Q%P < M and 2|9 < M, 29, < Me2.

(A3)  Regularity and Quasi-Téplitz property: the functions P, 9(z) := 3_; 9;|z;|* and
Q(z) := > Q;|zj|*> are M-regular, preserve momentum as in ([@4), are Lipschitz in the
parameters £ and quasi-Toplitz with parameters (K, 60, 1) (cf. Definition [8.14]). Moreover
for all N > K, 70 <7< 7'1/4d we have H(N,G,M,T) Zj 19]"2’”2 S 7-(1\/797“77-).

We need to control the norms of the above functions, we use the free parameter ~,
whose purpose is to estimate the measure of the various Cantor sets which will appear,
and set = (s,7, K, 0, u, A\ = yM~* O).

We define:

(121) 7 HXpo
We require that

L= i=0,1,2, e=(9,eM, e?), 7Y Xp|L:=0.

9note that the condition LM < 4 is added only in order to simplify notations, any €2, r, K independent

constat would be acceptable.
0in our applications all maps will actually be analytic

Hyecall that on R™ we use the [°° norm.
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(A4)  Smallness conditionﬂ
(122) O <1,y ' XgllF <1, 22" 1Pjg K4 < 1.
Note that the definition of T6plitz norm for diagonal matrices and imply
(123) Qo < | XallF < v < 2Me
We note moreover that from condition (A3) and by Remarks we have that
X0 7 = 1Xo@) I3 = [Pl + AL = 9o + M HIILD-

Then ([[17) and (120) imply || Xy~ < 2Me>.

Ab5)  Non-degenerac elnikov conditions): We denote by A = M the
( generacy Y Ago o)l

variation of f in the radial direction:

(124) inf A ,((w, i)+QD| > a, Vkez", 1eZ I <2, |k < S0, (k1) #0,
0€ERTECO
o#1, 06€0

for all (k, 1) compatible with momentum conservation and such that, setting V := (V,, ) nese,
with V,, := o(n)|r(n)|?, one has (see (A1)):

(125) (v,k) +Vv-1=0.

Observe that (v, k) +V-[ € Z.

Remark 10.3. If H is compatible with the parameters p it is also compatible with all
choices of parameters p’ where

s<s,r<r,K'>K, 0 CO,
provided that (122)) still holds.

In working with the cubic NLS we will also have (at the first step of the algorithm):

(A2x)  Homogeneity: The functions w(¢) — v,Q,, — o(m)|r(m)|? are analytic and ho-

mogeneous of degree 1.

Remark 10.4. By the homogeneity of w(£) and ¢ we may easily see that M, L,a can be
taken ¢ independent. These 3 paramters will remain bounded away from 0,00 in the
course of the algorithm. If the condition (A2x) were that the functions are homogeneous
of degree ¢ > 1 then we would only have M L, Ma~! as ¢ independent constants.

2hy 18 = 1] 4 |eW] + || we mean its L' norm note that |&] < 30.
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10.4.1. Infinite dimensional KAM theorem. Now we state our infinite dimensional KAM
theorem. We use the symbol < to mean that we have < cost where cost depends only on
n,d, k. We use the same symbols * as in the previous paragraph but with a xq.

Theorem 6. Assume that a Hamiltonian Ny + Py in (@) is compatible with the param-
eters po = (10, 50, Ko, 0o, 10, O = €2Ra, ag, So, Mo, Lo), i.e. satisfies (Al — A5), (A2x),
and that:

(126) c< % C>2,, MyLy=2, So=8VnMyLo=16vn

and that Ky is sufficiently large (depending only on the remaining parameters pg ).
There exists 0 < © < 1 and a positive constant B := B(Ky) such that if furthermore
O < O (¢f (121)) and for all v such that B>~V < |Oplag, we may construct:

e (Frequencies) Lipschitz functions we : Op — R™, Q(®) : Oy — L, satisfying
(127) |woe — wo|*, (2 — QO < 4lg|O7
where € is defined by Formula (121) and |wao|"P, |Q()(1P < 2.

e (Cantor set) A Cantor set Ou
(128) 00\ Onc| < B2 L,
0

the smallness condition on 7y ensures that Oy has positive Lebesgue measure.

e (KAM normal form) A Lipschitz family of analytic symplectic maps
(129) O : D(s/4,7/4) X O +— D(s,7)

of the form ® =1+ W with |V, /4,54 < |€0|, where Oy is defined in the previous item,
such that,

(130)  H™®(5€) := H o ®(:£) = woo(§)yoo + A (€) 200200 + P has P2 =0.

Formula ([130)) tells us that the final Hamiltonian has invariant KAM tori parametrized
by € € O.

Remark 10.5. We will use the freedom given by Remark to choose K large enough
so that some necessary bounds, which appear in the proof, hold.

It is important to notice that all the conditions which we shall impose on K are inde-
pendent of ry and Oy.

Theorem [G] is proved by an iterative procedure, which occupies the rest of this long
section. We produce a sequence of Hamiltonians H, = N, +P,, each of these Hamiltonians
will satisfy the properties (A*) of Section for suitable parameters p,,.

In particular for the compact sets O, and for the domains D(s,,r,) we have the
telescoping O, C Oy,_1, D(s,,1,) C D($y_1,7,—1).

We set Oso = N, O, D(S00,Too) = My D(s,,7,) and the construction will be such that
Ox has positive measure while so = s/4, 7., = 1/4.

We have a sequence of symplectic transformations &, : H,_1 := H,, where ®, is the
value at 1 of the flow generated by the Hamiltonian vector field Xr, , associated to the
generating function F,_; determined as the unique solution of the Homological equation,
and depending on Pf}l. The transformation is well defined on the domain D(s,,r,) x O,,
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with D(s,,7,) C D(s,—1,7,—1). At each step, the perturbation remains bounded while
the part P=2 becomes smaller. We also denote D(s,,r,) = D,. The Tépliz norm of a
function G defined on D, x O, and relative to the parameters extracted from the p, will
be denoted by ||G|,.

The goal is to pass to a limit Hamiltonian H,, = N, + P, with the property that
P<? = 0 so that the Hamiltonian vector field on the family of tori parametrized by the
parameters £ € O, where the normal coordinates are 0, coincides with the Hamiltonian
vector field of NV.

The relevant estimates to be performed are the following.

e We have to estimate the norm of each F),_; so to make sure that the value ®_;

at 1 of the flow generated by the Hamiltonian vector field Xz, , is well defined
on D, xO,.

Here the problem is that of small denominators since we have to divide by
eigenvalues. Here the quasi-Topliz properties play a major role and the key is

Proposition [10.16]

e While we establish the previous item we have to estimate the measure of the set

O,, Lemma

e We have to perform all the estimates on the new parameters p,, this is done in
§10.17]

e We have to estimate the norm of the part P2, for this we have to control simul-
taneously the three parts in which it naturally decomposes.

e We need to prove that the set O, has positive measure, Corollary

e We need to prove that on the set O, we have a limit change of coordinates ®L
giving rise to the limit Hamiltonian [10.21]

Warning In order for this Theorem to give a non—empty statement we need to have
conditions which ensure that the constraints on v can be satisfied. These constraints
amount to a smallness condition on the perturbation, (cf. Theorem. In the applications
to the NLS this condition is satisfied by suitably restricting the domain of definition of
H.

10.6. KAM step.

10.6.1. Formal KAM step. The input of a KAM step is a Hamiltonian H of the previous
form with parameters p. Of particular relevance is the parameter K > Ky which gives a
frequency cut. The output must produce a new Hamiltonian H of the previous form with
parameters p, . Thus we need to start from a subset O, C O of the parameters &, two
new values for the radii of the domain sy < s, r; < r and a symplectic transformation W :
D(sy,ry) x Op — D(s,7) of type ¥ = eF) 50 that finally we have a new Hamiltonian
H, = H oV which we expect to be a simplified version of H by evaluating the new
parameters p . After iterating infinitely many times the KAM step, we hope to arrive
at the desired final Hamiltonian which shows the existence of quasi—periodic orbits as in
Theorem [6l

The function F' is obtained by solving the homological equations. In order to explain
this it will be convenient to write explicitly the terms of P®)(z,y, w):

PO (z;w) = Z pW eilh) o

k,m,o
meSe, o=+, k
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0,0) j 1,0)
0 gj) = g PIS )el(k,m) , (1 0) E P( i(k x)
k

POY@uw) = 3 Bl e

n,meSsSe, o,0'==%, k

Only those terms which satisfy conservation of mass and momentum may appear. We set

(131) (P2 = (B )+ Y B _leml? + P

meSe

Where P is diagonal only in the complex notation and arises from the term C of the
normal form N (see (118)).

On the space of quadratic Hamiltonians ad(N') has a basis of eigenvectors described
in On the space relative to the non-zero eigenvalues ad(N) is formally invertible,
hence for those ¢ for which the Melnikov resonances do not occur, [P<?] is the projection
of PEIQ{ on the kernel of ad(N). We define

(132) F = ad(/\/)*l(Péz( —[P=?]) = ad(F)N = [P?] - Pg(

and since ad(N)~! is diagonal (at least in complex coordinates) this definition can be
given degree by degree, thus defining F?, F(), F(?) Notice that even if we use complex
coordinates F' is always real.

10.6.2. Estimates. Formula defines F' as a formal expression. We now impose a
lower bound on the eigenvalues of ad(N') on the space of functions of degree < 2 which
implies that F' is analytic. Let us restrict our attention, for instance, to the set O’ of
¢ € O such that: for all k € Z", |k| < K and | € Z5°, |I| < 2 which satisfy momentum
conservation, we have

(133) [(w, k) + (I, )] = yK 27,
Lemma 10.7. We have:
(134) IXpil o < K27y Xpi) 0, i=0,1,2.

Proof. We first notice that (133]) implies that PSSIZ( — [P=?] is a sum of eigenvectors of

ad(N') with eigenvalues bounded from below (in absolute value) by vK =297 therefore
since we are using the Majorant norm we have
”XFl”;\r < K2dT1 1||XP<1)7P(7)]H57" < KQdTl 1HXP(’7>||?71“7 i=0,1,2.
g

Then by Proposition F defines a symplectic transformation e(@4¥)) on a domain
D(s',7") x O', since by the condition 22"*3e6~!|| X p|/s ,» < 1 holds for a suitable
choice of ',7" and possibly restricting to a subset O of the parameters. More precisely
in the next paragraph we will define a set O C O (see Definition and show in
Lemma that, provided -y is sufficiently small, this set has positive measure. On this
set we shall prove in Proposition that the inequalities hold. In order to iterate
this procedure we need to be sure that F' is quasi-Toplitz and estimate its norm, this
will be proved in Proposition [10.16] So for the procedure to succeed we need that the
perturbation P, i < 2 be rather small.
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10.7.1. KAM step. For simplicity, below we always use the same symbol cost to denote
constants independent on the iteration and on the parameters of the Hamiltonian.

We now start from a Hamiltonian in the class of Definition and describe a procedure
which produces a change of variables under which the Hamiltonian is still in the same
class with new parameters which we estimate explicitly.

KAM Step 1. (1) We Define in a compact set Oy C O such that
(135) O\ Oy <TI0 rotntaf2,

where I' is a constant depending only on n,d, k.

(2) We construct, by Formula , the function F. We prove in Pmposition
that F' is quasi-Toplitz with parameters K, 0, u for all £ € O4.

For all positive numbers ry < r and s1 < s for which:
(136) 92114 (1pin (1 — 7"7* 1- Sf))*HaK‘*dﬁ < %
we show that F generates a 1-parameter group of analytic symplectic transformations
O D(sy,ry) — D(s,r), well defined for all t, |t| <1 and for all € € O,

(8) Applying Proposition i) with p' ~ p* = (Ny, py, 04, 54,74) we show that
OLH := H, = N\ +Py is quasi- Toplitz for all choices of parameters K, 0., uy satisfying
(103)).

Remark 10.8. In order to make sure that O is non—empty we need the corresponding

constant B = I'K~70+7+4/2 should satisfy Be?("~1~y < |O]a which we shall satisfy by
imposing a smallness condition on v since K > Kj.

The core of the construction is to compute the parameters M, L, a4, see 7 and
O4, €4, see relative to the new Hamiltonian. The iterative KAM algorithm is based
on the fact that if © in Theorem |§| is small enough then H, is compatible with the
parameters P and respects the smallness condition (A3*), so one may iterate the step.

10.9. The set O,.

Definition 10.10. O, = O, , is defined to be the subset of £ € O where the following
Melnikov non-resonance conditions are satisfied:

i) For all k € Z", |k| < K and h € Z, so that (h, k) # (0,0):

(137) (w(&), k) +h| = 29K~
ii) For all k € Z™, |k| < K, m € S¢, with n(k) £ r(m) = 0:
(138) [{w(&), k) £ Q| > 29K

iii) For all |k| < K, m,n € S°such that min(|jr(m)|, |r(n)|) < CK™ and w(k)£(x(m)+
or(n)) =0 with o = £1:

(139) (€, k) & (R + 02| > 29K 2407,
For all |k| < K,m,n € S° |r(m)|,|r(n)| > CK™ and n(k) £ (r(m) +r(n)) =0
(140) (W (), k) £ (U + Q)| > 29K 217

iv) For all affine spaces A = [v;, p;]¢ in Hye (1 < £ < d) with py < cK™/%4 we choose
a point my € [v;;p;]] with |r(ma4)| > CK™. For all such m4 and for all k such
that |k| < K, we require:

(141) {w(&), k) + Qm, — Qa| > 2y min(K*QdTO, c2dpé—2d)7
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for all @i such that r(n) = r(ma) + 7(k).
In order to analyze O4 we need a first Lemma for the measure estimates. We define
Ry, ={6€O||(wk)+ (1, <yKT}, 1€z

Lemma 10.11. For all (k,1) # (0,0) |k| < K and |l| < 2, which satisfy momentum
conservation, one has

(142) IRE| < geﬂ"*l)K*T.

Proof. Let us first state a general fact. Let f be a Lipschitz function on the domain
O C 28 such that

‘f(xag%”'agn)_.f(y’€27"'v€n)| >a|x—y|

for all x # y such that (z,&2,...,&n), (¥,&2,...,&,) € O.

We consider the map F : £ — (f(£),&2,...,&,) which maps O bijectively to some set
B. F is a lipeomorphism and its inverse has Lipschitz constant < max(1,a™1). In B, f
is a coordinate and the level surfaces of f are contained in a hypercube of volume £2("~1)
therefore the volume of the set where |f| < ¢ can be estimated by 2e2(*~Y¢ hence on
O it can be estimated by 2a~ 12"~ D¢, A similar argument is valid if we work in polar
coordinates, x,y are radii and the other &; coordinates on the unit sphere.

If |k| < Sy, we have assumed that, for all functions fi;(§) = (w, k) + ({,Q(¢)) which
satisfy we have infepeco |Ag o fki| > a. So we may apply the previous argument.

If, on the other hand, fj; does not satisfy (but |k| < Sp) then we may write

Jra(§) =n+ Fra(8),
where n is the non—zero integer computed in (125]) and
|Fiotl < [{w(&) = v, k)| + 45up [0 (6)] + 29 oo,
n

by hypothesis |k| < Sy (in particular Sy > 1) while 2|9|s, |w — V|eoe < Me2. So, by
and (117), we have |f;| > [n| — (So + 4)Me? > % and we may deduce that Ry, is
empty. Finally if |k| > Sy then we change the variables form £ to w and study Gy (w) :=
(w, k) + (2(&(w)),1). Let ¢4 be the versor of k, we may perform an orthogonal change
of variables in w so that e, is the first vector in the standard basis. Then the Lipschitz
norm of (w,k) is the absolute value of the vector k& which can be bounded below by

‘—jﬂl > % > 4M L. Then we repeat our argument with respect to w, indeed

(Q(EW)), DISE < [AEIT w5 < ML

so that
G cooywn) — Graly,wa, ... wy
| kot (2, w2, ... Wn) kot (Y, w2 wl)|>4ML_ML:3ML’
=y
for all vectors (z,wa,...,wn) # (Y,w2,...,wy,) in w(O). Thus the volume of the set

where |G ;(w)| < ¢ can be estimated by (M L)~!(Me?)("~V¢. The corresponding volume
in the space of the parameters ¢ is therefore estimated by L*(ML)~'(Me?)»Ve =
(LM *M~1e2("=D¢, Since by ([[17) ML < 4, M > a the estimate follows. O

Lemma 10.12. The set Oy is compact and one has

(143) |0\ 04| <T Le2n=1) g—motn+dtl
a
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Proof. Since k runs on a finite set the functions |{w(§), k)| are bounded on O, hence the
first formula is satisfied for |h| large, for instance |h| > 2|w|eo K. So is actually
implied by a finite number of inequalities.

Formulas and are a finite number of inequalities by definition. Formula
is a priori an infinite list of inequalities, we note however that |(w, k) = (Qp, +Q5)| >
|w]oo K is large when [Q,, + Q| > 2|w|oc K.

Next €2, has an integral part o(m)|r(m)|?, but o(m) = 1 as soon as |[r(m)| > CK™.
This implies that ©,, + €2, is large, and hence no condition is imposed, except possibly
for finitely many values of m,n. Finally is given only for finitely many elements; in
fact in 4v), for each [v;, p;]7 and k, we impose only a fixed finite number of condition by
choosing a point m4 and a type u = r(i) — 72 € Z. Finally by Remark there are a
finite number of [v;, p;]J. Thus Oy is compact.

Let us prove the measure estimates. By definition O is obtained from O by removing a
finite list of strips R,” where p runs in a suitable set of pairs k,[. For a given set of indices
I denote by R} := UperR} and, by Lemma we estimate |R}| < |I|ya~te2(*~DK-T.
The Lemma will thus follow from an estimate on the cardinality of I for the various cases
considered.

Recall that the elements m € Z? with o(m) = —1 are a finite set of some cardinality

depending only on x,n similarly their norm can be bounded by some & of the order of

k2. By Hypothesis (Al), |w|eo < &% + 1, and we may assume that K is large so that

E<2(k2+1)K.
i) Is previously remarked we have to impose (137) with |h| < |w|eo K < (k2 + 1)K we
have:

Io:={(k,h) |, k| < K, |h] < (5* + DK}, [To] < (s +1))(2K)"H
|R7I—0| < 62(n71),ya71K770+n+1.

ii) In (138), by momentum conservation | = +e,, implies that +r(m) = —n (k). Hence
to impose ([138]) we have to remove the list indexed by I;:

L:={kD|kl<K,l=2€n, JucZ:m+u=Fnr(k)}, |L|<(2K)"d.
|R7I—1| < 62(n71),ya71K770+n+1.

iii) Ifl = *(em + en) and o(m) = o(n) = 1, the index (k,l) can contribute only if we
have the condition

| (w, k) + [2(m) [ + [£(n)|* + 20, + 20, + Qi + Q| < %

From and this condition implies | & (w, k) + |[r(m)|?> + |r(n)[?| < 1 hence
lr(m)|? + |x(n)|? < 2|w|c K. Setting

L= (D) | B < K, 1 = +(em + 0 [r(m)] < V2E T DE,

Ju,ve Z: m+n+v+u=Fn(k)},

L] < (2v2(k2+ 1)K + 1)%d?,  |R]| < 2" Dyq Km0t td/2,
iv) Setting
Is:={(k,D),|k| <K,l=en—en,|r(m)| <CK™,Ju,veZ: m—n+u—v=Fm(k)}

One has
|13| < Kd7'1+n ‘Ri;i7'1| < ,Yaflé_Q(nfl)de‘rlJrn.
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v) To deal with the last case, for all affine subspaces [v;; p;le € Hx with p; < CK 1, for
all |k| < K and for all types u € Z we set 7 = r(m) + u + 7(k) and define

(144) Rka[vﬁpi]bu = {f | |<Wa k> + Qpy — Qﬁ| <2y min(K_QdTO’ c2dp€_2d)}

Following Lemma [10.11} [Ry (p::p:),.u] < va~1e2(" =1 min(K ~2dm, c2dp, 2.

We distinguish the two cases. First when min(K 247, c2dp;2d) = K247 we are in

I = {(k, vispilesw) ||k < K, [oispile € Hi o pe < cK™ , u e Z}

when min(K 2470, c2dp,24) = c2dp 24 we are in

I = {(k, i pile, w) |[k] < K, [uispile € Hic : K™ < py <CK ™, u€ 2}

By Remark [7.8| we have |IF| < K(d¢+70)(d=1)+n hence
|RIf(| <« ,ya—152(n—1)Kd(d—1)+rg(—d—1)+n < ,ya—1€2(n—1)K—d7—o
as for I we use again Remarkto bound with (2xkK)?" (2p)?~! the number of subspaces
with given p = p, for all 4.
|R12K| « ,ya71€2(n71) Z pZQd—1+de2Kn <« ,Ya71€2(n71)K7d‘rg+d2+n

pe>cKT0
(from (B0)). Summing all these contributions, since we can bound all the factors by
2=y —motn+d+1 oy Lemma is proved. O

We arrive now to the key estimate which handles small denominators and for which we
have introduced all the formalism of cuts and quasi—T6plitz functions.

Proposition 10.13. For all £ € O, for allk € Z", |k| < K and 1 € 75", |I| < 2 which
satisfy momentum conservation, we have

(145) [{w, k) + (1, Q) = yE 247

Proof. By Definition [10.10] the cases i), ii), iii) follow trivially since 2dr is large with
respect to 7.

We are left with the case ¢ = e, — e, with |r(m)]|, |r(n)] > CK™. To start we have

[{w, k) + Q= Q| 2 [{w, k) + [2(m) 2~ [2(0)*] = 49]o0 — 2/ .
We bound the two terms 4]0|o + 2|Q|oo| < Me? 4+ 4Me? by (120). We need to estimate
|{w, k) + |x(m)|? — |r(n)|?|, by momentum conservation r(n) = r(m) + w(k). First note
that, setting v := m — r(m) the type of m, we have:
(146) (w, k) + [e(m)* = [x(n)|* = (w, k) — |7 (k)|* — 2(n (k), x(m)) =
= (w, k) = |m(k)* + 2(r(k),v) — 2(m(k),m).

Note that w(k) € Bx U {0}. Let mg[vi;pi], we distinguish two cases: p; > CK*4™ or
P < CK4dmo

Case 1: p; > CK*dm,

If p; > CK*¥ then m has a cut at £ = 0. By Lemma we have that m is
on the open stratum and r(m) = m,v = 0. If 7(k) = 0 we have m = n and the

denominator is covered by the bound (137) with h = 0. If w(k) # 0 then by definition
[(m(k),x(m))| = [{(m(k), m))| > p1. (A1) implies |w|sx < 2k soO:

[{w, k) + Qun = Qu| = [(w, k) + [x(m) > — [£(n)*] = 40|00 — 2|Qo0 >
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l(w, k) — |7 (k)|? — 2(m(k),m)| — 5Me® > 2CK*9™ — 9k K — k2K? — 5Me% > 1.

Case 2: p; < CK*, By hypothesis the point m has |r(m)| > CK™ and p; <
CK*¥ thus by Proposition m belongs to some AY where Ag[vi;pi]g, 1< <d.
Write m = r(m) +v and n = r(n) + u = r(m) + 7(k) + u for two types u,v € Z.

Let us first notice that with [ = e,, — e, is surely satisfied if |(7(k),r(m))| > K>
because in that case the absolute value of is greater than 2K3 —k? K% —|w|K —8dK >
K3 by assumption (K > Ny) and since (A1) implies |w|s < 2k.

If on the other hand |(w(k),r(m))| < K3, then 7(k) € Bk U {0} is in (v;),. In fact
otherwise we would have |(m(k), m)| > cK*¥™ by definition of A9, hence |(7(k),r(m))| >
cK*m —2dx?K > K3 by Formula and (A1), a contradiction.

In A9 we have chosen a point m 4, to the points m, m4 we can apply Lemma [7.20] thus
they have a cut at ¢ for parameters (K, 0, u, 7(pe)) where 0, u are only restricted to be
allowable. Then they satisfy the hypotheses of Theorem [5|hence we have m4 = r(ma)+v.

Consider then n = m+n(k)—v-+u and let ng[wi; gi]. We have |m—n| = |7(k)—v+u| <
k(K +2d) < 2kK. We now can impose that the allowable 0, satisfy the constraints
given by Formula hence we have the inequality for n in place of r hence,
by Lemma n has an /¢ cut [w;;q], with parameters N, 6, u,7(p) and moreover
[wi; ¢;le = A4+m(k)—v-+u. The same argument shows that, setting 7 := ma+7(k)—v+u =
ma +n —m, both n and n have a cut with the same parameters and the same associated
subspace [w;; ¢;]e.

We thus can apply again Theorem [5| and see that r(i) = r(ma) + 7(k). By (A3) we
know that g g .- >, Ualza|? is Toplitz, for the chosen parameters K, 6, u, 7(pr), hence
we deduce that 9, = 9,,, and 9, = 9. We deduce that if 7(k) € (v;):

2 (m)|* =[x (n)[> =[x (ma) >+ [z () [*= |7 (k)[*=2(x (k), r(m)) + |7 (k)[*+2(x (k), (m4)) =0
Finally since ¥, = ¥, , and ¢,, = 95 we have:

1 — Q= Qs 4+ Q| = | — Qs — Vs + | =

(147) Hw, k) + Qo — Q| > [(w, k) + Qo — Q| = [ — Qi — Qs + Qi

By (A4) we also know that Q(z) := 3", Qp|2|? is quasi-Téplitz with parameters K, 0,
which satisfy (117) hence, we may apply Lemma with Q(z) = Q(z). Lemma

ensures that, for any allowable 0, u, all m € A9 satisfy the conditions needed to obtain
formula (97) with N = K, 7 = 7(p), and also the estimate (with 7 = 7(p¢)):

Q= Q| < 2||Q||§K‘4dT(”‘-’).
Similarly we have
1D — Q| < 2| Q| LKA we),
In conclusion when 7(k) € (v;)¢ we have

1 — Qi — Qs + Qa| < 4||Q||§K—4dr(pg)’

where by definition K™(?) = max(K™,c!p). We now apply the constraint (T41)) and
hence:

(148) [{w, k) + Q= Q| 2 [(w, ) + Dy — Q| =4[ QUIF 170 >

2~y min(KfszO, czdeQd) — 4||QHZ; min(K*‘ldT‘J, c4dp€_4d).
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By (122), ”QH% <7, and clearly 4 min(K ~*™, C4dpe_4d) < min(K 247, Cdeg_Qd)- Hence
[(w, k) + Qy — Q| > 'ymin(K—szo’C2de2d)’

so in order to we get the desired inequality we need to show that min (K ~2470, czdp[w) >
K247 je. that c2dp22d > K241 Since py < CKT/4d — czdp[w > (cC)2ARK /2
and (cf. (50)) K > Ny > Cc™! implies (cC™1)2dK /2 > K —71/272d > j¢—2dm1,

O

Remark 10.14. This Proposition essentially says that, by imposing only one non resonant
condition ((141)), we impose all the conditions (133) with I = e, —e, such that m € [v;; pi]g
and n = m + (k).

10.15. The Toplitz property for the generating function F. The function F' has
been obtained by solving the homological equation for a hamiltonian H compatible with
the parameters (K,0, ) and given in Formula . Recall we are using parameters
7= (s,7,K,0, u,\ ="M, 0). We now prove:

Proposition 10.16. For £ € O, the solution of the homological equation F is quasi-
Toplitz for parameters (K, 0, i), moreover one has the bound (cf. (121):

(149) HXF('i) HZI;I < 'y_lKHXP(i) ||;1; = KG(i), K= 5K4d7'1+1 7
where ﬁ/ = (8,7“, Ka 0) Hy A= 771M, O+)

Proof. We have given in Formula ([134) a better bound on the norm || X ¢ ||s,» hence in or-

(K,0,p)
s,T

der to prove our statement we only need to consider the quasi-T6plitz norm || X pe)
and the Lipschitz norm.

The quasi-Toplitz property is a condition for N > K, on the (N, 8, u, 7)-bilinear part
of F). Hence if i = 0,1 the T6plitz norm coincides with the usual majorant norm and

(149)) follows from the bounds (134).

We are reduced to proving our statement on the quadratic terms:

2 § : i(k s i(k i(k,x)s =

H(N,G,;L,T)F( ) = Fk,m,nel( 7Z)ZmZn""-Bk,m,nel( ’w)zmzn'i_ck,m,nel( 7E)Zmzn
|k|<N,
min(|zx(n)|,[x(m))>6NTL, m,n€p—cut
with
(150)
oo Proenes B __ Proenteno Pr0.0.e0m+en
km,n — ) k,mn —

Crmpn = .
(k,w) + Qm — Qn, (W, k) + Qo+ Qo 5™ T (0, k) — QU —
By hypothesis min(|r(m)|, [x(n)|) > 6N so in the case of By m, » one has

|Pk7)07e'm+5n70| _ _ < C—l ‘Pk 0 n OIN—Tl
[{(k,w) + [t(m)|]2 + |x(n)|? + 20 + 20, + Qe + Qp| — T 7

‘Bk,m,nl =
since

[k, @)+ [r(m) |2+ 2 (n) 2+ 20, + 200 + Qi+ Q| > 2N — W] N — 4]0 00 +2|Q] 00 > cN.
Since N497=7 < 1 this means that Zk,m,n Bk7m7nei(k’m)zmzn is quasi-Toplitz, and we may
take the “Toplitz approximation” equal to zero (cf. Remark. Since cK24m > 1 >~
the final estimate follows by formula

1> Brmn€® ™ 2z, | 55047 < max(K2my ™! 71| X po

k,m,n

S = KT X b

A
s,r*



A KAM ALGORITHM FOR THE NLS 51

Same argument for Y7, Crmne 2,2,
We thus have to study kaan7m7nei(k*z)zm2n. Take N > K, denote by p :=
N, 0, u, 7, we wish to decompose

(151) Fk,m,n - ]:k(m —n, [vi;pi]f) + N_4dTFk,m,na
so that Fj is the k Fourier coefficient of a Toplitz approximation F € ’Tg.
By momentum conservation we have w(k) 4+ r(m) — r(n) = 0 hence
(152) (m)|? — [x(n)]* = —[7(k)[* — 2(n(k), x(m)).
For the denominator in the first term of (150)) we have
(kyw) + Qpy — Q= (k,w) + [x(m) |2 = [x(n)|? + 20, — 20, + Qpy —

(153) = (k,w) — [7(k)|* = 2(m(k), (m)) + 20, — 20 + Dy — Q.

If K is sufficiently large we can estimate |(k,w) — |7(k)[? 4 20, — 20, + Q. — Q| < K3.
From this we see that if 2|(7(k),r(m))| > cN*9" we may again set F, = 0.
So we are reduced to the case in which 2|(w(k),r(m))| < cN497.

By assumption m,n have a cut at ¢ with parameters (N, 8, u, 7) and

lr(m)|, [r(n)| > ON™, mBosp], nSwsal,

(154) G, pe < N7, qeir,pest > ONT A= (v pile < B = [wis qile

hence, by Corollary (V1y...,00) = (w1, ..., we). We distinguish two cases:
Case 1: 7(k) ¢ (vi)e. If w(k) ¢ (v;)¢ then by the definitions of cut [7.15, and of
optimal presentation we have 2|(7(k),r(m))| > cN*?" contrary to our hypothesis.

Case 2: w(k) € (v;)g. We recall that 9, (resp. ¥,) are constant on all the m
which have the same affine space A = [v;; p;]¢ associated to its f-cut. Moreover, setting
h = n—m, we know that n has an f-cut with associated affine space B = A+h = [w;; ¢;]s.
By lemma and 0 has a Toplitz approximation, 2 see Formula . By Corollary
8.21| we can choose a point ma € AJ so that ma +h € (A+ h)J then we may choose the

Toplitz approximant of order one with 2(A4) = 2,,, and 2(A + h) = Q40

(155) Qm — Q(A)|, |20 — QA+ h)| < 2|2 F N4
Denote by Dy m.n = (k,w) + Qp, — Q,, the denominator of the term Fj p, », , we define
(156) DpnA = Dimamath, = [Dppal = vK 2, (133).
Finally, since P(®) is quasi-Toplitz, we may set
Fulh, A) = P’gz’;’j), F = N*“"(F _ F)

where P = P® ¢ T, is a piecewise-Toplitz approximation of Py e, e, so that for
P = N4T(P®) — P@) we have the bounds ||[P® ., [|[P@ ||, s < [[PP|L + ¢ where
€ > 0 can be taken arbitrarily small (see Lemma .

We notice that by

(157) N 4 = Dol = N*7|Q — 2(A) — 20 + 2(A+ 1) < 4112]| L.
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If the denominators are bounded away from zero then (cf. (151)):

I P(27)nn N4dT® *D m,n
Fk,m,n = N4dT(Fk,n,m - fk‘(h7 A)) = DIZ — + 7)]22) (ha A) ékl:}ZADk b, )7

is bounded.
Summing over the indexes k, m,n such that m has a cut with parameters (N, 0, u), we
obtain

[Ps,r QAT PP s,r

infk,n,m |©k,h,A| infk,n,m |Dk,m,n©k,h,A|

PPler )

F ;
” lnfk',n,m ZDk,h,A ’

|s,r <

s,r X

This we may rephrase as

1 419 % M([k| +2)
158) |FPUL, < |PP|L sup  sup P + A )
( ) || Hp || Hp £e0 k,n,m:\k\<K(|©k,m,n |©k,m,nDk,m,n| Di,m,n )

By the Smallness condition, (A4) formula (122)), we have HQH; < 7. The denominators

1Dk.m.nls | Di.m.n| are > vK =297 uniformly in O, by Formulas (133]) and (156]). Recalling
that A = yM !, we deduce that

||F(2)||;1]:, < ||P(2)||;1):’}/_1(K2dﬁ + K4d7—1+1 +4K4d7—1) < 5HP(2)||Z;’)/_1K4dT1+1.
[l

10.17. The new Hamiltonian H*. Recall we have set 7 = (s,7, K, 0,1, A, 0), Py =

(s4,74+,K,04, uy, Ay, O4). By Propositions and [10.16] F' defines a M-analytic sym-
plectic quasi-Toplitz change of variables from D(s4,ry) to D(s,r), where r4, sy are de-

termined by (136]).
The change of variables is of the form ® = I + ¥ with the bounds (cfr. (105]))
(159) 1213, <21XF7

and for any function f € 7, we have that e®d(F) f ¢ Ty, where py satisfy (103).

We now analyze Ht := e?F)(H), recall that by definition ad(F)(N) = —PSSI2<+ [P=2].

ad(F)’
L ) =

ad(F)
=N+P— P + [P +ad(F)P+ ) i
Jj=2
We call N + [P=?] := N'T and the rest of the Hamiltonian P, , so that

(160) HY =PV N+ P)=H+adF)H +»_
§>2

(H)

61 Poim (- PR+ P+ Y P S O g ),

Jj=2 Jj=>2
By formula (131)),
wh=w+ P, Q=0 +P)7
(162) Qf =on)r(m)? + 20, +QF =Q + Py- ., CT=C+P.

Recall that C is the finite complex part of the normal form, same for P as defined in ((131]).
We need to

e Prove that HT satisfies conditions (A1) — (A5).
e Estimate all the new parameters p.
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10.17.1. Lipschitz estimates My, L, A;. We have

w1+ Q[P = |w + Py + sup |, + Py o, _|'"P <
n

\w|”p+sup|Qn|”p+\P01’0
n

g sup D2 [ < M+ | R
n

" sup [P |
n
by definition of M.
In the same way
WH =W+ P t=(wo(Id+ Py ow )t =Ud+ P, ow ™) tow™,

so that w™ is invertible as a Lipschitz function provided that L|P01 ’0|“p < 1 with the
bound

, L
163 whHffr < — —
( ) |( ) ‘ - q1_ L|P01,0|lip
In order to estimate a4, defined in Formula ((124)), we note
(164) [Ag o (W (&), k) + (Q4(6), 1))

> [Ag o (W(€), k) + (E), V)| — Ao ((Py*(€), k) + (Pos 4, 1))
> a— Sol By (€)1 + 2Py 4 |1

We recall that || - |* = || - || + Al| - [|'*?, hence
By "2, [Py o | < ATHIPPY, < Mé

since A = yM . We define
(165) M, :=M(1+2d), Ly:=LA-ML&)™", a;:=a—(So+2)M|d
notice that L is well defined since by (A4) LM]|é] < 1. By construction
WHIP 0 P < M, (@) < Ly
finally we have:
lwt —v| < |w —v| + |Py°] < Me? 4+ 4|d) < M€,
since v < 2Me2. We finally set Ay := (M, )~ we have A, < \ since M, > M.

10.17.2. Téplitz estimates €4,0 ;. We wish to show P, is quasi—T6plitz and bound

h — _
=y X IF, forh=0,1,25 O =17 Xp L

We have that (cf. (161)) Py = (P — Pgﬁ) + A+ B where

ad(F) ! < < ad(F)J
A=) —o— (P +[PZ)), B={FP}+) ——P
22 i>2
We argue as in Proposition 5 of [24] or in Proposition By Formula ((149) HXFHZ; <

5K44mé|, the hypothesis (136]) implies that we have the conditions of (102), that is

225 Xp|| T < 1/2, where § = min(1 — 55,1 — =5). Therefore we have that

(166) IXallF, <26 IXFplFIXp<llz, IXslF, <207 1XplF1XPIF

Using ([149) we rewrite (166|) as
(167) v XAl <67l yTHIXBE < KlelO,
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We obtain:
(168) [ Xp, 5, <IXplE+ 467 XpIFIXp]T e ©4 -0 <sKIAO.

Let us now compute the terms of order < 2 in P*, we have:

T
Hﬁ+

ad(F)’
P = PO 4 (A (B, P72 4 (R Py + Y U py,
j=2 ’
Again from (149), denoting £ =3_ -, adgf)j P, we have the bounds:
X ppeoylly, <207 Xply (1 Xpee|f <6 Ky|e?,

IXEley e <0 2(IXFIF)21 X el <672K%|8%0
The contributions from {F, P~>?} are

o{F,P>?} =0, IL{F P>?}={F® p®},

Mo {F, P>} = (F°, PW} + {FO, PO},
so applying the Cauchy estimates we have, setting 3 := const.(§71K)2:

) < 5121+ ©) 1 20 (oms)K
e$) <;(© e 4 le*(1+0)) + 2eMe=(s=s0)K

e <3(0(e 4+ €M) @2 (1 +0)) + 2P e~ m5DEK,

Note that the terms 2e(e~(=5t)K come from P") via the smoothing estimates
We write in matrix form, denoting by € the three dimensional column vector of coor-
dinates (¢, e ) and 1 := (1,1,1) we have
- < - 2 —(s—s4+)K 2
(169) & < 3(OLe+ e (1+O)1) + 2¢ +Ke
0, < O+;0]d

where the matrix L is

00 0 00 0
(170) L=(1 0 0] = 12={0 0 0], L*=0
1 10 2 00

and the vector inequality means that the inequality is true for all three coordinates.
10.18. Iteration.

10.18.1. A wuseful inequality. Now we need to be able to handle in a recursive way the
inequalities obtained so far, we start with a formal inequality which is a variation of
Lemma 5.8 of [2].

We fix x such that
(171) 1<y<25.
and a, b, ¢ three positive numbers satisfying:

u2i72+xif2_xi+1

2 o 60 0 "
(172) a,b,e>1, 126° < min P ,
and set

‘ . X' 2=XX' TR
(173) i := min( ) > 0.

ieN " 2b(2¢)77 32b3¢3i—3
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Lemma 10.19. For j € N consider a sequence (€;,0,) with €; := (eg-o)7 65-1), 652)) a vector
and ©; a number, all with positive components. Set |€;| := 6§0) + egl) + 6;2).
Suppose that for (L as in (170]) ) we have:
(174) Gr1 < bI(O,LE + [EP(1+6;)1) + e
@j+1 S ®j+bcj@j|€’j|.

There exist Co := Co(c, X, a,b) > 1 such that for all © > 0 satisfying
(175) 20C, < min(1/3,1)
we have that
(176) 1/3|6,00 <© = [&| < Gol@le™ . ©; <O(1+Co Y. 271, Vj>o.
0<I<j

Let igp be the value of i for which the minimum i in is achieved. One easily sees
that, since |&], 9 < 30 < 1 we can find a value Cy (depending only on a, b, ¢, x) for which
both relations hold for all i < ig and || < 1.

We now work by induction and suppose that both relations hold up to some ¢ > ip.
Then ©; < ©g(14+Co > 1y 271) < 20(Cy and, assuming 20¢Cy < 26C; < i, we have

bei2itle—x" < i1 < (200Cp) ! estimate :

0,41 < @0(1 + Co Z 2= 4 bCi2@0A367Xi) < @0(1 + Co Z 271).
1<i 1<I<i+1

Notice that the constraint (175 and the inequality (176 imply ©; < 1 for all j. We now
substitute ©; < 1 for all j < ¢ in the first relation and get

&1 < b (LE +2/&[*1) + e~ ¥'E

we obtain a bound for €41 in terms of €, €_1 and €_o.
We now assume by induction that the bounds in (176 are satisfied for all j < ¢ and
then:

Eip1 < B2PTHL2E 4 281 [2L1) + befe %2 LEy + 200 |E[2L + e 02'E <
1 < b2¢2IL26 ) + 262216 PLL + befe %2 LE_; + 2bc |21 + e 9% E <
263c3i_3\€;,2|2L21 + 52c2i—1e—a2i*2L26—;72 + 252C2i—1|€;‘71|2Ll
Hbcie 2 LE_y + 26¢'|E 2L + e 2.
This in turn implies, since |L| = 3, |L?| = 2, that
|€i+1| < 4b3c3i73|€i_2|2+6b2c2i71|€;_1‘2 +6bcz‘€z|2
+252c2i7167a2i’2|€i_2‘ +3bc"67“2i71|€i_1| +€7a2i|€i‘ <
|G| < |e0|2Co (463¢% 3¢ ~2X" 7 4 6b%c2 e 4 Gbcle X )+
|€0|C0(2[12c2i’le’“2i_2”<i_2 4 3bctemo2 T e*“2i*"i) <
|€|Co[16]E|CobPe® Be X" 4 Gb22itema2 X7

This is achieved provided that,

] < |é|Coe

[160Cob%c* 362" 4 6p2(2 Lo X < X

and this in turn is valid if we assume the constraint (172)).



56 M. PROCESI*, AND C. PROCEST**.

We will apply this to
 Ksp
a:= 59
We note that, with this choice of parameters, condition amounts to a largeness
condition on K.

(177) ¢:= 41T b= cost K89

10.19.1. Parameters in the iteration. Let Hy = Ny + Py : Do x Og — C be as in Theorem
[6l Define

Xoml|E T
SO 1X 0 117, “ oy 1 XPollz, _ [ Xpollo
v Y Y
We have the estimate e~ < max, e X 2v(1+447) < o5 since, for any p > 0, we have
that lim, o 2PVe™ X" = 0. We define:

(179) O, = 227060, Myag ' kK™ max e X" gv(1H4dm)
v

(178)

here Cqy is the constant of Lemma with the choice of parameters , note that
it depends only on Ky, k,d,n, 11,79, So and Mgaal. Recall that, as we have stated in
Remark Moay !> 1 is an ¢ independent constant of the problem.

We now fix © := (:)(KO7 K,d,n,T1, To, S0, @) in order to ensure the smallness conditions:

(180) 0.0 < (12¢)7t, [t +C0eX ) < V2.

v

together with the condition (175 of Lemma [10.19

We now need to estimate all the parameters in the iteration. For the parameters which
increase we exhibit bounds from above and for the ones which decrease bounds from
below. Thus for v € N we define

o 0,:=2"3 roi=0-6)r, spr1:=(1-68,)s,, D,:=D(s,,1,),

o M, :=M,_1(1+Cléle™" ") < V2My , A, = 1%,
o L,:=L, 1(1—C,|éle X"t <v2L,

o K,:=4"K,, , GV:90(1+ZjSV27j)7 /ly:,u,o(lfszVQij),
® = a()(l — C*|g0| ngu 2_j),

e 3, = const.d, K2 = be”.

We have made our definitions so that min(1 — T;A, 1— =) =4,. Note that r, 11 \,
v v+1

TOHzozo(l_(su)>%]7 S,,+1\‘80H30:O(1—5,,)>S707 9,,/‘390/2<C:290, /.Ll,\
2p0/3 > ¢ = po/2.

For compactness of notation we will denote

(181) ||HJ = HH%‘;7 BJ = (rjﬂS]7OJ7KJ7‘S’0:16\/ﬁ7gja,uj7aj7MjaLj7c7C)7

where O; is defined in the course of the proof of Lemma [10.20] .
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Lemma 10.20. (Iterative Lemma) Let Cy,C,, 0 be fived as in formulas (179) and
(180). Let I" be as in Formula (135) and B = 4FKO_TO+n+d/2. If for the Hamiltonian Hy
we can choose v so that if for Oy defined in (178) we have:
(182) 0Oy < O, Bye® a5t < |Oy|
are satisfied, then we can construct recursively sets O; C O and a Hamiltonian H; = N;+
P Dyx0; =+ C, N i= @9(€),y)+ Lyese O (©)laxl? with &7 (€) = o(n) (jx(n)|? +
29,(8)) + Qg)(ﬁ). So that, if we define

X el Xo
_ p . 0 ) 2y g | X, Il

(S
€5 = (€57, €

(h)
183 € ,
(153) e s

J
v
the following properties are satisfied for all j:

)

(S1); For j > 0, O; C O,y is defined by (I37)-(T41) with w ~ wU~Y and Q, ~
Qg_l), We have that H; = Hj_1 o ®; where ®; : D; x O; — Dj;_1 is a Lipschitz family
of real analytic symplectic maps of the form ®; =1 + V; with H\IIJH)]{,JJ < C,0277.

(S2); The Hamiltonian Hj is compatible with the parameters p; (Definition . The

parameters ry = 111, Sy = S;11 satisfy the hypotheses (136) of the KAM step and the
set Oj41 C O; satisfies Formula (135), namely, using (50):

10\ O] < rvaj_lg(nil)Kj_meer/Q = |00\ Oj41] < Bryag 2.

(S3); There exist Lipschitz extensions o), O of w9, Q) defined on Oy and, for

(185) @D+ QD < M, [0 —v| < Mje?.

(S4); €;,0; satisfy and (176]) hence |€;| < CO|E’0|6’X'7 .

(S5);  For j > 0 the sequence of composed maps ;=P oPy0---0d; =1+ T,
satisfies [ ¥y41 — I}, < Culéol2™, |90}, < 2,16

Proof. We proceed by induction the conditions (Si)g are satisfied by the hypotheses of
Theorem |§| except that, for (S2)g, once we have chosen K satisfying the constraints of
the previous Lemmas, we have to impose a further smallness condition on © deduced by
formula .

Then, by induction, we prove the statements (Si), 41, ¢ = 1,...,5, by assuming the
validity of (Si); for j < v.

(S1),41. We apply the KAM step with H = H,. By (S2),, we have that H, is
compatible with the parameters p,. In order to implement the KAM step, and deduce
(S1),4+1 we need to verify the constraints of Formulas ((100)), (103) and ([136)) are satisfied
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for ro, s+, Ky, 04,0y = Tyi1, Spt1, K1, 0041, i1, K = K,,€ = €,. Substituting in
, we easily see that this amounts to a lower bound on K, depending only on
7o, 71 and the remaining parameters in pg. This we have imposed at the beginning of the
algorithm, as we explained in Remark

As for (I36)), we have by induction the inequality on |&,| and we have to verify
2607 1eCoOe X" K, 19 < %, which is contained in the constraints ([180).

Then following the KAM step we construct the set O, which coincides by definition
with O,41. On 0,41, we define the generating function F' = F, ;. Then we construct
the real analytic symplectic map ®,41 : Dy41 X O,q1 — D, Lipschitz in O, 11, generated
by F. We have:

H,\1:=Hy=H"0®,, ::NI/+1+PI/+17 NV+1 = NV—F[PV].
and P,y := Py defined in (160]).

(S2),+1. By construction H, ;1 is of the form given by Formula . We want to
apply the results of in order to prove that, V¢ € O, 1, the Hamiltonian H, 1, is
compatible with the parameters p, 1. For this it is enough to show that the constraints
found on p, in that section are in this case valid for the parameters p, ;1. First we need

to verify (103) which is a largeness condition on Kjy:
(186)
2Y Kq
e ImIEZZ LK) <1, k< 2% Ko? In(4"Ko) 72, KC < 02 TLK M0 In(4Y Ko) 72
From Formula (180 we can bound uniformly M, < \/§M0, L, < v/2Lg so that we have

for all v that Sy = 8/nMyLy > 4\/nM,L,. By exploiting (165) and |&,| < Co|ép|e X",
since 2Cq, 2MyLoCo < C,, we verify that My < M, ;7 and Ly < L, 41:

My == M, (1+2[&,]) < M, (1+2Co|éple ™) < M,41
Ly :=L,(1—M,L,Coléo]le ™)' < Lyy1.
Finally in order to prove that w,41 is a lipeomorphism we argue as for since
Ly 41| Py°iP < \/2LoColeo|e™ " < 1.
The estimate on O, 11 follows from Lemma . We finally show that a, defined
in Formula is > a,+1, by noting that

79) v
ay, — a4 S 4SOMV|€,,| S 4\/§SOMOC0|€0|6_X S aOC’*|€0|2_”_1 =Qay — Qp41-

(83),41. The frequency maps w®t1) Q“+D are defined on O, and, as we have
discussed in the previous item, have Lipschitz seminorm bounded by M, ;. Then we
may apply Formula to deduce the bound (recall that e? = 7’1||P152)HV),
for w® 1) and Q@+, By the Kirszbraun theorem (see e.g. [15]), used component—wise,
w1 and QWD can be extended to maps— which we denote by @@ +1, QWD — defined
on the whole Oy and preserving the same sup-norm and Lipschitz seminorms, follows.
Moreover this extension may be performed so that w®+1) = H®) + P10 where PO g
an extension of P(1:0) which preserves the A-norm (same for Q(“*+1); this verifies (184).

(S4),+1 €41 = €4 satisfies (169), with ¢ = ¢, and (s —s4)K/2 = 0, K,.. Recalling the
definition of b, a, ¢ we have that €,11, 0,11 satisfy the inequality of (174). We are in the
Hypotheses of Lemma [10.19] so that also the bounds (176]) holds.



A KAM ALGORITHM FOR THE NLS 59
(S4),.+1 follows by (182)), (S3), and Lemma [10.19

(S5),41. Let us denote by H2:? the normed space of functions in 4, which depend

in a Lipschitz way from parameters in O with finite ||. ||’\ norm The estimate of the
norm of the map ¥,y : H}P — HA”’O follows, using (149), || Xp, |, < K,|6,| with

K, = 5(4"K)*™ and hence from (176)) (I79) and

1 XF, |, < 5(4”K)4dnco|€o|e’xu < C,lel27v 2T,
From (180]) and (102)

_ 1
1222705, | Xp, v < 5 = 1%l < 20Xk, I3,

7

Now we can estimate

v

1+ 0, = [Ja+®), [[1+8,[<][0+1w))< H (1427

=1 =1

(187) U1 =V, +(14+7,)¥, = ||¥,1 —U,| <C,le277.

Notice that ¥, also maps Q] to Qf and we have similar estimates using the Toplitz
—v—1

—v

norms. O

Corollary 10.21. For all £ € Oy = Ny>00, the sequence b, =1+, converges
uniformly on D(so/2,70/2) to an analytic symplectic map ® = I+V such that the essential
part of the perturbation PZ5(+,§) = 0. Moreover we have

|00 \ Ono| < cost ye*™ 2,

Proof. The fact that the ¥, give a Cauchy sequence follows from Formula 7 therefore
the sequence @, converges as a sequence of Poisson bracket preserving homomorphisms
from Hs , to Hs__ r., to a Poisson bracket preserving homomorphism ®... The fact that
this is induced by a coordinate change follows from the fact that we can construct the
local inverse, lim ©, where ©, =0,00,_10---00; and O, is the flux at time —1.

Finally PZ5(-, &) = 0, V€ € O, follows by (183) and (54),. O

With this Corollary we finish the proof of Theorem [G}
We can finally conclude that

Theorem 7. If for the Hamiltonian HO we have on the domains e2R, x D(s,7) a uniform
estimate for the perturbation as in 29), i.e. | Xp||L, [ XaollF < CeP with > 2, then
for € sufficiently small, the conditions on v of the the iterative Lemma can be satisfied.

Proof. The conditions we have imposed on v are: v < 1,7 < 2¢2M, ||XQO||Z; <~

Be2(=Ny < |Oglag, Op := HX:OH < ©. We have taken Oy = e2R, (for some component

of the complement of the discriminant) hence |Op| can be estimated by C;2", hence we
impose on 7:

(188) (©)71Ce? < v < min(2M, B~ tayCy)
as soon as £#72 < OC~ ' min(2M, B~taoC}). O
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Part 4. The NLS

In this final part we prove that the NLS is a compatible Hamiltonian (in suitable coor-
dinates) according to Deﬁnition and therefore we can apply to it the KAM algorithm
and arrive at the conclusions of Theorem [6f Most of our work will be in showing the
Toplitz property of the NLS.

11. THE TOPLITZ PROPERTY OF THE NLS
In fact A4 is Toplitz so ||XAd||(TR,K,0,p) = || X 4,llr follows from Remark [8.17

11.1. Semi normal form. We now analyze the Birkhoff normal form change of variables
defined in @D with the purpose of proving that it maintains the quasi-T6plitz property.
Note that the initial variables u,u € Kas’ﬁ 0= (®P x (%P, So all the definitions of quasi-
Toplitz functions of Part. 2 hold with S = () and hence n = 0 (i.e. there are no action-angle
variables z,y). Moreover at this step we assume that r(m) = m for all m.

We fix the parameters Ny, c,C as in . We start by noting that for all d > 0

d\ (d
(189) Ay = Z Uy Uy Uky Uy + +  Ukoy_y Ukgy = Z (a> (ﬁ) uaﬂﬁ,

k,€Zm: 3 (—1)tk;=0 a,Be@mN:
lol=l81=d
is quasi Toplitz for all allowable (K, 0, u).
In fact Ay is Toplitz so
(190) X aull{r k.0, = 1 Xaullr < C(d)R?

follows from Remark and usual dimensional arguments, see (28). Notice that now
the parameters = (R, K, 6, 1) do not involve A, s, O.

Proposition 11.2. For all choices of parameters 0 < R < €y and for allowable (K, 0, 1),
the generating function Fpiyy, defined in (9) is quasi-Toplitz with | Xpy,,, |{R/2,K,97M) <
1X a, H(TR,Kﬂ,u) < const R?. Then for all (K',0', u') which respect with (K, 0, 1) we
have that H o 1) = Hpy,pi + PW + PO with | Xpe |75 /4 4.9, < const RI72, i = 4,6
and ||XHB”,,C_K||%FR/47K’9’N) < const R? (recall that K is defined in (L1)))

Proof. We need to compute the projection of Fig;-; on the space of N, 0, i1, 7—bilinear func-

tions, namely following formula we compute Fnj;;?f for all m,n such that mg[vi; Di)
and m, n have the cut ¢ with parameters 6, u, 7.

By symmetry and reality we may consider just +, + and 4, —. We need to exhibit for
them Téplitz approximations F+-+, F+—,

In the case +,+ we write « = ag + e, + €,,3 = Bo, in the case +,— we write
a=ay+en, B = P+ en, by definition «g, By are the exponents of the low variables, and
in our case, since |az| + |B]2 = 2, the support of «g, By is in S and we have

*

agB

u-u

(191) Flr=-1 Y cap : :
wo e 2yes(@F =B +ml? £ [nf?

here co 5 = (i

conditions of @[), namely:

(192) > (@) =B+ mPP £[n> #0, > (a)=B))j+mEn=0, |ag|+]|Bo| =2
JjES jeS

)(2) for simplicity of notation, while the symbol Y * summarizes the
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In the case +, + we claim that the denominator is big so that we can choose F,f7t = 0.

Indeed we have |[m|> + [n|* > 2cN™ while |3, g(af — 87)[3[*| < 2x* where k :=
supjeg|j|- Since N is large all these denominators are bounded below by ¢N™. So for
Frir = NS we bound || Xpllr < N7 T e | Xa, || < | X,

In the case +, — we notice that n —m = m(a®, 8%) := 3", g(af — £)j € By U{0}. If
m = n the denomiators in (191)) are m,n independent, we can take F,\>F = F,}-*. When
m # n we write

(193) [m[*~|n|* = (m—n,m+n) = (m—n,2m+n-m) = —2(x(a’, °),m)—|r(a’, 3°)*.
We have to distinguish two types of terms in the sum, that is the ones in which 7(a?, 3°) :=

Zjes(a? —f9)3 ¢ (vi)¢ and the other terms.

*

oz
FJF, — . u-u
I D S A N U U

a0,80enS
m(a0,80)¢ (v;)p

*

uuf
194 —1 o .
08) =i D e T B 2 (e, 59, )~ (e, O

m(a0,80)€(v;),

In the first terms, since m has a cut at ¢, we have, by Remark |(v,m)| > ON*T for
all v ¢ (v;), hence the denominator is big and we proceed as in the case of F .

In the second terms, the right hand side of formula depends only upon m —n =
7(a®, B°%) and on the cut [v;;p;]e. This implies that the constraints in the sum and
the denominators in Formula ((194) depend only on m — n and on the cut [v;; p;]e so the
second summand of formula is in Tn6,,. The bounds follow by recalling that the
denominators are non-zero integers. Then the bounds on the transformed Hamiltonian

follow from Proposition and by the degree considerations (95)). O
We fix
(195) 6 =c(1 i) 0 =c(1 1) = (1+i) "=c(l1+ 1)
- 16 T XA T

so that (103)) holds for all K = K’ > Nj.

11.3. Action angle variables. The results we need are mostly contained in [2], although
there are some small notational differences and the results in that paper are stated for Z
instead of Z¢, but the proofs follow verbatim in our case.

We introduce action-angle variables on the tangential sites S := {j1,...,jn} via the
analytic and symplectic map

(196) Oe(z,y,2,2) = (u, )

defined by
(197)

uj, 1= \/fl—|—ylem, Uy, = \/fl—i—yle*izl,l:l,...,n, uj =z, Uy = Zj,jEZd\S.

Let us consider for €2 > 0 the set 28, as in Theorem
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Lemma 11.4. (Domains) Let s,r,e, R > 0 satisfy

(198) 2c1r <&, R=C.,e with C,:=4cyy/nPel>+e)
Then, for all ¢ € €28, U 2c%2R,, the map
(199) @5( 3&) : D(s,2r) = D(R/2) := BR/2 X BR/2 C 0P x P

is well defined and analytic (recall that D(s,2r) is defined in and K = sup;eg |jl)-

For the proof see [2] Lemma 7.5.

Given a function F : D(R/2) — C, the previous Lemma shows that the composite
map F o @ : D(s,2r) — C is well defined and regular. The main result of this section is
Proposition m if F' is quasi-Toplitz in the variables (u, @) then the composite F o ®¢
is quasi-Toplitz in the variables (z,y, 2z, Z) (see Definition [8.14)).

We write
(200) = Z Fa,ﬁma,ﬁ . Mo i= (u(l))a(l) ('L_l,(l))’@(l) (u(2))a(2) (a(z))gm 7
a,B
where

u=(uDu®), u = {u;}jes, u? = {uj}jezra\s, similarly for u,

(201) (@M, 8 = {a, B }jes, (@@, BP) = {a;,B;}jese -

We define

(202) HE = {F €Hr : F= Y Faﬂuaaﬁ}.
a@)4+82)>D

Proposition 11.5. (Quasi-Téplitz) Let j = (r,s, K, 0, u, \,e2Ry), with K, 0, p, 1’ be
admissible parameters and
(203) W—wWK*>K, Knawtlcl,
If F e Q£/27K79,u’ ﬂ?—lgm, then f:=Fo®, € Qg and
o A

(204) 1X¢ll5 < (8r/R)P 2§||XF||£/2,K,0,M"

For the proof we will need several Lemmas. First let us deduce the main consequence
of Proposition [T1.5]

Corollary 11.6. For alle > 0, c1e/2 > r > 3and s > 0 satisfying (198)), the perturbation
P of Definition 8 in Q;"; for the parameters p = (s,r,0 = C(1 — %),,u = c(l+
1),A,e%8,). Moreover P satisfies the bounds

A _
(205) IXplE < 06—2(57“—1—557“ b,
where C' does not depend on e,7.

Proof. We choose pi/ = c(1+ %), the perturbation P has contributions from three terms:
1) The term P® o ®¢, 2) The term P o &; and finally 3) the terms of degree > 2 in
(Hpirk — K) 0 ®¢. By proposition with the choice of parameters all the terms
above are quasi-T6plitz with the parameter 4/ and the Bounds of Proposition hold.

In item 1) we note that, by definition, P*) ¢ #H3, so, by Propositions and
(T1.2), we have §||XP<4) ||§ < (r/R)R?* < Cer. In item 2) we recall that by momentum
conservation the first term of P(®) of degree D = 0 ( P(®) € H%\ H}) is actually of degree
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at least 8. Then we divide P(®) = R+Q where Q € H}, and R is of degree at least 8 in u, @.
By Propositions and (I1.2), we have || Xg[T < (r/R)"2R® < Ce®r2 < CePr~ 1.
In the same way ||XQ||§ <(r/R)"'R* < CeSr L.

Finally in 3) we collect the terms of degree 3 and 4 in formula , we get the estimates
& | X123 (b i) | 50 < CT. O

The rest of this section is devoted to the proof of Proposition Introducing the
action-angle variables (197) in , and using the Taylor expansion

(206) (1+t)g:Z<-}gl>th’ ((9))::1, (}gl)::g(g—l)..}.L!(g—h+1)7h>17

h>0
we get
; P @@ _g®
(207) f:=Fo O, = Z fk7i)a(2)’B(z)el(k’w)ylza ’ z8 ’
ki), 3(2)
with Taylor—Fourier coefficients
I R
(208) fk,i7a(2),ﬁ(2) = Z Fa,,ﬁ Hgl P} i < Z2
o g = 1=1 !

Lemma 11.7. (M-regularity) If F € ’H%Q then f:=F o ®¢ € Hs o and
(209)
D-2 lip -2 D-2
[ X¢lls,2re2m002e28, < B/R)" [ XpllRs2, Xl 5 20, <€ “Br/R)" | XFllRr/2-

Moreover if F' preserves momentum then so does F o ®¢.

Proof. See [2] Lemma 7.7. O
Definition 11.8. For a monomial m, g := (u(l))o‘(l)(a(l))ﬂ(l)(u(z))o‘m (12@))5(2) (as in
(200)) we set
(210) p(mas) =D _(3n)(af)) + 83", () == max{L,]j]}

P/ Ju ji /o : ’ :

1
For any F as in (200)), K € N, we define the projection

(211) Mok Fi= > Fapmap, Mg =1I-Txxk.
P(ma,B)ZK

Lemma 11.9. Let F € Hp/. Then

1

_ K
(212) | X (11,5 x FYodels,mezi, <2 2 X pod ||s,2r,2¢25,, -

Proof. See [2] Lemma 7.8. O
Let K,0, u, ', 7 be as in Propositionm For N > K and F' € Hp/o we set
(213) I = Mo (F = T o, F) 0 @ )

Note that IIn g, - is the projection on the bilinear functions in the variables u, %, while
Iy, - in the variables z,y, 2, 2.
The next Lemma corresponds to Lemma 7.9 of [2].
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Lemma 11.10. We have
(214) [| X g+

Proof. We first claim that if F' = m, g is a monomial as in with p(m, g) < N then
fr=o.

CASE 1: mq g is (N, 0, y/, 7)-bilinear, see Definition Then Iy 0 +Ma,g = Mg
and f* =0, see .

CASE 2: mq g is not (N, 0, p/,7)-bilinear. Then we have IIy g, ./ rMq, 3 = 0 and hence
f*=Tngur(mgpgoPe), see . We claim that m, g o ®¢ is not (N, 6, u, 7)-bilinear,
and so f* =1IIn g, +(Ma,p 0 P¢) = 0. Indeed,

_N
s,re28Ra <2 2"+1HXF0‘1>§ ||S,2T,252Ra .

o) (1) 1 1 2 2
(215) M0 B¢ = (€ +y) 30 eila® =500 0 5
is (N, 0, u, 7)-bilinear if and only if (see Definitions and
27 g0 = 8P P o e
(216) > i@+ BP) <uN®fmlfn] > 0Nt = 5O < N,
JEZIN\S
and n,m have a cut at ¢ with parameters 0, u, 7. i
We deduce the contradiction that m, g = (u(l))a(l) (ﬂ(l))ﬁ(l) (u(z))a<2> (E(Q))ﬂ(2)ufnuzl is
(N, 0,1, 7)-bilinear because (recall that we suppose p(mq,g) < N)

- - ~(2), 10). 216) 203)
S ale® +50+ 3 171@? + 50 EE R ) uvd < v B s,
=1 JEZI\S

For the general case, we divide F' = II, oy F' + II,>nF. By the above claim
T =TN6ur (((Id—HN,o,w,f)szNF) O‘Dé) = N0, ((HPZN(Id—HN,e,w,T)F) O‘I)s) :

Finally, (214) follows by applying Lemma to (HpZN(Id - HN797#/)F) o ®¢ and using
the fact that projections may only reduce the norm. O

Lemma 11.11. Let F € Trjo N9, ,r With Ily>nF = 0. Then Fo®¢(€) € TsorN0.u' 75
VE €2, U228, .

Proof. Recalling Definition [3.8] we have

F=Y > Fo (A om+o'n)ugug with F77 (A h) € Lrja(N, ', h).
AEHN |m|,In|>0N"1 ,0,0'=%

denoting A = [v;; p;]e the apex x means the sum restricted to those n,m which have a cut

at ¢ with parameters (6, 1, 7) and m has associated space A.
Composing with the map ®¢ in (197)), since m,n ¢ S, we get

o
m Zn :

Fod, = Z FU’U/(A,O'TTL—FO'/TL)O‘I)gZ
o,0'==+;|m|,|n|>0N"1

Each coefficient F7°' (A,om + o'n) o ¢ depends on n,m,c,0’ only through A,om +
o'n,o0,0’. Hence, in order to conclude that F o ®¢ € Ts2r.N,0,,- it remains only to prove
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that F7 (A, om+a'n)o®¢ € Lqa.(N, ', om+0'n), see Deﬁnition Each monomial
mg g of oo’ (A,om+0'n) € Lg/o(N, 1, om + o'n) satisfies

n

> ey, + B33l + D (5 +B)lil <w'N®  and  p(mas) <N

1=1 JEZNS
by the hypothesis II,>nF = 0. Hence mqy g 0 ®¢ (see (215)) is (N, p’)-low momentum, in
particular o — M| < p(m, ) < N. O

Proof. OF PROPOSITION Since F € Q£/27K79,“, (see Deﬁnition, forall N > K,
there is a Toplitz approximation F' € Tg/2 v,
(217)

youw-F=F+N*F with |Xp|go, I Xplr/2 1 Xslr2 < 20| F IR 2.5.0,0 -

'+ of ', namely

In order to prove that f := F o ®, ¢ QsTm K0 We define its candidate Toplitz approxi-
mation

(218) fi=Tngur(MyenF) o ),

see . Lemma applied to Hp<Nﬁ’ € Try2,N,6,,+ implies that (Hp<NF) o
®¢: € Ts0rn0,,- and then, applying the projection Ilng . » we get f € TsorNo,ur C
Ts.r,N,0,u,r- Moreover, by and applying Lemma to Hp<N}3’ (note that Hp<NF
is either zero or it is in Hg /2 with D > 2 because it is bilinear), we get

(209) _
HXf”s,r,EQRQ < ||X(Hp<NF)o<1>5)”s,r,e2Ra < (ST/R)D 2||XHP<NFHR/2
(217) _
(219) X (ST/R)D 2||F||£/2,K,0,u’,‘r .
Moreover the Toplitz defect is
. . - B3 - -
f = N My urf — f) N TIn g e (F — e N E) 0 @)

= N TN g e (F = F) o ®¢) + N** Ty g, 7 (F — e n F) 0 D)
BOCD 1y, (Fode) + N Ty, ((F =Ty, F) o )
NIy g e (= F) © @)
= N g (B0 ®¢) + N4 f* 4 NIy - (s N F) 0 ®)
Lemmata and imply that, since N472-2:t1 <1 VN > K by (203),

_N
s,me2Ra T N2 2”+1(||XF0‘1’5 ||s,2r,2£2ﬁa + ||Xﬁ'oq>§ ||s,2r,282ﬁa)

||Xf||s,r,£2fta < ||XF‘O<I>§

< X poglls2rezan + [ Xpowells 2r 2028, + 1 X pog lls 2r 2025,
209) _
(220) < (8r/R)P2(Xpllrs2 + 1XElR2 + 1 X5l 7/2)
e _
(221) < (87/R)P N F k2 k0

(to get (220]) we also note that we can choose F, F so that they belong to the same Hg/Q

as F. The bound (204)) follows by (209)), (219), (221). O
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11.12. Reduction to constant coefficients. For all k € S¢ set r(k) := r(A) to be the
root of the component A of I's to which k belongs (this is chosen once in one of the graphs
in the same translation class). We have thus associated to each k an element L(k) € Z" ,

see Theorem [2[ and formula :
(222) = ey =y 4 ST LRI, =,
keSe
to define a symplectic change of variables ¥ : D(s,r/2) — D(s,r) in which the normal
form has constant coefficients. One may trivially check that

IXrowll3, < 4e*™||XF |2 o

s,r —

We need to see what happens to (N, 0, u, 7)-bilinear monomials first. Note that the
momentum of zj, is r(k). Take a monomial

m=Mggi = RIC a:)ylzazﬁ
‘We have
mo ¥ =0y + 37 L) )220, K =k L()(a; — B).
kese Y

Hence we obtain a sum of monomials

(223) WD (N2 PO, R <L, bl + gl =]

all with momentum:

(224)  me(K, 0, B) = (k') + Z = (K, 8) + Y (= B;)(x(5) = 5)-
J

As in the previous section we deﬁne a cut off parameter
p(ma,p.r) = [k + 2dr(laf +[B]),
and set

(225) HPZKF = Z Fayg’kmmg,k s Hp<K =1 — HPZK .
p(ma,p,k) 2K

In the following Lemmas we assume that s > (2dk)~!

Lemma 11.13. For all F' € H, , we have
_ K
(226) ||X(HPZKF)O‘I’||S,T‘ < 27 Bdr +2||XF0\I/H28727" .

Proof. When p(mq gk) = |k| + 2dx(|a| + |8]) > K we distinguish two cases:

1. 2dk(|la| 4+ |8]) > K/4. We note that ¥ may only increase the degree in the normal
variables of monomials so the total degree in the new variables is > K/(8dx) and the
bound follows by the degree bounds

2. Otherwise |k’| > K/2 and the bound follows by the ultraviolet bounds O

Fix parameters
(W —pu)N* > N, (0 —0)N™ > 2dk.
Lemma 11.14. Take a function F' € H, ,, assume that
>y F =105, F =0.

Then we have
[P =MNour(F —ng . F)o¥ =0
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Proof. We may assume that F' = m, g is a monomial. If F'is (N,6’, i/, 7)-bilinear the
statement is clear. Otherwise f* is a sum a monomials described by formula[223] If one of
these monomials is bilinear its high variables either come from one of the new exponents g
or already appear in a, 8. In the first case this is possible only if m is (IV, u/)—low contrary
to our hypothesis. In fact suppose that g = g+ e,,,, where m = n is the high variable with
|r(m)| > 6N, and that

S lr()I(ey + B + ) < N>,
J

Then since §; > 0 and |j — r(j)| < 2dx we have
> il + B) < uN? +2dk(|a] + [8]) < uN* + N < @/ N*.
J

Finally since p < N we have |k| < N, we deduce that m is low.

In the other case the two high variables m,n such that |[r(m)|, |r(n)] > ON™ already
appear in my g . We claim that this implies my g5 (N, ', 1/, 7)-bilinear contrary to the
hypothesis. In fact write & = @ + e,,, 8 = 5 + €,. Applying ¥ the monomials appearing
in f* are of the form my_ ;3. 1 2mZ, With [K'| < N and >, [r(5)[(a; + Bj +2g;) < uN3.
Then }_; [j](a; + B;) < uN? + 2drk(|a| + |B]) < ' N3. Since |j — r(j)| < 2dk we have

|ml,|n| > ON™ —2dx > ' NT".

The fact that m, n have the correct cut is trivial, see Remark[8.7] Finally we are assuming
that p(ma.gi) == |k + 2dk(Jal + |8]) < N hence |k| < N and we have that m, g is
(N, 0,1, 7)-bilinear.

O

We next analyze a function F' with Hh wF'= F and again we may assume that it is a
monomial F' = m, g1, in this case f* =TIy g u-(F —ng v F)oW =Tng - FoWis
a sum of monomials My45 g4g,k |2m|? arising from the terms with g = g+ ep,.

Lemma 11.15. Given a function F with 11 ,u’F = F then f* =1y g, FoV is piecewise
Toplitz and diagonal.

Proof. By the previous remarks we may compute explicitly f* as:

Mf,(VyFow)- 3 Lm)lnl,

|m|>6NT1,
me(N,0,u,7)—cut

we have that f* € Ty .- since L(m) is fixed on all the (N, 0, 1, 7)-good points of any
subspace (by Theorem . O

Lemma 11.16. Given a function F' € T(n oy 7), then lng .- F oW € Tin g7
Proof. Recalling Definition [8.8] we have

F=>" > F7% (A, om+0'n)2%,2% with F©7 (A,h) € L,(N, i/, h).
A€EHN |m|,|n|>0' N1 ,0,0'==+

denoting A = [v;; p;]e the apex x means the sum restricted to those n,m which have a cut

at ¢ with parameters (N, 6, 1/, 7) and m has associated space A.
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Composing with the map ¥ in (222)), since m,n ¢ S and |r(m)|, |r(n)] > 6N implies
Im|, [n| > 0'N™, we get U(yg,,nFo¥ =
> > 1, (Fo' (4, ometo'n)ow eiobim =o' L)) 1 ye (o1 )"
AeHN |[r(m)],|r(n)|>0N1 0,0’/ =+

Each coefficient Fo:°’ (A,om 4 ¢'n) o ® depends on n,m,o,0’ only through A,om +
o'n,o,0’, same for o L(m) + o' L(n). O

Proposition 11.17. (Quasi—T6plitz) Let
ﬁ: (7’, S, K? 97 1y )‘a €2ﬁa)a ﬁ/ = (2T7 255 K7 9/7 ,LL/7 )‘a 52ﬁa)

be admissible parameters and

(227) W-WK*>K, (0-0)K">2dk>s", K2 sat?<l,
If F e Qg,, then f:=FoW ¢ Qz; and
(228) ||XfH§ < edeSHXFH%T/ .

Proof. Consider N > K and suppose that F has no N, pu'-low terms. In this case the
proof is identical to that of Proposition provided we use the corresponding Lemmata
of this section. We conclude the proof by noting that Il(ng ., (Hﬁ,“,F oV) € Tnour
by Lemma Hence in this case the Toplitz defect is zero. O

11.18. The final step. In the final step we diagonalize block by block the matrices
following Theorem [4 The linear change = has a finite block structure in the sense that
the Hilbert space £*? is decomposed into an orthogonal sum of subspaces V4 , indexed by
the combinatorial pairs A, a and, if we write a vector as a finite vector with coordinates in
these subspaces, the linear transformation E is given by the finite matrix U = (U; ;(£))
with entries depending on ¢ and uniformly bounded by some value U, see Remarkp.2
Denote by =% : F'+— F o = the map induced on functions. One may trivially see that the
majorant norm

sup [|MEZ'|Z, <Y (Y sup Ui (€))7 i < 227 (d+ 1)Ut 2
£€e?Ra i€Se jix(j)=r(i) $€° Ra

We now restrict to thet domain Oy = €28, of measure of order £2”, which is all contained
in one of the connected components of Theorem [ Recall that one of the domains &, is
contained in the elliptic region.

Using the bounds of Remark and passing to the majorant norm for vector fields we
have

(229) [ Xz

Next we need to control the Toplitz norms. We remark that, since we are making
linear transformations among variables z; which have the same root, any monomial in
these variables is replaced by a homogeneous sum of monomials in the new variables, all of
which have the same root-momentum, so the space L; (N, y1, h) is mapped into itself. The
bilinear functions B,, with p := (N, 0, u,7) are mapped in By, with p* := (N, 0%, ut, 1),
provided that 6, 0%, i, u' are parameters which satisfy the neighborhood lemma o)
that if m has a p—cut, also m + v has a p'-—cut for all possible types v € Z. The new
estimate on parameters that we need is, uging Formula forr—m e Z is:

(230) 2dk < min(h‘fl(/ul - M)N"'*l’ ﬁfl(g _ 91)N4d7—71).

i"cr, A:=(d+1)2°U e2dnlal

2 < AllX;
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We now claim that for more restricted parameters p’ we have that =* Q;[; is contained in

Qg,. it remains to understand what happens to the space 7, we claim that I, =7, C 7.

Take thus a function g = ng’ng) glom + a’n)z;'nzg/ as in Formula . We have that
A2 is contained in some stratum ¥ 4, for some combinatorial pair A, a. For the space B
associated to n we have that B-g is contained in a stratum Xp ;. Note that the pair B,b

is determined by A, a and om + o’n.

Now the change of variables = acts on z,, giving a linear combination of z,,_,,, 1+, where
U, is the type of m and w runs over the types appearing in A similarly for B.

Consider

(231)
(A,p)

NyE'g= Y yEglom+on) > Uaavtiir, D Us©bwzlis,-
m,n VEA, k1=uUy—uq WEB | ko=Uyw—up

We have already remarked that =*g(om + o'n) € L, (N, p, h). Formula (231)) gives a
sum 3, g 20,25 where both m’, n’ have a p’ cut and either the associated space

of m’ precedes that of n’ or the opposite case occurs, moreover m’ € £ 4,, n' € Ep .
Reordering Formula ([231)) it is easily seen that the coefficient

957 = Ua(©)anUs()bwgl(o(m’ — ky) +0'(n' — kz)) =

UA(f)a,vUB(f)b,wg(Um/ +o'n' —ok; — U/kQ)
depends only upon om’ + o'n’ and v hence the claim. Indeed the only thing to make
explicit is how to remove the restriction m’ — k; € Ag. This follows from the estimate
on the parameters p’ which ensures that, if m/,n’ have a p’ cut at £ then the vectors
m' — ki,m’ — ko have a p cut at £. This we do as usual b} the neighborhood Lemma
noticing that |k, |, |ks| < 2dk since they are differences of two elements in Z (cf. Remark
7.30). So the requirement is by :

2dk < min(k~ (p — pINTL, k7O — O) N

Summarizing we have performed 4 changes of coordinates called W(1), &, U, = The
final Hamiltonian is thus H o ¥ o & oW oZ, this by definition is The Hamiltonian of the
NLS in the final coordinates. Recall that the perturbation P refers to the Hamiltonian
HoWWod; = N+ P (Definition [2.2)) which by abuse of notation we have still called H.

Proposition 11.19. The perturbation of the Hamiltonian of the NLS in the final coor-
dinates is quasi-Toplitz for the parameters po = (ro = r/(24),0 = s/4,00 = C/2,up =
2¢c, Ko > No, A\ = 2e2,0 = e28,). We have the bounds:

(232) ||Xpo\p05||§0 < C(&T + 651"71) R

Proof. By Corollary we have that P is quasi-T6plitz with parameters s,r, K,0 =
C%,u = cg,252752ﬁa). Since, by Formula :
3 5 3 3
(Ge— ZCING > ddr?, (5 = Z)CNG* > ddn? N9~ =R+l <
we apply Proposition and obtain the desired bounds for P o ¥ with the parameters
(s/2,1/2,0 = %C,,u = %C,K > No,2¢%,0p). Then we apply the last change of variables
= we need to satisfy again the neighborhood Lemma and reduce the parameters to 6y =
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C/2,1up = 2c moreover we reduce the analyticity radius by %. We obtain the desired
result. ([

11.20. Final conclusions: solutions of the NLS.

Proposition 11.21. The Hamiltonian of the NLS in the final coordinates is a compatible
Hamiltonian in the sense of Definition [I0-3 and satisfies the hypotheses of Theorem 7
provided we choose r = €2 and & small.

Proof. The fact that it satisfies the smallness condition in Theorem (7| follows from .
We need to verify all the conditions (A1) — (A5).

(A1) Non-degeneracy: The map £ — w(§) is £ — v — 2¢ so it is a lipeomorphism from
Oy to its image with |w™!%P < 1. We have |w(¢) — v| < €2 since by assumption |¢| < 2.

(A2) Asymptotics of normal frequency: For all n € S¢ we have a decomposition:
(233) 0 (§) = a(n)(|x(n)]? + 20, (€)).

In our case we start from ,,(£) = 0. We know that the ¥,,(€) are in a finite list of analytic
functions which are homogeneous of degree one in £. As for , by homogeneity, we
can fix M > 1 so that 2+ 2[9|%? < M, 2|d|. < Me?. This fixes the parameters M, L,
then we fix K, large enough (independently form rq) and choose v < min(2M, B)e? with
B = B(Ky, Op) given in the iterative Lemma.

(A3) Regularity and Quasi—Tdplitz property: The function Q(z) = 0. The functions P,
I(z) =22, U;|z;|* are M-regular, preserve momentum as in ([44)), are Lipschitz in the
parameters £. Then P is quasi-Téplitz with parameters (sg,70, Ko, 6o, pto,v/M,c%84)
by Proposition with the bounds (232)). Moreover we know that the functions
¥; are constant of the strata ¥4, of §7.26[ hence 9(z) := 3, 9j|z;|* is regular, pre-
serve momentum and is quasi-Toplitz and for all N > Ky 79 < 7 < 71/4d we have
(N ,6,um) 25 Vilzi1* € Tin,o,u,m)-

(A4)  Smallness condition: We compute O, |é] < Ce3y~! by (232). The condition
(234) © <1, LMl <1, v Y XallF <1, relg K™ < 1.

This translates to the condition (188) in which a@ = 3 by (205) with r = ¢2. Finally we
note that the third condition in (A4) is trivial since {2 = 0.

(A5) Non-degeneracy (Melnikov conditions): For all (k,l) # 0 compatible with momen-
tum conservation the function (w, k) + (2,1) is of the form (v, k) + (V,1) — 2>, k;& + 20
where 0 can be 0, £9;, £9,;£9;. From the main result of [20] we know that all the functions
>, ki& + 0 are analytic, homogeneous of degree 1 and different from 0 and give distinct
eigenvalues on distinct blocks. Hence in each connected component (Ry)? of (Ry)™\ 2
we can choose a compact domain £, which does not intersect any of the zero curves of
the functions ((w, k) + (2,1))0 for |k| < 164/n, this amunts, as explained in Remark
to taking the &, disjoint from finitely many hypersurfaces describing the resultants given
in that Remark. Now fix f,, for each k,l as above such that (v, k) + (V,1) = 0 we have
that (w, k) + (£2,1) is homogeneous of degree one and non zero. Then for all positive p
such that p € R, we have
[(w(p), k) + (pE), 1) — ((w(&), k) + (2E), D) _ (w, k) + (1)

= >a>0

(It = pll¢] €l
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for some positive a := a(a). We repeat the same argument for all a and we choose
00 = €2§.
O

For compatible Hamitonians we have proved in the previous section a general Theorem
which ensures the existence of KAM—tori, now we can apply this Theorem to the NLS
and have as final result Theorem 77 .
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