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Abstract—The discovery of the Birkhoff normal form around circular, co-planar motions for
the planetary system opened new insights and hopes for the comprehension of the dynamics
of this problem. Remarkably, it allowed to give a direct proof (after the proof in [18]) of the
celebrated Arnold’s Theorem [5] on the stability of planetary motions. In this paper, after
reviewing the story of the proof of this theorem, we focus on technical aspects of this normal
form. We develop an asymptotic formula for it that may turn to be useful in applications. Then
we provide two simple applications to the three-body problem: we prove that the “density”
of the Kolmogorov set of the spatial three-body problem does not depend on eccentricities
and the mutual inclination but depends only on the planets’ masses and the separation among
semi-axes (going in the direction of an assertion by V.I.Arnold [5]) and, using Nehorosev
Theory [33], we prove, in the planar case, stability of all planetary actions over exponentially-
long times, provided mean-motion resonances are excluded. We also briefly discuss difficulties
for full generalization of the results in the paper.
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1. INTRODUCTION AND RESULTS

1.1. The planetary many-body problem consists in determining the dynamics of (1 + n) masses
undergoing Newtonian attraction. The term “planetary” is reserved to the case when one mass, the
“sun”, “star”, denoted with myg, is taken to be much greater than the others, umq, -, umn,,

sun
which are called “planets”. Here p < 1 is a small number. After the “heliocentric!) reduction”
of invariance by translations, this dynamical system is governed by the 3n degrees of freedom

Hamiltonian
a T — 11
o ; ( 2mi [l ! M1<Z;<n Mo |2 — ()] 1)

on the “collisionless” phase space

(y,x) = (y(1)7 ... 7y(")7m(1)7 . 7x(n)) c (R3)2n o @ £0, 200 ” L)

endowed with the standard 2-form

Q:=dyANdzx —ZZdyj /\ala:(Z

=1 j=1

where y(*) = (y§ ),yé ),yg)), () = (:rgz), azg),xg)). Here, m;, M; are suitable auxiliary masses related
to m; and p via
mom;
M; = mg + pmy, m; = _ 0 Z_.
mo + pum;

A procedure commonly followed in the past [5, 18, 22, 33| to regard the system as a “close to
integrable”, was to use a symplectic set of variables, usually called “Poincaré variables”. These
variables, that we denote

(A, Aisis &4, Diy G6) I<i<n,

are “six per planet”. They were introduced by H.Poincaré by modifying another set of “action—
angle” variables (A;,T';,0;, 4, g:,0;) € R? x T3 (where T := R/(27Z), having the A;’s in common,
called “Delaunay variables”. Delaunay variables are “natural”, “action—angle” variables related

USee, e.g., [42].
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862 PINZARI

to the “Cartesian variables” (y®,z(®) in (1.1) via the integration of each of the “two-body”
Hamiltonians

D12 mM;
in a domain of phase space where such Hamiltonians are simultaneously negative. In this case, the
“unperturbed motions” of Hpy (i.e., neglecting the term proportional to p in (1.1)) correspond
to Keplerian ellipses &; having their foci in common. Poincaré variables are in part “action—angle”
(ie., (Aj,A;) € R x T), in part “rectangular” (i.e., (n;, &, pi,q) € R*). The couples (A;, A;), often
referred to as “fast variables”, are related to semi-major axes and mean anomalies of &;’s, while the
“secular variables” z; = (n;, &;, pi, qi) are related to their eccentricities, perihelia (n;, &;); and to the

directions of their planes (p;,q;). See, e.g., [5, 15, 18] for precise definitions. In Delaunay—Poincaré
variables, any of the two-body Hamiltonian above takes the “Kepler form”

3172
m; M;

Kep (12)

It is “properly degenerate”: two degrees of freedom disappear, as it is well known. This proper
degeneracy naturally reflects on the system (1.1), which in fact takes the form

HP (Av )\’ Z) = hKep (A) + :ufP(Av )\7 Z) (1'3)

2,3
where hgep(A) is the n degrees of freedom “Keplerian” part — 1", ]‘QAZ"“ , while fp(A,A,z) is the

3n degrees of freedom “perturbation”

Z y(z’) . y(j) _mm (1.4)
1<i<j<n Mo () — 20)] '

in (1.1), expressed in Poincaré variables. Here, we have denoted as (A,A,z) the 3n-dimensional
collection of

A:(Ala"'7An)7 7\:()\17"'7)\71)7 Z:(Z17"'7Zn)’ (]‘5)

The phase space of the variables (A, A, z) is commonly taken to be P := P, = A x T" x B where,
typically, A is a set of “well spaced” semi-major axes a; = a;(A;)

A a; <ai(A) <ay 1<i<n (1.6)

for some a; < a; < a;,1, while B := B, is a suitable e-neighborhood (for example, a ball of radius €)

of z = 0 € R*". This corresponds to consider small eccentricities and inclinations of the ellipses &;s.
Clearly, the radius of B and the parameters a;, a; in the definition of A have to be chosen so as to
exclude collisions among the &;’s.

The averaged (“secular”) perturbing function
1
(2m)

of the system (1.3) turns out to have an elliptic equilibrium point? in z = 0 for any A [5]. This
equilibrium is a consequence of the symmetries (which, expressed in Poincaré coordinates are often
referred to as “D’Alambert rules”) of (fp)ay due to invariance of the system (1.1) by reflections
with respect to the coordinate planes and rotations around the coordinate axes. Therefore, the
“secular equilibrium {z = 0}, i.e., the (2n)-dimensional manifold A x T" x {0} C A x T" x R*",
is invariant for the motions of the “secular system”

(HP)av = hKep + /L(fP)av-

(fP)av = n de?\
’]I‘TL

DNamely, (fp)av has an expansion (fp)ay = Co(A) + Q(A) - 22 + O(z*; A), where Q(A) - 22 is a quadratic form and
the (4n) x (4n) matrix Q(A) is such that JO(A), with J the standard symplectic (2n) x (2n) matrix, has only
purely imaginary eigenvalues +i2q, - -, £iQay,.
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In general, the secular system is not integrable and its dynamics may be very complicated. Due to
its elliptic equilibrium, it is natural to ask whether it is possible to find another neighborhood B

of the origin and a symplectic change of variables of the form
e (ANZD)eP=AxT"xB— (AAz)eP=AxT"xB
which sends {zZ = 0} to {z = 0} and conjugates Hp to

HP S ¢Enf = anf = hKep + Nfll))nfa (17)

so that (ff ()ay is in “Birkhoff normal form” of some order 2s around this equilibrium (s € N).
~2 <2 )

Namely, letting Z = (1, V), (ff;)av is a polynomial of degree s in (ulgvl,--- ,uQ”;rVQ”), plus a

remainder of order O((@,¥)**!). As for the possible transformations ¢}, realizing (1.7) (which,

when existing, are not not unique), it is common to look for those of the form

S A=A A=A+od7), z=S(R)GE+2(A4,5) (1.8)
where ¢ : Ax B—T" Z: Ax B — R?*", with Z(A,z) = O(z% A) are suitable smooth function
in B and S(A) is a real-valued symplectic®) matrix function on A of order (2n) x (2n) such that

~2 .52
the transformation z = S(A)z puts the quadratic part of (fp)ay into the form 22221 Qi(A)" 42er-
where z = (,V). Such definitions are standard at least for systems depending only on the z-
variables [3, 23, 46] (i.e., neglecting the projection of ¢ . over (A,A) variables); the extension

)

to properly-degenerate systems as given in (1.8) being quite straightforward, since it calls for a®)

“natural” procedure in order to achieve (1.7). Actually, this definition has been implicitly used?)
by several authors [5, 18, 22, 42], relatively to the same context considered here. Let us recall
that, as soon as “a” ¢f ., as in (1.8) were existing, (fi ;)ay Would be uniquely defined®. Since
we expect [39] that (fF .)ay would retain many properties of the dynamics of the system (1.1)
and due to the relevant physical meaning of the secular equilibrium {z = 0}, we refer to systems
H = hxep + pfonf as in (1.7)—(1.8) (or, simply, to (fonf)av), as “the” planetary Birkhoff normal
form (clearly, this does not exclude that different normal forms around different invariant objects
may be studied).

The problem of the existence of the systems (1.7) was settled by V.I. Arnold [5] and involved
efforts by M.R.Herman, J.Laskar, P. Robutel, F.Malige [22, 27, 30, 42]. Its solution has been
achieved in [16, 38]. Let us recall the historical background around this problem and facts that are
necessary to explain the results of the paper. For more details, we refer to the review papers [10, 19].

1.2. In 1962 V.I. Arnold announced (International Congress for Mathematicians, Stockholm,
[24]) and one year later published his more than celebrated “theorem on the stability of planetary
motions”; or the “Planetary Theorem”, for short.

Theorem 1 (V.I. Arnold, [5, p. 127]). In the n-body problem there exists a set of initial
conditions having positive Lebesque measure and such that, if the initial positions and velocities
belong to this set, the distances of the bodies from each other will remain perpetually bounded.

1t verifies S'JS = J, with “t” denoting transpose and J the standard symplectic matrix.

“In general, having a properly-degenerate system H = h(A) + pf(A, A, z), (A A,z) e AXxT"x B, ACR",0€ BC
R?*™ n, m € N, with fa, having an elliptic equilibrium in z = (u,v) = 0, one first considers [46] a transformation
7: z = S(A)z that preserves du A dv for any A, so as to put the quadratic form of f,, in the form ), € ﬁ?;ﬁ.

Next, provided the first order Birkhoff invariants €;’s do not verify resonances (linear combinations with integer

coefficients) on A up to an order 2s, another smooth transformation 7: z =2+ Z(A,z) preserving di A dv

may be found with Z = O(%?; A) which puts the transformed averaged perturbation in Birkhoff normal form of

order 2s [23]. The last (standard) step consists in producing a transformation of the form (1.8) which preserves
dA N AN+ du Adv.

®n [18], with Z = 0.
®Up to O((@, ¥)>).
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Arnold gave the details of the proof of the Planetary Theorem the case of three bodies constrained
on a plane: the “first” non trivial case. The complete proof of this remarkable statement in the
general case revealed to be much more difficult than expected for the strong degeneracies of the
problem.

Arnold’s ideas for proving Theorem 1 relied on two essential ingredients: (i) reduction of the
system (1.3) to Birkhoff normal form of suitably high order” to which to apply (ii) an abstract result
of perturbation theory precisely suited to this situation. Arnold succeeded completely point (ii),
leaving instead open, in the case of the problem in the space, the completion of (i). As for
point (ii) he realized that the major technical difficulty to be solved was the proper degeneracy
of the system (1.3). Arnold was aware that, because of this fact, previous results studied by
Kolmogorov [26], Moser [31] or he himself [2] on the conservation of quasi-periodic motions with
as many frequencies as the number of degrees of freedom could not be applied, since any non-
degeneracy assumption required by such theorems would be dramatically violated®). He then proved
an abstract result (that he called the “Fundamental Theorem”, see Appendix A; Theorem 8) stating
the existence of a positive measure set of quasi-periodic motions (“Kolmogorov set”) for systems
in the form (1.7). He proved the existence of such motions under the condition that both the
unperturbed term Hy and the secular part P,, (respectively, hkep and ( f}l)jnf)av in the application)
of the perturbation should be non-degenerate in the sense of the Hessian. Namely, the matrix
0?Hy and the matrix 3 (“torsion”) appearing in the expansion of P,, should be non-singular (see
conditions (ii) and (iii) in Theorem 8).

Notice that the thesis of Theorem 8 establishes that the “density” of the invariant set K, . in
phase space P, i.e.the ratio meas K, ./ measP. depends on ¢, the radius of B = B"?. This is a
precise byproduct of the proper degeneracy of the system and, especially, of the fact that P,y, in
general, is non integrable, so that, at a certain point of the proof of Theorem 8, € is to be used as a
small parameter?). Relatively to the application to the planetary problem, one should then expect
that invariant tori accumulate more around the part of in phase space close to zero inclined and
circular motions. See also the text Section 1.3 a) for more notices.

As mentioned above, Arnold checked the assumptions of the Fundamental Theorem in the case
of the planar three-body problem. In the case the problem in the space, Arnold was aware that
some extra-difficulty related to the “rotation invariance” of the system (1.1) was to be overcome.
Namely, the invariance by the two-parameter group of (non-commuting) transformations

(D, 2Dy = (Ry®, Rz®), R € SO(3). (1.9)

From a dynamical point of view, rotation invariance is caused by the conservation, along the Hi:-
trajectories, of the three components, C;, Cy and Cg, of the “angular momentum”

C=>) @ xyt, (1.10)
=1

where “x” denotes skew-product.

Arnold realized [5, Chapter III, Section 5, n. 3, p. 141] that the two non-commuting integrals C;
and Cy cause another strong degeneracy (besides the proper degeneracy) in the system: one of the
first order Birkhoff invariants associated to (fp)ay, Q2,(A), vanishes identically: there is a resonance,
among the first order Birkhoff invariants €2;’s, which is identically satisfied. And, moreover, another

” Arnold proved the theorem with 2s = 6, but indeed 2s = 4 is enough [12].
8 Compare, for example, the condition studied in [2], where for a system H (I, @) = Ho(I) + puP(I, ) in action—

0?Hy, OH,

0Hy 0
for example Delaunay coordinates, instead of Poincaré’s, one would obtain a system in action—angle variables with
3n degrees of freedom, but Hy depending only on n actions, causing the identically vanishing of the determinants
above.

9See [5, p-158], Eq. (4.1.15) and the bound for H, below, with the following correspondences: Hi + Hy is Pay of

Theorem 8; H; is the (integrable) truncation of Pay of degree six; ¢ = €2.

angle variables, he requires that one of the determinants |8?Ho| or ( ) should be non-singular. Using,
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identically satisfied resonance appears (the origin of which turns to be much more mysterious than
the rotational one; see however [1] for an investigation of this resonance) which, even though not
mentioned in [5], was later pointed out by Michael Robert Herman: the sum of the remaining first
invariants Q;(A), -+ -, Q2,-1(A), vanishes identically. Such two resonances,

2n—1
=1

which are proper of the problem in the space, are usually referred to, respectively, as “rotational”,
“Herman” resonance or, jointly, “secular resonances”. Clearly, the secular resonances represent an
obstruction to the construction of the Birkhoff normal form.

To overcome the problem of the secular resonances (or, at least, of the rotational one), Arnold
proposed, in [5, Chapter III, Section 5, n.4-5], a sketchy program of which he did not give the
complete details. We anticipate that filling such details will reveal, in the next, to be not trivial at all,
since indeed it will require new ideas, but at the end will be completely achieved [16, 27, 30, 38, 42].
Previously to [16, 38|, a different, independent strategy of proof of Theorem 1 will be thought and
successfully achieved by Michael Robert Herman and Jacques Féjoz [18, 22].

Arnold suggested two qualitatively different strategies to handle the case of two and the one of
and more than two planets. For two planets, he suggested to use a classical tool known as “Jacobi
reduction of the nodes”, in order to reduce all the integrals of the system. Reducing the integrals
corresponds to eliminate the cause of the vanishing eigenvalue and, as a byproduct, to lower the
number of degrees of freedom of the system from six to four (this is in fact the minimum number
of degrees of freedom in the spatial three-body problem, due to the fact that the integrals Ci,
Cy and Cs do not mutually Poisson-commute). At a practical level, Jacobi reduction of the nodes
corresponds to substituting, in the Hamiltonian, the Delaunay variables

G TI?2-T1% G T2-T1%2
— + 1 27 92 — -1 2’
2 2G 2 2G

and leave the remaining ones (A;, T, 4;,g;) (i = 1, 2) unvaried. Here, G := |C| = 1/C? + C3 + C3
is the Euclidean of C, which, being an integral of the system, is regarded as an “external
parameter”. Even though the substitution (1.11) is commonly attributed to Jacobil® [25], in a

slightly different'?) setting, it was proved to leave the Hamilton equations unvaried with respect to
the variables (A, T, ¢, g) by Radau [41].

In the 90’s Michael Robert Herman pointed out that the application of the formulae (1.11) to
the spatial three-body problem as given in [5] contains a flaw. Since this flaw is related to one of
the results of the paper, we shall provide more details about it in the next Section 1.3 a). As for
the purposes of the present survey, we limit to mention that Arnold aimed to deduce conditions
(ii) and (iii) of Theorem 8 of the spatial problem from that corresponding ones of the planar one
that he had previously studied, arguing that the perturbing function of the spatial problem might
be considered a small perturbation (for small inclinations) of the one of the planar one. The flaw
was next repaired by Jacques Laskar and Philippe Robutel [27, 42] who, starting from Arnold’s
indications, constructed the normal form around the elliptic equilibrium of the reduced problem. As
the authors pointed out, such equilibrium is not related to the equilibrium of the planar problem,
since it corresponds to two inclined circular motions of the planets, whose mutual inclination cannot
be taken arbitrarily close to zero (because Jacobi reduction is singular in this situation). See also [18,
Proposition 81 and the comment below| for a technical discussion of this issue. A careful evaluation
of the involved range of variations of all the relevant physical parameters (planets’ masses ratio,
semi-axes ratio and mutual inclination) is a remarkably nice aspect of the study in [42].

CH 0,=0, Oy=m (1.11)

10 The “original” reduction by Jacobi in [25] is not in the framework of Hamiltonian systems. It consists in a
procedure for lowering the order (as number of equations) of the system of differential equations of the three-
body problem.

Winstead of “reducing” Delaunay variables (A T,0,4,g,0), Radau wrote (the same) equations to reduce the
variables (R, ®,©,r, ¢, 0), where (O, 0) are the same as in the Delaunay’s set, while (R, ®, 1, ¢), with &; = T';, are
related to (A, T, ¢, g) via the “planar Delaunay map” described in (1.12) below.
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In the case of more than two planets, where an analogue tool to Jacobi reduction was not
available, Arnold conjectured [5, Chapter III, Section 5, n. 5] it were possible to reduce only
two (out of three) non-commuting components of C (or functions of them). He believed this
should let the system free of the vanishing eigenvalue. More precisely, Arnold imagined it were
possible to construct a system of coordinates having analogue properties to Poincaré coordinates,
but containing, among them, a couple of integrals (®1,®3) that should simultaneously play the
role of Poincaré’s coordinates (pj,q,) and disappear from the Hamiltonian (being a couple of
integrals), so as to eliminate the identically vanishing frequency {3,. He briefly sketched the first
step of a possible procedure for constructing (by series) such variables, but then stopped there. It
was again Michael Robert Herman who realized this proof was not complete. Many years later,
F. Malige, P. Robutel and J. Laskar [30] notice that, for the three-body case, Jacobi’s reduction of
the nodes may be decomposed in two steps, the first of which provides a set of variables on the
“vertical angular momentum (invariant, ten-dimensional) manifold” C; = Cg = 0 having analogue
properties (apart for the fact they do not define the couple (®1, ®5), because the “direction” of C is
fixed) of Arnold’s variables for this case. Analogously to Arnold’s paper, for the case of more than
two planets, the authors provide a an iterative procedure in order to obtain formal expansions of
the coordinates.

Note that the two strategies that Arnold imagined for the two cases look very different: Jacobi
reduction for n = 2 is singular (for planar motions) and reduces completely the integrals of the
system, hence, two degrees of freedom; the procedure projected in [5, Chapter III, Section 5, n. 5]
for n > 3 would, if existing, reduce only one degree of freedom and, apparently, seems regular. It
will turn out [16, 38] that, actually, such strategies can be simultaneously achieved for any n > 2
and, moreover, are intimately related!?).

The first complete proof of Arnold’s Planetary Theorem in the general case appeared in [18],
including efforts by Michael Robert Herman. As mentioned above, this important and beautiful
result was reached with a different KAM technique, in particular, avoiding Birkhoff normal form: only
the properties of the “frequency map” (Ai,---,A,) — (Ohkep,§2) associated to the system (1.3)
are exploited in [18]. The underlying elegant, KAM Theory in [18] (for “smooth” systems) goes back
to [43] (analytic) and exploits “non-planarity” or “gauchness” non-degeneracy conditions previously
studied, since the late 60s and up to the 80s, by Pyartli, Arnold, Parasyuk, Sprinzuk and others;
see [18] and references therein, for more information. Moreover, the problem of secular resonances
is solved in [18] via arguments of abstract reductions, [4]. The fact of avoiding Birkhoff normal
form was a ingredient precisely wanted by Michael Robert Herman, in order to simplify the proof
avoiding annoying computations, [22]. However, he also investigated the aspect of planetary (at
least, formal) torsion and expressed doubts on its non-singularity, since he claimed [22, p. 24] “J’
ignore si det 8 est identiquement nulle!”.

With a similar proof, based on non-planarity of the frequency map, but using only real-analytic
KAM theory in [43], Chierchia and Pusateri find real-analytic tori [14, 40]. Here, following an
initial idea by Herman [22], secular degeneracies are reduced by adding an extra-integral to the
Hamiltonian.

Another proof of Theorem 1, involving, as Arnold projected, the construction of the Birkhoff
normal form for the system (1.3) was found in the PhD thesis [38]; the results of which were next
published in the 2011’s papers [12, 13, 16]. The starting point for this was a set of “action—angle”
variables (A,T, W, \,v,1)) € R3 x T3", qualitatively analogue to Delaunay variables, but better
suited to the SO(3)-invariance of the Hamiltonian (1.1). Such variables exhibit, among their actions,
the three components of the angular momentum, in a different form; precisely, ¥,,_; := |C| = G,
U, := C3 and 1, := (, the longitude of the “node” (the intersection) of the plane orthogonal to
C with a prefixed plane, when this is defined. Indeed, V¥,,_1, ¥,, and v,, at contrast with Cy,
Csy and Cgs, verify standard commutation rules’®. There follows that the three variables Un_1,
¥, and U, are cyclic in the system (1.1), which so is reduced to (3n — 2) degrees of freedom. In

12)Clearly7 our remark deals with the explicit construction of symplectic coordinates. Indeed, reducing symmetries
via the use of quotient spaces in Hamiltonian systems is always possible [4] and, for the planetary system, has
been achieved in [18].

e, {(Uno1, Un} = {Un 1,90} =0, {Tn,¥n} = L.
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particular, the couple (¥,,1,) disappears from from the Hamiltonian (“rotational degeneracy”).
The use of the variables (A, T', ¥, A, v, 1), substantially, reduces to the change in (1.11) in the case
of n =2 planets. Namely, when n = 2, the change of variables between the (A,I', ¥, ¢, ~,4) and
Delaunay variables (A,T",0,/4,¢g,60) restricted to W, = ¥,,_1, ¥,_1 = ¥, = 0 gives (1.11), besides
v; = g;- This restriction has no influence on the Hamiltonian, and hence, in this setting, we recover,
and extend to general n > 2, Radau’s proof that Jacobi reduction of the nodes (1.11) preserves
Hamilton equations, for the remaining variables.

The variables (A, T", ¥, £,+,1) may be obtained via a simple symplectic modification of analogue
sets of variables (R, ®, ¥, r, p, 1), having the same (¥, ) that had been considered, in the 80’s, by
Francoise Boigey [8] for n = 3 and, in their full generality, by André Deprit [17] for n > 4. By their
relation with the (R, ®, ¥, r,p, 1), we might call the (A,T', ¥, ¢, ~v,1) the “planetary” version of
Boigey—Deprit variables or “Deprit’s elements” [37]. Indeed, considering the symplectic “planar”,

2 2
“Delaunay” transformations that let the “two body Hamiltonians” ;:,fbi 23;2 - mlrf% into (1.2),

one obtains the change
(Ai, Tiy liy i) — (Riy @4, 14, 04). (1.12)

Precisely in this planetary form of (A, I', U, ¢, 7, 1), Boigey—Deprit variables were rediscovered by
the author, who was mainly stimulated by their application to this problem. Part' of the proof
of the symplectic character of the (A, T, ¥, ¢,v,4) found in [38] was later published in [13].

Differently from Delaunay variables, the elements (A, I', U, £, ~, 1) (as well as the “original” ones
by Deprit) are not “six per planet”, because of a complicated, hierarchical structure of planes and
nodes. Incidentally, this structure led Deprit to formulate a very negative judgment and doubts on
the possible practical usefulness of his variables [17, p. 194]. This complication might also be related
to the fact that, except!® for the case n = 2, where they reduce to Jacobi’s, Deprit’s variables had
never been applied before, in none of their two previous forms, to rotation invariant systems.

Analogously to what happens for Delaunay variables, also the variables (A,T', W, ¢, v, ) exhibit
singularities when eccentricities or suitable mutual inclinations among the planes of the structure
vanish. And, analogously to what Poincaré did for Delaunay variables, it is possible to describe
also such singular situations switching to new symplectic variables, in part action—angle, in part
rectangular, called “RPS variables” (“Regular”, “Planetary” and “Symplectic”). They are denoted
with analogue symbols as Poincaré variables'®)

A:(Ah'”’An)’ A:()‘lf"))\n))
z = (7717"' 777n7£17"' 7€n7p17”' yPn,q1, " 7Qn)7

since they are qualitatively similar to them. Indeed, also in this set the couples (A;, \;)’s are related
to semi-major axes and (suitable) mean-longitudes on the instantaneous ellipses &;; the (1;,;)’s to
their eccentricities and perihelia; the (p;, ¢;)’s, to the directions of their planes. These latter couples
are however very different from their analogue ones in Poincaré’s set: the first (n — 1) couples of
(pi, q;)’s are related to the mutual inclinations among planes; the last one (p,,g,) to the direction
of C with respect to a prefixed frame. RPS variables are well fitted to rotation invariance of the
problem, since (py, g,) is a couple of integrals of the motion. Indeed, p,, and g, are functions only
of the integrals ¥,,_1 = G, ¥,, = C3 and ¢,, = (:

Pn = v/2(G — C3) cos,
dn = _\/2(G - C3) sin G.

(1.13)

) The variables (A, T, W, ¢,~v,1) were recovered in [38] in two steps. For n = 2, looking for a symplectic change
of variables (A, T, ¥,¢,v,¢) — (A, T,0,4,g,0) from Delaunay’s to the new ones, so as to fix the new actions
(A, T, ¥), which had previously checked to Poisson-commute. This part of the proof, containing elementary
however lengthy computations, was never published, nor in [38]. After realizing the existence of Deprit’s paper [17],
it was substituted with a shorter proof, both in [38] and in [13]. The case of n > 3, which goes by induction, was
interely published in [13].

1%)See, e.g., [20].

16)Clearly, the variables (1.13) were not discussed in [8]-[17], where the (A, ', ¥, ¢, ~, ) were not considered.
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Another amusing common aspect of RPS variables with Poincaré’s, besides regularity'?, is that the
system retains D’Alembert rules, as it happens for the system (1.3). More details on the relation
between Poincaré’s and RPS variables may be found in [15].

Clearly, RPS variables play the role of the set that Arnold conjectured in [5, Chapter I1I, Section 5,
n. 5| and (py, ¢,) the one of (®q, Py).

At this point, the proof goes as follows. In place of the “Poincaré Hamiltonian” (1.3), we consider
the “rRPS Hamiltonian”

Hrps = hKep(A) + Nfrps(Aa )‘7 2) (114)
with
z=(n,¢0,9), (1.15)

where n = (m1,--+ ,7n), = (p1,- -+ ,Pn—1) and so on. The variables (py, g,), which do not appear,
are kept fixed once forever. The system (1.14) has (3n — 1) degrees of freedom and an extra-integral,

2 2 2 2
. . . . + Pn_11a,_
G = |C|, which is a linear function of Ay, -+, Ay, 771251, e, TR

n n 2 2 n—1 o 2
_ , n; +& i +4;
G= E A — E 9 E 9
i=1 i=1 =1

D’Alembert rules imply that zZ =0 (which now corresponds to zero eccentricities and inclinations
with respect to C) is an elliptic equilibrium point for (fips)av. We then construct the Birkhoff
normal form of order four associated to (1.14) around the elliptic equilibrium z = 0. Namely, we
conjugate the system (1.14) to a system M} = hiep + pufio¢ analogue to (1.7), via a symplectic
transformation ¢,>% analogue to (1.8), but with (4n — 2) replacing 4n, for the dimension of the
z-variables. This construction is possible since the first order Birkhoff invariants (£, ---,Q9,-1)
associated to (fips)av can be explicitly computed, at least asymptotically. They turn out not to
verify resonances of any arbitrary order 2s on a domain A (depending on s) of semi-axes as
in (1.6), besides Herman’s. Since it has been proved [15] that (4, ---,Q9,-1) coincide with the
first (2n — 1) first order Birkhoff invariants associated to (fp)ay in (1.3), in particular, the non-
resonance (up to Herman’s) of (21, - -+ ,Q9,_1) on A refines an analogue statement in [18], where it
is proved that Herman resonance is the only one identically satisfied by (£, ---,Q2,-1). Herman
resonance, however, does not prevent the construction of Birkhoff normal form (which so turns
out to exist for any choice of s) since, due to the integral G, (fips)av exhibits a symmetry!® for
which only resonances 22221_1 k;€; = 0 with 22221_1 k; = 0 are relevant for the construction of the
Birkhoff normal form, while!®) Herman resonance is not in this class. The final step is to compute
(asymptotically) 5 and check non-trivial torsion.

In this setting, it is also possible, at the cost of introducing a singularity in correspondence
of co-planarity, to reduce completely the integrals of the system, eliminating the integral G. This
gives rise to quasi-periodic motions bifurcating from a different equilibrium point with (3n — 2)
independent frequencies. Such “full reduced” quasi-periodic tori, not mentioned in [5] had been
previously found in [18], via a different technique.

Let us conclude this survey with two considerations.

17)Follovving [30], the reduction performed by the RPS variables might be called “partial reduction”, at contrast with
the “full reduction”, also discussed in [16, 38], that reduces the number of degrees of freedom to the minimum,
(3n — 2). Pay attention not to confuse, however, the regular “partial reduction” performed by RPS variables with
the elementary (but singular) reduction that can be obtained reducing the integral Cs in Poincaré variables. This
latter one does not exhibit a cyclic couple and has nothing to do with the aforementioned Arnold’s claim in [5,
Ch. 3, Section 5, 5].

18)The Hamiltonian flow (As, \i, mi + i€, p; +1q;) — (Ai, Ni + 7, (s +1&)e™ 7, (pj + igj)e ), with 1 <i< n, 1<
j < n—1, generated by G, corresponding to rotations around the C-axis. Note that in Poincaré’s variables we
have an analogue symmetry, which is the flow generated by Cs = (01 + - - - + ©,,). Here, we have to replace (1, £),
(P, @) with, respectively, (,&), (p,q)-

1910 a different context, this observation is already in [30].

REGULAR AND CHAOTIC DYNAMICS Vol. 18 No. 6 2013



ASPECTS OF THE PLANETARY BIRKHOFF NORMAL FORM 869

Firstly, we might ask how the Birkhoff normal form associated to the system (1.14) is related
to the system (1.3).

Let

P .
rps - (AN 2) = (AN, 2)

denote the change of variables between the two sets and Q_S{)I;Sf the (trivial) lift of “a” gb{fr)lsf as
above over (A, ), z), i.e., including also (p,,q,) via the identity. It has been proved [15] that ¢fps
has the form (1.8) (see Theorem 5 below), therefore also the composition ¢ := ¢f (o ¢y has
the same form. Then we find, in a indirect way, that also the system (1.3) admits, via q_ﬁgnf, the
form (1.7), with (ff )av = (i %)av, independent of ¥ %;—qi_ This fact may be interpreted, on one
side, as a remarkable counterexample to Birkhoff theory (the system (1.3) — indeed, (fp)ay — is
an example of resonant system with non-resonant Birkhoff normal form) and, on the other side,
shows that, without reduction, the unique Birkhoff normal form that can be obtained for the
system (1.3) is degenerate at any order. Namely, besides having an identically vanishing frequency,
any coefficient of ( f]fnf)av with one of the indices equal to 2n vanishes. In particular, the torsion
of ( flfnf) vanishes identically and hence this answers negatively to the question raised by Herman
in [22, p. 24] mentioned above. In general, this degeneracy of the normal form of the unreduced
system is another aspect of the rotational degeneracy remarked above.

The second comment is that, even if symmetry considerations and some extra work on the
computation of the i, ---, Q9,1 for the system in Poincaré variables (1.3) might lead to the
observation that the secular resonances do not affect the direct construction of the system??) (1.7)
starting with (1.3), nevertheless, the rotational degeneracy discussed above shows that such normal
form would be useless.

1.3. This paper is concerned with a more detailed study of the planetary Birkhoff normal form.
Before describing it, we anticipate two applications.

a) A “uniform” theorem on quasi-periodic motions. The former result of this paper
is a refinement of the proofs found in [16, 38, 42] about quasi-periodic motions in the (spatial)
three-body problem.

As mentioned in the previous section, both the proofs of Theorem 1 given in [42] for n =2
and [16, 38] for n > 2 are based on the direct application of Theorem 8 or refined versions of it [12].
This implies that one has to take smaller and smaller values of the range of the secular variables
(eccentricities and inclinations), in order to find a major number of tori.

Arnold realized that in some particular cases we might assert something more.

For example, he knew that, already in the case of the planar three-body problem, the smallness
condition on eccentricities can be relaxed. In Arnold’s words:

[5, Chapter III, Section 1, n.6, p. 128]. “In the case of three bodies [on a plane] we can obtain
stronger results (... ). It turns out that it is not necessary to require the eccentricities to be small;
all that is necessary is that they should be small enough to exclude the possibility of collision.”

And in fact, he stated

Theorem 2 (V.I. Arnold, [5, p. 128]). Consider the case of the planar three-body problem. Fix
positive numbers aqy < a1 < ay < az. Let D¢, be a domainY) defined by

2

2

Dey: ap S a1 <ar, ay <ag <a, Zmi\/Miai(l—\/1—€§)<Eo
i=1

20) At least at low orders. The fact that only resonances 212:1 ki€ =0 with 2?21 ki = 0 are relevant for the
construction of the Birkhoff normal form holds also for the system (1.3) in Poincaré variables. The resonance
with k1 = -+ = kan—1 = 1 and ka2, = —(2n — 1) prevents taking 2s = 2(2n — 1).

2D The second inequality is just M 0l5 < e
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22)

(for a suitably chosen €y, depending on mq, Mo, ay, ay so that collisions®™ are excluded). For any

k > 0 it is possible to find p. > 0 such that if
0 < p < g (1.16)
an imvariant set K, C De,, with
meas IC, > (1 — k) meas D,

formed by the union of invariant four-dimensional tori, on which the motion is analytically
conjugated to linear Diophantine quasi-periodic motions.

The main point of this theorem is that x does not depend on ¢y, which in turn related to the
bound on eccentricities, but only on p, (incidentally, we note that, even if Arnold does not specify

the relation between u, and x, in the statement, following the proof, one finds p, ~ /-@i/ “* with
some small number a,). The key point [5, Chapter III, Section 5, n. 2, p. 139] of the proof of
Theorem 2 is that, for this problem, (fp)ay is integrable, since it has two degrees of freedom (the
two eccentricities) and two commuting integrals: the third component Cs of C and itself. Using
this ingredient, he shows that, via a simple modification??) of the proof of Theorem 8, he proves
a less general result than Theorem 8 but however very useful in this case: Compare Theorem 9 in
Appendix A. In the thesis of Theorem 9 €, the radius of B2, does not appear in the measures
ratio meas K,/ meas P, .

Arnold believed that Theorem 2 admitted a generalization to the case of the spatial three-body
problem. His generalization should go as follows. Letting D’ to be the set where semi-major axes
(a1,as), eccentricities (e1,e2) and inclinations (i1, t2) of the two planets verify inequalities

2
/. 2 2
D.: (a1,a2,e1,e2) € D, E mZ\/MZLZ <e
i=1

he claimed

“Theorem” 1 ([5, Chapter III, Section 1, n. 7, p. 129]). “An analogous theorem [to Theo-
rem 2| is valid for the space three-body problem. In this case D. is defined (...) [as above| with
sufficiently small €.”

Arnold did not provide the exact statement of this “theorem”. From the underlying context it
might be argued that he believed it were possible replace condition (1.16) with

0<p < s, 0<e<e

(with, possibly, fi, €x ~ kY a;), so as to have an invariant set ’CL,E with larger and larger measure

only letting masses p and inclinations € — 0, while keeping eccentricities finite. In fact, he aimed
to use Theorem 9 also for this case, since we read, as a “proof” of “Theorem” 1:

[5, Chapter III, Section 5, n. 4, p. 141]. “The space three-body problem reduces to a certain
plane problem which turns into the plane three-body problem when the inclinations tend to 0. By
comparison with 2. [the averaged plane three-body problem is integrable| and using again Ch. I,
Section 8 [Theorem 9], we arrive at the results of Section 1, n. 7 [“Theorem” 1].”

The first sentence of this “proof” contains a flaw. Later results for the spatial three-body
problem [16, 38, 42], being based on Theorem 8 (rather than on Theorem 9) are actually weaker
than “Theorem” 1, since they do not state that the measures ratio meas C, ./ measP. depends
only on the planets’ masses and on the inclinations and does not depend on the eccentricities.

22)Gee the first equation after [5, Eq. (3.1.5)], ‘with €o replaced by 63. 3
21, e., replacing in [5, Eq. (4.1.15), p. 158] H; with Hf := H, + Hy, H, with 0 and, in the Equation just below,

neglecting the bound on H; and replacing the bound on Hs with p?6~7, 7> 1, as it follows from the “Lemma

on averaging over rapid variables” [5, Chapter IV, Section 5, p. 147] with M = M = p, to which we also refer for
notations.
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In this paper, we shall prove a result which goes in the direction of “Theorem” 1, but is not quite
the same. In a sense, we replace €, the bound on inclinations, with «, the bound on the semi-major

axes ratio. We also extend such result to the planar, general problem with?? n > 3 planets.

Theorem A. In the spatial three-body problem, there exist positive numbers v, [y, €x, Cs, 1/C,
and 1/B, smaller than one such that, if the numbers o and p (where p is the parameter in (1.1))
verify

0<pu<p, 0<a<a, p<elogla ) 4

for any choice of a_, ay, with a_ < aay, in the domain D, where semi-axes a1, as, eccentricities
e1, es and mutual inclination v verify

Do: a-<a;<aay<aay, |(e1,e,t)] < e

a set Ko C Do may be found, formed by the union of invariant 5-dimensional tori, on which the
motion is analytically conjugated to linear Diophantine quasi-periodic motions. The set K\, o is of
positive Liouville—Lebesque measure and satisfies

meas K\, o > (1 — Cu(Yu(loga™t)P + \/a)> meas D,
The same assertion holds for the planar (1 4+ n)-body problem.

b) A “full” NehoroSev stability theorem The latter result of the paper is concerned with
the stability for the planetary system. To introduce it, we recall the following fundamental result

by N.N.Nehorosev?®, mainly motivated by its application to the Hamiltonian (1.3).
Theorem 3 (N.N. Nehorosev, 1977, [33, 34]). Let
H(I,¢,p,q) = Ho(I) + pP(I,,p,q), (I, ,p,q) € P CR™ x T™ x R*"

be of the form of (1.3), real-analytic. Assume that Ho(I) is “steep”. Then, one can find a, b > 0,
C and po such that, if p < po, any trajectory t — v(t) = (L(t), ¢(t),p(t),q(t)) solution of H such
that

1 1
(p(t),q(t) € UpyP, VO<SE< T := ont (1.17)
verifies
o
[I(t) —1(0)| <ro:= _p V0<t< T

2

As for the definition of “steepness”, we refer to the papers [32-34]; see also [36] for an
equivalent definition. We aim to point out that, despite of the almost 150-pages length of the
proof of Theorem 3 and the complication of notion of steepness, in [33] Nehorosev easily?) applied
Theorem 3 to the planetary Hamiltonian Hp in (1.3) (with I = A, the actions related to the
semi-axes, and (p,q) =z in (1.5), the secular variables), since the unperturbed term Hy = hkep is
concave, a special case of steepness. Nehorosev then obtained a spectacular result of stability for the
planetary semi-axes (implying, in particular, absence of collisions) over exponentially-long times for
all initial data in phase space (see also [35] for a different approach and improved estimates). Up no
now, Nehorosev’s result is the only rigorous, global (i.e. , valid on the whole phase space, or, possibly,
on a very large open subset of it) stability result for the planetary problem. Indeed, there do exist

29 The proof holds also for n = 2, but for this case Theorem 2 gives a stronger result.

25) A more technical statement of Theorem 3 is given in Appendix D: Compare Theorem 11. Recall that other
improved statements of Theorem 3 have later been found in particular cases: see, for example, [9, 39] and
references therein.

26)The only delicate point in the application of Theorem 3 to Hp consisted in checking assumption (1.17), that
Nehorosev accomplished using the conservation of the third component Cs of the total angular momentum (1.10)
along the Hp-trajectories. Note that, in the non-degenerate case, i.e., when the variables (p,q) do not appear,
this assumption is void.
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in literature results involving also strong numerical efforts for physical systems (see,e.g., [21, 44]
and references therein) true on Cantor sets (in general, they are obtained via KAM techniques).

A physically relevant and widely studied open problem is related to the study of the stability
of the whole system; i.e., the study of the secular variation of eccentricities and inclinations of the
planets’ instantaneous orbits, besides the ones of semi-axes. See, for example, [28] and references
therein. Partial rigorous results in this direction have been obtained in [15], where it has been proved
that, if eccentricities and inclinations are initially suitably small, they remain confined with respect
to their initial values over polynomially long times, up to exclude the so-called?”) “mean-motion
resonances”. More precisely, the following result has been proved.

Theorem 4 ([15]). Whatever is the number of planets, for any arbitrarily fived s € N, with s > 5,
one can find positive numbers C, a;, aj, €, € with a; < aj < a;;1 and € < € such that for any k > 0,
€ < € <€, in the domain where semi-major aves a;, eccentricities a; and mutual inclinations t;
verify

Dse: a;<aj<a; €< max{e;, ¢;} <€
Z’]

under suitable relations between p and €, one can find an open set f)s,u,e such that, for all the

motions starting in f)s%e, the displacement of eccentricities and inclinations with respect to their
initial values is bounded by ke, for all

Ck
t<
JLe®

The proof of Theorem 4 again relies with the Birkhoff normal form of the system discussed in
section 1.2; the time of stability is related in fact to the remainder of this normal form. No analysis
of resonance zones, trapping arguments. . . is used for its proof. An undesirable aspect of Theorem 4,
is that the size of 25075 decreases with with the time of stability.

In this paper, we prove a stronger result, at least for the planar three-body problem.

Theorem B. In the planar three-body problem, there exist numbers a_, &, €, a, b, €, d such that,
for any a_, ay, with a_ < aay and € < € < € in the domain

D.: a_<a<aay<aay, e<|(er,e) <e

under suitable relations between p and €, one can find an open set Z:Du,e C D, defined by absence of
mean-motion resonances up to a suitable order, such that, for all the motions with initial datum in

D, ¢, one has
,1,
lai(t) — ai(0)], |es(t) — e:(0)] < 7 := max{d®, /12, ¢} VO<t<T = eg
where § = ”76.

ol

1.4. Let us sketch the proofs of Theorems A and B and make some comment.

The proof of Theorem A is a remake of Arnold’s ideas for the proof of Theorem 2 described
in Section 1.3 a). Let us denote as f3}, the function fyps in (1.14) for the three-body case; (fap)av,

its averaged value. We shall see below that a suitable approximation ( fgb)g,) defined in Eq. (1.20)
below, is integrable. This fact has been already used, in different settings, in [29, 47] and [37].
Moreover, the same property of integrability is proved to hold for the planar many-body problem;
see below for more details on this assertion. Then, we apply a suitable slight generalization of
Theorem 9 (Theorem 6), which allows to work on ( fgb)g%), ( fpl)g%), respectively.

The proof of Theorem B is an application of the Nehorosev’s Theorem. Essentially, it relies on
checking “steepness” of the first terms of the Birkhoff normal form associated to hiep + 1£(f3b)av,
in the planar case, in all of its degrees of freedom. Here the difficulty is that, at contrast with

27)1.6., resonances of the Keplerian frequencies wkep := Ohkep.
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the application in [33] (where only the concavity of hkep is exploited), the “full torsion” of the
system, given by the Hessian of hkep and the matrix § of the second-order Birkhoff invariants, is
not convex, nor quasi-convex. Its eigenvalues are alternating in sign. Therefore, it is necessary to
consider higher orders of Birkhoff normal form and apply more refined conditions for steepness. It
is not clear, in general, what is the right order of the Birkhoff series to be involved and, especially,
how steepness can be checked for systems with many degrees of freedom (see [45] for a study in
this direction and [36] and references therein for a different approach). For three-degrees of freedom
systems Nehorosev proved that the “three-jet condition” (recalled in Appendix D) is “generic”. But
the planar three-body problem, after reducing completely rotations, has three degrees of freedom,
so it is not surprising that this problem satisfies three-jet. We do this check in Section 4.4.
Before passing to describe technical aspects, we provide a few comments.

— Theorem B is stated for the planar three-body problem. As previously outlined, the secular
problem associated to it is integrable: its Birkhoff normal form converges. And in fact this
circumstance allowed Arnold to obtain refined results for this case (see Section 1.3, a)).
One might ask if, analogously to the result of Theorem 2, the set TDME may be chosen to
be independent of e. However, with our proof we are not able?® to refine the result in
that direction. The reason is technical: instead of the (integrable) secular system Hpip :=
hicep + 1(fpi3b)av that would be more natural, during the proof we consider a non integrable

system close?? to it, by performing not only one but many steps of averaging with respect to

fast (mean motion) frequencies. Therefore, we need to truncate the Birkhoff series associated

to this closely to integrable system and this is the reason we have the dependence of e.

Indeed®), the estimates of theory developed in [33], which we use in a quantitative way

during the proof of Theorem B (see Theorem 11), do not allow us to perform just one step

of averaging.

— In Section 4 we do more than we need for Theorem B. We compute the Birkhoff normal form
of the spatial three-body problem, which i3t

o 2
m1ma _ _ a t1 to 1 1
nf Jav — — - 1 - t
(fonf) a m1m24a§,<< +3A1+3A2 3<A1+A2 3

2 2 2 2
__ a7 3 tl t2 3 t3 t1t2 t1t3 t2t3
- - 6 9 -12° 7 -9
2 o ( 2a2 702 Ton2 TV, T A T A L1
10 t5 3 88 9 3ty  105t%; 18 t3t3 s t1t3 '
A3 2A%Ay  2A3A, 4 A3 Ay A2 AyA3

105113 9 tot3 titats Ay a2 7/2 a}
— 1 t
g oag Tanza, Bz, ) U0, +ago(|| )+0 a4

and then we reduce to the planar case setting t3 = 0. However, we are not able to extend
Theorem B to the spatial case, since we are not able to check steepness for this case. The
three-jet condition might fail at least on manifolds of co-dimension one: see Remark 3.

— Besides the previous case, a possible extension of Theorem B to the general planar problem
might be helped by the fact that, for this case we know a good approximation of ( fonf)ay, at
any order. This result is a corollary of the analysis of Section 2. See also Section 1.5 below.

— In our strategy of proofs, the planetary Birkhoff normal form (hence, the system (1.14) in
RPS variables) plays a central role. The author is not aware (and would be interesting to
know) what kind of results could be obtained (and what would be the relative difficulty) via
Herman-Féjoz’s normal form [18].

2)The dependence of Dy,e on € may be read in inequality just before (4.3) and by the formula (4.3), that define
this set.

29 Compare the system hkep + (N + N.) in (4.14).

30) Compare Lemma 5 in Section 4.3.

3UIn particular, truncating this formula to the fourth order we recover the formulae found in [16, 38].
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1.5. The main novelty of this paper (with respect to our previous ones on this subject) is a
technical lemma of geometrical nature (Proposition 1, which, in turn is a consequence of the more
general Proposition 2. See also the second item in Remark 1) that helps in the analysis of the
secular perturbing function of the system (1.14). This reflects on the computation of the Birkhoff
invariants at higher orders.

Let us remark, in this respect that, in general, computing the Birkhoff invariants of the planetary
problem is a huge work. See, for example the computations of the torsion in [5] (n = 2, planar),
[42] (n = 2, spatial), [22] (n > 2, planar), [16, 38] (n > 2, spatial). So, our main progress relies on
an improvement of the technique of computation of such invariants, which is particularly desirable
if one wants to extend Theorem B to the general problem.

Let us introduce it briefly, referring to the following section for details.

Consider the system (1.14) and, in particular, its secular perturbing function (frps)av. Since the
indirect®? part has zero A-average, ( frps)av is given by

_ MMM d)\zd)\]
mﬁ“‘lgiﬁ%PAmMMW@wwMA%ar

De-homogeneizating with respect to a;j, we expand each of the terms

U == [ s o
Tps (2m)2 Jp2 |2 (A, A, 2) — 20 (A, ), 2)]

in powers of the ratio Z;, with a; fixed:

(f5D)ar = PR + PSS + DG+ (1.19)

Clearly, to this expansion there corresponds an analogue expansion of
(frpS)av = (frpS)z(i(\]z) + (frpS)(l) + (frpS)g%) o (1'20)
Analogously to what happens for the Poincaré Hamiltonian (1.3), one has that, in these expansions,

the zeroth order terms ( fﬁé@)&%’ are independent33)

potential and that the linear terms ( fr(éjs))g,) vanish by Fubini’s and Newton equation34). The lowest
order information on (fips)av is then given by the second-order terms ( frps)g,).

of Z by well known properties of the two-body

By [16, 38] ( frps)gv) may be splitted into a sum

(frps)z(i%) = (fpl)z(i%‘) + (fvert)z(a%) (121)
)

“vertical” part, where ( fpl)g% corresponds to the term that we would have

of a “planar” and®® a

for the problem in the plane, while ( fvert)gv) vanishes for (p,g) = 0 and is even in (p, ¢). In Section 2

32)The former term in (1.4) is of often referred to as “indirect part”; the latter as “direct part”. As far as the author
knows, this terminology has been introduced by the French school. The vanishing of the average of the indirect
part, known Poincaré variables, holds also in RPS variables.

33)They are given by given by— m;;nj

391, e., by the vanishing of

1 D (A, N, 2) 1 (Mid
) ) ) J— A t _ t
21 Jp |1‘(])(A7)\].72)|3d)\] T, /0 dty (A, wjt, z)d

27
T;"

3)We follow the terminology in [18].

with some T; and w; =
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we prove that ( fpl)g,), ( fvert)g,) are given by, respectively,

1 a2 14 3e?
2 - 2
@ =t ¥ mam,% 1T2Y
1<i<j<n i (1— 2, )3
3 o f (2 . G CUN2aN,
(Foert) D =+, D mam g P (1.22)
1<i<j<n a; <1 _ 77j+5j>
20;
where e;’s are the eccentricities, expressed in terms of A; and +§ C( 7) are the planets’ normalized
j A 2(®)
angular momenta, |CEj;\ and () = (/;iAZ,Z).

The author is not aware if the formulae (1.22) had been already noticed before (they hold also in
the case of the Poincaré system (1.3)). Such formulae are the thesis of Proposition 1, that we prove
using a new set of symplectic variables, defined in (2.10), and tools of normal form theory. The
variables (2.10) in a sense resemble the well known Adoyer—Deprit variables of the rigid body, with
the difference that have six degrees of freedom instead of three. Also the thesis of Proposition 1
resembles certain formulae for the rigid body, as outlined in Remark 1.

In particular, inspecting (1.22), it is to be remarked that ( fpl)gv) not only is integrable, but is in
Birkhoff normal form. This fact implies the validity of Theorem A for the planar general problem.
Moreover, since this formula is of great help in the computation of its Birkhoff invariants at any
order, applications to extension of Theorem B to this case are foreseen.

Secondly, formulae (1.22) imply that, in the three-body case (n = 2), (fgb)g,) = (frps)g,) ln=2 is
independent of the argument of (12, &2), therefeore, it is integrable (compare [29], for an analogue
assertion in a different setting and, e.g., [20, 37, 47| for applications). More in general, for n > 2,
( frps)g%) is independent on the argument of (7, &, ). But while, for this general case, the expression

of ( fvert)g%) in terms of RPS variables is complicated, due to the factors (#® - C(¥))2 it is not so for
three bodies, where there is only one of such factors (i = 1, j = 2). The aspect of the corresponding
vertical term is nice:

3 a? 1 3 o 5
(f3bvert)z(12) 4m1m2 zl)) (1 77%4—5% )3 ((1 + 26%)(11)“*) + 9 ((’LLT)2’U2 + ( )21@)6%)52 (123)
T 2A,

where u;, u} are the Birkhoff variables associated to (1;,&;); (v,v*) to (p1,q1), €1 and § are suitable
functions in normal form. Since the first non-normal terms in this formula appear from the fourth
order on, the computation of the sixth orders Birkhoff invariants for the three-body case is quickly
done: it takes less than two pages (see Section 4.1) and gives (1.18).

2. AN ASYMPTOTIC FORMULA FOR THE SECULAR PERTURBATION
Let, for fixed 1 <i < j <

1 dX\;dA
ii (A, Z) = . ,
fu(h2)i= o0 /T 2O(A, A, 2) — 20) (A, Ay, 5)
so as to write

(frps)av(A z Z mzm]fU(A Z). (2.1)

1<i<j<n
Here%) (A, )\, z) — @ (A, \;, Z) denotes the z()-projection of the map
L (AN 2) = (y, 1) € R3 x R3™, (2.2)

Ips

36) Actually, the map (2.2) depends on z, rather than z. However, by the independence of the Hamiltonian (1.14)
of (pn,gn), we may arbitrarily fix such couple of variables to some value, e.g., (0,0). Abusively, just in (2.4) and
similar formulae below, we denote again as (A, A\, 2) — (y(A, A, 2), z(A, X, 2)) the map ¢r_pls|(pn,qn):(0,0)-
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Consider the formal expansions
0 2
Fi= I+ 19+ (2:3)

in powers of the semi-major axes ratio a;; := a;/a;, with a; fixed. Here,

f(k) 1 dF [ 1 / dXN;d)\
U kldek | (27)2 Jpe lex® (A, \;, 2) — 20 (A, Aj, Z)| o
In particular, we focus on the second-order term of this expansion, given by

(AN, 2) - 20 (A, N, 2)2 = [z (A, N, 2) P20 (A, N, 2)
(2) — 1 d)\d)\3($ ( 9 Z?’z) x ( 9 ]7 19 ]7 24
15" = (o 2/ B 2120 (A, A, 2)|5 - (24)

Note that ( frps)g%) in (1.20) corresponds to

frps = Z mzm]f” . (2.5)

1<i<j<n

Let CO(A, 2) := 2 (A, N\, 2) x yD (A, \;, 2) (by definition of the map (2.2), C?(A, Z) is indepen-
dent of \;). We have the following identity

Proposition 1.

1 . . . .
0. )2 _ 1021002,
Mjms 27T/T(3(C =) = TIe |)dAZ<1/ dAj> (2.6)

A —
] 4 |C(J)|4 2w T |.ZL'(])|2

Note that Eqs. (2.5), (2.6) and the formulae of [CW|, [¢)] in terms of RPS variables (see [16, 38]
and eventually Appendix B) imply (1.21)—(1.22).

We first discuss

2.1. The Three-body Case
Let

@, 1 3z (A, A1, z) - 2P (A s, )) | (A A 2) P2 (A Mg, 2)
P@ , [ dhdrs ;
(2m)? Jp 2z (A, Ag, )P

where, for i =1, 2,
(A1, Ao, Aiyz) € A2 x TV x B — (D (A, Ao, Aj,z), 2D (Aq, Ag, A, 7)) € R x R?

are two mappings such that

(A) The map (A1,A2,A2,2) — (yP (A1, Ag, N2, 2), 2P (A1, A, Ng, 7)) verifies

|y(2) (A17 A27 AQ? Z)|2 o m2M2 _ m%MQQ . (2 7)
27’)’L2 |3§‘(2)(A1,A2,)\2,Z)| - 2A% ’ ’
(B) The map
¢ (A1, A2, A1, A0, 2) — (y),y@) 2D (2 (2.8)

is symplectomorphism of A2 x T? x B® into R'? (where A2 C R?, B® C R® are open and
connected).
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Proposition 2. Under assumptions (A) and (B), the following identity holds

p) _ _Mam3 o [ (3(C) - 2®)2 — zWPICEP)an (1 / dAg (2.9)
4 |IC@)4 2 Jp |22 '
where C? (A1, Ay, z) == 2P (A1, Ay, Ag,2) X y P (A, Ag, g, z).

Remark 1.

— Note that, in the case n =2, the map (2.2) satisfies assumptions (A) and (B), hence
Proposition 2 is just Proposition 1 in this particular case.

— We shall prove more than (2.9): letting P (A, A1, z) as in (2.18) below, then P() satisfies
an analogue identity as in (2.9), but neglecting the first average 217r fT dA; (compare the last
sentences in the proof of Proposition 2).

— The formula (2.9) resembles the expression of the averaged quartic term in the spin-orbit
problem, using Andoyer—Deprit coordinates: see [6, Eq. (24)], in turn based on the expansions
in [11, Section 12].

In the next sections, we prove Proposition 2. Next (in Section 2.5), we discuss the general case.

2.2. A Six-degrees of Freedom Set of Symplectic Variables

The proof of Proposition 2 is based on the use of a “ad hoc” variables for the three-body problem.
Let us introduce them.

Let (k(l), k@ k(3)) be a prefixed orthonormal frame in R3 and let

(y(l)’y(2)7x(1)7l,(2)) e (R3)4, (y(i)’m(i)) — gi)7yéi)7yéi)’xgi)7mgi)7m§i))

be a system of “Cartesian coordinates” in the configuration space R3, with respect to
(k:(l), k2, k(3)).

Denote as

CO = () % 4@

(with “x” denoting skew product) the i'" angular momentum, and let C := CW 4+ C@ the total
angular momentum. For u,v € R? lying in the plane orthogonal to a vector w, let ay,(u,v) denote

the positively oriented angle (mod 27) between u and v (orientation follows the “right hand rule”).
Define the “nodes”

v = k@ x C, rn:=0Cx 33(1), vg =2l x ¢,

Let P12 denote the subset of (R?)* where C, Ca, M, 2@ 1y vy and g simultaneously do not
vanish. On P}? define a map

¢_1 : (y(l)ﬂy(2)7x(1)7x(2)) - (037 G7R17 @7R27 ®27 C797r17197r27 902)

via the following formulae

Cy:=C-k® ¢ = apen (k1)
G:= |C\(1) 0 g:= ac(v, )
_yx
Ry = |$(1)J Iy = \m(1)|
— ‘m(1)| Y= ax(l)(ljg, Vg)
(2. 22
Ry i— Y @) ry 1= |$(2)|
q)g = |C(2)‘ Y2 1= O[CZ(I/g,{L’(Q))
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Note that the variables (2.10) provide a reduction of the angular momentum which is regular for
planar motions (when CM) || C?) || C, © =0 and ¥ = 7).

Proposition 3. The map ¢~ ! in (2.10) is invertible on P2 and preserves the standard Liouville
1-form \ = Z?:l P;dQ;.

We denote as

1 0 0 cos@ —sinf 0
Ri(i) = 0 cost —sini | R3(0) = sinf cosf® 0
0 sint cost 0 0 1

The invertibility is proven by exhibiting the inverse ¢. Indeed, the definitions in (2.10) and
elementary geometric considerations easily imply the following

Lemma 1. On ¢~ (P}?), the inverse map of ' in (2.10) has the following analytical expression:

0
2 = R3(QOR1()Rs(g)Ra(i1) | 0
I
y0 = B0 4 om0
I I‘l
¢ ) 12 €08 P2 (2.11)
2® = R3(O)R1(i)Rs(g)R1(i1)R3(9)R1(iz) | 1y sin oy

0

Ro cos g — ?22 sin @9

9(2) = R3(()R1(i)R3(g) R (i1)R3(F) R (42) Ro sin @9 + ?22 COS P9

{ 0
where, if i, i1, i9 € (0,7) are defined by
cosi = G?’, cosi] = a oS 19 :<I(:)2 (2.12)
and C, C? py
0
C = Rs(QR1() | o
G
C® = Rg(QR1(i)Rs(g)Ru(in)Rs()Ruliz) | 0 (2.13)
D)
then
cl.=c-c®. (2.14)

To prove symplecticity we shall use the following easy
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Lemma 2 ([13]). Let
r=R3(0)Ri1(1)z, y=R3(0)Ri1(i)y, C:=xxy, C:=zxy,

with ©,Z,y,7 € R3. Then, B
y-de=C-k®do+C-kWdi+ 3 - dz,

with kY := (1,0,0), k3 := (0,0,1).

Proof of Proposition 3. Let us preliminarly verify that, if C(?) are as in (2.13)-(2.14), and y®, z(®
as in (2.11), then as expected,

2 %y = ¢, (2.15)
Indeed, for ¢ = 2, this identity follows trivially from the definitions. To check that it holds also for

i = 1, one can do as follows: firstly, to check that z(!) - C() = 0. This is an elementary consequence
of (2.11) and, in particular, of (2.12). Next, using the rule of the double skew product, one has

2 5 0 = 4 (leu) L low x(l))
I I‘l

— 0+ 12 (@ c® _ (2. C<1>)$<1>) _c.
Iy

Define now ~
CH = Ry(—i)R3(-¢)CW
0
C® = Ry(g)Ri(i1)Rs(W)Raliz) [ 0
D)
0 0
CV = Ri(=i)Rs(-9) | 0 | ~Rs@)Ruliz) | 0
G 2
0
CO = Ry@)Raliz) | o
g}
0
6(2) — 0
D)
and
0 0 0
- 1= =
1
Rl I I
T'a COS (P2 Ro cos g — ‘f; sin @9
2 .= rosinps | > 5(2) = | Rasinps + ?22 COS (o
0 0
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so as to write

(OR1())R3(g)R1(i1)y
2 = R3(Q)R1(i)Rs(g)Ra (i1)3)
2 = R3(Q)R1(1)Rs(g)Ra (i1)Rs ()R (in) 2
y® = R3(O)R1(i)Rs(g)Ra(ir)Ra(9)Ra (i)™

Applying repeatedly Lemma 2, Eq. (2.15) and the rule
Rz x Ry =TR(z xy) for all R € SO(3), z, y € R
gives
y - dz® =W kB¢ + W kWi + CW . kB dg 4+ CH . kxDdi; + Rydry
y? . dz® =@ . Cgc + C? . kWi + CP . kBlag + @ . kxWdi; + C@ . kB qy
+C@ . kW iy + Rodra + Badys.
Taking the sum of the two equations and recognizing that, if

e = Ry(OR1(DED,  f@ := R3(OR1(1)R3(g)Ry (i) kD

then
(CH + @y k® = C. k¥ = Geosi = C3
(CH 4+ 0@y . kM =c.eM =0
(CD 4+ C@). k® =C.e® =¢
(CH + 0@y kM = ¢t = (GKk®)) - (R3(g)kM) =0
C? . kB = &y cosiy = O
c@ k(M =

we have the thesis:
y D de® 4 4@ gr® = C3d¢ + Gdg + OdV + Rydry + Rodrs + ®odips.

2.3. Two-steps Averaging for Properly-degenerate Systems

In this section we discuss a uniqueness argument for normal forms of degenerate systems.
Consider a real-analytic and properly-degenerate Hamiltonian

H(I,p,u,v) = Ho(I) + aP(I, p, u,v), 0<a<l

defined on some phase 2(n; + ng)-dimensional phase space of the form V x Tt x B?"2, where V,
B?"2 are an open, connected sets of R™, R?"2. Perturbation theory (e.g., [5, 7, 12, 33, 39]) tells us
that, under suitable assumptions of non resonance of the unperturbed frequency map w := 0rHg

and of smallness of the perturbation P, the system may be conjugated, at least formally, to a new
system

H,(I,¢,u,v) = Ho(I) + (aP1(I,u,v) + - - - + aPP,) + PP, 1, (P =P) (2.16)

where the term inside parentheses (“p-step normal form”) is of degree p and is independent of .
Quantitative versions of this fact are well known in the literature since [5] and have been more and
more refining themselves (depending on needs) both in the non-degenerate [11, 39] and degenerate
case [5, 7, 33, 35]. Moreover, we know that, when the system in non-degenerate, i.e., the variables
(u,v) do not appear, the p-step normal form is uniquely determined (though the change of variables
realizing it may be not). In general, when the system is degenerate, uniqueness does not hold.
However, the following lemma is easily proved.
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Lemma 3. Let?”) ny =1 and H be a properly-degenerate system, such that

1

P, =
& 2

/ P(I,p;u,v)dy = 0. (2.17)
T

Then, the two-step normal form

H(I,p;a,0) = Ho(I) + (aPy(I; @, ) + o®Py(I;@,0)) + O(a?)
1s uniquely determined, up to real-analytic and symplectic changes (f,gé;ﬂ,f)) eV xTx B¥™ —
(I,p;u,v) € V x T x B?"2, a-close to the identity.

Proof. Let p > 0. Assuming to have reached the form in (2.16) (with the term inside parentheses
identically vanishing for p = 0), the (p+ 1) Hamiltonian H,,; is obtained applying to H, any
transformation in the class of infinitesimal transformations having as o?*! germ the time-one flow
of P14, 1, where

P,(CpH)(I;u,v) " -
— ik-p
Urer =D koo © T

k£0

if P41 has the Fourier expansion

Ppo =3 PPV (Tu v)el
k40

and z/_Jp is any function independent of ¢. Moreover, as it is known, P;’s and P;’s are related by

_ 1
Ppi1= (Pp-i-l)av = o /TPp-i-ldSO-

Therefore, if we per_form two steps of the procedure, i.e., with p = 0, 1, we find the two-step normal
form is defined by Py = P,, = 0 and

_ 11
P2 — 291 /T{i/Jl,P}d%

where {-,-} denotes Poisson parentheses with respect to all the variables. (The relative transfor-
mation will be given by ¢1 o ¢2, where ¢; is generated by ol 1;.) Therefore, to prove uniqueness,

all we have to do is to check that, if we change ¢ — 1 + 1;1, where 1/;1 is independent of ¢, the
function Py does not change. And in fact this term changes by adding

11 [ -
297 /TW“P}d‘O‘

Since 1;1 is independent of ¢, Poisson parentheses and the integral may be exchanged and we see
that this term vanishes

;21% /T{%’P}d@ = ;;ﬂ{i’h/T PdsO} = {zz?l, ;Pav} =0

because of (2.17). O

37 We assume n; = 1 to avoid complications due to resonances of the frequency-map. This is enough for the purposes
of the paper. Analogue statements for the case n1 > 1 may be available.
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2.4. Proof of Proposition 2

To prove Proposition 2, we write P?) as

pe _ ! J/I*U(Aﬂkhz)dkl (2.18)
271"]1*

where

P (A A, 2) = 21 /d)\2
T Jr

Then we consider the auxiliary Hamiltonian

PR maM EC)

omy a2 o)

3(zM (A A1, 2) - 2P (A, N, 2))2 — |2 (A, A, 2) 2|2 (A, Aq, 2) |2

. (2.19
2@ (A, A, 2)[5 (2.19)

HDip (y(l) ; ':L‘(l) ) y(2)7 33(2)) :

on the phase space
{(yM, 2M y@ 22y e ®H: 2@ 20}
endowed with the standard symplectic form
w = dy(l) Adz® + dy@) A dz®
and o < 1 a small positive parameter.
By assumption (A), in the variables (A, A, z) in (2.8), Hpjip takes the form
H(A1, A2, A1, A2, 2) = Hiep(A2) + P (A1, Az, A1, A2, 2)
_J\ﬁg% W M2m2:c(1) (A|,$)é), (Zj)\ };f:?;()/% A2, 7) ' (2.20)

Lemma 4. Under assumptions of Proposition 2, the Hamiltonian in (2.20), endowed with the
symplectic form

2 4
ZdAi/\d)\i—i—Zdui/\dvi, z = (u,v)
i=1 i=1

verifies the assumptions of Lemma 3, with the “variables” (I,¢) := (Aa,A2) and the “parameters”
(A1,A1,2). Its (unique) two-step normal form is

I:I(Al, AQ, 7\1, Z) = HKep(Ag) + a2M2’I’)’L2P(1) (Al, AQ, )\1, Z) + O(Ozg)
with P as in (2.19).
Proof. Consider the auxiliary Hamiltonian
H*(A1, Ao, A, A2, 2) = H(A1, Ao, Ay Aa,y 2) + @2 MamaQ(A1, Ao, M, A2, 2), (2.21)
where H is as in (2.20) and
Q(A17 A27 )\17 7\27 Z) =
3('17(1) (Ab A27 )\17 Z) : $(2) (A17 A27 )\27 Z))2 - |$(1) (A17 A27 )\17 Z)|2|$(2) (Ah A27 )\17 Z)|2
2|$(2)(A17A27)\27Z)|5 '

Let us apply Lemma 3 to H, with (Z,¢) corresponding to (A2,A2) and (u,v) to (A1,A1,2z). The
assumption (2.7) implies that the zero-averaging (with respect to Ay) assumption for P is satisfied:

1) . (2 @)
I e _ . [ *
/]TP(D\Q /T( m2M2 ‘:L’(2)|3 )d?\g mQMQI‘ . |x(2)|3d)\2

= mgMgwgpx(l) . / 87\2y(2) = 0.
T
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Denote as
ﬁ([\l,AQ, 5\1,2) :=Ho ¢(A1, IN\Q, 5\1, Z) = HKep(Ag) + a2M2m2P(1)(1~Xl, 1~\2, 5\1,2) + O(a3)

the two-step normal form which H is put in via Lemma 3, where denotes the symplectic, a-close-to-
the identity transformation realizing it. Then, since v is a-close to the identity, H* is transformed
into

H* = H(Ay, Ao, A1, 2) + a®MomaQ(Ay, Ao, A1, Ag, 7) + O(a).
Hence, at expenses of a further As-averaging (a®-close to the identity), H* is transformed into
H(A1, Ao, A1, 2) = H(A1, Ao, A, 2) + @2 MomaQW (Ar, Ag, A, 2) + O(a)
= Hiep(Ao) + a®MamaPW (A, Ag, A, 2) + a® MamaQW (Ay, Mg, Ay, 2)
+0(a®),
with

I 1 . .
QW (Ay,Ag,A1,2) = 2W/Q(A1,A2a)\17}\272)d)\2-
T

On the other hand, H* in (2.21) may be written as

H*(A1, A2, A1, A9, 2) = HE,(Aq, Ao, A1, A, 2) + O(a)
with
[y @ (A1, Ag, Ag, 7) |2 ma Mo

HS (A1, A, Aq, A = — .
2B( 154325 /A1, 27Z) 2m2 ‘IE(2)(A1,A2,)\2,Z)—Oé.T(l)(Al,AQ,)\l,Z”

Due to assumption (B), we find a real-analytic symplectomorphsm

(A1, Az, A1, A0, %) — (Aq, A, A, Mg, 2)

. M2 3
a-close to the identity, which conjugates H3, to Hkep(A2) = — 221{7212 and hence H* is conjugated
2
to
. M2m3
He=—"2""24+0(c?).
2A2 (a’)

By comparison with H above, uniqueness claimed by Lemma 3 implies
PW 1+ QW = 0(a?)
which is the thesis. O

We are now ready for the
Proof of Proposition 2. For the purposes of this proof, if f:2z € T — f(x) € R is continuous, we
denote as (f)y == o [1 f(z)dz.

Consider the Hamiltonian H in (2.20); let ¢ as in (2.8) and ¢ as in (2.11). Denote as
H,eq := Ho ¢! 0 ¢ the expression of H in the variables (2.10). This is

- R2 Momo P2 Ty ©
Heqg=Hoo lop=_72% — 2 — Moymoa ,4/1 — 2 5in 9. 2.22

red ¢ ¢ 2 ro + 2m2r% 21742 1”% (@2) ¥2 ( )
Let us split H,¢q into two parts, a “radial” and a “tangential” one:

R% _ Mg”ﬂlg

Hyaq ==
2m2 I9
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and

CI)% I @ .
Hian == 2777,21'% - M2m2ar% 1- (q)2 )2 S @2

and focus on Hiy,. We shall eliminate the dependence from the angle o up to order a3, To
this end, define hg, Py via Hay =: hg + @Pg and denote w := 0p,hg = mq;iQ. Since (Pg)y,, =0,
2

a Hamiltonian vector field the time-one flow of which eliminates the dependence on 5 up to O(a?)
has as Hamiltonian the function vy defined as a primitive

o 1 2 o 2 r]_\/ (—') )
1/10—w/ aPO_Mnga% 1 (%) COS P2

with (¢o),, = 0. It is a remarkable fact that ry is cancelled. Since ¢ is also independent of Ry, Ry
and 9, this implies that its time-one flow, that we denote

g0t (Ri,Ra, ®2,0,72,T2,G2,9) — (R1,Ra, @2, 0, 12,12, 02,9,
leaves (Rg,r2,0,11) unvaried. Using again (Pg),, = 0, we then have that Hy is conjugated to
H; = Hian © ¢0 = ho + a®P1 + O(a?),

where

Py = _{v0,Po} =~ — ©%)(1 + cos 2352))-

L (e*— (o
2 52§ ( o (42
A further step of averaging defined by the time-one flow
¢1 : (Rla R27 qA)27 éa f27 f'27 @27 19) - (Rh R27 &)27 (:)7 f27 f27 @27 19)
of

— / o2(P; — (P1))

2 ]\42m2 Jr1 o2
— 0% cos?2
ey PR

4 rio]
M?
= +a? 28m2 ;15 (B3 — ©%)sin 2¢y
2

with (¢1),, = 0. As in the previous step, 11 is independent of (Ri,R2,?)) and, again rg, hence, ¢
leaves (Rg,r2,®,11) unvaried. Then H; is let into the form

Ho =Hio¢; =hy+ a2P2 + O(O&g),

where
M2m3 2 A A
Py = (P1)y, = — 24 2 214(3@2 — 03).
1595

Including also the term H,,q (left unvaried by this sequence of transformations) we finally have
that the Hamiltonian Hyeq in (2.22) is transformed into

~ R2 M2m2 M m 1”2
0= H, _ 2 @2 o222 2 3y 29
sotodi=, e s 5307 = 8D) +0(). (229

Let now
G, 5,20 2?@) e R3 x R? x R x R3
be related to (Cg,G Rl,Rg,q)g,G ¢, g,rl,rg,wg,ﬁ) via relations analogue to (2.11)-(2.12), i.e
(9,2) = ¢~ 1(C3, G, R1, Ry, $4,0,¢, g,rl,rg,g02,19) with ¢! as in (2.10) and let (A,f\,i) be defined
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via (§,2) = ¢(A, N, 2), with ¢ as in (2.8). In the variables (A, A, ), the he Hamiltonian (2.23) takes
the form

2,3 2 ;2
- Mym; o M3Zmj 12 .

H:=Ho¢p log= L= 302 — $2),
¢ o9 22 2maid 2 @3‘( 2)

where © = C@ . 2§, = [20)|, &, = |C(2 |, with C® = 2® x §® have to be regarded as functions
of (AN, 2). A further Ao-averaging, a?-close to the identity
o (AAZ) — (AA2)

transforms H into

G fog_ _Mimi o5 PPN MZm3 T2~y o~y 1 [ dAg
—Ho 272 _Q’P(AANLZ), P(AALZ):= 272 1(30% — 2 / 2.24
¢ 21\% a ( 5 17Z)7 ( 5 1,Z) 4 @‘21( 2)271' A%’ ( )

where © = C® .20, 1, = 20|, &, = |C@ \ have to be regarded as functions of (A, A, 7). Note that

we have used that © = C® .2 7, = |21, &y = |C@| are independent of 2. By construction,
the overall change

55_10¢o¢00¢10¢_1055: (K7/X7/Z\) _>(A7)\7Z)

is symplectic, a-close to the identity and puts the Hamiltonian H in (2.20) into the form claimed in
Lemma 3. By the uniqueness claimed by this theorem, in comparison with the result of Lemma 4,

we have that ﬁ(ﬁ,?\l,ﬁ) in (2.24) satisfies
A M2 =2 &2 N
2P(R,3,7) = —a2 2R T (350 _ G2y / df; = 2MymsPO (R, A1,7) + O(a®),
4 q>4 27 r5

where P(M) is as in (2.19) (and, as above, (:), <T>2, T: and T are regarded as functions of

Al, Ag,Al,Ag,E . is formula is (2.9), neglecting 1. In particular, it proves the secon
Ap, Ao, Ap A This formul 2.9 1 o JpdAy. T 1 h d
item in Remark 1 and implies (2.9). O

2.5. Proof of Proposition 1
We shall need definitions and a result from [15], to which paper we refer for notations and details.
Let, as in [15], 73 P?I?S C R3" x R3" denote the respective domains of the maps

op: (y,x) € P — (AN 2) €ER® X T x R¥™, et (y,2) € PE —

o — (A A, z) €R™ X T x RY

between “Cartesian” and, respectively, Poincaré, RPS variables. Consider the common domain of
¢p and ¢yps, i.e. the set 776” NP, On the ¢yps-image of such domain consider the symplectic map

rps
qbrps : (Av )‘7 Z) - (Av }\7 Z) = ¢P © ¢r_pls (225)

which maps the RPS variables onto the Poincaré variables. Such a map has a particularly simple
structure:

Theorem 5 ([15]). The symplectic map ¢p° in (2.25) has the form
A=A+ p(A,2) z=2Z(A, z), (2.26)

where @(A,0) =0 and, for any fized A, the map Z(A,-) is 1:1, symplectic®® and its projections
verify

2 =1+ 0(|2]%), IeZ = £+ O(2°), T2 = Vp+ O(2*), g2 = Vq + O(|z)
for some V =V(A) € SO(n).

38)]e., it preserves the two form dn A d¢ + dp A dq.
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Now we proceed to prove Proposition 1. Consider the inverse maps

r_pls : (AN 2) € Mfgs (yrpS(Aa A, 2), Lrps (AN, Z))
op' s (AAz) € MP — (yp(AA2),2p (AN, 2))

Wlth Mf{}s i= rps(POL), ME = s (PE"). Let yg))s € R3, -+ be the i'" projection of Yyps, -+ -;

rps

, to be defined by

Yrps = (ygg? yﬁgg)

Let, finally,
@ 1 3(xp (M A, 2) - 2 (A Ay, 2)? — [ (A A, 2) L) (AL A, 2) 2
a?j(fij )P — 2/ AN d P IAYR) P ) ]7( ’ P IEAYE)

(27T) Q‘IEP (A,)\j,Z)‘

and??)

(4) , ()

a?j(fi(f))rps — 21 2/ d)\‘d)\j3(mrpS(A’ Aiy 2) - Trps(A, )‘]7z)) |xrp5(A Ai 2)]? ‘mrpS(A )‘Jaz)|

(2m) 2029L(A, A, 2)]

We shall use the following properties, easily deducible from [15]:

(i) For 1 <i<n, yg))s, I‘EQS depend on A only via \;. Analogously, yg ), acg) depend on A only via

A;. In particular yg), mg) depend on A only via A; and depend on z only via z;, but this will

not be used.
(ii) For any 1 < < j < n, the map
(AivAjv)\iv)\jvziyzj) - (yg)(A7A27Z)7ylg)(A7A]7 ) (Z)(A )\Zyz) (])(A A]7 )) (227)

satisfies assumptions (A) and (B) of Proposition 2. Note that, unless we are in the case n = 2,
this is not true for the map

(Aa )‘27)‘]7*2) - (yI(‘}Z))S(A7 >\Zyz) yglj))s(Av )‘]72) 1(“;)5(A )‘sz) Ep)s(A >‘Jv )) (228)

In particular, both (2.27) and (2.28) satisfy assumption (A) (for any n and any 1 < i < j < n),
but assumption (B) fails for (2.28) (when n > 2).

(iii) Letting C( )S = mgp)s X yﬁp)s and, analogously, C() = a;g) X yg), then, for any 1 <1i < n, C%)s

does not depend on A; and, analogously, C%,) does not depend on A;. This is because, as
remarked in (ii), both (2.27) and (2.28) satisfy (A).

By the previous items, may apply Proposition 2 to the map (2.27). We find
Mjm?

o (e ) ==
1 ' i i j
QW/T(g(cg)(A,z).xQ(A,)\i,z))?—\mQ(A,AZ-,Z)P\cg)(/\,)\j,z)\?)dxi

X .
(AN, 7))
1 / d\;
X .
21 J1 |2 (A, Ay, 2) 2

Letting now z = Z(A, z) and changing the integration variables A\; = \; + ¢;(A, z) with Z, ¢ as
n (2.26) we have the thesis. U

39) As observed in footnote 36, the map (17;1)15 depends explicitly on (pn, gn), while SO(3)-invariant expressions, such
as the right hand side of the formula below, do not.
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3. PROOF OF THEOREM A

In this section, we aim to prove Theorem A. The preliminaries are as follows.

(i)

In the case of spatial three-body problem, let
Hap = hep(A) + pfan (A, A, 2) (3.1)

the Hamiltonian H.,ps in (1.14) for n = 2. Here, a; have to be regarded as functions of A,
via

1A\
)= () (32)
Let
A: a_<a; <aas <ay. (3.3)
Let fi(f) be as in (2.3); then split
(f3b(A7 A75))av =N + N (34)
with
= (Fn (A0 ) + (fan(A AP, N o= —mymy > f) (3.5)
=3

where (f3p(A, A, Z))g‘),) does not depend on z, (f3p(A, A, Z))g%,) corresponds to (fav)g%) in (1.19)
for this case. As we shall discuss in Claim 4, N is integrable and, due to the choice of A, N
verifies |[N| < const 3.

In the case of the planar (1 4+ n)-body problem, let
le = hKep(A) + :ufpl(Aa A Zpl)

the Hamiltonian H,ps in (1.14), with (p,¢) = 0. Assume the following asymptotics for semi-
axes. Fix three numbers 0 < a < a, a < Z Then take

Apl - aj<aj<a; 1<j<n (3.6)
(again with a; = a;j(A;) as in (3.2)) where

a; = QA1 a; = Q21 . _

a, :=a, ap:=a
with 1 < j < n — 1. Notice that this asymptotics requires that the a;’s are closer and closer
as j 1ncreases
By (2.1) and (2.3),
(for)av = Npi + Npl

with

Nt = (fo) + (f), Nyl Z M wa b1

1<i<j<n

where (fpl)g(‘),) does not depend on z, = (1,£), (fpl)av) is as in (1.22) and fij |p1 are as in (2.3),

in the planar case. As discussed in (1.22), (fp1) ;(1%,) is integrable and, moreover, due to the choice
of the a;, aj,

1<i<jsn g4

a? 1 a\?
[(fp)?] < const  max sup 5 | < const |«
a; a a
~ a} 1/ a\*
|Npi| < const  max sup 4 | < const « .
1<i<j<n 4 aj a a
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As for the proof for the three-body problem, we shall need some details from [16] and [15] (to which
papers we refer for proofs) that we recall in the following section.

3.1. Symmetries of the Partially Reduced System

The Hamiltonian (1.1) remains unvaried by reflections with respect to coordinate planes

{x1 = 3}, {x3 = 0} or rotations, for example, around the k(®-axis. These transformations are,
respectively,

@) () (i)) :

2 — (x5, =77, x5

(@) (%) (i))

R y(") - (_y2 y Y1, Y3

Lo
Ri: 20— G o), ), 40— (. o), )
Rg: 2 —Ry(g)a®, y — Rs(g) y@
where R3(g) denotes the matrix
cosg —sing 0
R3(9) == | sing cosg 0 | geT.
0 0 1

Note, in particular, that R; and R, are symplectic transformations, while R,_, is an involution.

The expressions of R,_,, R3 and R, in terms of the variables (1.13) turn out to be the same®?) as
in Poincaré variables. They are

R, (A, A, z) = (A, 5= A SlHTz); Ry (A, A, z) = (A, A, S?;lz)

(3.7)
R, (A, A, z) _ (A, At g, ng>
where
)

Sia(m&p,9) == (€,n,4,p)

S?;L(T]aéapa Q) = (77767 2 _q)

Sy (m +1i&5,p; + iqj) — (e_ig(m +i&5), e7(p; + iqj))
with i:= v/—1.

Since the Hamiltonian H,,s (1.14) is independent of (py,¢y), in the above transformations, we
may neglect this latter couple of variables and replaceV) z with Z in (3.7). In particular, the one-
parameter group {Rgy}ger defined by

7?'g: (Av A, Z, Do, Qn) - (Av Atyg, ngv DPns Qn) geT (3'8)
leaves H,ps unvaried. This group of transformations corresponds to be the time-g flow of
n n 2 2 n—1 o 2
G_Z;AZ-—Z;’2 ’—212 ‘ (3.9)
1= 1= 1=

which is the Euclidean length of the angular momentum (1.10): G = |C|, expressed in the
variables (1.13). Therefore, R, may be identified to be the group g-rotations about the C-axis.

40)Gee, for example [22].
*DRecall the definitions in (1.13)—(1.15).
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In view of such relations, amusing symmetries (discussed*?) in [16]) appear among the Taylor
coeflicients of the expansion of the perturbation f,,s and hence also of its averaged value (fips)av-
These symmetries are often referred to (for the classical Poincaré system (1.3)) as D’ Alembert

rules. To describe such relations, we switch®® to “Birkhoff coordinates”
ni —1& pj —igj o i+ i& . pj +ig;
w,; = s w - = s w, = X s w .= .
TR T e T2 A V2
with 1<i<n and 1 <j<n—1 and we regard (abusively) fips and (fips)av as functions of
(A, N, w, w*).
Claim 3 ([15, 16]).

(3.10)

(i) Rs-invariance implies that fips is even in (wyy1, - wop—1, W) 1, w3, ;) (equivalently, it
is even in (p, q));

(ii) Rg-invariance implies that, the only non-vanishing monomials appearing in the Taylor

expansion of (fips)ay in powers {w;, w}}igicon—1 are those with literal part w*w** for
which

Z (o —af) =0. (3.11)

Claim 3 and the independence of fg) on the argument of (72,&2) (see the Introduction) have the
following corollary. Let A be as in (3.3) and let M := A x T? x BE .

2 2
Claim 4. N (namely*?, fl(g)) is integrable. More precisely: (i) it depends on (12, £2) only via n2;§2 ;
(ii) one can find ¢y > 0 and a symplectic change of variables
(A7 5\7 5) - (A7 >\7 2)
defined on the phase space Mig = A x T? x Bfo of the form
d: A=A A=XA+¢A %), z=2Z(A%) (3.12)
defined for |%| < €y which transforms N into a new function N(A, %) depending only on ! 5 L

) (9 w2 ) - R B
T+ & and Pitdi . In particular, v preserves M+ & and e + Prtdi .

2 2 2 2 2
Proof. Since fl(g) is even in (p,q) = (p1,¢1) and has only monomials with as = af, Eq. (3.11)
with n = 2 implies that fl(g) is even in (n1,&1), (n2,&2) and (p1,q1) separately. Moreover, fl(? is
integrable?® . Let z = Z(A, %) the transformation (parametrized by A) verifying

2 2
> dni A dé +dpy Adgy =Y diji A dE; + dpy A diy
i=1 i=1
491n [16], Ry-invariance is called “rotation invariance”. Here, to avoid confusions, we reserve this name only to the
transformations (1.9).
B dn; A dé; = dw; A dw; and dp; A dg; = dwjin Adw]y,
“Recall that f{‘;) is independent of Zz.

~2 ) F2 2 2
45)To integrate fl(g), one can first reduce the integral Go := "1;‘51 + lequl via the change of variables

) ¥2 1 €2
m +i& = (Th +1&1)e°, p1+iqg = \/2(G0 —_ ;El )e'?

with go cyclic in f{? (but not in fsp). Note that this reduction does not cause singularities in fsp, since fsp is

even in (p1,q). Next, once fl(g) is reduced to one degree of freedom, its integration is trivial.
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such that N (A,2):=N o Z has the claimed properties. Then, it is standard to prove that

Z— ZV(A, Z) may be lifted to a transformation as in (3.12) (compare, for example, [16, Propo-
sition 7.3]). O

3.2. KAM Theory
In this section we complete the proof of Theorem A.

Let €, J) is as in Claim 4. For (A,)u\,,%) e M= AxT?x BS

€0?

define
Hapn(A, X, %) := Hgp 0 d(A, X, %)

o . (3.13)
= hKep(A) + Nf?;b(Aa 72)
where qzuﬁ is as in Claim 4. By Claim 4
(fab)av = N+ N (3.14)
where N depends only on ﬁ%f%, ﬁ%;ig’ P %;ﬂﬁ and
|N| < const a. (3.15)

To the system (3.13) and to the system M defined at the beginning of Section 3 (compare item
(ii)) we shall apply an abstract result (Theorem 6 below) that refines and generalizes Theorem 9;
see Remark 2. This is as follows.

Let ny, ng € N, B2 = {y € R?2 : |y| < €} denote the 2ny-ball of radius € and let
Pey 1=V x T™ x B2 (3.16)
where V' is a open, connected set of R™. Let

H(I,p,p,q;p) := Ho(I) + uP(I,0,p,q; 1) (3.17)

be real-analytic on P, and such that

(i) wo := 0Hy is a real-analytic diffeomorphism of V;

.. 1

(ii) the average Pu (I, p,q;p) = / P(I,¢,p,q; 1)de has the form
(2m)™ Jpm

Pay(I,p,q; py ) = N(I, J; 1) + N(I,p, g; ), where

2, 2
_ (P1t4]
J_( 5

) )

2 2
PrgtTqn, \ .
o 2) and supy, gan, [N| < K;

(iii) the Hessians 67 Hy 8?’JN(I, J; ) do not vanish, respectively, on V', V' x B?O”?

Theorem 6. Under the previous assumptions, one can find positive numbers Cl, [ix, Ky, €1 < €
depending only on H and €y and an integer B depending only on ny, no, such that, for
1 < g [8] < K, ul < (log ™) (3.18)

a set KK C Pe, exists, formed by the union of H-invariant n-dimensional tori, on which the H -
motion is analytically conjugated to linear Diophantine quasi-periodic motions. The set K is of
positive Liouville—Lebesque measure and satisfies

meas K > (1 — C.(Yp(log s~ 1)P + \//1)> meas P, . (3.19)
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Remark 2. Theorem 6 generalizes and refines Theorem 9: to obtain Theorem 9 from Theorem 6
it is sufficient to take k = p. In this case condition (3.18) becomes just a smallness condition on g

(as inTheorem 9) and, by (3.19), K fills P, up to a set of density (1 — Cu®) with any 0 < a < i

This should be compared with the measure estimate given in Theorem 9, where a ~ Tll

The proof of Theorem 6 is completely analogous to the proof of [12, Theorem 1.4] and hence is
only sketched in Appendix C.

We can now conclude the
Proof of Theorem A.

(i) In the case of the spatial three-body problem, apply Theorem 6 to 7'u£3b = Hgp 0 (;Vb (where (;Vb
is as in (3.12)), hence, with

n=2 ny=3 V=A k=consta®, N=N
where A is as in (3.3), N as in (3.14) and €y as in Claim 4.
(i) In the case of the planar (1 4 n)-body problem with n > 3, apply Theorem 6 with
ni=n, ng=n, V=A,, k= const a’, N= Ny,

where Ay is as in (3.6), @ := o and €y so small to avoid collisions. O

4. PROOF OF THEOREM B

In this section, we shall prove the following theorem, which is a more detailed statement of
Theorem B. Let

Hpisb = hikep + 1fplsb := H3blpi—=q1=0 (4.1)
and denote as
M8plgb oam <ar(M) <aas(A2) Saay, €< |z <e<E A, eT (4.2)
its eight-dimensional phase space, where a;(A;) are as in (3.2). Here, Hgp is as in (3.1) and
zpl = (11,12, €1, 2)-

Theorem 7. There exists positive numbers €,

a, fi, B, 7, K, a, b, ¢, d such that, if
0<a<a 0<p<p, uéé(loge_l)_ﬂ_
one can find a an open set ./\;118313b C M18)13b defined by the following inequalities for the Keplerian

frequencies wkep = 0 hiep

v 7
e k| = Y- Vk: O<|kh <K
e K = VY o
with
K = K, log(e™ 1) (4.3)
such that for the Hpyizp-flow starting from M§>13b the following holds. This flow is symplectically

conjugated, via a {,ul/m, €2} -close to the identity transformation ¢ to a flow
t— (A (1), Ao (1), 71 (1), 712 (8), &1 (1), E2(1))

Ty . T e L
such that, letting t;(t) :== "~ , then, fori=1, 2,

1Rs(t) — Ai(0)] < 07, [Ei(t) — E(0)] <8 VO<t<
with § = ,uge.
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For part of the proof, we shall deal with the spatial system Hgp in (3.1). Next (in Section 4.4),
letting p1 = ¢1 = 0, we shall reduce to the planar system Hy3p, in (4.1).

Proof Step 0. Let us denote again as (;VS a suitable symplectic transformation, whose existence is
guaranteed by [16, 38], that conjugates Hsp, to a Hamiltonian Hsp, having the same form as the one
in (3.13)-(3.15), but with N + N in Birkhoff normal form up to order 2m, with possibly smaller A
of the form of (3.3), €o. In the domain (4.2), ¢ is e2-close to the identity.

4.1. Step 1: The Birkhoff Normal Form of Order Six

In this section, we aim to compute the Birkhoff normal form of order six if the three-body
problem (planar and spatial).
Let
i = i _i£i7 . 771'-1-%&'7 . p1 _iqul7 G P +%QI. (4.4)
V2 V/2i V2 V2i

We shall show that, if ¢; := iu a7, to 1= itugus, t3 := i00%,

Claim 5. The Birkhoff normal form of order six of (fsp)ay is given by (1.18).

Note that the (1 -+ O(ﬁ;))—factor in (1.18) has not been written for simplicity (it is available
from below).

Proof. By Claim 4, the proof of (1.18) amounts to compute the Birkhoff normal form of order six
mi1mso

3
of N in (3.5), up to an error of order Z‘ll‘ The constant term fl(g) in (3.5) contributes with —"

2

to (1.18). We check that the Birkhoff normal form of fl(g) is corresponds to what remains in (1.18).

Recalling the definition of fl(g) in (2.5) and the formulae in (1.21), (1.22) and (1.23), we have that
the explicit formula of (2.6) in terms of RPS variables is

2

fl(g) = 4(:;13 (1 + 3w ules — 3ivv*s? — 9(iuyul) (ivv*)s’e?
2 (4.5)
15, N o
=) (@D + ()2} )1,

where €1, 5, f are suitable functions of iujuj, iugu} and ivv* (see Appendix B for more details).
Here we shall need only the first terms of their respective Taylor expansions, which are

2 _ 1 iwug
PTA 0 2A2
1 1 iuguy  iugul 1 1 1
2 _ 1% 2U2 sk
5 —A1+A2—|— A% A% <4A%+4A§+A1A2>wv
+ G+ LG (b ) Gune) ov) (4.6)
A3 A3 A2Ay  2A3 '

- ! + L (iugus) (vv*) + ! + ! (ivv*)? +
AAZ T 2A3 ) VTR AN AZ T AA2A,

o 1+3iu2u§ 46 iuguj 2+10 iuguj 3+
- A2 A2 A2

Since fl(g) depends on (uz,u3) only via iuguj, this “action” (besides being preserved by the
transformation ¢ in (3.12)) is also preserved at any step of Birkhoff normalization. Since the
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factor f in (4.5) depends only on iugu} (see Appendix B), we may leave such factor aside and look
separately at the term inside parentheses

15

F =1+ 3iwuiées — 3ivv*s® — 9(iuu}) (ivv*)s’es — 5 ((u})?v? + (v*)*u?)efs.

Using this expression and (4.6), we see that the coefficients of iuju} and ivo* (“first order Birkhoff
invariants”), are, respectively, given by46)

3 1 1
Qu1_A17 QU—_3<A1+A2>'
Letting

15 15 1

fi= =) (@) + @) ud)els”, pi= (O — ) ((w)?o? — (v*)*u})els?,

one sees that the first step of Birkhoff normalization is obtained transforming F with the time-one
flow of ¢. Then F is transformed into

1
Fi := 1+ 3iugulés — 3ivv*s? — 9(iujuf) (ivv*)s’er + 2{(;5, f}+0(6).

where o(6) stands for an expression starting with degree seven in (uy, v, uf, v*). The Birkhoff normal
form of order six of F, obtained with a further step of Birkhoff normalization, is then

1
Fo := 1+ 3iuguié? — 3ivv*s? — 9(iugu}) (ivv*)s?ed + 2H{¢>, f}+o(6). (4.7)

where %H{qﬁ, f} is obtained picking up normal terms*”) of %{gb, f}. But,

25

2 (Q 1_97,)((1“1“9““”)2 — (iuyu})?(ivv))s'et (4.8)

6.7} =

where it is enough to replace 5, é; with their respective lowest order terms in (4.6).
In view of (4.5), (4.6), (4.7) and (4.8), we have that (1.18) follows. O

4.2. Step 2: Full Reduction of the SO(3)-symmetry

The next step is to reduce completely the SO(3)-symmetry from the system Hsp. Recall the

definition of A in (3.3), ¢y as in Claim 4.
Since the procedure we follow is analogue*® to the one in [16, Section 9], we shall skip some
detail and refer to [16, Section 9] for complete information. We switch to a new set of symplectic

. P W WP P .49
variables (A1, A2, G, U2, U2, A1, A2, g, U5, uj) defined via )
Ai = Ai ’Lubg = fbgelg ’Lu)g = @2619
ANi=XN+g ’LULE = ’LALEG_IQ ’Lu)g = ’f)ge_lg

46)Note that we do not need to assume non-resonance of (€, ,2,) since N in (3.14) is integrable.

4DTe, monomials of the form (iuiuf)® (ivv*)?.

4®)The formulae in [16, Section 9] are a bit different from (4.9), since in [16, Section 9] we reduce the last couple
of variables, denoted as [16, (Prn—1,dn—1)] (corresponding to (P1,¢1) in our case), while in (4.9), we reduce the
first couple. This different choice has two reasons: (i) it provides simultaneously reduction in the planar and the
spatial problem and (ii) formulae are a bit simpler, since the term 3 does not appear in (1.18).

49 Analogue transformations were considered in [30].
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iy = \/02/2 — s — e
(4.9)
iz’l( = —i\/@2/2 — ig — t},e_ig

with iy, g, 0, 4%, U5, 0* defined as in (4.4), 0?/2 := Ay + Ay — G, ty := itin@i%, t3 := i00*. From the
last couple of definitions, one sees that G is just the function in®") (3.9) (with n = 2) and hence
its conjugated angle, §, is cyclic in the system. Let (ﬁg,ég), (P1,¢1) the real variables associated,
respectively, to (ug, u3), (v,v*) via (3.10) and 2 := (7j2, p1, €2, G1). Fix o« < €g. There follows from [16,
Remark 9.1-(iv)] that ¢ is well defined and symplectic in the domain defined by (A1, Ag, §) € T3
and
GeR, (A1,A2) € Ag = {(A1,A9) € A: 0 <0, < oA, G) <eo},  [2] < 0
As usual, being ¢ cyclic, we regard G as an external fixed parameter so as to have a reduced
(four-dimensional) phase space for the variables (A, A, 2).
Let

IF[G = 7:23b o (;AS = hKep + NfG(Aa 5‘7 2) (410)
denote the fully reduced system (where Hsp, is as in Claim 4) on the phase space
ME = Ag x T? x B} . (4.11)

We may assume that the function N + N, where N := N o ¢ and N := N o ¢, is again in Birkhoff
normal form of order 2m. If not, proceeding as in [15, Proof of Proposition 5.1], one can find a
e2m+1_close to the identity symplectic transformation ¢ such that N’ + N := (N + N)o¢ is so.
In the following statement, replace eventually (;AS, N and N with, respectively, <;3’ = <;A$o &, N’ , N'.

Proposition 4. The system (4.10)—(4.11) verifies
(fG)av = N + N

where N + N is in Birkhoff normal form of order 2m, |N| < consta®. Moreover, the first three
orders ofN are given by

= = 2

S mime  _ _  af 1 1) . 2 1\ .

N = — — 1— — fo — {
as m1m24a§<< 3<A1 A2> 2 3<A1+A2 3

2 72 - 72

_ _ a]_ 3t2 t2t3 t3

— — 9 12

m1m24ag< anz TV a2 TR

9 3 105 #3f5 315,42 105 i3 A

-0 - 20— 29— S 1+0( ) +0(0%

2A2h, 4 AP 4 A3 2 A3

+ O(|t|7/2)>.

(4.12)

Proof. The term N is easily computed from (1.18) and (4.9), which amounts to replace, in (1.18)

. . 2
tl = 9 —t2—t3, t2:t2, t3:t3.

We then find (4.12). O

50) As discussed in [16, Proposition 7.3] any step of Birkhoff normalization commutes with R, in (3.8), the the time-g
flow of G in (3.9); equivalently, it preserves G.
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4.3. Step 3: Averaging Fast Angles

In the next step we introduce, on a suitable phase space
8 — ~
Mg =D xT*x B! , C Mg, (4.13)
(where /\;18G is as in (4.11); €1 < g4 will be arbitrary) a new system
HG = hKep(A) + N(N(Av Z) + N*(Aa Z)) + NfG(A7 )‘7 Z) (414)

where N is as in the previous sections, N, (as well as N ) depends only on t; = iujuj, te = iuguj,
t3 = ivv* and is suitably small and f is suitably small.
Lemma 5. There exist positive numbers M pg, so, depending only of hkep and fs, in (1.14) such

that, for any given m € N, one can find 7y, ax, pis, C (depending only on m, €y, so) such that for
any 1, o, ¥ >0, 7>2, K> S?), verifying 0 < a < ay, 0 < < iy,

ey (4.15)

Nl =2

7 = pemax{ypK™ Ypa KT p= o

an open set D C Ag with
meas (AG \ D) < Cymeas Ag
defined by the following inequalities for the Keplerian frequencies wiep := 0\ hiep
f7
i
such that for any positive number e, < o, a real-analytic transformation®)

¢: (M N2) € Dpjig x T2 4 X B 1y — (A, 2) € (Ag)y, x T2, x Bj,

|wkep - K| Vk: 0< |k < K

exists, which is {”R;(;H), ”elli/S;T+l)} -close to the identity and lets the Hamiltonian (4.10)—(4.11)

into He = He o ¢ as in (4.14) with N as in Proposition 4, N, in Birkhoff normal form of order

m, with Birkhoff invariants * K;T " close to 0 and
ol < Cpmax{e=Ka0/0 gmtiy, (4.16)

The proof of Lemma 5 uses analogue techniques as the ones in [12, Theorem 1.4], therefore
we shall only sketch it briefly, referring the reader to [12] for more details. It relies on Normal
Form (Averaging52)) Theory for properly-degenerate systems and the classical Birkhoff theory (see,
e.g., [23]). As for Normal form theory, we refer to the theory developed in [7] (see also [12]), which,
in turn, generalizes ideas and techniques of [39] to the degenerate case. For information on Normal
Form theory, see [5, 7, 12, 33, 39] and references therein.

Sketch of proof of Lemma 5. We shall describe only how to change the proof of [12, Theorem 1.4]
in order to obtain the proof of Lemma 5. We refer, in particular, to [12, Steps 1-4 in the proof of
Theorem 1.4]. First of all, choice, in [12, Steps 1-4 in the proof of Theorem 1.4],

n=2 mny=2 V=Ag k=0° e:=0, H:=MHg
h=hkep, Puw=N+N, P:=ufq,

SD'We refer to [39] for (now, standard) notations of the kind A,, or T%, where A is a subset of the reals and p, s
are positive numbers.

%2)Sometimes distinction between “Normal Form” and “Averaging” Theory is made, depending on the strength
of the remainder. For an exponentially small remainder, as in [7, 33, 39], “Normal Form” Theory is often used
(after [39]); for a quadratically-small remainder, “Averaging” Theory is used, after [5]. Normal form Theory is
obtained with suitably many steps of averaging.
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I = (A17A2)7 P = (5‘175‘2)7 D= (’f/%ﬁl)a q = (é2a(jl)

3 a2 (1 1 2 1 a}
Q:= mnm ! 1.
4m1m2 Al <A1 A27 A1 * A2> + O <a‘21>
Next, modify [12, Steps 1-4 in the proof of Theorem 1.4] as follows.

In [12, Step 1], neglect [12, Eq. (36)], so as to “leave K free” and hence replace loge !

with 33K wherever it appears (ie., [12, Egs. (41), (42), (43)]). Neglect the second line in [12,
Eq. (40)]. At the end of [12, Step 1, 2, 3, 4], in the definition of H, H, H, H, respectively,
replace €® with e #%0/6 At the beginning of [12, Step 2, 3, 4], in the definition of, respectively,
o, 0, , replace € with ¢ <. In [12, Step 2] replace “N also has a p(loge )2 152 close-
to-0 elliptic equilibrium point” with “N also has a /LK2T+1’ ~2_close-to-0 elliptic equilibrium
point”. Replace®® [12, Eqs. (43), (44), (45), (46)] with, respectively: (43): |5 — |, | —q| <

CHEE e = gl < Cmax { AT ma K a5 - g, Jg— ) < Cmax{* Y, Jp -
Bl < Cmax{"T5 ) @as): 0- 0l [RI< O and (46): [l la—ql <O
| — ¢l < CH4 53{_:33 , by suitably modifying the proofs below. Moreover replace Equation just
before [12, Eq. 45] with®%) N(I,p,uq)u:: No¢ =N + R (where N is as in (4.12)) and replace the last
line in [12, Step 4] with “where N(I,7) is a polynomial of degree m in (In, 11, ,In,)". Lemma 5
follows, with N, := N — N and fg := (e K50/6p 4 O(&2m+1)). O

We then apply Lemma 5 to the system (4.10)—(4.11) with K as in (4.3), with €, o replaced by
€1, o and

¥ =Y/ KT, (4.17)

where 7, is as in (4.15). By the thesis of Lemma 5, we conjugate Hg in (4.10)~(4.11) to Hg
n (4.13)-(4.14), with fs satisfying (4.16), via a symplectic transformation which, by the choice of
7 in (4.17), is p'/12-close to the identity.

4.4. Step 4: Nehorosev Theory

We apply Nehorosev Theory (i.e., Theorem 11) to the system H¢ in (4.13)—(4.14), in the planar
case, i.e., with t4 = 0.

For information on the tools that are used, compare [32-34] and Appendix D.

In applying Theorem 11, we shall take

nm=3, n=0 V=D, B*:= Bﬁ‘l/S, p:=min{p/16, s9/48, €1 /8}
Ho(A1, Az, t1) = hiep(A1, Ag) + p(N + N (Ar, Az t), Po= pfg (4.18)
where p, so and €; are as in Lemma 5

We have to check® steepness of Ho(A1, Az, t;) and the smallness condition (D.1) of P. The first
check is provided by the following claim.

Claim 6. The function Hy in (4.18) is (g, m, Cy,Ca, a1, ag, 41, 62)-steep, with
g = g, m = m, a; = ai, 51 = min{\/oz*, 6%}5@, OZ = ,uozié’i (4.19)
where (g, m, Cy,Co, 81, 62,01, 52) suitable numbers independent of ., u, €.

)n [12, Eq (45)] pe should be replaced by . This does not affect the thesis of [12, Theorem 1.4].
) The symbol N used in [12] is here replaced with A, to avoid confusions with (4.12).
%) Recall that, for ns = 0, as it is in our case, condition (D.2) is void; see Appendix D.

REGULAR AND CHAOTIC DYNAMICS Vol. 18 No. 6 2013



ASPECTS OF THE PLANETARY BIRKHOFF NORMAL FORM 897

Proof. We take, in (4.12), t3 = 0. The system has three degrees of freedom. We firstly prove
steepness for a suitable “rescaled” system associated to F. That is, if Ny := —m}l’j’Q is as in (4.12)

and N; := N — NO we consider the system
Fresc(A1, Az, o) := mimoau (h( (m1y/moasdy) + 52hKep(A2) + 1tNo(A2)

A ) (4.20)
+ pBs(N1 + No) (mav/moasAq, Ag, 61752))
with ay, €1 as in Lemma 5
= a*_3/2, = ,u_la;?’el_z. (4.21)

We check that Fies is steep by verifying the three-jet condition: See Appendix D. The three-jet
condition (D.5) for the system (4.20) is (neglecting mixed terms, which are smaller)

3y
[0+ 202 (0320 + e’y (o =0
mq ai 1m2 a1
n+ mzﬂwf(A )’ —Bsa*uei*4 ( )3775 =0 (4.22)

3, (M1g, 5/2.01 5/2))3 6 9 my G175 3
+ . 5 + a* 0

Usl (m2) Baov (az) Bs M€116m0(a2) 3 =
where we have used m; = m; + O(u), M; = mo + O(p) and neglected higher order terms going
to zero with u, €1, a,. If we eliminate 771 from the first and the second equation and from the
first and the third equation, we obtain a homogeneous system of two equations in (n2,73) that,
in view of (4.21), generically, the has only solution 79 = 13 = 0, implying that also n; = 0. This
implies that the function Fyes (4.20) is (2g,7/2, Cy,Cy, a1, a9, 01, d2)-steep with suitable values of
(g, m, Cy, Cy, a1, 42,01, d2) which are of order 1 in p, o, €. This readily implies that F in (4.18) is
(g,m,C1, Cy, a1, 02,01, 62)-steep, with (g,m,C1, Ca, a1, 02,01,02) as in (4.19). Ol

Remark 3. In the case of the spatial three-body problem, instead of (4.22), we would have

( 3/2 ap 3/2 2 3 3mo (a1 3 2 3 3my (a 3
m+ Paoi " | . ne+ Bserap | ) m3tBeefagu, T ) m=0
as 4 mo \ a2 2 mop \ a2

_ A\ 2 3 _ A\ 3
my ai 1me (ay 3my (ay

+ _ Ball — Baetaldpy i 3+ Bsetodpul () mzma
Mo Qs 4 as 2mo \ a2

_ A\ 3
mo [ a1
+ 2ﬁ36%ai’um0 (A > m =0

as
N L\ 5/2 LN T/2 .\ 3
mi 5/2 ( a1 9 ’I’)’Ll al 105m2 al
ni”+<m2> Baa <d2> 3 + BacSal u?mm <2> 3 + Baelaip 2 <&2> 1374
315 ms (a1 )° 105ms [a1\°
3 2 1 3 2 1 3
=0
+ Baelad 39 m <d2> nsn; + Baetady 16 iy <d2> N

It is not clear to the author if this system exhibits non-trivial solutions, so the analysis of this case
is deferred to a subsequent paper.

We can now complete the
Proof of Theorem 7. It remains only to check condition (D.1), with P, p as in (4.18). In view
of (D.3), (D.4), (4.19) and the choice of 7 in (4.17), we have p > p, min{e;, ¥p} and hence

M, > min{(po?)?,p%} > © min{(pa?)?, ¢, p?}

M
A

_ q c
> . 2\q 9 < ’Yt > q/4} > * . { 2\q q}
pmm{(ﬂa*) €15 i 12 p min (/LOé*) ) €1
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for some ¢ > 1 > ¢, depending only on nq, no, a;, as. Noticing that (4.16) and Cauchy inequality
imply

M :=sup |0P| = psup|0fq| < C"Z max{e_Kso/G, e2mty

one sees that condition (D.1) is met, provided one previously fixes, in Lemma 5, 2m + 1 > ¢, K as

in (4.3), with a suitable K, and takes ¢; < (z )1/ @A) (14a2)2/(2m+1)  The thesis then follows, with

a, € replaced by o, €1 and(ﬁ::qgoqgoﬁboﬁg_l- =

APPENDIX A. THE FUNDAMENTAL THEOREM AND ANOTHER
RESULT IN ARNOLD’S 1963 PAPER

Here we recall two theorems in [5]. The former is named the “Fundamental Theorem” in [5] and
is as follows.
Recall the definition of P, in (3.16).

Theorem 8 (V.I. Arnold, [5, p. 143]). Consider a Hamiltonian of the form
H(Iv @,p,Q) = HO(I) +MP(I> ¥ D, q)

which is real-analytic on Pe, where V-.C R™ is open and connected, B?O”2 C R?™ s a ball of radius
eo around the origin and T := R/(2rZ). Assume that

(i) I € V — 0rHy is a diffeomorphism;
(ii) Ry is in Birkhoff normal form®) of order 6;

(iii) the matriz B of the “second order Birkhoff invariants”: is not singular: |det 3| #0 on V.
Then, there exists g > 0 such that, for
0 <e<ep, 0<p<é, (A.1)
one can find a set K, e C Pe C Pey, with
meas ICp e > (1 — '0(m+n2)) meas P,

formed by the union of H-invariant (ny + ng)-dimensional tori on which the H-motion is analyti-

cally conjugated to linear Diophantine®™ quasi-periodic motions.
The latter is less general, but used in [5] to prove Theorem 2.

Theorem 9 (V.I. Arnold, [5, Ch. I, Section 8, p. 107]). Under the same assumptions as in
Theorem 8, but replacing (ii), (iii) and (A.1) with

(i1)" P,y has the form
~ 2, 2 2 2 ~
Pav(Iapv Q) = N(I> J) + N(vav Q) where J = <p1;q1 L) an;qn2> and N = O(M);
(iii) the Hessian 8(217J)N is non-singular: det 8(217J)N #0 onV x B2
and condition (A.1) with condition
| < s
one can find a set K, C Pe,, with
meas IC;, > (1 — p®) meas P,

(where a decreases with nq + ne) having the same properties as the set K¢ of Theorem 8.
%) We refer to [23] for information on Birkhoff Theory.

)] e., the flow is conjugated to the Kronecker flow § € T "2 — 0+ wt € T™ "2 with w € R"'*"2 satisfying
|w- k| = ~|k|; T for all k # 0, for suitable v, 7 > 0.
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APPENDIX B. PROOF OF (1.22), (1.23) AND (4.5)

The formulae in (1.22) and (1.23) are a consequence of Proposition 1 and the formulae developed
n [16, 38] (see, e.g., [16, Appendix A]). Indeed, from such papers there results that, if
1 /A2 2 4 g2 2 4 2\ 2
a; = ), = mEEE (T =: 2lu;ulée?
Gi: G —e;sing =\ + arg(m;, &)
_ 2A1 + 2A, - 2uguy — Qil.tgug - ivv*’ . \/2E(1 o)
4(A1 — iuguy) (A — iugul)

then, the expressions of C?) .z |C@)| r; = [zM| and ry = [z(?| in terms of the RPS variables
are

c® .z = ((ﬂlv* — )M + (a0 + a{v)$(2)))§|0(2)|

|C(2)| = Ao — iugus, |a:(i)| = a;(1 — e; cos ;)

2 2
o._ 1 (A _ o._ 1 (A 2
TS g <m1> (cos(1 —er1), xy = M <m1 \/1 e7sin (q

Sy n;i —i&; o ni +1&;

= . = 9 U; = . = ’
Viugut \/2\/772,2 + €2 Viuiu \/Zi\/m2 + &2

with

Then we have
(€M) = (0t (@) + (@87)%) + (@) + @)ad) (@1)) = (@3))
+2i((a})%? - () a7)al Yl )% O
and hence, taking the Aj-average (recall the relation dAy = (1 — e cos (2)d(2)

1
/(0(2) caM)2dN = (ivv*a%(l + 5 el
T

5 a?e? \_
o , &2 ((u{)2v2+(v*)2u%) 114 )52|C(2)|2' (B.1)

)+ 2 2iuguy

Here, we have used

1 (1)y2 (1)\2 _1/2_1/2_ 3
27T/T((m1 )"+ (2 ))d)\l— o Trl— o 11‘al(l eq cos (1)°d¢y

3
=ai(l1+ _e})

2
1
27T/T((ac§1))2 (@ (1)) Jd\ = 7T/ngl(a%(cos2<1+e%
)
+e3sin? ¢ — 2eq cos (1) (1 — e; cos G)) = Za%e%

1
/ :rgl):rgl)d)\l / aj \/1 (cos¢1 —e1)(1 — e cos(q)sin(1d(; = 0.
2 T

Note that (B 1) implies (1.23). In turn, (1.22) for n =2 and (1.23) give (4.5), with f:=

f’]I‘ (1 9 1 . d
1 Z:(;S = i e . (recall the relation dAg = (1 — ey cos (2)d(s and use 217T fT (1_624;05 0=
T 2A4 T 2A,

1 — 1 )
V/1-e3 1—"52;55 '
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APPENDIX C. PROOF OF THEOREM 6

58)

Theorem 6 is an easy consequence’®’ of the following more technical statement.

Theorem 10. Under the same notations and assumptions as in Theorem 6, one can find v, Ci
such that, for any ey, one can find positive numbers €1 < €y, px and o such that, for any o, p, ¥1,

Yo, 7 verifying
laf <ou, [pl <pse, w2 <M
and
Ve /p(log a™ )T <5 <
Y« Max {a2, \/“(logg_l)TH } <71 < Vx
7s max {o?(log (y1%/a%))™*,

\/N(log a_l)T+17 ! (log (M(logajll)zrﬂry—z)) } <72 < %63,

where T > n :=nj + ng, then, one can find a set K C P formed by the union of H-invariant n-
dimensional tori, on which the H-motion is analytically conjugated to linear Diophantine quasi-
periodic motions. The set IC is of positive measure and satisfies

A

meas K > [1—0(@4—714- ;—l-am)] meas P, .
€0

Furthermore, the flow on each H-invariant torus in KC is analytically conjugated to a translation
P € T — 2 + wt € T™ with Diophantine frequencies.

This result is a slight modification of [12, Theorem 1.4] (which, in turn, had been obtained
in [38]). Then here we briefly sketch its proof, describing only the necessary changes with respect
to [12, Proof of Theorem 1.4] and referring the reader to that paper for more details.

To proceed, we need to recall

— the definition of “two velocities” Diophantine vector®® in [12, Eq. (19)];
— the functional setting and notations described at the beginning of [12, Section 2];
— the “averaging (iterative) Theorem” [12, Lemma A.1];

— the “two-scale KAM Theorem” [12, Proposition 3].

Sketch of proof of Theorem 10. Let po, sg, €p (possibly with a smaller value of €y) be positive
numbers such that H in (3.17) has analytic extension on the complex set

2
Pro,soc0 = Vpo X T?Ol X BE(?z-
Take three numbers 7, v1, v2 = e verifying (C.1) and p7ys < 71, where v, is some large number,
depending only on n1, ne, to be chosen below.

As in [12, Proof of Theorem 1.4, Step 1], start with removing, in H, the dependence on ¢ up
to high orders. But, at difference with [12, Proof of Theorem 1.4, Step 1], apply [12, Lemma A.1]

58)To obtain Theorem 6 from Theorem 10, it is sufficient to choose

~ —IyT 2 2 2 C
3=y /ploga™ )™y =y2 = yimax{a®, Yu} <5, C.:= o
0

) This is a suitable generalization of the standard definition of Diophantine numbers, introduced in [5].
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(instead of [12, Proposition 1]), with £; = nq, ¢, =0,m =ny h = Hy,g =0, f = uP, B= B’ = {0},
Ty =Tq =€, S = S0, Ppp = Pq = €0/3, 0 = s0/3, A = {0},

e /3 = i ie., K= 83 log k™7, (C.2)
0

A=D,r=p, p=p/3, where D, p are defined as in [12, (37)] By [12, (38)], and the choice of 7,
the following standard measure estimate holds

meas (V \ D) < Cey/p(log k1) meas V

where C' depends on the Cl-norm of Hy. Proceeding as [12, (39)] and the immediately following
formula, one sees that the “non-resonance” condition [12, (64)] on D, and the “smallness”
condition [12, (65)] are then verified, provided g is chosen small enough, because of the choice
of 4 and ~,. By the thesis of [12, Lemma A.1], we find a real-analytic symplectomorphism

55 : (Ia 2y (j) € W(ﬁ75())/378()/3 - (Iv ¥ P Q) € Wvo,so
where Wy, s, := Dy, X T2 x Be, (v = (po, €0)), and, by the choice of K in (C.2), H is transformed
into%?)

H:=Hod=h+ uP,y + uP (C.3)
= h+ uN + uN + pP '

where P,y = N 4+ N corresponds to g+ of [12, Lemma A.1], P corresponds to fy and hence, by the
choice of K in (C.2), the assumption on N and the thesis [12, (68)] of [12, Lemma A.1], one has
that the new perturbation uN + puP verifies

5 B 2t -
|’/J‘N+/J‘PHU()/3,S()/3 < CﬂmaX{ 7}/2 W, € s/ ’ "1}

2+l
gC’,umax{ 2 1y ;{},

In view of [12, (69)], the transformation ¢ verifies

(C.4)

(log %—1)7 ,u(log K_l)QT—H

Continue as in [12, Proof of Theorem 1.4, Step 5], but replacing the set in [12, (47)]. with the
set

- _ _ J
I—=1I], lp—p, l¢g—q <C

N

A= {JER”Q:p1<Ji<e%/9, 1<z’<n2} (C.5)
where p; < €2/9 will be fixed in the next step, on so as to maximize the measure of preserved tori.
Next define D as in [12, (48)] (but with A as in (C.5)) and

p:=min{p1, p/3}, s:=s0/3. (C.6)
Introduce the change of variables
(va) = ((Jh J2)7 (7[)1,?,/)2)) € Dp X T?1+n2 - (jvsavﬁv (j)
defined as in [12, (49)], but replacing “checks” with “bars”, This lets the Hamiltonian (C.3) into
H(J,) = Ho() + pN(J) + p(P + N), () € Dy x T

Next, analogously to [12, Proof of Theorem 1.4, Step 6], construct the Kolmogorov set and
estimate its measure via [12, Proposition 3].

1
(2m)™ Jgn
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To this end, fix 71 and 9 = p¥2, with 1, 49 satisfying u¥ys < v1 and (C.1). Let p; in(C.5)—(C.6)

be chosen so that
1 —1\7+1/2
p1=C1 maX{\/& Vil Ogﬁ_ )
5

with ¢; some large number depending only on nq, ny to be fixed below. Note that the needed
condition p; < €2/9 (compare the previous step; Eq. (C.5)) is satisfied for & < (eo/(3v/¢1))*
and®) 1 < v*(ep/(3v/¢1))%. The assumption that the frequency map w := d(Ho(Jy) + uN(J)) is

a diffeomorphism of D, is trivially satisfied. Moreover, the numbers M, M , M3 involved in [12,

Proposition 3] may be chosen as in [12, Proof of Theorem 1.4, Step 6], apart for FE, which is chosen
62)
as

E = Cmax{ur, K* 12572},
Then, we can take L as in [12, Proof of Theorem 1.4, Step 6], while

K = Clog (E/(um?)™"
and
) = ¢ min m 72 7 '
& { (log (E/(112)) )71 (log (B/(um2)) )7+ (log s~1)7+17 71 Po}

To check the “KAM-smallness condition” [12, (32)], we divide the two cases £ = Cuk or £ =
CK*™ 12572 If E = uk,

i < Cmax{ﬂ(log <712>)2(T+1) maX{ 1 1 } k(logr )2k g }7

: Wl g

with a constant C not involving ¢ . Then, from (C.1) and p; > ¢ +/k there follows
- 1 1
éE<CmaX{ ’v2’/2}<1 (C.7)
Y« €1 Po
provided 74, & > C and k < C~1p3. On the other hand, in the case E = Cp2K?7 1572
. 2 2(7+1) 1 1
N 2 +1 71
¢FE < Cmax {,u(logf@ hy2r (log (,u(log /1—1)27“’7—2)) max{ﬁ, ﬁ%},
,u(log /6_1)4(T+1) ,u(log K—l)27+1,7—2 ,u(log /{—1)27——1-1,7—2 }
7 ’ i ’ I '

(10g’€71)7+1/2

Using now that p; > & vH and again the definition of 4 in (C.1), we again find an

\/u

*

inequality like in (C.7), but with ”‘2 replaced by
Po

Finally, since the KAM condition ¢E < 1 is met, [12, Proposition 3| holds in this case. Then, we
can find a set of invariant tori

K C Dy x T™ x {2p1 < p} +qF < 2(e0/3)%, V i}, C( (P e 3)r
(with < C#¥9) satisfying the measure estimate
meas (P\/2é2€0 \ ,C*) g meas (P\/Qégeo)r \ ]C*)

< CH+m+ Zg + m”2/4) meas 73\/260/3). (C.8)
0

D Use the definition of 7 in (C.1).
2) Compare, in particular, (C.4) for the choice of E and recall Equation (C.6) and the definition of 5 and of K
n (C.2).

REGULAR AND CHAOTIC DYNAMICS Vol. 18 No. 6 2013



ASPECTS OF THE PLANETARY BIRKHOFF NORMAL FORM 903

We omit to detail how (C.8) follows from [12, (34)]. For example, the reader may easily modify the
end of [12, Proof of Theorem 1.4, Step 6].

The theorem is so proved with K := K. NP, /3, €1 = V/2€0/3, Ky :=min {C~1/4 VPo, €0/ (3v/¢1)},
g := min {C2pgyd, vi(eo/(3v/E1))®}- O

APPENDIX D. THE THEOREM BY N.N.NEHOROSEV

Below is a more technical statement of Theorem 3, as it follows from [33] and, especially, [34].

The statement in [33]-[34] is based on the notion of “steepness” for a given smooth function
Hy(I) = Ho(I1,--- ,Ip,) of ny arguments. We shall adopt the definition given in [33]. This definition
involves a number of parameters, denoted, in [33], as (g, m, C1, - -+, Cpy—1, 01, *+*, Ony—1, O1, -,
an,—1). Accordingly, we shall call a given function (g, m, C1, -+, Cpy—1, 61, -*+, Op,—1, 01, -,
an,—1)-steep, if it is steep with such parameters. See [33, p. 28 and p. 36] for details.

Theorem 11 ([33], p. 30; [34]). Let H = Hyo(I) + P(I,¢,p,q) be real-analytic on P, :=V, x

T ><B’2)”2 and assume that I € V.— Hy(I) is (g, m, C1, -+, Cp,—1, 61, -+, Opy—1, O1, --+,
(n, _1)-steep, with p < 1 < m. Then, one can find a, b € (0,1) and®® 0 < M, < p'/* such that, if
M :=sup |0P| € (0, M,) (D.1)

Pp

any trajectory t — ~(t) = (1(t), o(t),p(t),q(t)) solution of H such that
1

(1), 9(1) € BT, VOSt<T:= | oo (D.2)
verifies
1
[I(t) —I(0)| < 7:= 2Mb VOSt<T
The number M, can be taken to bebd)
. 1/b
M, = min { (/2)) , MO} (D.3)

where My verifies

Cni—1\? p p 1 p
MO = 0 min it ’ ( P ) ’ m ) ) 1 (D4)
p g m Cy max, O,
for some ¢y <1 < p depending only on ny, ny and ay, -+, 0y, 1.

63) We changed a bit notations of [33]. Let us call P, p the quantities that in the statement of [33, The main theorem,
p. 30] are called F, p (clearly, s, n, Hi, G, D of [33] correspond to our ny, n2, P, V, B?"2). In the statement
of [33, The main theorem, p. 30], condition (D.2) is required, with P replaced by P_z., where P_z, is a real
set defined as the biggest subset A C P for which As, C P. Plainly (P_2,)2r45 = Pj5. Letting P := P_s, and
p = 2r + p we have our statement. Our condition M, < p*/® corresponds to [33] ’s assumption p > 0.

GSee [34, p. 53]. By the previous note, we have to replace p in [34, p. 53] with p:=p—2r.
Note that condition M, < (g)l/b implies p>p—2r=p—-—M>*>p—M?> 2. With this observation, we

are allowed to identify p of [34, p. 53] with our p. Letting then Mo, M; and M, as in [34,

p. 53], one sees, using the formulaec in [34, pp. 48-57], that M; = 8614(%;‘1)1’7 while, since

pem

P p p
p<1<m, Ms=cemin 1 ( P )p , ! Oy , ! m , ! ! , ! . Therefore,
mp? \'m mp? g p*m \ Cy mp? \ max, 4, mp?

My := min{M;, M} verifies the inequality in (D.4).
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Steepness Conditions

In [33], a function Hy = Hy(I) of n; variables (I1,---,I,,) is called “quasi-convex” in [ if the
System

7

Z 81jH0(I)77j =0

j=1

ni
Z 0F 1, Ho(I)njmi = 0

has the only trivial solution. Concave or convex functions, having definite in sign Hessian 8%_ 2 o(1),

are in particular quasi-convex. Moreover, Hy is said to satisfy the three-jet conditions if, again, the
system

ni

> 0 Ho(I)n; =0

j=1

ni

> 0f p, Ho(Dmjmk = 0 (D.5)
jok=1

ny
Z a?jIthHO(I)TUWWh =0
j.k,h=1

has the only trivial solution.

In [32] it is proved that quasi-convex functions and functions satisfying the three-jet condition
are steep.
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