THE SETS OF STAR AND SEMISTAR OPERATIONS
ON SEMILOCAL PRUFER DOMAINS

DARIO SPIRITO

ABSTRACT. We study the sets of semistar and star operations on
a semilocal Priifer domain, with an emphasis on which proper-
ties of the domain are enough to determine them. In particular,
we show that these sets depend chiefly on the properties of the
spectrum and of some localizations of the domain; we also show
that, if the domain is h-local, the number of semistar operations
grows as a polynomial in the number of semistar operations of its
localizations.

1. INTRODUCTION

Starting from the works of Krull [24], Gilmer [16, Chapter 32] and
Okabe and Matsuda [26], the study of star and semistar operations
has usually followed the route of studying properties holding for some
classes of these operations, or of some particular cases: for example,
studying the properties of stable, spectral [2, 1, 13] or eab operations
(see e.g. [14] and [9, Section 4]), or studying the t- [28, 6] or the
b-operation [23].

More recently, there has been interest in studying these closures from
a global perspective, that is, in studying the properties of the whole
set: for example, studying a natural topology on the set of semistar
operations [11, 10], or studying the relationship between semistar and
semiprime operations [8]. In particular, Houston, Mimouni and Park
have been interested in the study of the cardinality of the set of star
operations in the Noetherian setting [20, 22|, as well as in the inte-
grally closed case (with special interest in the case of Priifer domains)
[19, 21, 18]: in [21] they showed that there is a strong link between the
spectrum of a semilocal Priifer domain D and the number of star op-
erations on D, while in [18, Theorem 4.3] they calculated the number
of star operations when the spectrum of D is Y-shaped. With different
methods, Elliott showed that the structure of the set of semistar oper-
ations on a Dedekind domain D (in particular, its cardinality) depends
only on the number of maximal ideals of D [7].

In this paper, we deepen this study, linking it to Jaffard families
(whose tie with star operations was established in [29]) and extending
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it to semistar operations. In particular, we focus on which information
about a Priifer semilocal domain D is sufficient to determine the sets
SStar(D) and Star(D) of, respectively, semistar and star operations;
we do not require the rings to be finite-dimensional. We show in The-
orem 4.3 that SStar(D) can be determined by joining some geometric
data (the spectrum of D, or more precisely the homeomorphically ir-
reducible tree underlying Spec(D)) and some algebraic data (the set
of semistar operations on some valuation rings of the form Dp/QDp).
We then show (Theorem 5.2) that, to determine Star(D), we must also
add some information about the maximal ideals of D (namely, if they
are principal). We also show (Corollary 6.9) that the cardinality of
SStar(D), when D is an h-local domain with n maximal ideals, is a
polynomial of degree n - 2°~! in the number of semistar operations on
the localizations Dp.

2. NOTATION AND PRELIMINARIES

2.1. Closures and semistar operations. Let (P, <) be a partially
ordered set. A closure operation on P is a map ¢ : P — P such that:

(1) cis extensive: x < ¢(x) for every z € P;
(2) cis order-preserving: if x <y, then c¢(x) < ¢(y);
(3) cis idempotent: c(c(x)) = c(z) for every z € P.
If x € P is such that x = ¢(x), then z is said to be c-closed.

Let now D be an integral domain with quotient field K; let F(D) be
the set of D-submodules of K, and let F(D) be the set of fractional
ideals of D, i.e., of the I € F(D) such that I C D for some = € K,
x # 0.

If % : [ — I* is a closure operation on F(D) or F(D), let (S) be the
following property:

(S): - I" = (xI)* for every x € K and every I where * is defined.

This property is usually used to define the following three classes of
closure operations:

e semistar operations are closure operations on F(D) with prop-
erty (S);

e (semi)star operations are semistar operations * such that D =
D,

e star operations are closure operations * on F(D) with property
(S) and such that D = D*.

We denote the sets of these closures, respectively, as SStar(D), (S)Star(D)
and Star(D).
We shall need a fourth class of closure operations:

Definition 2.1. A fractional star operation on D is a closure operation
on F(D) with property (S). We denote their set by FStar(D).



SEMISTAR OPERATIONS ON SEMILOCAL PRUFER DOMAINS 3

These four sets are all partially ordered, with *x; < %o if [*t C [*2
for every I (belonging to F(D) or F(D), according to the case).

The identity map, I +— I, is a closure operation, and it is denoted
by d both in the semistar and in the star setting.

2.2. Localizations of star operations. Let x € Star(D) and let T
be a flat overring of D. Then, % is said to be extendable to T if the
map

xp: F(T) — F(T)
IT— I'T

is well-defined (where I is a fractional ideal of D) [29, Definition 3.1].
In this case, *7 is a star operation. The same definition can be given in
the case of fractional star operations and semistar operations; it works
well in the former case, but poorly in the latter [29, Remark 5.12].

2.3. Jaffard families and localizations. Let D be an integral do-
main with quotient field K. An overring of D is a ring between D
and K; the set of overrings of D is denoted by Over(D). A set © of
overrings of D is a Jaffard family of D if the following properties hold
29, Proposition 4.3]:

o [ =(\{IT|T € ©} for every ideal I of D;

e O is locally finite (i.e., for every x € K, z is not invertible in at
most a finite number of T € O);

e K ¢ 0;

e 'S =K for every T'# S in ©;

e every 1" € O is flat over D.

(This is only one possible definition; see [12, beginning of Section 6.3
and Theorem 6.3.5] for two different characterizations.) In particular,
if © is a Jaffard family of D, then [12, Theorem 6.3.1]:

e for every prime ideal P of D there is exactly one T" € © such
that PT # T’ in particular, © induces a partition on Max(D);
o [ =({IT|T € ©} for every I € F(D).
If © is a Jaffard family of D, then, for every T € O, each star
operation on D is extendable to T'; moreover, the map

o: Star(D) — [ Star(T)
TeO
* — (*7)reco,

is an order isomorphism [29, Theorem 5.4]. An inspection of the proof
of this result shows that the same reasoning also gives a bijection from
FStar(D) to [[{FStar(T") | T € ©}. On the other hand, the analogue
of this result does not hold for semistar operations [29, Remark 5.12].
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2.4. The standard decomposition. Let D be a Priifer domain. Two
maximal ideals M and N are dependent if there is a nonzero prime ideal
P C M N N, or equivalently if Dy;Dy # K. Since the spectrum of
a Prifer domain is a tree, dependence is an equivalence relation. Let
{A) | A € A} be the set of equivalence classes of this relation, and
define T\ := ({Dp | P € A,}; we call the set {T\ | A € A} the
standard decomposition of D. If D is semilocal, or more generally if
Max(D) is a Noetherian space, then the standard decomposition of D
is a Jaffard family of D [29, Proposition 6.2].

2.5. Semistar operations and quotients. Let D be a Priifer do-
main, and suppose there is a nonzero prime ideal P contained in
the Jacobson radical Jac(D) of D. Then, PDp = P, and so Dp is
a fractional ideal of D; it follows that every overring of D, except
the quotient field K, is a fractional ideal of D. Hence, in this case
FStar(D) = SStar(D)\ {A{x;} and (S)Star(D) = Star(D), where Ak}
is the semistar operation sending every nonzero I € F(D) to K.

Let ¢ : Dp — Dp/P =: k be the quotient map; then, A := D/P
is a subring of k with quotient field k. Let x € SStar(D) be a semistar
operation such that P = P*. Then, Dp = (P : P) is also *-closed, and
thus, for every I € F(D) such that P C I C Dp, we have P C [* C Dp.
Following [15] and [21], we define a semistar operation *, on D/P by

Iv = (¢ '(I)*) for every I € F(D/P).
Conversely, if § € SStar(D/P), then we can define a map £% from F(D)
to itself in the following way: let vp be the valuation relative to Dp,
and let I € F(D). Then, we set I** := [ if vp(I) has no infimum in
vp(K); otherwise, if vp(a) = inf vp(I), then P C a~'T C Dp, and we
put
I = a7 [(plaD)Y]
We have the following.
Proposition 2.2. Let D, P, A, ¢ as above; let Ay := {x € SStar(D) |
P = P*} and Ay := {x € SStar(D) | P # P*}. Then:
(a) The maps
Ay — SStar(D/P) J SStar(D/P) — Ay
* > kg, an f— 17
are well-defined order isomorphisms, inverses one of each other,
that restrict to isomorphisms between (S)Star(D) = Star(D)
and (S)Star(D/P).
(b) The map
tp: Ay — SStar(Dp) \ {d}
* — *|F(Dp)

1s a well-defined order isomorphism.
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(¢) If x1 € Ay and xg € Ay then x; < *j.

Proof. (a) The proof is entirely analogous to the proof of [21, Lemmas
2.3 and 2.4].

(b) It is clear that ¢p is well-defined and order-preserving; to see that
it is bijective, it is enough to note that the map pp : SStar(Dp) —
SStar(D) such that I°7*) := (IDp)* is well-defined, sends SStar(Dp) \
{d} to Ay, and is the inverse of ¢p.

(c) The overring Dp is *;-closed for every *; € Ay; hence, *1|pp,)
is a (semi)star operation on Dp which closes P. Since Dp a valuation
domain, this implies that % |g(p,) is the identity; therefore, I** C IDp
for every I € F(D). But, if %5 € Ay, then %3 = pp(tp(*2)), so that
I*2 D IDp for every I. Hence, %1 < *,. O

2.6. Product and sum of posets. Let P;, Py be two partially or-
dered sets. The product of P; and P, denoted by P; x Py, is the
partial order on the Cartesian product such that (zq,y1) < (22, 19) if
and only if z1 < x5 and y; < ys.

The ordinal sum of P; and P,, denoted by P; @ Po, is the partial
order on the disjoint union of P; and P, such that the order on each
P; is the same, while if z € P and y € P, then x < y [4, Chapter 1,
§8].

Under this terminology, Proposition 2.2 can be rewritten as saying
that SStar(D) is isomorphic to the ordinal sum of SStar(D/P) and
SStar(Dp) \ {d}.

2.7. Homeomorphically irreducible trees. Let T be a finite tree.
Then, 7 is said to be homeomorphically irreducible (or series-reduced)
if no vertex has valence 2 (where the wvalence of x is the number of
elements of P directly linked to x) [3, 17]. When T is a rooted tree, we
allow the root to have valence 2 (this is in contrast with the definition
in [17] and [3], but is needed for our applications).

If 7 is a (possibly infinite) rooted tree, with root r, 7 has a natural
structure of a partially ordered set, where x < y if the (unique) path
from r to y passes through z. Call z € T a branching point if x = r or
if there is a family A C T of pairwise incomparable elements such that
x ¢ A but x is the infimum of A; we say that 7 is homeomorphically
irreducible if each element of T is a branching point. If T is finite, it
is not hard to see that this definition coincides with the previous one.

Let T be a rooted tree. Then, the set of all branching points of T
is an homeomorphically irreducible tree, which we call the underlying
homeomorphically irreducible tree associated to 7.

3. THE SUPPORT OF A SEMISTAR OPERATION

In the paper, D will always indicate a Priifer domain, and K its
quotient field. We shall study only semilocal Priifer domains, that
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is, domains with only a finite number of maximal ideals; while many
definitions do make sense even in a more general setting, many results
do not hold outside the semilocal case. In particular, the two results we
shall continuously use are the existence of a standard decomposition ©
and the following Proposition 3.2.

Definition 3.1. Let D be a semilocal Prifer domain, and let © be
its standard decomposition. The skeleton of Over(D), indicated by
SkOver (D), is the set of all intersections of elements of ©.

In particular, SkOver(D) contains D (the intersection of all elements
of ©) and the quotient field K (the empty intersection), as well as the
elements of ©. We note that the structure (as a partially ordered
set) of SkOver(D) depends uniquely on the cardinality of ©, and that
SkOver(D) is closed under intersections.

The main use of SkOver(D) passes though the following proposition,
which can be seen as a variant of 21, Lemma 4.2].

Proposition 3.2. Let D be a semilocal Priifer domain. Then, F(D)
is the disjoint union of F(A), as A ranges in SkOver(D).

Proof. Let © be the standard decomposition of D, let I € F(D), and
consider the set supp(/) := {T' € © | IT # K} (which we call the
support of I); we claim that [ is a fractional ideal of A :=({T | T €
supp([)}.

Indeed, since O is a Jaffard family we have I = (\{IT | T € O}.
Moreover, we can throw away the elements of © outside the support, so
that I = ({IT | T € supp(I)}; hence, I is an A-module. Each T' € ©
is semilocal, and by the definition of the standard decomposition there
is a nonzero prime ideal P contained in the Jacobson radical Jac(T') of
T. Then, P = PTp; in particular, pTp C T for every p € P, so that
Tp is a fractional ideal of T" and (IT)Tp # K. Since Tp is a valuation
domain, it follows that I'T is a fractional ideal of Tp, or equivalently
alT C Tp for some a # 0. Hence, apIT C T for any p € P; choose
one, and let dr := ap. Since supp(/) is finite, we can define d as the
product of such dr; hence

dl=d()IT=()dITC [|T=A.
Tco TecO TeO
Therefore, I € F(A), as claimed.

Suppose now that F(A) NF(B) # 0 for some A # B in SkOver(D).
We can suppose that A C B (just substitute A with AN B), and thus
we can take T' € © containing A but not B. Each overring of A is flat
over D, and supp(B) is finite; hence, by [5, 1.2.6, Proposition 6],

BT = ﬂ S|-T= ﬂ ST = K.

Sesupp(B) Sesupp(B)
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Let now I € F(A)NF(B); then, for every i € I, i~ 'I is a B-module
containing 1, and thus B C i~'. Since i7'] is also an A-fractional
ideal, it means that dB C A for some d # 0. Hence, dB C T, and so
dBT CTT =T; however, BT = K, and thus we would have dK C T,
a contradiction. Hence, the union is disjoint. O

Remark 3.3.

(1) SkOver(D) is the unique subset of Over(D) which allows us
to split F(D) into sets of fractional ideals. Indeed, if F(D) =
| {F(A) | A € A} for some other A, then clearly A cannot
properly contain SkOver(D), and thus there is a B € SkOver(D)\
A. Thus, B € F(A) for some A € A, and A € F(B') for some
B’ € SkOver(D); this means that B € F(B’), which implies
that B = B’ = A. But, for any two overrings R; and Ry,
F(Ry) = F(Ry) implies Ry = Ry; hence B € SkOver(D), a
contradiction.

(2) Proposition 3.2 cannot be extended outside the semilocal case.
For example, if D = Z, let P be the set of prime numbers, and
define I := 3 I%Z. Then, supp(l) = {Dy | M € Max(D)},
so A should be Z itself; however, if dI C D then d should be
divisible by every prime number, which cannot happen.

We want to use Proposition 3.2 to decompose any semistar operation
x into fractional star operations. We need another definition.

Definition 3.4. Let D be a semilocal Priifer domain, and let SkOver(D)
be the skeleton of Over(D). Let x € SStar(D). The support of x is the
set

supp(x) := {A € SkOver(D) | A* € F(A)}.
We denote the set of semistar operations on D with support A as
SStar® (D).

Note that supp(x) is always closed under intersections, since if A* €
F(A) and B* € F(B) then (ANB)* C A*NB* € F(ANB). Moreover,
the quotient field K is always included in supp(x).

An equivalent definition of supp(x) is that it is the set of elements A
of SkOver(D) such that * restricts to a fractional star operation on A.
Hence, given any set A such that SStar®(D) # (), we have a map

Ya : SStar®(D) — [[{FStar(4) | A € A}
* (*']'-(A))AEA'

Proposition 3.5. Let D be a semilocal Priifer domain, A C SkOver(D),
and let ya be defined as above. Then, ya is injective.

Proof. Suppose Ya(*1) = ya(*2) = 7, and let I € F(D). By Proposi-
tion 3.2, I € F(A) for a unique A € SkOver(D). If A € A, then I*
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and [*? are equal to 174, where 7,4 is the component of Y5 with respect
to A; hence "t = [*2,

On the other hand, if A ¢ A, let B be the smallest element of A
containing A; it exists since A is closed under intersections. Then,
I* = (IA)* = (IA*)* = (IB)* for every x € SStar®(D); in particular,
I* = (IB)"»™5_ Since ya (1) = ya(*2), this again implies that [*1 =
I,

Therefore, "' = [*? in every case, and *; = *,. U

While v, is injective, it is usually very far from being surjective. For
example, let D be a one-dimensional Priifer domain with exactly two
maximal ideals, M and N; then, © = {Dy;, Dy}, and SkOver(D) =
{D, Dy, Dy, K} = Over(D). Suppose that D), is discrete while Dy
is not; then, by [16, Chapter 31, Exercise 12] and [19, Theorem 3.1],
FStar(D) = Star(D) is composed of two elements, the identity and the
v-operation. Consider the element (vp,dp,,,dp,,dx) of FStar(D) x
FStar(Dy) x FStar(Dy) x FStar(K), where d 4 indicates the identity on
A and vy the v-operation on A. Then, N"» = D, while (NDy)%~ =
NDy; in particular, N* ¢ NDy, and thus (vp,dp,,,dpy,dx) cannot
come from a semistar operation.

An inspection of this example shows that the problem lies in the fact
that vp is “not smaller” than dp, ; in terms of the ya, we would like to
impose the condition that ya(%)|a < va(*)|p whenever A C B. How-
ever, this condition doesn’t really make sense as stated, since ya ()|
and ya (*)|p live in different sets of closure operations. There are two
possible approaches to this problem, both involving localizations of
fractional star operations.

The first one uses localizations from one member of SkOver(D) to
another. Indeed, if A, B € SkOver(D) and A C B, then B belongs to a
Jaffard family of A (explicitly, {B, T, ..., Ty}, where T}, ..., T} are the
elements of © that contain A but not B). Hence, there is a localization
map A4 p : FStar(A) — FStar(B), and the condition becomes

Aas(7a(*)a) < va(*)s5.

The second approach, instead, uses localizations from A to the mem-
bers of the standard decomposition of T', and it is the one we will follow
(mainly in view of the second part of Section 6).

Let A C SkOver(D), and let 7' € ©. The component of A with
respect to T is

AT):={AeA|ACT}.
Clearly, if A # A then there is a T € © such that A(T) # A(T).
A special case is A = {K}: in this case, each A(T) is empty, and
SStarA(D) = {/\{K}}‘
Let now A € A(T). Since T belongs to a Jaffard family of A, there is
a localization map A 7 : FStar(A) — FStar(7"). Therefore, for every
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% € SStar®(D) we get a map
Lr(x): A(T) — FStar(T)
Ar— >\A,T<*|]-'(A))-

Proposition 3.6. Let D, 0, A as above; let T € © and x € SStar™(D),
and define T'r(x) as above. Then, I'r(x) is order-preserving.

Proof. Let A, B € A(T), A C B, and take any % € SStar®(D). Let [
be any integral ideal of T', and let J := I N A; then, JT = I, and also
JBT = I. Hence, by definition,

Partlra) — x4 C (JB)*A — *B1r(Fm)
Thus, A (x| 7)) < Apr(*| 7)), as requested. O

If Q1 and Q)5 are partially ordered sets, we denote by hom(Q1, Q) the
set of order-preserving maps between ()7 and (J5. This set is partially
ordered; if ¢, 1 € hom(Q1,Q2), then ¢ < 1 whenever ¢(z) < ¥(x) for
every r € ().

Theorem 3.7. Let D be a semilocal Prifer domain with quotient field
K, and let © be its standard decomposition; let A # {K} be a subset of
SkOver(D) containing K that is closed under intersections. The map

Ta: SStar®(D) — [ [{hom(A(T), FStar(T)) | T € ©, A(T) # 0}
* > (I'r(*))ree

1s an order isomorphism.

Proof. By Proposition 3.6, I := I' is well-defined and order-preserving.
To show that it is an isomorphism, we define an inverse.

For every T' € © such that A(T') # 0, let or € hom(A(T), FStar(T')).
Take an I € F(D); by Proposition 3.2, there is an A € SkOver(D) such
that I € F(A), and there is a B € A such that A* € F(B). Then, we
define

I':= () UBD)»® = (M (IT)*P.

TeO TcO
A(T)#D TOB

We first claim that the map * so defined is a semistar operation.

Clearly, * is extensive and (zI)* = x-I* for every x and every I (since
I € F(A) implies I € F(A)). To see that it is order-preserving, let
I,JeF(D), 1 CJ If1,Je F(A) for some A € SkOver(D) the claim
is trivial. If I € F(A) and J € F(A'), then A C A'; if A* € F(B)
and A* € F(B'), then also B C B, and thus IBT C JB'T. Since
@7 is order-preserving, we have (IBT)#7(B) C (JB'T)#7%"); since this
happens for all 7', we have I* C J* and * is order-preserving.

We need to show that * is idempotent. We note that, if 7' O B, then
IT # K; therefore, by the proof of Proposition 3.2, I* is a fractional
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ideal over B. Thus,

r(B) er(B)
(I*)* = ﬂ ﬂ ([U)SDU(B) T — ﬂ ﬂ ([U)sou(B)T
T€O Ueo TeO |Ueo
TOB UDB 2B LUusSB

with the last equality holding since the innermost intersection is finite
and each T' € © is flat. Each (IU)#v®) is a U-module; thus, if U # T,

then (IU)#v®)T = K. Hence, the calculation above reduces to

N (1) 7177 () aT)er® = 1*

TcO TcO
T3B TOB

since each @r(B) is idempotent. Hence, * is idempotent, and thus a
semistar operation. Also, a direct computation shows that the support
of * is exactly A.

Therefore, we have a map

O = Dp: H{hom(A(T),FStar(T)) | T € ©,A(T) # (0} — SStar®(D)

sending (¢7)reo to the map * defined as above.

We need to show that ®oT and I'o® are the identity (on SStar™ (D)
and the product, respectively).

Let * € SStar®(D). Then, if I € F(A) and A* € F(B), the map
® o I'(*) sends [ to

ﬂ (]’T)FT(*)(B) = ﬂ ([T)AB,T(*\I(B)) — ﬂ (IB)'T = (IB)* = I’

TcO TcO TeO
TOB TOB TOB

with the second to last equality coming from the fact that {7 € © |
T O B} is a Jaffard family on B; hence, ® o I'(x) = .

On the other hand, let ¢ = (p7)rece be an element of the product,
and fix a U € ©. The component with respect to U of I' o ®(¢) sends
a B e A(U) to Apu(®(e)|rm))- Let I = JU be a fractional ideal of
U, where J is a fractional ideal of D; by definition, this map sends [
to

Je@ = ﬂ (JT)saT(B) U = m (JT)soT(B)U — (JU)SOU(B)’

Te€O TeO
TDOB TDOB

again by flatness, the finiteness of the intersection and the equality
TU = K for T # U. Hence, I' o ®(¢) acts on F(B) as . Since this
happens for each B, we have I o ®(¢) = .

Therefore, I'a and ® A are inverses one of each other, and the theorem
is proved. Il

Corollary 3.8. Let D be a semilocal Prifer domain with quotient
field K, and let A C SkOver(D). Then, A = supp(x) for some
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x € SStar(D) if and only if K € A and A is closed uner intersec-
tions.

Proof. The conditions are clearly necessary. If A = {K}, then A =
supp{A¢ky}; if A # {K}, by the previous theorem SStar®(D) is iso-
morphic to a product of nonempty sets, and thus is nonempty. U

By definition, SStar(D) is the disjoint union of SStar®(D), as A
ranges among the subsets of SkOver(D); or, equivalently, among those
subsets that are closed under intersections. Therefore, in light of The-
orem 3.7, we can view SStar(D) as the union of products of sets of
order-preserving maps. To fully reconstruct the set of semistar opera-
tions from this union, we need also to consider the order structure.

Proposition 3.9. Let D be a semilocal Prifer domain, let © be its
standard decomposition, and let x1,%9 € SStar(D). Then, x; < x5 if
and only if

(1) supp(*1) 2 supp(*s); and
(2) for any A € supp(*2) and every T € © such that T 2O A, we
have T'r(x1)(A) < Tp(x2)(A).

Proof. Suppose first that %; < 9. If A € supp(x2), then A"t C A*2
and thus A* is a fractional ideal of A; hence, A € supp(*;) and
supp(*1) 2 supp(*z). Moreover, *;|r) < *2|r(a); since the local-
ization to T preserves the order, I'p (1) < T'p(xs).

Conversely, suppose that the two conditions hold. If supp(xs) =
{K}, then *; = AfK} and the claim holds; suppose supp(*z) # {K},
so that in particular supp(x2)(7) # 0 for some T € ©. Let I be
a D-submodule of the quotient field K; then, I € F(B) for some
B € SkOver(D). Let A; be the element of SkOver(D) such that B* is
a fractional ideal over A;; since supp(*;) D supp(*z), we have A; C As.
Then,

I = (IA)™ C (1A)™
and (IA2)* = I*2, so we need only to show that (1A43)* C (IAs)*;
equivalently, we can suppose that As = B € supp(x2).
Since, by the proof of Theorem 3.7, the inverse of I' is ®, we have

= m ([T)FT(*1)(B) C ﬂ (IT)FT(*Z)(B) _ 1*27

TeO T€O

TSB TSR
since by hypothesis I'z(*1)(A) < I'p(*2)(A) for every T. Hence, *; <
%9, as requested. Il

4. PRUFER DOMAINS WITH THE SAME SEMISTAR OPERATIONS

Theorem 3.7 and Proposition 3.9, taken together, show that the
structure of SStar(D) (both as a set and as a partially ordered set)
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depends exclusively on the sets hom(A(T'), FStar(7")); or rather, ex-
clusively on the FStar(T).

More precisely, let D; and D, be two semilocal Priifer domains, and
let ©; and ©, be their standard decompositions. As was observed after
Definition 3.1, if ©; and ©5 have the same cardinality then the structure
of SkOver(D;) and SkOver(Dy) is the same; that is, there is an order
isomorphism v : SkOver(D;) — SkOver(Dy). Moreover, a subset
A C SkOver(D;) is closed under intersections if and only if v(A) is as
well, since the intersection of the elements of A is exactly its infimum in
the natural order of SkOver(D;) (that is, the inclusion). In particular,
the subsets of D; that can be a support of a x € SStar(D;) correspond
bijectively to the subsets of Dy that can support a semistar operation
on D,. Besides, v restricts to a bijection (which, for simplicity, we still
call v) between A(T') and v(A)(v(T)).

Suppose now that, besides v, we have an order-preserving map vy :
FStar(T) — FStar(v(T)), for some 7' € ;. Then, for every A C
SkOver(D;) (not containing only the quotient field K) closed under
intersections, we have a map

vr: hom(A(T), FStar(T)) — hom(v(A)(v(T)), FStar(v(T)))
¢ ——Ur o ¢ © V_17
which is bijective whenever v is bijective. Hence, if we are given a
bijection vy for every T € O, for every A we can build a map

v: ] hom(A(T),FStar(T)) — [] hom(v(A)(U),FStar(U))
T€6, U€O,
A(T)£0 A(U)£0
(er) — (vr(er)).

By composing v with the bijections I'a and I',(a), we therefore obtain
a bijective and order-preserving map SStar®(D;) — SStar”(A)(Dg).
Since also SStart™(D;) = {A(x,}} is isomorphic to SStart**} (D) =
{A{kz1}, we can join all the supports to obtain a bijection SStar(D;) —
SStar(Ds), which (by Proposition 3.9) respects the order. We have
proved the following.

Proposition 4.1. Let Dy and Dy be two semilocal Priifer domains, and
let ©1 and Oy be their standard decompositions. If there is a bijection
v : 0O — Oy and, for every T € ©1, an order isomorphism vy :
FStar(T') — FStar(v(T)), then SStar(D;) and SStar(Dsy) are order

1somorphic.

Obviously, the problem with this result is that it is difficult to check
the hypothesis that FStar(7") and FStar(v(7")) are isomorphic; in par-
ticular, if the standard decomposition of D; is exactly {D;} (and so
©y = {D,}) the theorem is essentially a vacuous statement. To get a
better version, we need to consider the structure of the spectrum.
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Let D be a Priifer domain. It is well-known that its spectrum
Spec(D) is a rooted tree, with root (0); in particular, we can con-
struct the underlying homeomorphically irreducible tree associated to
Spec(D) (see Section 2.7), which we denote by Specyi (D). In particular,
(0) and the maximal ideals of D belong to Specy;(D).

If D is semilocal, then Specy;(D) is finite: indeed, if V(P)NMax(D) =
V(Q) N Max(D), then at least one of P and @ is not in Specy;(D).
Therefore, for any P € Specyi(D), P # (0), there is a Q) € Specy;(D)
such that @ C P and no element of Specy;(D) lies between @) and P;
i.e., @ is directly below P in Specy;(D). We denote by Z(P) the ring
Dp/QDp ~ (D/Q)pjq; when P = (0), we set Z(P) as the quotient
field of D. Clearly, Z(P) is a valuation domain.

Proposition 4.2. Let Dy, Dy be semilocal Prifer domains, and let
O1,05 be, respectively, the standard decompositions of Dy and Ds.
Suppose there is an order isomorphism v : Specy;(D1) — Specpi(Ds).
Then, there is an order isomorphism U : SkOver(D;) — SkOver(Ds)
such that:

(1) U restricts to a bijection from Oy to Oq;
(2) for every P € Specyi(Dq) and every T € ©,, PT =T if and
only if v(P)v(T) =v(T).

Proof. Let D be a Priifer domain. By [29, Proposition 6.2], the ele-
ments of © are in bijective correspondence with the equivalence classes
of the dependence relation on Max(D). Moreover, if D is semilo-
cal, for every equivalence class A, there is a P € Spec(D) such that
T =(W{Duy | P C M}; in particular, if P is maximal with respect to
this property, P € Specp;(D) and, in fact, P is a minimal element of

Specyi(D) \ {(0)}-

Thus, coming back to the notation of the statement, the map

Uy @1 —)@2

N DOou— [ Dx= ) Do
MeMax (D) NeMax(D2) MeMax(D1)
PCM v(P)CN PCM
is a well-defined bijection; we can subsequently extend it to the whole
of SkOver(D) by putting v(TyN---NT,) = v(Th)N---Nv(T,) for every
Ti,...,T, € O, obtaining again a bijection.
The last point is a direct consequence of the construction. U

With this notation, we can state one of the main theorems of the
paper.

Theorem 4.3. Let Dy, Dy be semilocal Priifer domains, and suppose
that there is an order isomorphism v : Specyi(D1) —> Specp;(Ds)
such that, for every P € Specyi(D1), there is an order isomorphism
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vp : FStar(Z(P)) — FStar(Z(v(P))). Then, there are order isomor-
phisms
v : SStar(D;) — SStar(Dy)

and
v : FStar(D;) — FStar(Ds)
such that, for every A C SkOver(Dy),

v(SStar®(D;)) = SStar” ™) (D),

where U : SkOver(Dy) — SkOver(Dy) is the bijection found in Propo-
sition 4.2.

Proof. We proceed by induction on the cardinality of Specy;(D). For
every k € N, k > 0, let:

(SSk): v exists whenever the hypotheses hold and |Specy;(D1)| < n;
(F'Sk): v exists whenever the hypotheses hold and [Specy;(D;)] < n.

(Note that the existence of v guarantees that |[Specy;(D1)| = |Specni(D2)|.)
We will show that (F'Ss) is true and that (F'S,) = (5S,) =
(F'Sp41); by induction, this will prove (F'S,) and (SS,) for every n.
Note that (F'S;) and (SS;) are trivial, since they correspond to the
case where D; and D, are fields.

(F'Sg). If |Specyi(Dy)] = 2, then D; and Dy are valuation do-
mains; hence, Specy(D1) = {(0), M} (where M is the maximal ideal
of Dy) and Z(M) = D;. Hence, the claim is just the hypothesis
FStar(Z(P)) « FStar(Z(v(P))).

(F'S,) = (95,) can be proved by following the reasoning of the
proof of Proposition 4.1, since if T" is in the standard decomposition of
D then |Specy,;(T)| < [Specpi(D)].

(SS,) = (F'S,+1). Suppose first that O, is a singleton, i.e., that
©; = {D1}. Then, there is a P € Specy;(D;) contained in every maxi-
mal ideal of Dy, and every overring of D; (except for the quotient field
Ki), is a fractional ideal of Dy: therefore, FStar(D;) = SStar(D;) \
{Aky}. By Proposition 2.2, FStar(D;) is order-isomorphic to the
ordinal union of SStar(D;/P) and SStar((D1)p) \ {d, A{k,}}, and anal-
ogously FStar(D,) ~ SStar(D,/v(P)) @ (SStar((Da2)upy) \ {d, A{x,}})-

We have |Specy;(D1/P)| = |Specpi(D)| — 1 and [Specyi((D1)p)| =
2; by inductive hypothesis, and since the hypotheses of the theorem
descend to these cases, we have order isomorphisms SStar(D;/P) ~
SStar(D,/v(P)), while SStar((Dq)p) ~ SStar((Ds),(p)). Hence, there
is an order isomorphism v : FStar(D;) — FStar(D,).

Suppose now that ©; is not a singleton. By Proposition 2.2, there is
an order isomorphism between FStar(D;) and [[{FStar(T) | T € 6},
and analogously for Dy; moreover, as in the previous case, FStar(7T") =
SStar(T)\{Ax,}}. Since O is not a singleton, [Specy;(1")| < |Specki(D1)|
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for every T' € ©; applying the inductive hypothesis, we have order iso-
morphisms v : SStar(T) — SStar(7(7")), which (by the previous
part of the proof) descend to order isomorphisms v} : FStar(7) —
FStar(7(T)). Therefore, we get an order isomorphism v : FStar(D;) —
FStar(Ds) just by taking the product of the /.

By induction, the claim is proved. O

5. STAR AND (SEMI)STAR OPERATIONS

Theorem 4.3 shows that the sets SStar(D) and FStar(D) of (respec-
tively) the semistar operations and the fractional star operations on D
depend exclusively on Specyi(D) and the semistar operations on the
rings Z(P). However, these properties are not enough to determine
which operations close D, i.e., which closures are star or (semi)star
operations.

For example, let (V, My) be a one-dimensional valuation domain
with My not principal, and let (W, My,) be a two-dimensional valua-
tion domain such that My is principal, as well as PWp (where P is the
other nonzero prime of W). Then, Specy;(V') = {0, My} corresponds
bijectively to Specy;(W) = {0, My }; moreover, both FStar(V) and
FStar(1V) are linearly ordered sets with three elements, so that they are
order-isomorphic. However, there are two semistar operations closing V'
(the identity and the v-operation) while only one closing W (the iden-
tity). Hence, the bijection v : SStar(V) — SStar(W) given by Theo-
rem 4.3 does not restrict to a bijection v : (S)Star(V') — (S)Star(WV).
In this section, we determine which hypothesis we have to add to obtain
an analogous result.

We start with characterizing (semi)star operations through the map
.

Proposition 5.1. Let D be a semilocal Prifer domain, © its standard
decomposition, = € SStar(D); for each T € ©, let I'r(x) be the map
defined before Proposition 3.6. Then, D = D* if and only if D €
supp(x) and Ty (x)(D) € Star(T') for every T € ©.

Proof. If D = D*, then D € supp(x) (since D is always in SkOver (D)),
and thus D € A(T) for every T € ©. By definition, I'z(x)(D) =
Ap,r(*|7(py); however, D = D*l7®) and thus

TPr(D) — (DT)T®) — prr — T,

and I'p(x)(D) € Star(T).
Conversely, suppose the two properties hold, and let A := supp(x).
By the proof of Theorem 3.7, we have

D* = D‘I’AOFA(*) _ m (DT)FT(*)(D)7
TeO
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noting that each A(T') contains D and thus is nonempty. By hypoth-
esis, each I'p(x)(D) closes T'; thus, D* = (V.1 = D. The claim is
proved. Il

If D € A(T), let us thus denote by hom(A(T),FStar(T")) the set
of order-preserving maps ¢ from A(T) to FStar(T") such that ¢ (D) €
Star(D). The previous proposition can thus be rewritten as follows:
given a A C SkOver(D) closed under intersections and containing
D and K, there is a bijection between (S)Star™(D) (i.e., the set of

(semi)star operations with support A) and the product [ [{hom(A(T"), FStar(T)) |
T € ©}.

We thus obtain immediately an analogue of Proposition 4.1: if Dy, D,
are semilocal Priifer domains, with standard decompositions O, O,
and there are bijections v : ©; — ©y and vy : FStar(T)) — FStar(v(T)),
for every T' € ©, and if vp(Star(T)) = Star(v(T')), then the order iso-
morphism v : SStar(D;) — SStar(Ds) restricts to a bijection from
(S)Star(Dy) to (S)Star(Dy). We can actually say more.

Theorem 5.2. Let Dy, Dy be semilocal Priifer domains, and suppose
that there is an order isomorphism v : Specyi(D1) — Specy;(Ds) such
that:

(1) for every P € Specyi(Dy), there is an order isomorphism vp :
FStar(Z(P)) — FStar(Z(v(P)));
(2) for every M € Max(Dy), M(D1)y is principal if and only if
v(M)(Ds2)y(nry is principal.
Then, the maps v : SStar(D;) — SStar(Ds) and v : FStar(D;) —

FStar(D,) found in Theorem 4.3 restrict to order isomorphisms v gy :
(S)Star(Dy) — (S)Star(Ds) and vs : Star(D;) — Star(Ds).

Proof. By Theorem 4.3, the hypothesis guarantee that v and vy are
order isomorphisms.

The proof follows the same reasoning as the proof of Theorem 4.3:
for every k € N, k > 0, let:

(Ssp): v(g) exists whenever the hypotheses hold and |Specy;(D1)| < n;
(Sk): Vg exists whenever the hypotheses hold and |Specyi(Dy)| < n.

Then, (S3) is true because, if V' is a valuation domain, M is principal
if and only if |Star(D;)| = 1, while M is not principal if and only if
|Star(Dy)| = 2; furthermore, (S,,) = (S's,,) follows from the reasoning
before the statement of the theorem.

To show (Ss,) = (Sn+1), we first suppose that ©; is a single-
ton: then, Star(D;) = (S)Star(D;), and the isomorphism between
FStar(D;) and SStar(D,/P)® (SStar((D1)p) \{d, A{x,}}) (Proposition
2.2) restricts to an isomorphism between Star(D;) and (S)Star(D;/P)
; the inductive hypothesis shows that v restricts to a bijection v (g) :
Star(D;) — Star(Ds).
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On the other hand, if ©; is not a singleton, we use [29, Theorem
5.4] to reduce Star(D;) to the product [[{Star(T") | T € ©}, and then
apply the inductive hypothesis on each T

The claim then follows by induction. O

Suppose now that D is a semilocal Priifer domain whose standard
decomposition is {D}. As we have observed multiple times, there is a
unique element of Specy;(D) just above (0): call it P. Then, Star(D)
corresponds to (S)Star(D/P); in particular, Star(D) cannot depend on
SStar(Z(P)), since it depends exclusively on D/P.

We can thus get the following results.

Theorem 5.3. Let Dy, Dy be semilocal Priifer domains, and suppose
that there is an order isomorphism v : Specyi(D1) — Specy;(Ds) such
that:

(1) for every P € Specy;(D1) such that P is not minimal in Specy;(D1)\
{(0)}, there is an order isomorphism vp : FStar(Z(P)) —
FStar(Z(v(P)));

(2) for every M € Max(Dy), M(D1)y is principal if and only if
v(M)(D2)v(ay is principal.

Then, there is an order isomorphism vg between Star(D;) and Star(Ds).

Proof. By [29, Theorem 5.4], Star(D;) ~ [[{Star(T") | T € ©;} and
Star(Dy) ~ [[{Star(U) | U € ©3} (where ©; and O, are the standard
decompositions of D; and D,). By the previous reasoning, Star(7) ~
(S)Star(T'/ Pr) (where Pr is the minimal element of Specy;(T') \ {(0)});
we can apply Theorem 5.2 to each T'/ Pr, obtaining order isomorphisms
vs(T) : Star(T) — Star(v(T')). To conclude, we just take vg to be
the product of all the vg(T). O

Notice that, under the hypotheses of the last theorem, the isomor-
phisms v and vy need not exist, and thus Theorem 5.2 cannot be
reduced to a corollary of Theorem 5.3.

6. THE FINITE-DIMENSIONAL CASE

The results in the previous two sections can be simplified if we work
in the finite-dimensional case. Indeed, suppose V' is a finite-dimensional
valuation domain: then, V' admits only a finite number of overrings
(its localizations) and each one admits a finite number of (semi)star
operations (at most two, the identity and the v-operation). There-
fore, SStar(V') is finite; since it is also linearly ordered, it is actually
characterized by its cardinality.

Following this idea, we introduce the functions

w: Specyi (D) — N
P — |FStar(Z(P))|
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and
e: Spec(D) — {1,2}

P +—— [Star(Dp)].
We note that w can also be thought of as a function from the set of
the edges of Specy;(D) to N*T: if E is an edge from @ to P, then w(E)
would be defined as w(P). Note also that w((0)) is always equal to 1.

The following propositions establish the properties of w and e and
their connection.

Proposition 6.1. Let V' be a valuation domain with mazimal ideal M.
(a) |SStar(V)| = w(M) + 1.
(b) |(S)Star(V)| = e(M).
(c) (M) =1 if and only if M is principal.
(d) Let T be the set of nonzero idempotent prime ideals of V. and N
be the set of nonzero nonidempotent prime ideals of V. Then,

1) WMy = S (P) =N +2 1T,
PeSpec(V)
P#£(0)
Proof. (a) and (b) follow from the fact that every overring of V' different
from K is both a localization of V' and a fractional ideal of V', and they
also show the first equality of (1). (c) is well known. The second
equality of (1) follows from the fact that P is nonidempotent if and
only if PVp is principal, i.e., if and only if ¢(P) = 1. (d) is proved. [

Proposition 6.2. Let D be a semilocal finite-dimensional Priifer do-
main, and let P € Specyi(D) \ {0}; let Q be the element of Specy;(D)
directly below P. Let A := {A € Spec(D) | @ C A C P}, and let T be
the set of idempotent prime ideals of D and N the set of nonidempotent
prime ideals of D. Then,

w(P) =Y e(A)=|AnN|+2-|ANT].
AeA
Proof. The claim follows directly from Proposition 6.1 and the fact that

a prime ideal A such that Q@ C A C P is idempotent if and only if its
extension in Z(P) is. O

With this terminology, Theorem 4.3 translates immediately to the
following statement.

Theorem 6.3. Let Dy, Dy be semilocal Priifer domain of finite dimen-
sion. Suppose there is an order-preserving map v : Specy(D;) —
Specyi(D2) such that w(P) = w(v(P)) for every P € Specy;(D1). Then,
there are order isomorphisms

v : SStar(D;) — SStar(Ds)

and
v : FStar(D,) — FStar(Dy)
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such that, for every A C SkOver(Dy) closed under intersections,
v(SStar® (D)) = SStar”®) (D),

where U : SkOver(D;) — SkOver(Dy) is the bijection found in Propo-
sition 4.2.

Proof. Since FStar(V') is linearly ordered for every valuation domain
V', the condition w(P) = w(v(P)) implies that there is an isomorphism
between FStar(Z(P)) and FStar(Z(v(P))). Hence, we can apply The-
orem 4.3. U

In the same way, we have analogues of the results about (semi)star
operations.

Theorem 6.4. Let Dy, Dy be semilocal Priifer domains, and suppose
that there is an order isomorphism v : Specy;(D1) — Specyi(Ds) such
that (M) = e(v(M)) for every M € Max(Dy).

(a) If w(P) = w(v(P)) for P € Specyi(D1), then the maps v and
v found in Theorem 4.3 restrict to order isomorphisms v (g) :
(S)Star(D;) — (S)Star(D2) and vg : Star(Dy) — Star(Dy).

(b) If w(P) = w(v(P)) for every P € Specyi(D) such that P is not
minimal in Specpi(D1) \ {(0)}, then there is an order isomor-
phism vg between Star(D;) and Star(Ds).

Proof. (a) follows from Theorem 5.2, while (b) follows from Theorem
5.3. U

Let now P be a finite rooted tree which is also homeomorphically ir-
reducible. Then, there are finite-dimensional semilocal Priifer domains
such that Specy;(D) ~ P [25, Theorem 3.1]; by Theorem 6.3, the car-
dinality of SStar(D) depends only on w(P), as P ranges in Specy;(D).
Hence, if we label the elements of P as {(0), Py, ..., Py}, we can define
a function ¥p : N¥ — N such that ¥p(ay, ..., ay) is the cardinality of
SStar(D), where Specyi(D) ~ P and w(FP;) = a; for each i.

Similarly, if P ~ Specyp;(D) = {(0), P, ..., Py, My, ..., M}, where
My, ..., M, are the maximal ideals of D, we define ip as the function
NF+Ex {1,2}t — N such that Xp(ay, ..., ax, b1,..., b, c1, ..., ¢) is the
cardinality of (S)Star(D), where w(F;) = a;, w(M;) = b; and e(M;) = ¢
for each i, j, 1. N

To study what kind of functions ¥p and ¥p are, we shall use the
following extension of [30, Theorem 1]; we will denote by n the set
{1,...,n}, endowed with the usual ordering.

Proposition 6.5. Let P, Q be two partially ordered sets, and let Hp o(n) :=
|hom(P, Q @ n)|. Then, Hp o is a polynomial of degree |P|.

Proof. For any order-preserving map ¢ : P — Q@ mn, let |y := {p €

P ¢(p) € QF and 1 := {p € P | ¢(p) € n}. Then, if p € [ and
q € T, we have p < q. We can see any ¢ € hom(P,Q @ n) as the
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union of a map ¢, : J¢p — Q and a map ), : Tt — n, both of which
are order-preserving, that are independent one from the other.

For any A, let hom® (P, Q ® n) := {1 € hom(P, Q@ n) | |1 = A}.
Clearly, hom(P, Q@ n) is the union of the various hom®; moreover, by
the previous reasoning, if A = |1 for some 1), we have

[ hom® (P, Q & n)| = |hom(A, Q)| - [ hom(P \ A, n)].

For a fixed Q, the first factor depends uniquely on A. On the other
hand, by [30, Theorem 1], the second factor is a polynomial Hp\a
of degree |P \ A|. Since Hp g(n) is the sum of the cardinalities of the

A . . . .
hom™, also Hp g is a polynomial; moreover, there is a unique summand

of maximal degree, namely |hom®(P, Q @ n)| = |hom(P,n)|, whose
degree is |P|. Hence, Hp o has degree |P|. O
Remark 6.6.

(1) If Q@ =0, the result above falls back to [30, Theorem 1].

(2) If P = k is linearly ordered, we denote Hyg as Hy. Order-
preserving maps from k to n correspond to ways of dividing
n into k (possibly empty) segments, or equivalently to combi-
nations with repetition of k elements in {1,...,n}; therefore,

Hy = (n+l]§fl). For example, Hi(n) = n, while Hy(n) = n(n2+1)

and Hg(n) _ n(n+1§(n+2)‘

Theorem 6.7. Let P = {0,p1,...,pn} be a finite rooted homeomorphi-
cally irreducible tree, with root 0, and let {p1,...,px} be the minimal
elements of P\ {0}. Then, for every biy1,...,b, € N, the function

7T7>(X1, “on ,Xk) = E’/)(Xl, “en ,Xk, bk+1, <o ,bn)
is a polynomial of degree k - 2F1.

Proof. Let D be a semilocal finite-dimensional domain such that Specy; (D) =
{(0), Py,...,P,} ~ P, with w(P;) = b; for k < i < n. By definition,
the cardinality of SStar(D) is equal to the sum of the cardinalities of
SStarA(D), as A ranges among the possible supports. Let © be the
standard decomposition of D.

For every such A, by Theorem 4.3 we have

|SStar®(D)| = [ [{| hom(A(T), FStar(T))| : T € ©, A(T) # 0}

By Proposition 2.2, FStar(7') is equal to the union of SStar(7"/P) and
FStar(Tp) \ {d}, where P is the minimal element of Specy;(T") \ {(0)};
moreover, SStar(7/P) has a maximum (namely Ay, where k is the
quotient field of 7'/ P), and thus we can write FStar(7T") as Q") @w(P),

where Q") := SStar(T/P) \ {Agy}. Applying Proposition 6.5, we
see that |hom(A(T), FStar(T))| = Haryom (w(P)) is a polynomial
in w(P) of degree |A(T)|; hence, each |SStar®(D)| is a polynomial in
w(Py),...,w(Py). In particular, 7p is a polynomial.
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Moreover, the term of maximal degree of each |SStar®(D)| has degree
|A(T)| in w(P), where P is the minimal element of Specy(T") \ {(0)};
in particular, this degree is maximal when A(T) is just the set of inter-
sections of the subsets of the standard decomposition © containing 7',
where it is 27!, Hence, the maximal term of 7p comes from the case
A = SkOver(D), where each w(P) has degree 2*~1. Tt follows that the

total degree of 7p is k - 2F1. O
Theorem 6.8. Let P := {0,p1,...,pn,m1,...,my} be a finite rooted
homeomorphically irreducible tree, with root 0, and let {p1,...,px} be

the minimal elements of P\ {0}. Then, for every byi1,...,b, € N,
1y ... 00 € {1,2} the function

Tp(X1, . X)) = Sp(X1, . Xy bty s bnCra )
is a polynomial of degree k(2F~1 —1).

Proof. As in the proof of Theorem 6.7, we need only to show that each
|(S)Star™(Dp)| is a polynomial, and since we are considering (semi)star
operations, we can consider only sets A containing D.

Consider a set A(T), and let A(T) = A(T) \ {D}. For each x €
Star(T), set

hom, (A(T), FStar(T)) := {¢ € hom(A(T), FStar(T)) | 1(D) = x}.

Then, the cardinality of hom,(A(7T),FStar(7T")) is equal to the cardi-
nality of hom(A(T'),{# € FStar(T') | £ > %}), which by Proposition 6.5
is a polynomial of degree |A(T)| = |A(T)| — 1 in w(P), where P is the
minimal element of Specy;(T') \ {(0)} (note that a star operation on T’
corresponds to a star operation coming from SStar(7'/P)).

Following the reasoning of Theorem 6.7, this is maximal when |A(T")| =
2F=1: hence, 7p is a polynomial of degree k(281 — 1). O

A good measure of the complexity of the calculation of the polyno-
mials mp and 7p is the height h(P) of P = Specy;(D), that is, the
maximal length among the chains of P. When the height is 0, D is a
field; hence, the first interesting case is when hA(P) = 1. In algebraic
terms, this happens if and only if D is h-local, that is, if D is locally
finite (which is automatic when D is semilocal) and Dy, Dy = K for
M # K in Max(D) (see e.g. [27] for a study of Priifer h-local domains).

In this case, the calculation of star and fractional star operations does
not need the theory developed in this article; indeed, by [29, Theorem
5.4] (and Section 2.3), if D is h-local and Max(D) = {M,..., M,},
then |Star(D)| = e(M;) - - - €(M,,) while |FStar(D)| = w(M;) - - - w(M,,).
The case of semistar operations, on the other hand, is not so immediate,
but it is a mere consequence of Theorem 6.7.

Corollary 6.9. There is a symmetric polynomial 7, € Q[X1,...,X,]
of degree n - 2"7' such that, if D is a h-local Priifer domain and
Max(D) = {M, ..., M,}, then |SStar(D)| = m,(w(M), ... ,w(M,)).
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Proof. If D is h-local, then Specyi(D) = {(0)} UMax(D). Then, m, is
a polynomial by Theorem 6.7, and it is obviously symmetric. U

The case of (semi)star operations is more interesting, since we can
actually make the numbers (M) variables, instead of parameters as it
was in Theorem 6.8.

Proposition 6.10. There is a polynomial 71, € Q[X1, ..., X, Y1,...,Y,]
of degree m - 2"' such that, if D is a h-local Priifer domain and
Max(D) = {My,..., M,}, then |(S)Star(D)| = T, (w(My),...,w(M,), e(My),...,e(M,)).

Proof. As in the proof of Theorem 6.8, we must calculate the cardinality
of the sets hom,(A(T),FStar(T)) := {¢ € hom(A(T),FStar(T)) |
(D) = %}, as T ranges in the standard decomposition of D and * €
Star (7).

Since D is h-local, each T is a localization at a maximal ideal of
D; hence, each T' = Dp is a valuation domain, and the possible star
operations * are the identity and the v-operation. If x is the identity

d, then

lhom, (A(Dp), FStar(Dp))| = | hom(A(Dp), FStar(Dp))| = Ha(pp)o(w(P))

(where A(Dp) = A(Dp) \ {Dp}). On the other hand, if * = v, then

lhom, (A(Dp), FStar(Dp))| = | hom(A(Dp), FStar(Dp)\{d})| = Hx(pp)o(w(P)—1).
The latter summand exists only when €(P) = 2; therefore, we have

[hom(A(Dp), FStar(Dp))| = Happ) 0(w(P))+(e(P)=1)Hanp) o(w(P)—1),

Putting all together, we see that 7, is a polynomial of degree 2"~ ! —1
in each X; and 1 in each Y;; the total degree is thus n - 2" O

We can use these results, along with Proposition 2.2, to study star
and fractional star operations when the height of Specy;(D) is 2.

Proposition 6.11. Let D be a semilocal Priifer domain, and let Specy;(D) =
{(0)} U AU Max(D); suppose that the elements of A are pairwise not
comparable. For any P € A, let M(P) :={M € Max(D) |PC M} =

{Mps,...,Mpjmpy}- Let w, €, m, and 7, as above. Then,
[FStar(D)| = [ [ mpeey(w(Mpya), .., w(Mpjaey) +w(P) — 1],
PecA
and
|Star(D)| = H %|M(P)|<OJ(MP,1), Ce ,W(Mp’|M(p)|), E(MPJ), Ce ,G(Mpy‘M(p)‘)).
PeA

Proof. For every P € A, let T(P) := ({{Dm | M € M(P)}. Then,
{T(P) | P € A} is the standard decomposition of D; hence, |FStar(D)| =
[[{|FStar(T'(P))| : P € A}, and likewise for |Star(D)]|.

By Proposition 2.2, for each P the set FStar(7'(P)) is equal to the
ordinal sum of SStar(7'/P) and FStar(T(P)pr,) \ {d}; the cardinality
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of the former is mar(py (Mpy, - - ., Mpjrpy) (by Theorem 6.7) while the
cardinality of the latter is w(P) — 1, since T'(P)pr, = Z(P). The first
claim follows.

Analogously, Star(T'(P)) corresponds bijectively to (S)Star(7/P),
whose cardinality is given by 7, (by Theorem 6.8). The second claim
follows. O

We end the paper by calculating two of the polynomials mp and 7p.

Example 6.12. The calculation of m, and 7.

Let D be a semilocal Priifer domain with Specy;(D) = {(0), M, N}.
Then, SkOver(D) = {D, Dy, Dy, K}; let A C SkOver(D) be a pos-
sible support for a semistar operation on D. Then, K € A, and if
Dy, Dy € A then also D € A, Hence, there are seven acceptable A.

A ={K}: In this case, A(M) = A(N) = (), and we have a single
semistar operation.

A ={D, K}: In this case, A(M) = A(N) = {D} are both isomorphic
to 1.

A ={Dy, K}: In this case, A(M) = {Dy} ~ 1 while A(N) = 0.

A = {Dy, K}: Symmetrically, A(M) = () while A(N) = {Dx} ~ 1.

A ={D, Dy, K}: In this case, A(M) = {D, Dy} ~ 2 while A(N) =

{D} ~ 1.

A ={D, Dy, K}: Symmetrically, A(M) = {D} ~ 1 while A(N) =
{D> DN} = 2

A ={D, Dy, Dy, K}: Inthiscase, A(M) ={D, Dy} ~2and A(M) =
{Da DN} = 2

Let now a := w(M) and b := w(N). Adding all the cases, Star(D) is
equal to

1+ Hi(a)H(b) + Hy(a) + Hi(b) + Ha(a)Hy(b) + Hy(a)Ha(b) + Ha(a)Hy(b) =
_ 1+ab+a+b+%a(a+1)b+%ab(b+ 1)+}la(a+ Db(b+1) =

1
=l4+a+b+ Zab—l— Z(azb—l—abz) + ZaQb2

and the last line represents exactly m(a, b).

For the (semi)star operations, we must not consider the supports
{K}, {Dy, K} and {Dn, K}. Let € := €(M) and €3 := ¢(N).

The possible A(+) are, as above, 1 and 2; in the former case, we have
Hi(n,e) = € possibilities, while in the latter we have, following the
proof of Theorem 5.2,

Hy(n,e) = Hi(n)+(e—1)(Hi(n—1)) =n+(e—1)(n—1) =en—e+1.
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Thus the cardinality of (S)Star(D) is equal to:
H{(a, el)Hé(ba 62) + Hé(% El)Hi(b7 62) + Hi<a7 61)Hé(b, 62) + H£<a7 6) + Hé(ba 6) =
=g+ (aa—e+1eatea(eab—ca+1)+(a—e+1)(ab—ea+1)=
= (1 + €1a)(1 + eb),

i.e., %Q(CL, b, €1, 62) = (1 + 61@)(1 + Egb).

Using Proposition 6.11, this provides a different proof of [18, The-
orem 4.3]. Indeed, suppose that A is a Priifer domain with Y-shaped
spectrum: that is, suppose that Max(A) = {M;, M>} and that the
largest prime ideal in M; N M, is P # 0. Under these hypothesis, using
the previous calculation,

|Star(A)| = (1 + e(M;)w(Mq))(1 + e(Ms)w(Ms)).

In the notation of [18, Theorem 4.3], let m; (respectively, n;) be the
number of nonidempotent (respectively, idempotent) prime ideals strictly
between M; and P. Then, w(M;) = m; + 2n; + €(M;); substituting this
expression in the previous one, and considering the cases ¢(M;) = 1
and €(M;) = 2, we obtain exactly the statement of [18, Theorem 4.3].

Remark 6.13. The previous example shows that 7, splits nicely into
two factors, each one containing quantities relative to a single maximal
ideal. This is most likely a phenomenon restricted to the case n = 2.
Indeed, by [18, Theorem 4.6], w3(1,1,1,1,1,1) = 45; if T3 would have
three factors, each one relative to one maximal ideal, by symmetry we
should expect 45 to be the cube of a rational number, and this is clearly
not the case.

It is also possible to repeat the calculation of Example 6.12 for three
maximal ideals; the resulting polynomials 73 and 73 turn out to be
several lines long.

Example 6.14. Let D be a Priifer domain such that Specy;(D) is the

following set:
M, My N
\ / /
P
N\
(0)

Suppose w(M;) = w(My) = 1 and let w(P) = a, w(N) = b. We want
to calculate [SStar(D)].

We have © := {Dy, D(py}, where D¢py := Dy, N Dyy,. As in the
previous example, we obtain

ISStar(D)| = 1-4+Ry (@) Hy (b)+ Ry (a)+Hy (b)+Ra(a) Hy (b)+Ry (@) Ha (b)+Ra(a) Ha(b),
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where R;(a) and Ry(a) denotes the number of order-preserving maps
from (respectively) 1 and 2 to FStar(Dypy).

Let A := D¢py/PDyp}, and let k be its quotient field. By Proposition
2.2, there is a bijection FStar(Dypy) <+ SStar(A) @ (FStar(Dp) \ {d}).
Since w(M;) = w(Ms;) = 1, the set SStar(A) corresponds to the subsets
of SkOver(A) \ {k} that are closed under intersections; if Z and W are
the maximal ideals of A, we have seven possibilities, namely ), {A},
{Az}, {Aw}, {A Az}, {A Aw} and {A, Az, Aw}. Hence, the order
on SStar(A) \ {Agy} corresponds to the following:

{A7 AZ} {A7AW}

VN . / \{AW}

{A7 A27 AW}

{Az}

It follows that Ry(a) = 6 + a, while

1 1 13
Ry(a) = 15+6a+M = —a®+ Za+ 15,
2 2 2
and thus (at the end of the calculation) we have
1 3 15 21 45 65
|SStar(D)| = 1a262 + ZaQb + Zab2 + ?b2 + Zab +a+ ?b +7.
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