WILF’S CONJECTURE FOR NUMERICAL
SEMIGROUPS WITH LARGE SECOND GENERATOR

DARIO SPIRITO

ABSTRACT. We study Wilf’s conjecture for numerical semigroups

S such that the second least generator as of S satisfies ay >

M, where ¢(S) is the conductor and p(S) the multiplic-

ity of S. In particular, we show that for these semigroups Wilf’s
conjecture holds when the multiplicity is bounded by a quadratic
function of the embedding dimension.

1. INTRODUCTION AND PRELIMINARIES

A numerical semigroup is a subset S C N that contains 0, is closed
under addition and such that the complement N\ S is finite. In partic-
ular, there is a largest integer not contained in .S, which is called the
Frobenius number of S and is denoted by F(S). The conductor of S
is defined as ¢(S) := F(S) + 1, and it is the minimal integer x such
that  + N C S. Calculating F'(S) is a classical problem (called the
Diophantine Frobenius problem), introduced by Sylvester [10]; see [7]
for a general overview.

Given coprime integers a; < ... < a,, the numerical semigroup
generated by aq,...,a, is the set

<CL1,...,an> = {A1a1+---+>\nan | )\z EN}

Conversely, if S is a numerical semigroup, there are always a finite
number of integers aq,...,a, such that S = (ay,...,a,); moreover,
there is a unique minimal set of such integers, whose cardinality, called
the embedding dimension of S, is denoted by v(S). The integer a;, the
smallest minimal generator of S, is called the multiplicity of S, and is
denoted by pu(S).

In 1978, Wilf [11] suggested a relationship between the conductor
and the embedding dimension of S. More precisely, set

L(S)={zeS|0<z<c9)}.
Wilf hypothesized that the inequality
v(S)|L(S)| = ()
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holds for every numerical semigroup S; this question is known as Wilf’s
congecture. The conjecture is still unresolved in the general case, al-
though there have been several partial results: for example, it has
been proven that Wilf’s conjecture holds when v(S) < 3 [10, 3], when
IN\ S| <60 [4], when ¢(S) < 3u(S) [5, 2] and when v(S) > u(S)/2 [9].

In this paper, we study Wilf’s conjecture when ay, the second small-
est generator of S, is large, in the sense that

EGETO)

In Section 2 we prove some bounds that this condition imposes on .5,
while in Section 3 we estimate the cardinality of L(.S); finally, in Section
4 we show that for these semigroups Wilf’s conjecture holds when v
is large and the multiplicity is smaller than a quadratic function of
the embedding dimension (Theorem 4.5). The basic idea is to split the
generators of S according to whether they are smaller or bigger than
MJ(S), and using this division to estimate the cardinality of L(S).

For general information and results about numerical semigroups, the
reader may consult [8].

2. SPLITTING THE GENERATORS

From now on, S will be a numerical semigroup, p := u(S) its multi-
plicity, v := v(S) its embedding dimension, and ¢ := ¢(.5) its conductor.
We denote by Ap(S) the Apéry set of S with respect to its multiplicity,
ie.,

Ap(S):={ieS|i—n¢S}.
We recall that, for every ¢ € {0, ..., u—1}, there is a unique x € Ap(S)
such that x = t mod y; in particular, Ap(S) has cardinality p. Note
also that, since ¢(S) is the maximal integer not belonging to S, every
element of Ap(S) is smaller than ¢ + p.

Let now P := {ay,...,a,} be the set of minimal generators of S,
with = a; < ay < --- < a,. We shall always suppose that as > C’;“.
Since each x € P\ {u} belongs to Ap(S), we can subdivide P \ {u}
into the following three sets:

Pi={ae P\ G gt <a< gl |

Pom{ae PA\Gu gletm o< St f,

Py = {aEP\{u}|§(c+u)§a<c—|—u}.

We set ¢; := | P, for i € {1,2,3}.
Let m : Z — Z/uZ be the canonical quotient map, and let A :=
w(P), A; :== n(P;). Given two subsets X,Y C Z/uZ, the sumset of X
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and Y is
X+Y ={z+ylzeXyeY}

Proposition 2.1. Let S = (ay,as,...,a,) be a numerical semigroup
with ay > “SEE) Then 7,/u7 = AU (A; + A1) U (Ar + Ay).

Proof. Let © € Ap(S), © # 0. Then, z < ¢+ p and x is a sum of
elements of P\ {u} (since z — np ¢ S for n > 0). The sum of three
elements of P\ {u} is bigger than ¢ + p, and thus cannot be equal to
x; likewise, x cannot be the sum of two elements of P, U P3, and it also
cannot be the sum of an element of P, and an element of P;. Hence,
the unique possibilities are x € P, x € P, + P, or x € P, + P,. The
claim follows by projecting onto Z/uZ. U

Using the previous proposition, we can relate quantitatively u, v, ¢;
and ¢s.

Proposition 2.2. Let S = (ay,as,...,a,) be a numerical semigroup
with ay > M Then:

q1(qr +1
(a) MSV—F%ﬂthfh;

() 1< o+ 1);

v —1— 2 1)2 -8
(c) ¢ > Y \/(2y+ ) ay

Proof. By Proposition 2.1, we have
w < |A| + A1 + A1| + | A1 + Asl.

(a) now follows from the inequalities |A| = v, A1 + A1| < q1(q1 +1)/2
(by symmetry) and [A; + Az < qi1ga.
Using the previous point and the fact that ¢; + ¢o < v — 1, we have

+1
v+ % +qiq2 <
+1 1 1
<o+ 80D w1 —g)=v-ti+ (v-1)a
2 2 2
and thus
(1) @ — (2v—1D)q +2(u—v) <0.

Therefore, the discriminant of the equation is nonnegative, that is,
0< (2v—17°—=8(u—v)=(2v+1)* -8y,

or equivalently
< 1, n 1 n 1
v+ —v+ —.
H=3" TV Ty
Moreover, since p and v are integers, so is %u + %l/ = M, and thus

2
we can discard the %. This proves (b).
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FIGURE 1. The region .A(100, 20).

Under this condition, (1) holds for ¢ < ¢; < ¢, where

2v—1—+/(2v+1)2-38
-7 \/(V+> P and 4+ =

2v—1++/(2v+1)2—8pu

4-- 2 2

are the solutions of the corresponding equation; hence, (c) follows. O

Remark 2.3. The bound ¢_ may actually be negative: however, if
¢1 = 0 then part (a) shows that x4 < v, and thus g = v. In this case, S
is of maximal embedding dimension and Wilf’s conjecture holds by [3,
Theorem 20 and Corollary 2].

Part (a) of Proposition 2.2 can be represented in a graphical way.
Fix two integers, u and v. The inequalities
® q,q > 0;
e qt+t@p<v-1L
1 1 S
* ¢ (5(]14‘54‘(]2) Z B
define a subset of the plane ¢, which is bounded by two lines and an
hyperbola; we denote it by A(u,v), or simply A if there is no danger
of confusion. The set is pictured in Figure 1.
Then, if S is a semigroup with multiplicity p, embedding dimension v
and ag > M, then the lattice points (1, ¢2) in A(p, v) correspond
to the possible cardinalities of the sets P, and Ps.

3. ESTIMATES ON |L(9)|

Lemma 3.1. Let x,y,b,p be real numbers, with p > 0 and x <y, and
let A:c=b+pZ:={b+pn|n € Z}. Then:

(a) |AN [z,9)] = V;J

(b) if v € Aandy ¢ A, then |ANx,y)| = {y—xJ +1.
p
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Proof. Let k := Ly—J Then,

v
r+kp<e+ =L p<y
p
hence, the k sets [z, x + p), [z + p,x + 2p),...,[x + (k — 1)p,x + kp)
are disjoint subintervals of [z, y). In each [x + ip,x + (i + 1)p) there is
exactly one element of A; hence, |[AN [z,y)| > k.
Moreover, if z € A then x + kp € A; since y ¢ A, then x + kp # v,

and thus the interval [z + kp, y) is nonempty and contains exactly one
element of A (namely, x + kp). Hence, |[AN [z,y)| =k + 1. O

Our goal is to estimate the cardinality of L := L(S). To this end, we
introduce the following notation: if x is an integer, let

L,:={a€L|a=xmod pu}.
Clearly, L, and L, are disjoint if z # y mod p.

Proposition 3.2. Let S = (aj,as,...,a,) be a numerical semigroup
with ag > M Then,

c le 1 le 2
2 L > | — —— — = 1 —— == 1 .
o o 2] (-2 Yo (339
Proof. We have
L) = Y Lol > Lol + D 1Lal + D | Lal.
.Z’EAp(S) zeP; z€Ps

Suppose x € Ap(S). Then, L, = (x + pZ) N [x,¢), and by Lemma 3.1
c—x

we have |L,| > J Hence, |Lo| > {EJ , while if x € Py then
0

L] LL:M)J - Ff - lJ

2 2
and if x € P, then

IL,| > r_gil—ﬁL“)J > FE_gJ

ot 2] 1o 3

Furthermore, applying again Lemma 3.1, for every z € {0} U P, U P,
except possibly one (namely, the x such that ¢ = x mod p), there is a
further element in L, N[z, c); hence, we can add ¢; + ¢2 to the quantity
on the right hand side. The claim follows. U

Hence,
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We can get a slightly better version by considering also the relation-
ship between the elements of P, and P,; for this, we shall modify an
idea introduced by S. Eliahou in [1]. Say that a pair (a,b) € P; x Py
is an Apéry pair if a +b € Ap(S): then, a + b < ¢ + p, and applying
Lemma 3.1 we get

- )
|La| + | Ly| = {MJH%C—JHE
1 1t

220—(a+b)>c—pb:£_1.
7 pooopu

Since |L,|+|L,| is an integer, and the inequality is strict, we have |L,|+

|L,| > L%J ; in particular, this is better than the number {ﬁj + LjJ R~
Sc

6 which we would get by considering the two estimates separately.

Let X be the set of Apéry pairs. We say that a subset {(a;, b;)}1-; C X
is independent if a; # a; and b; # b; for every ¢ # j. Denoting by o the
maximal cardinality of an independent set of Apéry pairs, we obtain a
slightly better version of Proposition 3.2.

(3)

Proposition 3.3. Let S = (aj,as,...,a,) be a numerical semigroup
with ag > M Then,
(4)

N (R I T ([ P

Proof. Take o independent Apery pairs {(at,bt)} 1, and write P, =
{ai,...,;a5,¢1,. ..}y Po={b1,...,bs,dy,...,ds}. Thus, we have

Cj’ + Z ’Ldk‘
k=1

Using the estimates in the proof of Proposition 3.2 and the inequality
(3) we get our claim. O

LI = Lol + Y (ILa] + |Ls,])

Propositions 3.2 and 3.3 can be used to obtain a lower bound on the

function %L)S)' if this bound is at least 1, then Wilf’s conjecture

holds for the semigroup S. One problem lies in the floor functions
appearing in (2) and (4); the simplest way to get rid of them is to use
the inequality |z] > z— 1. However, with some additional work we can
obtain better estimates.

Indeed, observe that if c = (6k — 1)p (where k is an integer), then
the quantities ﬁ, %ﬁ -3 L and & —; — =z appearlng in (4) are integers; this
suggests to write ¢ as (6k — 1),u+9,u, where £ is an integer and 6 € [0, 6)
is a rational number. In this way, we have

| = || k-1 po) = £ - 0 L6

ft [t f
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lg_l +1_£+1— Q_Q
20 2 C2u 2 2 |2
1c_2 +1_c+1_ 6’_ 0
3 3 3 3 3 13])°

Thus, when we multiply (4) by % we obtain

M2 i-Lo-wn]aro+ 2|32 (5- 5] - 5)|@-or

c W 2 ¢ \2 2 2

vil u/[(0 0 1
-t Gl -5)] e
We can write the right hand side of the previous inequality as

Uqr, g2, 0) == g[aa +0) + B(gr — o) + (g2 — ),

analogously,

and

where «, 3, are rational numbers depending on ¢ and p. By [2], Wilf’s
conjecture holds when ¢ < 3u; hence, we can suppose, from now on,
that ¢ > 3u. Let now

D LR XA (UF)
11 ifee4,6).

Then, ¢ > (I + 0)p; equivalently, £ < l%e' Therefore,
0—10]
>1— ——.
=T e

If £ > —I, the function x — is increasing for x > —I[; hence, in

x
the interval [k, k + 1) it is bounded above by its value at © = k + 1.
Thus,
S PR -
“= I+1+ 6]

A completely analogous reasoning can be used to estimate 5 and +,
although in this case the calculations must consider the residue class of
|0| modulo 2 and 3 (for § and 7, respectively). We obtain the following
inequalities.

1 if |#] =0 mod 2
62{% S 'fLGJ_l d?2
2 7 20tite) [6] =1mo
3 if [#] =0 mod 3
1 : _

We now use this estimates to specialize (4) to each possible |6].
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v|L v (b5 1 1
0 €0,1): %2;<6(1+0)+§(Q1—0)+§(Q2—0)):
_r §+1 _|_1 = Zﬁ( )
= i 6 2q1 3QQ = [ 1\91,92,0)-
v|L v (6 3 2
pen: > 2 2oyt -0+ 2w -o) -
=S S 2t Lo ) = Y )
_'u - 7Q1 7QQ 70- _,LL 2\q1,42,0
v|L v (7 1 1
g€ [2,3): %Z;(§(1+0)+§(Q1—0)+Z(Q2—0)):
I IS PRSI i —L3( )
= p 3 2q1 4(]2 80 = 341,92, 0
v|L v (8 4 1
0 € [3,4): % > L (5(1+0)+§(Q1—0’)+§(Q2—0)> =
v 8+4 +1 +1 L Vg( )
= i 9 9(]1 3QQ 90 - 4\q1,92,0
v|L v (3 1 1
peinsr 22 (3404 ja-o)+ ja-0) -
_r §_|_l _‘_1 —: Zﬁ( )
= i 1 2q1 4(]2 = [ 5\91,42,0).
v|L v (4 2 4
9.0 U 2 2 (S o)+ 2 o)+ - 0)) -
v 4+2 n 4 n 2 . Vg( )
_,u 5 5(]1 15(]2 150' —[1, 6\41,42,0).

4. WILF’S CONJECTURE FOR LARGE SECOND GENERATOR

Proposition 3.3 isn’t really better than Proposition 3.2 if we don’t
have a way to estimate 0. We do it in the following proposition, using
a graph-theoretic method; see e.g. [6] for the terminology used in the
proof. The proof is inspired by [1].

13| _
max{qi, ¢}

Proof. Define a graph GG by taking the disjoint union P; U P, as the set
of vertices and X as the set of edges. Then, an independent subset of
Y is exactly an independent subset of edges of Gz, that is, a matching,
and o is exactly the matching number of G.

Moreover, GG is a bipartite graph, and thus (by Konig’s theorem,
see e.g. [6, Theorem 1.1.1]) the matching number of G is equal to the

Proposition 4.1. Let Y and o as in Section 3. Then, o >
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its point covering number, i.e., to the cardinality of the smallest set
S C V(@) such that every edge of G has a vertex in S.
For every v € V(G), the number of edges incident to v is at most ¢,

if v € P, and at most ¢, if v € Py; hence, the point covering number of
G is at least |E(G)|/ max{qi, ¢2}. The claim follows. O

We also obtain a slightly better version of Proposition 2.2(a).

Corollary 4.2. Let S = (ay, as, ..., a,) be a numerical semigroup with
as > M, and let o as above. Then,

+1
(5) %—l—a-max{ql,(p}%—y > .

Proof. Following the proof of Proposition 2.1, we see that if z € Ap(S)N
(P, + P,) then x = ay + by for some Apéry pair (a,b;) € ¥; hence,

[AP(S) N (P + )| <X < 0 - max{q, g2},

with the last inequality coming from Proposition 4.1. The claim now
follows using the proof of Proposition 2.2(a). d

Before presenting the main theorem, we prove a lemma.

Lemma 4.3. Let f(x,y) := a+ fx+yy, where a, B, are positive real
numbers such that o <1 and 25 > ~. For every € > 0 there is a vy(€)
such that, if v > vy(€) and p satisfies

(6) 2u§u<2’y(2ﬁ—7)v2+(2a—’7_1)”_%_6’
then
I
flz,y) > >

for every (z,y) € Q= {(z,y) € R* |2 >0,y 2 0, (30 +3+y) +
v >l

Proof. Since f is a linear function, and the components of its gradient
are positive, the (eventual) minimum of f on € can be reached only on
its border Z, which is formed by a subset of an hyperbola (say Z’) and a
subset of the z-axis. Moreover, f is monotone increasing on the z-axis,
and thus the minimum can only be reached on Z’'. On it, f becomes
a quadratic function such that f — oo when x — 0 (since y — 00);
therefore, f has actually a minimum on Z’, and the point (zg, yo) where
it is reached satisfies, by Lagrange multipliers,

O f (20, 90) = o + % +yo = BA
ayf(l‘m Yo) = To = YA
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for some A € R; imposing (¢, yo) € Z' we have

Lot Ly
— UV =2 —XT —_ =
H ol 5t0T 5 Yo

= 9y f (20, %0) - (Q,;f(xo,yo) - %&;f(a?o,yo)) = WV
and thus
2
A= mvu — V.

Substituting in f, we have

f (o, Z/o)—oz—i—ﬂ’y)\—i-”y[(ﬁ ) )\_1 _

_ b —
=3+ B+ A=) | Vi =

—a— 2+ VBB Vi

2

Therefore, if f(xo,y0) > £ then also f(x,y) > & for every (z,y) € Q.
We thus must solve an inequality in the form

(7) (+evi—v=t,
or equivalently (since v > 0)
Evvp—v = p—(Qr.

In our hypothesis, ( = a —3 < o < 1 and p > v; hence, the right hand
side is positive and we can square both sides, obtaining

€025 — v) > 1 — A+ (0P
or, equivalently,
(8) p? — (2Cv + )+ A+ 42 <0,
Suppose p = 2v: then, the left hand side of (8) is equal to
V(4 — A+ ) + (=282 + 2i?) = V¥[(1 - () — ve?,

which is negative for v > (1= e 9k . Hence, under this condition the left

hand side of (8) has two roots, p_ < py, and g < 2v. On the other
hand,

(200 4 E202) + /V2E2[4(C — 1)v + 217
Hy = 5 =

QCV + §2V2 —|—§2V2 1— 4(612;()
p— 2 .
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Expanding /1 — % as a Taylor series we have

€22, 1 - 4(1-¢) — €22 (1_1_M_1 <4(1_O> —|—R2<I>> =

&

2(1 — ()2
et -2 gv- 2 s e,
where Rj is the remainder and x = 4(§12—_V<). In particular, Ry(z) = O(2?);

hence, £212Ry(z) is O(1/v), and thus it is bigger than —e¢ for every v >
vo(€) (for any € > 0). Hence, for v > vy(€) (7) holds for p— < p < py,
with
(1-¢)
e

Substituting ¢ and ¢ with their definitions we have our claim. O

po > E (20— v —

Remark 4.4. The remainder of the Taylor series can actually be esti-

mated fairly simply. Indeed, using (f—;\/ 1—x= _%m and Taylor’s
theorem, we obtain, putting \ := 4(;0,

A3 v 5/2
2 2

< - — .
€ Ro()] < 16 v (1/— )\)

As a function of v, the quantity on the right hand side is decreasing
for v > A; for example, for v > 2\ we have

342
< V2N .
- 8
We will use this estimate in Proposition 4.6.

€21 Ry(2))|

We are now ready to prove the main theorem.

Theorem 4.5. For every ¢ > 0 there is a vy(e) such that, if S =
(ay,as,...,a,) is a numerical semigroup such that:

o ay > A

o v(S)=v >w(e), and
o u(S) < gt sr—5—¢
then S satisfies Wilf’s conjecture.

Proof. By [2], we need only to consider semigroups S such that ¢ > 3pu.
Write ¢ = (6k — 1)u + Ou, where k an integer and 6 € [0,6). By the

discussion in Section 3, for every i := |6 there is a linear function
li(q1, q2,0), not depending on S, such that
v|L|

Z ng(qb 42, U)'
C v

We distinguish two cases.
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Suppose q; > q2. By Corollary 4.2, we have w +oq +v >
equivalently, the point (¢, o) belongs to the set A(v, ) defined at the
end of Section 2. Since ¢u > o, we have ;(q1,q2,0) > {i(q1,0,0) =:
li(q1,0). By Lemma 4.3 applied to ¢, (and since A(v,pu) C Q), for

every € > 0 there is a 7;(€) such that £i(¢,0) = & when v > 7;(¢€) and
p < Ai® + Biv + Ci — e,

where A;, B; and C; are constants depending on 7. In particular, As
is equal to 28—5 and smaller than every other A;; hence, there is a v/(e)
such that Asv? 4+ Bsv 4+ Cs — e < Ajv? + By + C; — € for all i and every
v > yy(e).

Therefore, ”(Sc)(lg)(sﬂ > 1 for all semigroups S with

o 4y >SS

o 11(S) < Asv(S)? + Bsv(S) + Cs5 — € and

o (S) > vy(e) := max{v/(¢), 7 (¢€),...,U5(€) }.

% > 1 is equivalent to S satisfying Wilf’s

Since the condition

conjecture, the claim follows substituting As, Bs and Cj5 with their
value.

Suppose g1 < go; by Corollary 4.2, M + 0qy + v > p. Then,
(q1, g2, o) belongs to the set

x(x+1)
2

Q’::{(x,y,z)€R3|x,y,220,z§x§y, —i—yzzu—y}gR?’.

As in the proof of Lemma 4.3, the minimum of ¢; on 2’ can only belong

to the hyperboloid {@ +yz=pu— 1/}; by Lagrange multipliers, the

minimum (g, Yo, 20) of ¢; on the hyperboloid satisfies

Duli(0, Yo, 20) = To + 3 = Bi
Oyli(x0, Yo, 20) = 20 = VA
0:4i (o, Yo, 20) = Yo = G\

Since v; > ¢; for each i, we must have z; > 1, which however implies
that (zo,yo, 20) ¢ '; hence, the minimal point of ¢; in €' must belong
on the intersection between the hyperboloid and one of the planes {z =
z} and {z = y}. If it is on the latter, we have ¢; = ¢, and we fall back
to the case ¢ > ¢o; if it is on the former, then we have to find the
minimum of ¢(o, q3) := ¢;(0, q2,0) on
1
Q= {(z,y) €R*|2>0,y>0,2 <y, @—l—yzz,u—y}.

This set is contained in the domain €2 of Lemma 4.3; hence, we can
apply the lemma and, as in the proof of the case ¢; > ¢, we obtain that
% > 1 for all semigroups S with v(S) > vy(e) and p(S) < A2+

B;v + C; — € (where 1y(€), Aj, Bj, C; are different from the previous
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case). However, a direct calculation shows that all A; are strictly bigger
than %; hence, this case does not give any further restriction on the
semigroups on which Wilf’s conjecture holds (except perhaps the need

to pass from v(€) to a larger number). Hence, the claim holds. O

The same reasoning can yield a more explicit version.

Proposition 4.6. Let S = (aj,as,...,a,) be a numerical semigroup
with v(S) =v > 10. If ay > M and
8 1 5
S)y < —v(S)*+=v(9) — =
§(S) < Sev(S) + 1(S) ~ 7.

then S satisfies Wilf’s conjecture.

Proof. The proof is akin to the one of Theorem 4.5; we employ the
same notation. Suppose ¢; > ¢2, and let A;, B;, C; be the coefficients of
the polynomial in v which is on the right hand side of (7) when f = £..
When v > 10, for each i the left hand side of (8) is negative when
i = 2v; furthermore, Asv? + Bsv + Cs < A;v? + Bjv + C; for each i
when v > 10. Moreover, in the notation of Remark 4.4, the largest A
and \3¢? appear again when 0 € [5,6), when their value is, respectively,
5 and 40; hence, the error term is at most

V2N V240 V23

8v 80 2 4

Therefore, in this case Wilf’s conjecture holds when

8 1 1 3
pS) < o= — 1

— 25 5 2 4
as claimed.

In the case ¢; < @2 the functions ¢; we obtain putting ¢; = o are
always bigger than the corresponding functions for the case q; > g¢o;
hence, also in this case Wilf’s conjecture holds when v > 10 and p
verifies the above inequality. The claim is proved. Il

To conclude the paper, we give three variants of Theorem 4.5 that
can be proved with arguments very similar to the proof of the theorem.
The first one looks at case ¢ = 0 mod p, the second one strengthens
the coefficients % and the third one weakens Wilf’s conjecture.

Proposition 4.7. If S = (a1, as, ..., a,) is a numerical semigroup such

that
o a > dEMHS),

e (S)>10 and
e ¢ =0 mod p,

then S satisfies Wilf’s conjecture.
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Proof. Using the same reasoning of the proof of Theorem 4.5, the worst
bound of p with respect to v happens in the case ¢ > ¢ = o; under
this condition, we have

vIL]

22 el a) + Ao — )

where
a=1-20-19)) =

(using the condition ¢ = 0 mod p, which is equivalent to € being an
integer). Likewise,

N AN LA N
f=3 c<2 M 2)22

because g — LQJ < % Hence,
V|L| 1 1 1 v
. M[(+@%+%m @ﬂ ot 5 lt%ﬂﬂ

By Lemma 4.3, Remark 4.4 and the proof of Proposition 4.6, if v(S) >
10 then (g1, q2) > /v when (q1,¢2) € A(p,v) and p satisfies

1 1 V2

1
W < 1P+ -v— - — .
VSRSV T TS
Since p is an integer and }L + ‘/75 < 1, this means that Wilf’s conjecture
holds when p < %1/2 + %I/.
By Proposition 2.2(b), the only case left to consider is y = Vz—f-%l/ =

“ ”+1 . Under this condition, we have, by Proposition 2.2(c),

2v—1-—1
%ZT:V—L

since also ¢; < v — 1 we must have ¢y = v — 1 and ¢y = 0. In this case,

L 1 1 1
T P YR DL U
c u 2 M 2 20
and thus S satisfies Wilf’s conjecture. O
Proposition 4.8. There is an integer N such that, for every v > N,
there are only finitely many numerical semigroups S = (ay, az, ..., a,)
with
o ay > C(S)gu(5)7
o v=1u(9), and
o 1(9) < 2,

and that do not satisfy Wilf’s conjecture.

Proof. Fix any x € (0,1/3), and consider the function

1

1
g1, q2) =1—x+ 50+ 5
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By Lemma 4.3, for every € > 0 there is an N;(x, €) such that, for every
point (q1,q2) € A(p,v), with v > Ni(x,e€), we have f(q1,q2) > p/v

whenever
Ao (2, 1
—v = — V—— —¢
=9 37 )V 16 ¢
Let Na(x,€) := (e + 1) (3 — 2x)_1: then, for v > Ny(y, €), we have

2 L _ >
- — v———e>0.
3~ X 6 °~

Therefore, for every v > N := N(x,¢€) := max{Ni(x,¢€), Na(x, €)} we
have f(qi1,q2) > p/v whenever u < %1/2. Equivalently, we have

I+t ims iy
291 3Q2_V X-

Using the inequality |z] > x — 1 on Proposition 3.2, we have
V]L]>V 1—|—1 +1 v 1+1 +2
c < u 291 3% c 2Q1 3(12
which for v > N is bigger than
Vo[ v (1 1 v 1 v(iv—1)
—(—+X>—— Xt o) 2 ld X xSt
JANZ c \Vv 3 L c 3

using also the fact that g < v — 1. The quantity on the right hand side
is bigger than 1 when

1 -1
Zx——Owa+ﬂ%Tl)2&

14 c
since ¢, v, u and y are positive, this is equivalent to
viv—1
9) czi(u+xu+¥),
XV 3

and all semigroups satisfying this inequality satisfy Wilt’s conjecture.

In particular, for any value of v, p and x, there are only a finite
number of semigroups that do not satisfy this condition. For any v,
there are also a finite number of multiplicities p satisfying p < %V2;
hence, for any fixed v > N there are only finitely many numerical
semigroups that verify the hypothesis of the theorem and that do not

satisfy Wilf’s conjecture. 0

We note that the right hand side of (9) is very large: for example,
if v =10, p =50 and x = %, then it is equal to 26050. The strategy
used in the proof of Theorem 4.5 (i.e., writing ¢ = (6k — 1)p + 6y and
using different estimates for different [#]) can be employed to obtain
numerically better bounds (but still with the hypothesis pu < %VQ).
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Proposition 4.9. For every A < 1 there is a vo()\) such that, if S =

(ay,aq,...,a,) is a numerical semigroup such that as > C(S)Jg—”(s) and
v > 1(A), then
(10) v(S)|L(S)| > X - ¢(S).

Proof. Fix a A < 1. Let ¢ = (6k — 1)p + 6y, with k an integer and

6 € [0,6). For any fixed |6], we have
v|L| > p

v

for some «, 3,7, 9 depending on |6|. Therefore, (10) holds if

o
v

(a+ Bqr + g2 + d0),

A la4+ A8 + A yge + Ao >

which, by Lemma 4.3, holds for

p< 2T = AT) — it = (W - 6) V2.

for v > 1j(e). By Theorem 4.5, 2v(23 — ) is at least 5; if A < 2, then
2728 —7) & 25 1

\? 25 16-2 2
Therefore, we can choose an € satisfying

2y(28—7) 1
0<e< 2 5
and for such an € there is a 1/ (¢e, A) such that
2v(26 —v) 2l o 1
(T —e| V> guit oy
for all v > (e, \). Setting vo(\) = max{yj(e), (e, \)}, we have
that the inequality (10) holds for v > vy()) and g < 212 + Lv. Since

every semigroup with ay > M satisfies the latter condition (by
Proposition 2.2(b)), the claim holds. O
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