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Lattices in Number Theory

We will study ideal lattices.
« They are lattices with structure of ideals.
o They are used in coding theory and
cryptography.
o They have nice algebraic structure

(so have nice and cheap representation,
allows fast arithmetic,....)



Lattices in Number Theory
We will

o Review about number fields, ideal
lattices and ...
Study Arakelov divisors.

@ Study the Arakelov class group.

e Discuss about reduced Arakelov divisors
and their properties.
Discuss the reduction algorithm.



Lattices in Number Theory
We will

o Review about number fields, ideal
lattices and ...
Study Arakelov divisors.

@ Study the Arakelov class group.

e Discuss about reduced Arakelov divisors
and their properties.
Discuss the reduction algorithm.

PS: Questions are very welcome :)
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Review

Let F be a number field of degree n.

o fF=0Q

e F=Q(v2),

© F = Q(/) (the Gaussian field),
o F=Q(5),

@ F is the splitting field of
B+mx®—(m+3)x+1(m>-1,m#3
mod 9) (simplest cubic field),

6 F=Q(v2)?

@ F = Q(¢n) (cyclotomic field)?



Review
Let F be a number field of degree n.

o1, ...,0p are n real infinite primes
Or4ly -y Ortr, @re ry complex infinite primes.
o F=Q,
e F=Q(2),
© F = Q(/) (the Gaussian field),
o F=Q(V5),

@ F is the splitting field of
x}+mx*—(m+3)x+1(m>-1,m#3
mod 9) (simplest cubic field),

6 F=Q(V2)?

@ F = Q(¢n) (cyclotomic field)?
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Review

Let F be a number field of degree n.
o1, ...,0p are n real infinite primes
Or4ly -y Ortr, @re ry complex infinite primes.

Or: The ring of integers of F (n = + 2n).

e F=Q,

e F=0Q(V2),

© F = Q(/) (the Gaussian field),
o F=Q(V5),

@ F is the splitting field of
XB+mx>—(m+3)x+1(m>—-1,m#3
mod 9) (simplest cubic field),

6 F=Q(v2)?

@ F = Q(¢n) (cyclotomic field)?



Fractional ideals
| is called a fractional ideal of F if
e [ is an additive subgroup of F, and
e there exists & € F* st a/ is an ideal of Of.
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Fractional ideals
| is called a fractional ideal of F if
e [ is an additive subgroup of F, and

e there exists & € F* st a/ is an ideal of Of.
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Fractional ideals
| is called a fractional ideal of F if
e [ is an additive subgroup of F, and

e there exists & € F* st a/ is an ideal of Of.
Ex: F = Q(+/5). I is a factional ideal of F?

I, = {2m1 + (1 — \/E)mz Smy, My € Z}7
s = {2m1 + l_fmg cmy, my € Z}7
0 I —{‘[m + \fmg my, my € 7}7

= 35l
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The class group

Idr: The group of all fractional ideals of F with
multiplication.

Let Princg:= the subgroup of principal ideals of F.
The class group of F is

C/,l: = /d/:/PI’I'nCF.
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Idr: The group of all fractional ideals of F with
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o Clr is finite and #Clr = hr (the class number).



The class group

Idr: The group of all fractional ideals of F with
multiplication.

Let Princg:= the subgroup of principal ideals of F.
The class group of F is

C/,l: = /d/:/PI’I'nCF.

o Clr is finite and #Clr = hr (the class number).
Ex: C//: :?, h/: =7if

o F=Q.
e F=Q(V2).
e F=Q().

o F =Q(V10).



Fr

L] Let FR — F®QR =~ Ha‘ real Ho’ COFﬂp'QXC =
R"™ x C” an R-algebra.

Ex: Fp =7 if
o F=Q,
e F=Q(V2),
o F=Q(),
o F=Q(V5),
@ F is a simplest cubic field,
o F=Q(V2),
@ F = Q((m) (cyclotomic field)?



o Let Fr = F®oR ~]]
R" x C™2 an R-algebra.

o real

Fr
R x Ho complex C~



Fr
o Let FR — F®QR = Ha real R % Ha complexC =
R" x C™2 an R-algebra.
e A scalar product on Fg, for any
u=(u,),v=_(v,) € Fg,
(u,v) := Tr(uv)

= Z Re(u,vy) + 2 Z Re(uyVy).

o real o complex

= ||UH2 — Za real Uo + 220 complex |u0|2



Fr
o Let FR — F®QR = Ha real R % Ha complexC =
R" x C™2 an R-algebra.
e A scalar product on Fg, for any
u=(u,),v=_(v,) € Fg,
(u,v) := Tr(uv)

— Z Re(u,vy) + 2 Z Re(uoVy).
o real o complex
= (Ul = g ot 87 + 2 comple [t
Ex: F=Q, Q(v2), Q(i), Q(V5),

simplest cubic fields,

F = Q(v2)?



o Let FR —F®QRNH
R"™ x C” an R-algebra.

o real

Fr

HO’ complex Cx

= ulP=) +2 > |ul”

o real

o complex



Fr

o Let FR = F®QR =~ Hg real Ha’ compleXC =

R" x

e N(u):=

C" an R-algebra.

= ulP=) +2 > |ul”

o real o complex

HO’ real Yo X Ha complex ‘ua‘z'



Fr

L] Let FR — F®QR =~ Hg real HO’ complexC =
R"™ x C” an R-algebra.

= ulP=) +2 > |ul”

o real o complex

® N(U) = Ha real Yo X Ha complex ‘UU‘Q'
Ex: F=Q, Q(v2), Q(i), Q(v5),

simplest cubic fields,

F = Q(v2)?



The ® map

Let & : F — Fg with ®(f) = (01(f), ..., 010 (F))
for f € F.
Ex: & =7if

o F=Q,

e F=0Q(v2),

e F=Q()

o F=Q(V5),

@ F is a simplest cubic field,

o F=Q(v2)?



Lattices

Definition (Lattices)
A lattice is a pair (L, g) where

e [ is a free Z-module of finite rank, and

e qg:LxL— Risanon-degenerate symmetric
bilinear form.
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e [ is a free Z-module of finite rank, and

e qg:LxL— Risanon-degenerate symmetric
bilinear form.

Ex: L = 7Z" with the standard metric inherited from
R" is a lattice.



Lattices

Definition (Lattices)
A lattice is a pair (L, g) where

e [ is a free Z-module of finite rank, and

e qg:LxL— Risanon-degenerate symmetric
bilinear form.

Ex: L = Z" with the standard metric inherited from
R" is a lattice.

Ex: Let F = Q(v/5). Then ®(OF) is a lattice in
FR ~ R2.



The ® map
Let & : F — Fg with ®(f) = (01(f), ..., 0rir(F))
for f € F.
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The ® map
Let ® : F — Fg with ®(f) = (01(f), ..., 041, (1))
for f € F.
Ex: Let F = Q(+/5). What ®(OF) looks like?



The ® map
Let ® : F — Fg with ®(f) = (01(f), ..., 041, (1))
for f € F.
Ex: Let F = Q(+/5). What ®(OF) looks like?
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The ® map
Let ® : F — Fg with ®(f) = (01(f), ..., 041, (1))
for f € F.
Ex: Let F = Q(+/5). What ®(OF) looks like?

.
. 3‘ °
°
° °
° 2 °
* °
° ] J
° °
° °
. ° >
-4 o -2 2 40
°
¢ ° _1 B
°
°
.
° -2 °
° .
°
° -3 L4

®(Of) is a lattice in Fg.
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The ® map and the images of

fractional ideals

Let & : F — Fg with &(f) = (01(f), ..., 01, +1,(f))
for f € F.

Ex: Let F = Q(\/ﬁ) and

ls = {%m1 + %gmz :my, my € Z}: a fractional
ideal of F.

What ®(/) looks like?
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The ® map and the images of

fractional ideals

Let & : F — Fg with &(f) = (01(f), ..., 01, +1,(f))
for f € F.

Ex: Let F = Q(\/ﬁ) and

ls = {%m1 + %gmz :my, my € Z}: a fractional
ideal of F.

What ®(/) looks like?

Proposition
Let / be a factional ideal of F. Then ®(/) is a
lattice in Fg.
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The ® map and the images of

fractional ideals
Let & : F — Fg with ®(f) = (01(f), ..., 01,11, (F))
for f € F.
Ex: Let F = Q(+/5) and
s = {%ml + %gmg :my, my € Z}: a fractional
ideal of F.
What ®(/) looks like?

Proposition

Let / be a factional ideal of F. Then ®(/) is a
lattice in Fg.

Ex: Draw the lattice ® (/).
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The L map

Consider to the map

L: F* — Fg where L(f) = (log(|a(f)|)).-

Ex: F is the splitting field of x> — x> — 2x + 1
(simplest cubic field). The roots:
a1 =, ap = ﬁ,ag =1- & Then

OF =<+l 01,00 > .

What L(Of) looks like?



The L map

Ex: F is the splitting field of x3 — x> —2x + 1. The
roots: a1 = o, ap = ﬁ,ag =1- é Then

;—< =< =x1l, a1,ar >.
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The L map

Ex: F is the splitting field of x3 — x> —2x + 1. The
roots: a1 = o, ap = ﬁ,ag =1- é Then

O;f =< =x1l, a1,ar >.

o [}

Q

L(OF) is the hexagonal lattice.



The L map

N:=L(OF) ={L(x) : x € Of} C H.



The L map

N:=L(OF) ={L(x) : x € Of} C H.



The L map

A= L(0F) = {L(x): x € OX} C H.

H—{(XU)E@URZZXU+2 Z Xg—O}.

o real o complex



The L map

N:=L(OF)={L(x) :x € Of} C H.

H = (XU)E@ORZZX0+2 Z X, =0

o real o complex

A is a lattice contained in the vector space H.
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The L map

N:=L(OF)={L(x) :x € Of} C H.

H = (XU)E@URZZXU+2 Z X, =0

o real o complex

N\ is a lattice contained in the vector space H.

Let 7% = H/A. Then T is a compact real torus of
dimension r; + r, — 1 (Dirichlet).
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T% and A = L(OF)

Ex: Let F =Q(v/—2). Thenry =0, =1 and
TO=?  dim(T%) =7
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T% and A = L(OF)
Ex: Let F = Q(v2). Then rp =2, =0 and
H={(x,y) eR?*:x+y =0} ~R.

4+ Fgr =R2
[R2)0={(x, y) eR?: x+y =0}

21/32



T% and A = L(OF)

Ex: Let F be a totally real cubic field. Then
n :3,r2:0 and

H={(x,y,z) €R*: x+y+z=0}~R%.

TO=?  dim(T°) =?



T% and A = L(OF)

Ex: Let F be a totally real cubic field. Then
n :3,r2:0 and

H={(x,y,z) €R*: x+y+z=0}~R%.

TO=?  dim(T°) =7
Ex: F=Q(+v/2)?



|deal lattices

Definition (ldeal lattices)
An ideal lattice is a lattice (/, g), where
e | is a (fractional) Of-ideal and

e q:IxI—Risst
a(Ax,y) = q(x, \y) (Hermitian property)
for all x,y € I and for all A € Of.
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|deal lattices

Definition (ldeal lattices)
An ideal lattice is a lattice (/, g), where
e | is a (fractional) Of-ideal and
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a(Ax,y) = q(x, \y) (Hermitian property)
for all x,y € I and for all A € Of.

Ex 1: Let / be a factional ideal of F.

q(x,y) == (x,y) forany x,y € /.

(the scalar product defined on Fg)



|deal lattices

Definition (ldeal lattices)

An ideal lattice is a lattice (/, g), where
e | is a (fractional) Of-ideal and
e g:/ x| — Risst

g(Ax, y) = q(x, \y) (Hermitian property)
for all x,y € I and for all A € Of.

Ex 1: Let / be a factional ideal of F.
q(x,y) == (x,y) forany x,y € /.

(the scalar product defined on Fg)
Then (/,q) is an ideal lattice.



|deal lattices

Ex 2: Let / be a factional ideal of F and
u=(u,) € (Rxog)tm.

ze l,uz = (u, 0(2))s € Fr.

We define

qu(x,y) := (ux, uy) for any x,y € I.

(the scalar product defined on Fg)



|deal lattices

Ex 2: Let / be a factional ideal of F and
u=(u,) € (Rxog)tm.

ze l,uz = (u, 0(2))s € Fr.

We define

qu(x,y) := (ux, uy) for any x,y € I.

(the scalar product defined on Fg)

Proposition
(1, qy) is an ideal lattice.
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Isometric ideal lattices

Definition
Two ideal lattices (/, q) and (I, q’) are called
isometric if

e there exists f € F* such that I’ = fl and
o q(fx,fy) = q(x,y) forall x,y € I.

25/32



| attices from fractional ideals
A full rank lattice in Fr is also a full rank lattice in

R” via

FRZRr1XCr2—>Rn

X1
X2

Xn

XI’1+1

EX: F =Q(v?2)?

Xn+n

X1
X2
Xr1
Re(XI’H—l)
/m(XrH-l)

Re(XfH-fz)
Im(Xf1+f2)
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Lattices from fractional ideals

o 727
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Lattices from fractional ideals

o 727

e The hexagonal lattice?
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Lattices from fractional ideals

o 727
e The hexagonal lattice?
o Let pis an odd prime, p = (1 — (,)OF:

principal ideal of F = Q((,). Then (p, qy/p) is
an ideal lattice ~7



Lattices from fractional ideals

727
The hexagonal lattice?

Let p is an odd prime, p = (1 — (,)OF:

principal ideal of F = Q((,). Then (p, qy/p) is
an ideal Iattice ~7

Let | = (=L OF principal ideal of
F = Q(¢)- Then (1,q1) is an ideal lattice ~7



Lattices from fractional ideals

o Let [ = aF OF principal ideal of
F = Q(Cg). Then (1, q1) is an ideal lattice ~7?

[ 2.00 -1.00 1.00 -1.00 -1.00 -1.00]
[-1.00 2.00 -1.00 1.00 1.00 1.00]
[ 1.00 -1.00 2.00 -4.06 E-38 -1.00 1.47 E-39]
[-1.00 1.00 -4.06 E-38 2.00 4.35 E-38 1.00]
[-1.00 1.00 -1.00 4.35 E-38 2.00 7.35 E-39]
[-1.00 1.00 1.47 E-39 1.00 7.35 E-39 2.00]

Figure: The Gram matrix of (/, q1).

28 /32



Lattices from fractional ideals

o Let F =Q((15) and | = BOF for some 3 € F.
Then (OF, g3) is an ideal lattice ~7
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Lattices from fractional ideals

o Let F =Q((15) and | = BOF for some 3 € F.
Then (OF, g3) is an ideal lattice ~7

o Let F = Q((35) and
a = (G5 + GG’ + G5)(Gss” + () (G2 +
32)/¢ (G + Gs).

Then (Or, q.) is an ideal lattice ~7



Recap

Number field, the ring of integers.
Fractional ideals: 1/aJ for some o € Of and
J C Orf is an ideal.
The class group Clg = Idr/Princr and class
number hg = #Clr.
The ® map:
O = (00, Oy Onsts Orin).
The L map: L(x) = (log |o(f)|),, ¥x € F*.
|deal lattices: (/, q), where

e | is a (fractional) Of-ideal and

e g:LxL— Risanon-degenerate symmetric
bilinear form with Hermitian property.

I: factional ideal; u =€ (Rq)"1".
Then (/,q,) is an ideal lattice.
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Oh, no: (:(:(

Exercise: Let F = Q(+/2). Prove that
Or = Z[V2].



Oh, no: (:(:(

Exercise: Let F = Q(+/2). Prove that
Or = Z[V2].

There will be a gift for this :).
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