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We have studied:
• Number field, the ring of integers.
• Fractional ideals: J/α for some 0 6= α ∈ OF

and J ⊂ OF is an ideal.
• The class group ClF = IdF/PrincF and class

number hF = #ClF .
• The Φ map:

Φ = (σ1, · · · , σr1, σr1+1, · · · , σr1+r2).
Φ(I ) is a lattice in FR.

• The L map: L(x) = (log |σ(f )|)σ, ∀x ∈ F×.
Λ = L(O×F ) is a lattice in H = ....
T 0 = H/Λ is a real torus of dim. r1 + r2 − 1.

• Ideal lattices: (I , q), where ...
I : factional ideal; u =∈ (R>0)r1+r2. Then
(I , qu) is an ideal lattice.

• Many famous lattices arise from ideal lattices. 2 / 26



T 0 and Λ = L(O×F )

Denote by

H =

(xσ) ∈ ⊕σR :
∑
σ real

xσ + 2
∑

σ complex

xσ = 0


and
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T 0 and Λ = L(O×F )
Denote by

H =

(xσ) ∈ ⊕σR :
∑
σ real

xσ + 2
∑

σ complex

xσ = 0


and

Λ = L(O×F ).

Λ is a lattice contained in the vector space H .

Let T 0 = H/Λ. Then T 0 is a compact real torus of
dimension r1 + r2 − 1 (Dirichlet).
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T 0 and Λ = L(O×F )

Ex: Let F = Q(
√
−2). Then r1 = 0, r2 = 1 and

T 0 =? dim(T 0) =?
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T 0 and Λ = L(O×F )

Ex: Let F = Q(
√

2). Then r1 = 2, r2 = 0 and

H = {(x , y) ∈ R2 : x + y = 0} ' R.

T 0 =? dim(T 0) =?
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T 0 and Λ = L(O×F )
Ex: Let F = Q(

√
2). Then r1 = 2, r2 = 0 and

H = {(x , y) ∈ R2 : x + y = 0} ' R.
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T 0 and Λ = L(O×F )

Ex: Let F be a totally real cubic field. Then
r1 = 3, r2 = 0 and

H = {(x , y , z) ∈ R3 : x + y + z = 0} ' R2.

T 0 =? dim(T 0) =?

Ex: F = Q( 4
√

2)?
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What we study today?

The Arakelov class group Pic0F ,

• Pic0F tells you the class number hF , the
regulator RF ,...

• (Main Theorem) There is a bijection

Pic0F
ψ→ {Isometry classes of ideal lattices of covol.

√
|∆F |}.
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Content
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What are Arakalov divisors?

Arakelov divisors of a number field are analogous to
divisors on an algebraic curve.

Algebraic curve
Divisor
D =

∑
P points

nPP

nP ∈ Z.

Number field F
Arakelov divisor
D =

∑
p primes

npp +
∑

σ xσσ

σ infinite primes of F .
np ∈ Z but xσ ∈ R.
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What are Arakalov divisors?
Definition
An Arakelov divisor is of the form

D =
∑

p primes

npp +
∑
σ

xσσ

σ infinite primes of F ; np ∈ Z but xσ ∈ R.

• The set of all Arakelov divisors of F is an
additive group denoted by DivF ' ⊕pZ×⊕σR.

• D1 + D2 =?, the neutral of DivF , −D =?

• F = Q
• F = Q(i), Q(

√
2).
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Analogies

Algebraic curve

• Divisor.

• Principal divisor.

• Picard group.

• Canonical divisor κ.

• Riemann–Roch
h0(D)− h0(κ−D) =
deg(D)− (g − 1).

• h0(D).

• ...

Number field F

• Arakelov divisor.

• Principal Arakelov
divisor.

• Arakelov class group.

• The inverse different.

• Riemann–Roch
h0(D)− h0(κ−D) =
deg(D)− 1

2 log |∆|.
• h0(D).

• ...
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Principal Arakelov divisors

• For f ∈ F×, the principal Arakelov divisor

(f ) =
∑

p primes

npp +
∑
σ

xσσ

where np = ordp(f ) and xσ = − log |σ(f )|,∀σ.

Ex 6: f = −1. Then (f ) =?
Ex 7: F = Q(

√
2), f = 1−

√
2 ∈ Q(

√
2)× : (f ) =?

g = 3−
√

2 ∈ Q(
√

2)× : (g) =?
Ex 8: Let F = Q(i) and f = 2 + i ∈ F×. Then
(f ) =?
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Degree

deg(p) = log(N(p)) where N(p) = #OF/p,

deg(σ) =

{
1 if σ real
2 if σ complex

• The degree of D is defined by
deg(D) :=

∑
p np logN(p) +

∑
σ deg(σ)xσ.

Let f ∈ F×. Compute deg(f ) if
Ex 6: f = −1?
Ex 7: F = Q(

√
2), f = 1−

√
2? , f = 3−

√
2?

Ex 8:F = Q(i) and f = 2 + i?

• The set of all Arakelov divisors of degree 0
form a group, denoted by Div 0F (⊃ PrincF ).
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The Hermitian line bundle

• Let D =
∑

p primes npp +
∑

σ xσσ. Denote

I :=
∏
p

p−np and u := (e−xσ)σ ∈ FR.

Then (I , u) is called the Hermitian line bundle
associated to D. We can identity D = (I , u).

Ex: The Hermitian line bundle ass. to
• the zero divisor D = 0?
• the principal divisor D = (f ) ?
• D1 + D2 =? if D1 = (I1, u1),D2 = (I2, u2)?
• −D =? if D = (I , u).
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What is the Arakelov class
group Pic0

F?

It is an analogue of the Picard group of an algebraic
curve.

Definition
The Arakelov class group Pic0F is the quotient of
Div 0F by its subgroup of principal divisors.

Ex 1: F = Q, Pic0F =?
Ex 2: F = Q(

√
−1), Pic0F =?

Ex 3: F = Q(
√

2), Pic0F =?
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The structure of Pic0
F

Consider the maps

φ1 : T 0 −→ Pic0F

(xσ)σ + Λ 7−→ class of (OF , u) where u = (exσ)σ,

and
φ2 : Pic0F −→ ClF

class of (I , u) 7−→ class of I

17 / 26



The structure of Pic0
F

Consider the maps

φ1 : T 0 −→ Pic0F

(xσ)σ + Λ 7−→ class of (OF , u) where u = (exσ)σ,

and
φ2 : Pic0F −→ ClF

class of (I , u) 7−→ class of I

17 / 26



The structure of Pic0
F

Proposition
The following sequence is exact.

0 −→ T 0 φ1−→ Pic0F
φ2−→ ClF −→ 0.

Remark

• T 0 is a compact topological group and
#ClF <∞ ⇒ Pic0F is a compact topo. gp.

• The compactness of Pic0F ⇒ the Dirichlet unit
theorem and the finiteness of the class group.

• D,D ′ ∈ Pic0F on the same connected
component, then there exists unique u ∈ T 0 st
D − D ′ = (OF , u).

18 / 26



The structure of Pic0
F

Proposition
The following sequence is exact.

0 −→ T 0 φ1−→ Pic0F
φ2−→ ClF −→ 0.

Remark

• T 0 is a compact topological group and
#ClF <∞ ⇒ Pic0F is a compact topo. gp.

• The compactness of Pic0F ⇒ the Dirichlet unit
theorem and the finiteness of the class group.

• D,D ′ ∈ Pic0F on the same connected
component, then there exists unique u ∈ T 0 st
D − D ′ = (OF , u).

18 / 26



The structure of Pic0
F

vol(T 0) =
√
n2−r2/2RF with RF the regulator of F .

The number of connected components of Pic0F is
the class number hF .
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The number of connected components of Pic0F is
the class number hF .
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The structure of Pic0
F

vol(T 0) =
√
n2−r2/2RF with RF the regulator of F .

The number of connected components of Pic0F is
the class number hF .

r1 = 3, r2 = 1 so T 0 is a real torus in R3.
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The structure of Pic0
F

vol(T 0) =
√
n2−r2/2RF with RF the regulator of F .

The number of connected components of Pic0F is
the class number hF .

Note: Buchmann’s algorithm to find the regulator
and class number of the number field.
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The structure of Pic0
F

Let D = (I , u). z ∈ I ,Φ(z) = (σ(z))σ ∈ FR,
uz := (uσ · σ(z))σ ∈ FR.
We define

qu(x , y) := 〈ux , uy〉 for any x , y ∈ I .

(the scalar product defined on FR)

Proposition
(I , qu) is an ideal lattice.

Proof. Ex.
We called (I , qu) the ideal lattice associated to D.
In particular, ‖x‖2u = qu(x , x) =?
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In particular, ‖x‖2u = qu(x , x) =?
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Main theorem

Theorem
Let F be a number field of discriminant ∆F . There
is a bijection

Pic0F
ψ→ {Isometry classes of ideal lattices of covol.

√
|∆F |}

class of D = (I , u) 7−→ class of (I , qu).
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Main theorem
Proof.
ψ is injective
ψ is surjective

• (I , qu) ' (I ′, qu′).
• ∃f ∈ F ∗ st I ′ = fI and
qu′(fx , fx) = qu(x , x),∀x ∈ I .
Hence ‖u′fx‖ = ‖ux‖ for all x ∈ I .

• Extend qu and qu′ to I ⊗ R = FR.
⇒ ‖u′fx‖ = ‖ux‖,∀x ∈ FR.

• For each σ, let eσ ∈ FR : σ(eσ) = 1 while
σ′(eσ) = 0 for all σ′ 6= σ.

• Substituting eσ with x ⇒ |σ(f )u′σ| = |uσ|,∀σ
⇒ |f | = u′/u.
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Main theorem
Proof. ψ is injective: Assume ψ(D) = ψ(D ′) for
some D = (I , u),D ′ = (I ′, u′) ∈ Pic0F
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Main theorem
Proof.
ψ is injective: done
ψ is surjective

• Extend q to FR.
• u =

∑
σ q(eσ, eσ)1/2eσ ∈ F ∗R, D = (I , u).

• e2σ = eσ, q is Hermitian and eσeτ = 0,

⇒ q(eσ, eτ) = q(e2σ, eτ) = q(eσ, eσeτ) = 0,∀σ 6= τ.

• For all x , y ∈ FR,

qu(x , y) = 〈ux , uy〉 =
∑
σ

u2σxσyσ

=
∑
σ

q(eσ, eσ)xσyσ = q(x , y).
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Oh, no : ( : ( : (

Show at least 2 points that have been lacked

in the proof!

Prove these points!
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Recap
• Arakelov divisors (I , u).

• The degree, norm.

• Principal Arakelov divisors.

• The Hermitian line bundle.

• The Arakelov class group Pic0F = Div 0F/PrincF .

• The structure of the Arakelov class group.

0 −→ T 0 φ1−→ Pic0F
φ2−→ ClF −→ 0 is exact.

• There is a bijection

Pic0F
ψ→ {Isometry classes of ideal lattices of covol.

√
|∆F |}

class of D = (I , u) 7−→ class of (I , qu).
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