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We

have studied:

Number field, the ring of integers.

Fractional ideals: J/a for some 0 # o € Of
and J C Of is an ideal.

The class group Clg = Idr/Princr and class
number hg = #Clr.

The ® map:

¢ = (017 0,041, 7Ur1+r2)'

®(/) is a lattice in Fg.

The L map: L(x) = (log|o(f)]),, VX € F*.
N=L(Of) is a lattice in H = ....

T% = H/Ais a real torus of dim. r; +r, — 1.
|deal lattices: (/,q), where ...

I: factional ideal; u =€ (R-()"*"2. Then

(1, qy) is an ideal lattice.

Manv famous lattices arise from ideal lattices. 2/2



T% and A = L(OF)

Denote by

H = (XU)E@GRZZXU—I—2 Z X, =0

o real o complex

and
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T% and A = L(OF)
Denote by
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T% and A = L(OF)
Denote by

H = (XU)E@UR:ZXU+2 Z X, =0

o real o complex

and
N = L(OF).

N\ is a lattice contained in the vector space H.
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T% and A = L(OF)

Denote by

H = (XU)G®UR:ZXU+2 Z X, =0

o real o complex

and
A= L(Of).

N\ is a lattice contained in the vector space H.

Let 7O = H/A. Then TY is a compact real torus of
dimension r; + r, — 1 (Dirichlet).
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T% and A = L(OF)

Ex: Let F = Q(v/2). Then rp =2, =0 and
H={(x,y) eR?*:x+y =0} ~R.

TO=?  dim(T?) =?
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T% and A = L(OF)
Ex: Let F = Q(v2). Then rp =2, =0 and
H={(x,y) eR?*:x+y =0} ~R.

4+ Fo =~ R2
[R2)0={(x, y)e[Rz:x+y=O} )




T% and A = L(OF)

Ex: Let F be a totally real cubic field. Then
n :3,r2:0 and

H={(x,y,z) €R*: x+y+z=0}~R%.

TO=?  dim(T°) =?
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T% and A = L(OF)

Ex: Let F be a totally real cubic field. Then
n :3,r2:0 and

H={(x,y,z) €R*: x+y+z=0}~R%.

TO=?  dim(T°) =7
Ex: F=Q(+v/2)?
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What we study today?

The Arakelov class group Pic?,

o Pic? tells you the class number hg, the
regulator R, ...

e (Main Theorem) There is a bijection

Pic2 ﬁ) Isometry classes of ideal lattices of covol. AFr
F Y
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What are Arakalov divisors?

Arakelov divisors of a number field are analogous to
divisors on an algebraic curve.
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What are Arakalov divisors?

Arakelov divisors of a number field are analogous to
divisors on an algebraic curve.

Algebraic curve

Divisor

p= %

P points
np € 7.

in

Number field F
Arakelov divisor

D = Z npp +ZUXUU

p primes
o infinite primes of F.

n, € Z but x, € R.
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What are Arakalov divisors?

Definition
An Arakelov divisor is of the form

D = Z npernga

p primes

o infinite primes of F; n, € Z but x, € R.
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What are Arakalov divisors?

Definition
An Arakelov divisor is of the form

D= Z npp—l—Zxaa

P primes

o infinite primes of F; n, € Z but x, € R.
Ex4: F=Q, O = Z,

p1 = 27,9, = 5Z: 2 prime ideals;

0:Q — C, g — g the infinite prime;

D = p; — 3p, + mo is an Arakelov divisor.
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What are Arakalov divisors?

Definition
An Arakelov divisor is of the form

D= Z npp+ZXGU

p primes

o infinite primes of F; n, € Z but x, € R.

e The set of all Arakelov divisors of F is an

additive group denoted by Dive ~ ©,Z x ©,R.
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What are Arakalov divisors?

Definition
An Arakelov divisor is of the form

D= Z npp—l—Zxaa

P primes

o infinite primes of F; n, € Z but x, € R.
e The set of all Arakelov divisors of F is an
additive group denoted by Divr ~ @©,Z x @O R.
e D + Dy, =7, the neutral of Dive, —D =7
Ex 5: Dive =7
o F= Q
e F= @(1)7 @(\/i) e



Analogies
Number field F

e Arakelov divisor.

Algebraic curve

e Divisor.
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Algebraic curve

e Divisor.
e Principal divisor.

Analogies
Number field F

e Arakelov divisor.

e Principal Arakelov
divisor.
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Algebraic curve
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Analogies
Number field F

e Arakelov divisor.

Algebraic curve

Divisor.

e Principal Arakelov
divisor.

Principal divisor.

Picard group. e Arakelov class group.

Canonical divisor k.

e The inverse different.
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Algebraic curve

Divisor.

Principal divisor.
Picard group.
Canonical divisor k.

Riemann—Roch
h°(D) — h°(k — D) =
deg(D) — (g — 1).

Analogies
Number field F

e Arakelov divisor.

e Principal Arakelov
divisor.

e Arakelov class group.
e The inverse different.

e Riemann—Roch
hO(D) — ho(lﬁj — D) =
deg(D) — L log |A|.
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Algebraic curve

Divisor.

Principal divisor.
Picard group.
Canonical divisor k.

Riemann—Roch
hO(D) — hO(li — D) =
deg(D) — (g — 1).
hO(D).

Analogies

Number field F

Arakelov divisor.

Principal Arakelov
divisor.

Arakelov class group.
The inverse different.

Riemann—Roch
hO(D) — ho(lﬁj — D) =
deg(D) — L log |A|.
hO(D).
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Algebraic curve

Divisor.

Principal divisor.
Picard group.
Canonical divisor k.

Riemann—Roch
hO(D) — hO(li — D) =
deg(D) — (g — 1).
hO(D).

Analogies

Number field F

Arakelov divisor.

Principal Arakelov
divisor.

Arakelov class group.
The inverse different.

Riemann—Roch
hO(D) — ho(lﬁj — D) =
deg(D) — L log |A|.
hO(D).
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Principal Arakelov divisors

e For f € F*, the principal Arakelov divisor

(f): Z npp+ZXUO'

P primes

where n, = ord,(f) and x, = —log|o(f)|, Vo.
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Principal Arakelov divisors

e For f € F*, the principal Arakelov divisor

(f): Z npp+ZXUO'

P primes
where n, = ord,(f) and x, = —log|o(f)|, Vo.

Ex 6: f = —1. Then (f) =7

13 /26



Principal Arakelov divisors

e For f € F*, the principal Arakelov divisor

(f): Z npp+ZX00'

P primes
where n, = ord,(f) and x, = —log|o(f)|, Vo.

Ex 6: f = —1. Then (f) =7
Ex7: F=Q(v2), f =1— 2 € Q(V2)" : () =7
£=3-VZeQ(va) :(g)=?
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Principal Arakelov divisors

e For f € F*, the principal Arakelov divisor

(f): Z npp+ZX00

P primes
where n, = ord,(f) and x, = —log|o(f)|, Vo.

Ex 6: f = —1. Then (f) =7

Ex7: F=Q(V2), f =1-v2eQ(2)*: (f) =?
g=3-v2eQ(v2)*:(g) =7

Ex 8: Let F=Q(/) and f =2+ /i€ F*. Then

(f) =7
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Degree

deg(p) = log(N(p)) where N(p) = #OF /p.

1if o real
deg(o) = { 2 if o complex
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Degree

deg(p) = log(N(p)) where N(p) = %O /p,
deg (o) { 1 if o real

2 if 0 complex
e The degree of D is defined by
deg(D) := >, nylog N(p) + >, deg(o)x,.
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Degree

deg(p) = log(N(p)) where N(p) = %O /p,
deg (o) { 1 if o real

2 if 0 complex
e The degree of D is defined by
deg(D) := >, nylog N(p) + >, deg(o)x,.
Let f € F*. Compute deg(f) if
Ex6: f =—17
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deg(p) = log(N(p)) where N(p) = %O /p,
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Degree

deg(p) = log(N(p)) where N(p) = %O /p,
deg (o) { 1 if o real

2 if 0 complex
e The degree of D is defined by
deg(D) :=>_, nylog N(p) + >, deg (o).
Let f € F*. Compute deg(f) if
Ex 6: f = —17
Ex7: F=Q(2), f=1-2?,f=3-+/2?
Ex8:F =Q(i)and f =2+ 7
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Degree

deg(p) = log(N(p)) where N(p) = #OF /p.

1if o real
deg(o) = { 2 if o complex

e The degree of D is defined by
deg(D) :=>_, nylog N(p) + >, deg (o).
Let f € F*. Compute deg(f) if
Ex 6: f =—17
Ex7: F=Q(V2), f=1—+2?,f =327
Ex 8:F =Q(i)and f =2+ 7
e The set of all Arakelov divisors of degree 0
form a group, denoted by Div2 (D Princr).
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The Hermitian line bundle

o Let D=3 imes P+ >_, X,0. Denote

| = Hp_”*’ and u:= (e ), € Fg.
p

Then (/, u) is called the Hermitian line bundle
associated to D. We can identity D = (/, u).
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The Hermitian line bundle

o Let D=3 imes P+ >_, X,0. Denote

| = I_Ip_”p and u:= (e ), € Fg.
p

Then (/, u) is called the Hermitian line bundle
associated to D. We can identity D = (/, u).
Ex: The Hermitian line bundle ass. to

the zero divisor D = 07

the principal divisor D = (f) ?

D]_ + D2 =7if D]_ = (/1, U]_), D = (IQ, U2)?
—D=?ifD=(l,u).

15/26



What is the Arakelov class
group Picp?

It is an analogue of the Picard group of an algebraic
curve.

Definition
The Arakelov class group Pic? is the quotient of
Div? by its subgroup of principal divisors.
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What is the Arakelov class
group Picp?

It is an analogue of the Picard group of an algebraic
curve.

Definition

The Arakelov class group Pic? is the quotient of
Div? by its subgroup of principal divisors.

Ex1: F=Q, PIC,_— =7

Ex 2: F=Q(v-1), Pic} =

Ex 3: F =Q(v/2), Pic2 =?
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The structure of Picg

Consider the maps
¢1: T — Pic}

(%5)s + N — class of (Of, u) where u = (&*),,
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The structure of Picg

Consider the maps

¢1: T — Pic}

(%5)s + N — class of (Of, u) where u = (&*),,

and
¢y : Pic2 — Clf

class of (/,u) — class of /

17 /26



The structure of Picg

Proposition
The following sequence is exact.
0 — TO -2 Picd 2, Clr — 0.
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The structure of Picg

Proposition
The following sequence is exact.
0 — TO -2 Picd 22 Clp — 0.
Remark
e TYis a compact topological group and
#Clg < 0o = Pic? is a compact topo. gp.
o The compactness of Pic? = the Dirichlet unit
theorem and the finiteness of the class group.

o D, D' € Pic? on the same connected
component, then there exists unique u € TO st

D — D' = (O, u).
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The structure of Picg

vol(T®) = \/n27 /2R with R the regulator of F.
The number of connected components of Pic? is
the class number hfg.
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The structure of Picg

vol(T°) = \/n27 /2R with Rr the regulator of F.
The number of connected components of Pic} is

the class number hg.
F = Q then Picg = 0.
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The structure of Picg

vol(T°) = /n27"/?R¢ with Rr the regulator of F.

The number of connected components of Pic? is
the class number hg.

Picf— of complex
. quadratic field

he

n=0,rn=1s0 T is a point.

19/26



The structure of Picg

vol(T®) = \/n27"/?RE with R¢ the regulator of F.

The number of connected components of Pic? is
the class number hg.

PicY, of areal
o quadratic field

hp circles

n=2nrn=~0so T is a circle.
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The structure of Picg

vol(T®) = /n27"/?Rr with Rr the regulator of F.
The number of connected components of Pic? is
the class number hfg.

Pic% of areal
cubic field

1 g tori

n=23,n=1s0 T is a real torus in R3.
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The structure of Picg

vol(T°) = /n27"/?Re with Rr the regulator of F.
The number of connected components of Pic? is
the class number hf.

Pic} of « real

cubic field

h F tori

Note: Buchmann's algorithm to find the regulator
and class number of the number field.
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The structure of Picg

Let D= (l,u). z€ I,9(z) = (0(2))s € Fr,
uz := (u, - 0(2)), € Fr.
We define

qu(x,y) := (ux, uy) for any x,y € I.

(the scalar product defined on Fg)
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(the scalar product defined on Fg)

Proposition
(1, qy) is an ideal lattice.
Proof. Ex.
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The structure of Picg

Let D= (l,u). z€ I,9(z) = (0(2))s € Fr,
uz := (u, - 0(2)), € Fr.
We define

qu(x,y) := (ux, uy) for any x,y € I.

(the scalar product defined on Fg)

Proposition
(1, qy) is an ideal lattice.

Proof. Ex.
We called (/, q,) the ideal lattice associated to D.
In particular, [|x]|2 = qu(x, x) =?

20/26



Main theorem

Theorem

Let F be a number field of discriminant Afr. There
is a bijection

Pic? LA {Isometry classes of ideal lattices of covol. \/|AF|}

class of D = (I, u) — class of (/, q,).



Main theorem
Proof.
Y is injective
Y is surjective
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Main theorem

Proof. 1 is injective:
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Main theorem
Proof. v is injective: Assume (D) = ¢(D’) for
some D = (I,u), D' = (I',u) € Pic?
we have to show that
D' = D in Pic}
& D' — D = (f) for some f € F*.



Main theorem
Proof. v is injective: Assume (D) = ¢(D’) for
some D = (I,u), D' = (I',u) € Pic?

— D'~ D= (f).
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Main theorem
Proof. v is injective: Assume (D) = ¢(D’) for
some D = (I,u), D' = (I',u) € Pic?
° (/7 qu) ~ (//, qu’)-
e df € F* st I’ = fl and
qu(fx, x) = qu(x, x),Vx € 1.

Hence ||u'fx|| = ||ux]| for all x € I.
e Extend g, and g, to | ® R = Fy.
= || ]| = ||ux]||, VX € Fg.

e For each o, let e, € Fg : 0(e,) = 1 while
o'(e;) =0 for all o/ # 0.
e Substituting e, with x = |o(f)u)| = |uy|, Vo
= |f|=1d/u.
= D' — D = (f).
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Main theorem

Proof.
Y is injective: done
Y is surjective
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Main theorem
Proof. 1) is surjective:
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Main theorem

Proof. 1) is surjective: Let (/,q) be an ideal lattice.

We have to show that
(1,q) ~ (D) for some D = (J, u) € Pic2
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Main theorem

Proof. 1) is surjective: Let (/,q) be an ideal lattice.

We have to show that
(1,q) ~ (D) for some D = (J, u) € Pic2

& (1,9) ~ (J, q,) for some D = (J, u) € Pic2.
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Main theorem

Proof. 1) is surjective: Let (/,q) be an ideal lattice.

We have to show that
(1,q) ~ (D) for some D = (J, u) € Pic2

& (1,9) ~ (J, q,) for some D = (J, u) € Pic2.
Here we let J =/ and

construct u

and then construct g, using q st (/,q) ~ (1, q.).
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Main theorem
Proof. 1) is surjective: Let (/,q) be an ideal lattice.

= (I,q) ~ (I, q,) for some D = (I,u) € Pic?.
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Main theorem
Proof. 1) is surjective: Let (/,q) be an ideal lattice.

e Extend g to Fg.
o u=>_q(e,e,) %, € Fi, D= (I,u).

= (I,q) ~ (I, q,) for some D = (I,u) € Pic?.



Main theorem
Proof. 1) is surjective: Let (/,q) be an ideal lattice.

e Extend g to Fg.

e u=>_qle,e,)%e, € Fi, D= (I,u).

o €2 =e,, q is Hermitian and e e, = 0,

= q(ey, ) = q(e2,e.) = q(e,, e,e;) = 0,V # 7.
e Forall x,y € Fg,

qu(x, y) = (ux; uy) Zu XYo

= qler, €)%Yz = q(x.y).

= (1,q) ~ (I, qu;.



Oh, no:(:(:(

Show at least 2 points that have been lacked
in the proof!
Prove these points!
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Show at least 2 points that have been lacked
in the proof!

Prove these points!
Your exercise : (.
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Oh, no:(:(:(

Show at least 2 points that have been lacked
in the proof!

Prove these points!

Your exercise : (.

There will be a gift for this :).

24 /26



Recap

Arakelov divisors (/, u).

The degree, norm.

Principal Arakelov divisors.

The Hermitian line bundle.

The Arakelov class group Pic2 = Div?/Princk.
The structure of the Arakelov class group.
0— 7O — Pic? 2, Clr — 0 is exact.

There is a bijection

. Y . , ‘
Plcg — {lsometry classes of ideal lattices of covol. \/|Af|

class of D = (I, u) — class of (/, q,).
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