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1. Introduction

Simple Lie algebras over an algebraically closed field of positive characteristic different from 2 and 3 were classified by
Wilson-Block (see [1]) in the restricted case and by Strade (see [2]) and Premet-Strade (see [3]) in the general case. The
classification remains still open in characteristic 2 and 3 (see [4, page 209]).

According to this classification, simple modular (that is over a field of positive characteristic) Lie algebras are divided
into two big families, called classical-type and Cartan-type algebras. The algebras of classical-type are obtained by the
simple Lie algebras in characteristic zero by first taking a model over the integers (via Chevalley bases) and then reducing
modulo p (see [5]). The algebras of Cartan-type were constructed by Kostrikin-Shafarevich in 1966 (see [6]) as finite-
dimensional analogues of the infinite-dimensional complex simple Lie algebras, which occurred in Cartan’s classification of
Lie pseudogroups, and are divided into four families, called Witt-Jacobson, Special, Hamiltonian and Contact algebras. The
Witt-Jacobson Lie algebras are derivation algebras of truncated divided power algebras and the remaining three families
are the subalgebras of derivations fixing a volume form, a Hamiltonian form and a contact form, respectively. Moreover in
characteristic 5 there is one exceptional simple modular Lie algebra called the Melikian algebra (introduced in [7]).

A particular important class of simple modular Lie algebras are the ones which are restricted. These can be characterized
as those modular Lie algebras such that the p-power of an inner derivation (which in characteristic p is a derivation) is still
inner (see [8] or [4]). Important examples of restricted Lie algebras are the ones coming from group schemes. Indeed, there
is a bijection between restricted Lie algebras over k and infinitesimal k-group schemes of height one (see [9, Chap. 2]).

This paper is devoted to the study of the infinitesimal deformations of the restricted simple Lie algebras. The simple Lie
algebras of classical-type are known to be rigid over a field of characteristic different from 2 and 3 (see [10]), in analogy
of what happens in characteristic zero. In the papers [11,12], the author computed the infinitesimal deformations of the
Witt-Jacobson, Special and Melikian restricted simple Lie algebras. In this paper, we compute the infinitesimal deformations
of the Contact algebras K (n) and the Hamiltonian algebras H(n) over a field F of characteristic different from 2 and 3.

By standard facts of deformation theory, the infinitesimal deformations of a Lie algebra are parametrized by the second
cohomology of the Lie algebra with values in the adjoint representation (see for example [14]).
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Before stating the main results of this paper, we recall that there is a canonical way to produce 2-cocycles in Z2(g, g) fora
modular Lie algebra g over a field of characteristic p > 0, namely the squaring operation (see [14]). Given an element y € g,
one defines the squaring of y to be

p—1 i —i
[ad(y)'(x), ad(¥)P~'(¥)]
S X, y) = - -
Ay ; =Dl
where ad(y)' is the i-iteration of the inner derivation ad(y).
Assuming the (standard) notations from Sections 2.1 and 3.1 about the Contact algebras K(n) and the Hamiltonian
algebras H(n), we can state the main results of this paper.

€Z%(g, 9) (1.1)

Theorem 1.1. let n = 2m + 1 > 3. Then
2m

H2(K (), K(m) = ED(Sa(x)r @ (Sq(1))r.

i=1

Theorem 1.2. Let n = 2m > 2. Then if n > 4 we have that

n m

H?(H(n), H(n) = ED(Sax)r @ (My)r @D (MTi)e @D (@)

i=1 i<j i=1

A
where the above cocycles are defined (and vanish outside) by
M, %) = XX D)D) — Di(x")Dy(x)] for j # i, 1,
H,'(X,‘Xa, Xj’Xb) — Xﬂ+b+(P_l)5i+(P_l)€f/ lf a+ b < Ui,

Mi(xe, X°) = —o (K)x° ™% forany 1 <k <n,
a by _ ay (b +D-5-3
PN, K = ZA(a) (»8\)0'(5)8!)( .
0<é<a,b
18]=3
If n = 2 then

2

H2(H(2), H(2)) = @D (Sa(x))r ED (@)

i=1

In two forthcoming papers [ 15,13], we use the above computations to determine the restricted infinitesimal deformations
of the restricted simple Lie algebras and the infinitesimal deformations of their associated simple finite group schemes.

2. Contact algebra
2.1. Definition and basic properties

We first introduce some notations about the set N of n-tuple of natural numbers. We consider the order relation defined
bya = (ay,...,a,) <b=(by,...,by)ifa; < b;foreveryi = 1, ..., n. We define the degree of a € N" as |a| = ZL] a;

and the factorial as a! = [, g;!. For two multi-indices a, b € N" such that b < a, we set () == [iL, (gi) = ﬁlb), For
every integerj € {1, ..., n} we call ¢ the n-tuple having 1 at the j-th entry and 0 outside.
Throughout this section we fix a field F of characteristic p # 2,3 and an odd integer n = 2m + 1 > 3. For any

je€{1,...,2m}, we define the sign o (j) and the conjugate j' of j as follows:

1t if1<j<m, , _)ji+m if1<j<m,
"(’)—{—1 ifm<j<2m, M ]_{j—m ifm < j < 2m.

Given a multi-index a = (ay, ..., Gm) € N?™, we define the sign of a as o'(a) = [To ()% and the conjugate of a as
the multi-index a such that a; = ay for every 1 < i < 2m. We are going to use often the following special n-tuples:
0:=(,...,0,r=(p—-1,...,p—Dando=(p—1,...,p—1,0).

Let A(n) = F[X1,...,%,]/(x}, ..., xh) be the ring of p-truncated polynomials in n-variables. Note that A(n) is a finite

F-algebra of dimension p" with a basis given by the monomials {x* = xtll1 <X laeN',a<rt}
Consider the operator Dy : A(n) — W(n) := DergA(n) defined as

2m m
Dy(f) =Y o(MDi(F)Dy = Y [Di(F)Diym — Diym(F)Di],
j=1 i=1

where, as usual, D; := % e W(n).
1
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We denote with K’(n) the graded Lie algebra over F whose underlying F-vector spaceisA(n) = F[xq, ..., xn]/(xll’, X,
endowed with the grading defined by deg(x®) = |a| 4+ a, — 2 and with the Lie bracket defined by

[, "] = Dy (x) (x") + [, deg(x’) — b, deg(x")] x+" <.

Definition 2.1. The Contact algebra is the derived subalgebra of K’ (1n):
K@) =K' ®mY = [K'(n), K (n)].

We need the following characterization of K (n) (see [8, Chap. 4, Theo. 5.5]).

Proposition 2.2. Denote with K'(n) -, the sub-vector space of K'(n) generated over F by the monomials x* such that a < .
Then

_[K® ifp fm+2),
k) = {K’(roq if p | (m+2).

We can describe explicitly the low degree terms of K (n) together with their adjoint action. The negative graded pieces
of K(n) are K(n)_, = (1)r whose adjoint action is like the action of 2D,, on A(n) and K(n)_; = EBizfl (x;)r where the adjoint
action of x; is like o (i)Dy + x;D,. The piece K (n)q of degree 0 is generated by the central element x, whose adjoint action
is given by [x,, x'] = deg(x")x® and by x;x; (with 1 < i,j < 2m) whose adjoint action is like o (i)x;Dy + o (j)x;Dy. Hence
K(n)o = sp(2m, F) @ {x,)r.

The algebra K (n) admits a root space decomposition with respect to a canonical Cartan subalgebra.

Proposition 2.3. (a) Ty := @, (xixy)r @ (xn)r is a maximal torus of K(n) (called the canonical maximal torus).

(b) The centralizer of Ty inside K(n) is the subalgebra Cx = {x* | a; = ay and deg(x") = 0 mod p}, which is hence a Cartan
subalgebra (called the canonical Cartan subalgebra). The dimension of Cy is p™ if p f(m 4 2) and p™ — 1 otherwise.

(c) Let & = Homy, (®r, (xiXi )5, © (Xn)r,, Fp), where I, is the prime field of F. We have a Cartan decomposition K(n) =
Ck @peca—oK(n)g, where K(n)y = {x° | Gigzm — a; = ¢(xixy)Vi = 1,..., mand deg(x*) = ¢(x,)}. The dimension of
every K(n)y, with¢ € @& — 0, is p™.

Proof. See [8, Chap. 4, Theo. 5.6 and 5.7]. O

2.2. Proof of the Main Theorem 1.1

In this section, assuming the results of the next section, we give a proof of the Main Theorem 1.1.

Proof of the Main Theorem 1.1. It is easy to see that the cochains appearing in Theorem 1.1 are cocycles and that they are
independent in H?(K (n), K (n)). Therefore, we are left with showing that dimz H2(K (), K (n)) = n. We divide the proof in
three steps.

STEP 1: It is enough to show that dimy H2(K (n), K'(n)) = n since there is an inclusion

H%(K (n), K(n)) — H*(K(n), K'(n)).

Indeed, if p does not divide m + 2 then K’'(n) = K(n) and we get the equality. Otherwise there is an exact sequence of
K (n)-modules

00— Kn) — K'(n)— x)r—0 (2.1)

where (x'); = F is the trivial K(n)-module. We get the desired inclusion since H! (K (n), F) = 0, which follows from the
fact that [K(n), K(n)] = K(n).
STEP 1I: We have that

H*(K(n), K'(n)) = H*(K(n)s0, Fi—o),

where F, _, is the one-dimensional representation of K (n)>o on which x, acts as —2 and all the others elements act trivially.

This follows from the general results of [16]. Indeed, it is easily seen that K’(n) is the restricted K (n)-module induced
from the restricted K (n)>o-submodule (x*)r C K’(n). In the notation of [16], the K (n)>o-module (x*)r is isomorphic to F;,
where F; is the one-dimensional K (n)>o-module corresponding to the Lie algebra homomorphism A : K(n)>o — F whose
only non-zero value is A(x,) = —2m — 4 = degx® = 2m + 2)(p — 1) — 2 mod p.

Moreover, consider the Lie algebra homomorphism o : K(n)>¢ — F given by o (x) := tr(adgm)/kn)-oX) for x € K(n)=o
(see [16, Pag. 155]). It is easily seen that the only non-zero value of ¢ is given by o (x,) = —2m — 2.

Therefore we have that y — o : K(n)>9 — F is the Lie algebra homomorphism sending x, to —2 and vanishing on the
other elements. Moreover, using Lemma 2.5, it is straightforward to check that, in the notation of [ 16], we have the equality

(X y] — A —0)@y + (A —)Wx | %,y € K(M)=0} = (K(M)=0)\", =1 := ker(A — ).
We conclude using [16, Thm. 3.6(1)].
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STEP 1II: In Section 2.3, we prove that
diFm H2(K(n)s0, F_o) = diFm H*(K(n)>1, F_o)¥™0 =n. O

2.3. Computation of H*(K ()0, Fy_o)

This section is devoted to complete the third step of the proof of the Main Theorem as outlined in Section 2.2, that is the
computation of H2(K (1) >0, Fr—). This is done in Propositions 2.4 and 2.6.

Recall that F; _, is the one-dimensional representation of K (n)>o on which x, acts as —2 and all the other elements act
trivially. This action becomes homogeneous with respect to the weight decomposition of K (1) if we give the weight —2e¢,
to the generator of F; _,. As remarked in [11, Sec. 2.1], in this situation we have that

H*(K ()20, Fy—¢) = H*(K()>0, F, )0,

where the subscript 0 means that we consider only homogeneous cochains with respect to the natural action of the maximal
torus Tk (see Proposition 2.3).

Proposition 2.4. We have that
H?(K(n)>0, Fi—s) = H*(K ()51, Fo_s)*™0.

Proof. Consider the Hochschild-Serre spectral sequence (see [17]) associated to the ideal K(n)>1 < K(n)>o:
Ey* = H' (K (n)o, H*(K(M)=1, Fi_5)) = H™ (K ()20, Fi—s).
We are going to prove that the first two lines of the above spectral sequence vanish, which clearly imply the Proposition.

The first line E;“O = H*(K(n)o, F,._) vanish for homogeneity reasons. Indeed, the weight of F; _, is —2¢, # 0, while the

weights occurring on K(n)g are {£¢; + ¢, 1 < i,j < 2m} and hence the weights that occur on K(n)gz’k cannot contain €,
with a non-trivial coefficient.

On the other hand, since F;_, is a trivial K(n)>;-module and [K(n)>1, K(n)>1] = K(n)>, by Lemma 2.5 below, we have
that

H'(K(n)s1, Fi_p) = C'(K(n)1, Fi_y).

From this equality, we deduce that the second line E;"' = H*(K(n)o, H'(W (1)1, F,_,)) vanish again for homogeneity
reasons. Indeed the n-component of the weights appearing in Hl(K(n)Z1, F_s) = C'(K(n), Fo—y) is —3€, # 0 (because
p > 5) while the weights appearing in K (n)?" have trivial n-component. O

Lemma 2.5. Let d be an integer greater than or equal to —2. Then
[K()1, K(M)a] = K(M)gt1.

Proof. The inclusion [K(n){, K(n)q] C K(n)gy; is clear. In order to prove the other inclusion, we consider an element
x" € K(n)4+1 and we have to show that it belongs to the commutators [K (1)1, K(n)4].

The elements of K(n); are of the form x;x;x; or x;x, (for some 1 < i,j,k < 2m). The former ones act, via adjoint
action, as Dy (xiX;jxx) — XiXjXDn while the latter ones act as o (i)x,Dy + x; deg —x;x,D,,. Consider the decomposition K'(n) =
@ﬁ;a A(Zm)x’,;. The proof is by induction on the coefficient a,,, which in what follows is called the x,-degree of x.

First of all consider the case of x,-degree equal to 0, that is the case x* € A(2m). If there exists an index 1 < i < 2m such
thata; > 2 and ay < p — 1, then we conclude by means of the following formula

[x}, 726 ] = 36 (D) (ar + D",

Therefore it remains to consider the elements x® for whicha; = ay =p — 10or0 < a;, ay < 1forevery 1 <i < 2m. If there
exists a couple (a;, ay) = (1, 1), we are done by the formula

[x2xy, X 4] = o (i) 2ay — a; + X" = 20 (i)x".

If there exists a couple (a;, ay) = (1, 0), then there are two possibilities: either x* = x; or there exists an indexj # i, i’ such
that g; > 1. In the first case we use [x;x,, 1] = —2x; while in the second we conclude by means of the following formula

[XIZXJ7 Xa—e,-+ei/—ej] — 20 (l)xa + o (j)aj/xﬂ+6i+éi/—éj—€j/ ,

together with the fact that the second element on the right-hand side belongs to [K(n)1, K(n)4] by what proved above.
Hence we are left with considering the elements x for which every couple of conjugated coefficients (a;, ay) is equal to
(0,0) or (p — 1, p — 1). If there are two indices 1 < i # j < m such that (a;, ay) = (0,0) and (g;,a7) = (p — 1,p — 1) we
use the formula

2 a-+€ —2€; a+€j+€s —€i—¢; a
(X7, XV = 2(p = DT 4
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together with the fact that the first term on the right-hand side belongs to [K (1), K (n)4] by what proved above. Since the
case x = 1is excluded by the hypothesis d + 1 > —1, it remains to consider the element x* = x° for which we can take an
appropriate linear combination of the two equations (with k = 0):
3 03¢ k+17 _ . —€i—€;r pk+1 __ o,k
[x7, X7 i ] = =30 (D79 — (k4 DX, (2.2)
[Xxp, X7 7297 T = —o (Dx X — (ke 1RO XK. (2.3)

For the inductive step, suppose that a, = k > 1 and that we have already proved the desired inclusion for the elements of
Xp-degree less than or equal to k — 1. If there exists an index i such that q; < p — 1, then the formula

[xXn, X7 = o () (a; + Dx* + (d — ap + Dx*Feiter—en,

together with the induction hypothesis, gives the conclusion. Otherwise our element is equal to x"xﬁ. Ifk < p—1,then
one concludes by taking an appropriate linear combination of the above formulas (2.2) and (2.3). Finally for the element
x"xﬁ_1 = X" (which can occur only if p /|m + 2), the conclusion follows from the formula (for an arbitrarily chosen
1<i<2m)

[XiXn, X7 X271 = —2(m 4+ 2)x". O

For the remaining part of this subsection, we identify the K (n)o-module F,_, with the K(n)o-module F = (1) = K(n)_,.
On both these modules, K (1)1 acts trivially.

Proposition 2.6. We have that

2m

H (K ()21, F)™0 = ED(Sat)r & (Sa(D)r,

i=1
where Sq(x;) is the projection of Sq(x;) onto (1) = F (analogously for Sq(1)).

Proof. It is easy to check that the above cocycles are independent modulo coboundaries, so we have to prove that they
generate the whole cohomology group.

The strategy of the proof is exactly the same as that of the proposition [11, Prop. 3.10], that is to compute, step-by-step
as d increases, the truncated invariant cohomology groups

K(n)- K(n)o
H? <7( )21 ,F) )
K(n)>a41

Observe that if d is big enough (at least 2(m + 1)(p — 1) — 1) then K(n)>4+1 = 0 and hence we get the cohomology we are
interested in. On the other hand, by homogeneity, we get that

K(n)- k(mo
H? (KE ;J , F) = C* (K(n);, F)*™ = 0.
n)>»

By taking the Hochschild-Serre spectral sequence (see [17]) associated to the ideal K (n)y = Kl(if;iil < K’fgjll (ford > 2):

TS _r K(n)il s r+s I<(n)zl
Ef*=H (K(n)zd’H (K(n)d,F)> =H <K(n)za+1’F>’ (2.4)

we get the same diagram as in [11, Prop. 3.10] (the vanishing of Eg’z and the injectivity of the map « are proved in exactly
the same way).

By taking the cohomology with respect to K (1)¢ and using the Lemmas 2.8, 2.9 and 2.11, we see that the only cocycles that
contribute to the required cohomology group are {Sq(x;), . . ., Sq(Xam), Sq(1)} since the cocycle inv o [—, —] € (EL")K™o
in degree 2m(p — 1) + 21+ — 3 is annihilated by inv € C'(K(n)2mp—1)+2.—2, F)X™0. O

The remaining part of this section is devoted to the proof of the lemmas that were used in the proof of Proposition 2.6.
In the next two lemmas, we are going to compute the K (n)o-invariant terms (E;"")™o and (E;")¥™o_ Observe that, since

K (n)q is in the center of K’f:?lil , we have that H(K (n)4, F) = C5(K(n)q4, F) and Klfé)"iil acts trivially on it. Therefore, using

Lemma 2.5, we deduce that Ez]’1 = CY(K(n); x K(n)q, F).

Lemma 2.7. Let 0 < u,v < p — 1such that w = m mod p and v = (m + 1) mod p. Then we have that

B 'K x K(m)a, FY™0 = (®1)r @ (D2)r ® (¥1)r D (¥a)r
d>2



F. Viviani / Journal of Pure and Applied Algebra 213 (2009) 1702-1721 1707

where the above cochains are defined by

D1 (XiXn, Xy X))~ h =0,

Dy (X, x x” 2) =o(a)a!l ifaeN*""and|a| = 3,
g (Xixn, X7 Ixl) = 1,

W xT%) =1 lfaeszand|a| =3.

Proof. An easy verification shows that the four cochains of above are K (n)q-invariants and linearly independent. We will
conclude by showing that the dimension over the base field F of the space EBd>2 C'(K(n); x K(n)g, F)K(n)0 of all invariant

homogeneous cochains is less than or equal to 4.
The space K(n); admits the decomposition K(n); = A(2m)_; - X, @ A(2m), which is invariant under the adjoint action
of K(n)g = A(2m)g @ (x,)r. Moreover the action of K(n)g is transitive in both the summands A(2m)_; - x, and A(2m);.

Therefore a K (n)o-invariant homogeneous cochaing € C! (K n); x K(n)>2, ) M0 is determined by the values on any two

elements of A(2m)_ - x, and A(2m), let us say x;x, and x?,

Consider an element x* € K(n)s, such that g(x;x,, x*) # 0. By homogeneity the element x* must satisfy a;y =
a; +1 mod p,ay = gjforeveryj ¢ {1,1} and deg(x®) = —3 mod p. If the couple (ay, ay’) would be different from
(0, 1) or (p — 2, p — 1) then the following invariance condition

0 = (X 0 8)(X1Xn, X" 1TV) = —2(ay + 1g(x1%p, X9

would contradict the hypothesis of non-vanishing. Therefore we can assume that (a;,ay) = (0,1) or (p — 2,p — 1). If
the first case holds, then necessarily (a;, a;) = (0, 0) for every j ¢ {1, 1'}. Indeed if this is not the case, then we get a
contradiction with the non-vanishing hypothesis by means of the following invariance condition

0 = (X1Xj 0 ) (X1 Xy, X7V T9) = —2g (X1, X%).
Analogously, if (a4, ay) = (p — 2, p — 1) then (g;, ay) for every j & {1, 1’} because of the following invariance condition

0 = (x1%j 0 8) (X1Xn, X~ 7) = —o () (a7 + DE(X1Xp, X).
Taking into account the homogeneity condition deg(x?) = —3 mod p, we get that the only non-zero values of g(x;x,, —)
can be g(X1Xq, Xy X2~ 1) and g (X Xy, X7 ~€1xY).

In exactly the same way, one proves that the only non-zero values ofg(x], —) can be g(x], x3 b= 2) and g(x1 X’ 361x:)
and therefore we get

dim €' (K1 x K(n)=2.F)y ™ < 4. O

Lemma 2.8. In the above spectral sequence (2.4), we have that

ik (Sa(D)r ifd=2p—3,
(ELH ™0 = Y(invo[—, —D ifd=2mp—1)+2u—3,
0 otherwise,

where inv € C'(K()am(p—1)+2u—2, F)X™0 is defined in Lemma 2.9 and Sq(1) is the restriction of Sq(1) to K(n); x K(1)zp_3.
Proof. (EL")<(™o is the subspace of (E;"")K™o = C!(K(n); x K(n)4, F)X™o consisting of cocycles that can be lifted to

z? (I(I((;)nii] , F). A direct computation shows that, with the notations of Lemma 2.7, Sq(1) = 2Sq(D,) = 2&; and
invo[—,—] = —(v + 2)¥; — v¥, and clearly these two cocycles can be lifted. We want to show that any other liftable
cocycle is a linear combination of them.

First of all we show that the cocycle @, is not liftable. By absurd, suppose that a lifting exists and call it again @,. We get

a contradiction by means of the following cocycle conditions

0=do,(x}, X3, 7" = =90 () P2 (x2x%, X071) + &L (%072, x0) — Pr (X2, XD)
= —90 ()P, (x'x5, X2~ 1) + 120 (i),
0 = doy(X7xy, X2x;, X2 1) = =30 ()P (X7x5, X271 + By (X% X272, x3x1) — Do (XoxiXD ™, x2xy)

= =30 ()P (x*x5, x271) — 4o (i).
Finally, consider the cocycle ¥ € (¥, ¥,)F defined in degree 2m(p — 1) + 2v — 5 by

v = alI/]—i—blI/z 1fv¢0,
T | b, ifv =0,

for certain a, b € F. We will show that ¥ can be lifted to Z> (L,
K(M>2m(p—1)+2v—4

this will conclude our proof. Indeed this implies that if v #£ 0 then ¥ is liftable if and only if it is a multiple of inv o [—, —],

F) if and only if b(v + 2) = av mod p and



1708 F. Viviani / Journal of Pure and Applied Algebra 213 (2009) 1702-1721

while if v = 0 it implies that ¥, is not liftable and hence again that inv o [—, —] = —2W; is the only liftable cocycle in the
span of ¥ and V.
So suppose that a lift exists and call it again ¥. From the following cocycle condition

0= dw(x}, x;, X727 %x) = —90 ()W (X7 x5, X729 7%0x2) — 90 ()W (x" VX)), x7) + 90 (VW (x7ix), %),

we deduce that W (x?x2, x° ~2¢ ~2¢x") = 2b. Using this, we get the following

i 1/»

0 = d¥ (xixy, iji/, X0 a2y X))

= =20 ()W (XiXpXn + X7 X5, X7 2920 x0) 4 (—4 — )W (7GR xix3) + v (XX xixy)
= —20 ()W XXy Xy, X° 2724 %) + (v + 2)b — va.
Exchanging i with i’ and summing the two expressions, we obtain the required congruence (v +2)b =vamod p. O

In the next lemma, we compute the K (n)p-invariants of the term E3‘1 = C'(K(n)q, F) of the above spectral sequence
(2.4).

Lemma 2.9. Let u be the integer defined in Lemma 2.7. We have that

(inv)p if d=2m(p —1) +2u — 2,

1 Ko —
C' (K(n)g, F) = {o otherwise,

where inv € C1(K(n)amep—1)+2.—2, F) sends x° xy into 1 and vanish on the other elements.

Proof. First of all observe that if p divide (m 4 2), then & = p — 2 and hence x°x}, € K(n). The (well-defined) cochain inv
is K (n)o-invariant. Indeed it is homogeneous and the invariance with respect to an element x;x; € K(n)o \ Tx (hence with
j # i) follows from the fact that [x;x;, X°xh] = [xix;, 1] = O together with the fact that XXl o [xix;, K(n)].

Consider next an invariant cochain f € C' (K(n)g, F)*™° and let x* € K(nn)4 be an element such that f (x%) # 0. Then by
homogenelty it must hold that a; = ay for every 1 < i < m and deg(x*) = —2 mod p. Using the invariance with respect to
X; or xi,, we obtain that a; = ay = 0 or p — 1. Otherwise, assuming, up to interchanging i with 7, thata; > Oanday < p —1,
one gets the vanishing as follows

0= (x o HK* ) = =20 (i) (ar + DF (X).
Moreover, if there are two pairs verifying (a;, ar) = (0,0) and (g;,ay) = (p — 1,p — 1) (forj # i, i’), then we obtain the
vanishing by means of the following

0 = (xixj o (X1 79) = —o (D)f (x).
Finally(,7 b;¥ imposing deg(x®) = —2 mod p, we deduce that x* = 1 (which we can exclude since deg(x”) = d > 2) or
X'=x%x,. O

In the next lemma, we compute the first cohomology group with respect to K (), of the term 53 e (K(n)q4, F) of the
above spectral sequence (2.4).

Lemma 2.10. Let u be the integer defined in Lemma 2.7. We have that

2m

@Psa)r ifd=p-2,
i=1
2m

H' (K (), C* (K(n)g, F)) = Pwr ifd=2mp—1)+2u-2-p,
j=1

(X, > inv)p ifd=2m(p—1)4+2u — 2,
0 otherwise,

where Sq(x;) denotes the restriction of Sq(x;) to K(n)o x K(n)p—, and the cocycle w; is defined by (withj # i,i)

Wi, X7 P Dty = 2,

(,L)i(X,'Xj, Xa_(p_l)e"/_ejxlnl) =1.
Proof. By homogeneity we can restrict to the case d = —2 mod p. First of all we claim that f,,, = Oforevery 1 <i <nand
fx, takes a non-zero value only on the element x° ), . Indeed, by the homogeneity assumption, we get for an element y € Ty

that 0 = df;, = y of — d(fj,) = —d(f};), thatisf, € CY(K(n)g, F)X™o = (inv) (see Lemma 2.9). Moreover the cocycle
condition

0= dfye o) (X7X1) = —40 ()fyw, (7 X0)

gives fxl-xf/ = 0 forevery 1 < i < n, while the fact that x,, ¢ [K(1)o, K (n)o] implies that f,, (x’ ;) can be different from zero.
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Now we split the proof into two parts according to the casesd = (2r + 1)p — 2 or d = 2rp — 2 for some integer r.

ICASE:d= (2r + 1)p — 2.

Note that in this case, there are no coboundary elements since, by reasons of parity, C' (K(n)4, F)o = 0. Moreover, for
a homogeneous cocycle f € C!(K(n)g, C'(K(n)q, F))o, the value f,2 (x) can be different from 0 only if one of the following
possibilities occur I

(@,ap) =(p—1,1) and aj=ay foreveryj#i,fi, (A)
(a,ar) = (p—2,0) and a; =ay foreveryj#i,i. (B)

Analogously, if j #£ i, 7, thenfxixj (x?) can be different from 0 only if (up to interchanging i and j)

(@.a)=(pP-10, 1<a=ag+1<p—1 and a=ay fork#iijJj. ()

The values of types (C) are determined by the values of types (A) and (B) by means of the following cochain condition (where
a is a multi-index as in (C))

0= djc(XfXj,sz)(xa_ei+€i/)
= —o(Nafp (™) = o (g (D) + 20 ()fipy ()

where in the last equation the first term is of type (A) (or vanish) and the second is of type (B) (or vanish).
The values of type (A) vanish if there exists an index j # i, i’ such that a; = gy # 0, because of the following condition
(where a satisfies the conditions in (A))

0= dfyy 2 (X9 79) = —20(i)fp (9.

On the other hand, the values of type (B) vanish if there exists aj # i, i’ such that a; = ay # p — 1 because the following
cocycle condition (where a satisfies the conditions of (B))

0= df(xin,X,-z)(xa_ei+€j/) = -0l + 1)in2 *).

Therefore a cochain f is completely determined by the values f,» (xf-’ _1xi/) and f,2 (x°—si~P=Dey ¥y whose values determine
1 1

also the cocycles Sq(xy) and w; (respectively), and hence f is a linear combination of Sq(x;y) or w;.

IICASE : d = 2rp — 2.

In this case we will prove that f vanish (up to adding a coboundary dg) except for the value f,, (x°x5) (which can be
non-zero as seen before). We have already seen that fy, vanish forevery 1 <i < n.

We first prove that, by adding coboundaries, we can modify the cochain f (without changing its cohomological class) in
such a way that it satisfies f,, = 0 for every 1 < i < m. The proof is by induction on i. So suppose that for a certain k, we

have that f,, = 0 for every i < k. We want to prove that, by adding coboundaries, we can modify f in such a way that it
verifies fX,z =0.
First of all note that, by homogeneity and parity condition on d, fX’2 (x%) can be different from O only if 2 < ay = a,+2 <

p — 1and ay = a, for h # k, k'. Moreover if there exists an index 1 < h < k < m such thata, = ay # 0, (p — 1), then
fxﬁ (x") = 0 because of the following cocycle condition

0= df(xﬁ’xi)(xa—eh-keh/) = —2(ah, + Dfxi (Xa)

where we used thatfxﬁ = 0 by induction. Therefore we can suppose thatfor1 < h < k < m,a, = ay = Oor (p — 1). Fix
one of these elements x°. Define an element g € C' (K (n)q, F)q as follows:
fo (&
gx =—
2ay
g(x*) =0 ifb#a+ e —ep.

a+ex—€p
b

By construction, if 1 < h < k < m then (xﬁ o g) = 0 while (xﬁ og)(x") = _fxﬁ (x%). Therefore the new cocycle]~r =f+dg
satisfies the same inductive hypothesis as before and moreover it verifies Ei (x*) = 0. Repeating these modifications for all

the elements x” as before, eventually we obtain a new cochain homologous to the old one (which, by an abuse of notation,
we continue to call f) and which satisfies f,, = 0 for every 1 < i < k, as required.
1

Using the above conditions, we want to show that the cochain f must satisfy also fx_z/ = 0forevery 1 <i < m(and hence
that f» = 0 for every j). Indeed, as before, we have that f,> (x*) can be different from O only if2 < ¢; = ay +2 < p — 1and
) i
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a; = ay for every j # i, i". Hence the required vanishing follows from the following cocycle condition
0 =df 22, X" T) = =2(ay + Df2 ().

Finally we have to show that we can modify once more (by adding coboundaries) the cocycle f in such a way that the
previous vanishings f,. = 0 are still satisfied and moreover alsofxl.xj vanish for everyj # i, 1.

First of all, note that using cocycle conditions of type 0 = df(xﬁ,x,-xj) with h # ', j’ and the fact that fxﬁ = 0, we obtain the

vanishing of fy; (x) for all the elements x* € [x2, K()4lN K(n)_¢;—¢ (for h # 7, j'), that is for all the elements of x* € K (n)4
with the exception of the ones that verify

©O,Dor(p—2,p—1) ifk=iorj,

(ax, ay) = {(0’ O)or(p—1,p—1) otherwise.

Therefore, we can assume that our x? verifies these conditions. For the rest of the proof, we introduce the following
definitions. We say that a couple (ay, ai) is small if it is equal to (0, 0) or (0, 1) or (1, 0) according to the conditions above,
while we say that it is big if it isequalto(p — 1,p — 1) or (p — 2,p — 1) or (p — 1, p — 2). Moreover we say that x* has an
ascending jump in position k (with 1 < k < m — 1) if (ai, ay) is small and (ax1, g+1y) is big, while we say that it has a
descending jump in position k if (ax, ai) is big and (@41, Ag+1y) is small.

We want to modify our cocycle f, by adding coboundaries, in such a way that fxix]. (x") vanish if x* has a jump.

We prove this for the elements fyy,,, with 1 < i < m — 1.1t is enough to prove thatfxl.xj (x") = O if there is a jump in a
position less than or equal to i. Indeed if the jump on x* occurs for h > i, then one obtains the vanishing using the cocycle
condition 0 = df(x;x;, ,.xyxs.1)- HENCe, by induction on i, suppose that we have already proved this for the elementsi < k — 1
and we want to prove it for fy,,,. If there is a jump in the element x* occurring in a position h < k then the vanishing
follows from a cocycle condition of type 0 = dfx,x,., ;.xx.1) Plus the induction hypothesis. If the first jump occurring in x*

is in the k-th position, then we define an element g € C'(K(n)4, F)q as follows:

g(xw ety = S (x)  if the jump is ascending,
(X Ty = Foatins (x*) if the jump is descending,
gx) =0 otherwise.

By construction (and the hypothesis on x?), for every 1 < j < 2m we have that (sz og)=0andif1 <h <k <m—1then
(XnXny1 © ) = O while (XgXi11 0 8)(X7) = —fx.., (X9). Therefore the new cocyclef = f + dg satisfies the same vanishing
conditions of f (namely f,. = 0 for every j and fy,x,,, = 0 for 1 < h < k) plus the new one fyx,, (x*) = 0. Repeating these
J

modifications for all the elements x“ as above, we find a new cocycle (which, by an abuse of notation, we will still call f) that
satisfies fy.x,,; = 0, concluding thus the inductive step.

From the previous special cases, it follows also the vanishing of fxixj (x%) (always under the presence of a jump) if
1 <1i,j < m.Indeed, if an element x* as before has a jump in position k then the coboundary condition

0= df(x,‘Xj,xkxk+1)(xa+6k/_€k+1) = _U(k) (ak/ + 1)fx,‘Xj (Xa)v

in the case of an ascending jump, and

0= df(xixj»xkxkﬂ)(xa+€(k+]),76k) =—o(k+ 1)(a(k+1)’ + 1)fx,~xj ("),

in the case of a descending jump, gives the required vanishing.
Finally, the general case (in which i and j can vary from 1 to 2m) follows from cocycle conditions of type 0 = df(x,-xj,x?, )=

_(X% Of;qxj-) - 20 (i)fx,-/x]--

So it remains to consider only the elements x“ without jumps or, in other words, it remains to prove the vanishing of the
following values off:fxixj(xi/xj/xﬁfl) = o - Tand fyy (X797 9x;) = B - 1, wherev =m+ 1mod pand0 <v < p—1.The
first ones vanish because of the following two cocycle conditions
0 = dfg o) (XX ) = =20 (et — 20 (Ve
0= df(Xin,Xl-/Xj) (sz/xg71) =—20 (j)ai/j + 20 0)“1}

The second ones vanish because of the following two cocycle conditions

0= df(xiz/,x,-x]-) &7~ 79x,) = =20 () (p — DBy — 20 () Byj,
0 = dfixig o) (X7 29%,) = =0 () (p — Dy + o () (p — D. O
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In the next (and last) lemma, we consider the differential map
K(n)>1 F).
K(1n)>q

induced by the above spectral sequence (2.4). We compute the kernel of the induced map on the first cohomology group
with respect to K (1n)g.

(2.5)

d:E)' =C'(K()a, F) — E;° = H? (

Lemma 2.11. Consider the map

dD - H' (K (n)o, CY (K (n)g, F)) —> H' (K(n)o, H? (K(n)zl , F))
K(n)>q

induced by the differential map (2.5). The kernel of dV is given by

2m
Ker(@) = | DSaGr Td=p-2
0 otherwise,

where Sq(x;) denotes the restriction of Sq(x;) to K(n)o x K(n),—».

Proof. Clearly the cocycles Sq(x;), being the restriction of global cocycles, belong to the kernel of d. We want to show that
the other generators of H' (K (n)o, C'(K(n)g4, F)) (see Lemma 2.10) does not belong to Ker(d("). First of all we have that

dV(x, > inv)p = (X, > invo [—, —]),

and this last cocycle is not a coboundary since inv o [—, —] € H? (EEZE F) and x, acts trivially on this space.

Consider the cocycles w; for 1 < i < 2m. At least one of the following values is non-zero (depending on p):
(dewy), (XzXn o —2€—(p— 1)6/Xu) (@) ([XzXn, X0 —26i—(p— UG’X“])
= 3 — W) (@) (797D =2(=3—p),
(dwi)xiz (Xi X0~ 461—(1-7 1)€/xﬂ) — (a)i)xiz ([xi X0 4e;—(p— 1)eifxﬁ])
= — (@) g (TN = —2p.

On the other hand, for every g € H? <;§E:;>] F ) it holds that

(X7 0 8) (xixy, X* 29~ Dér xity = 0,
(F 0 g)(x}, x7 ANy = 0

since [x7, xixp] = [x2, x* 26~V xll] = [x2, %] =[x}, x° 40 Dargll] = 0. O

3. Hamiltonian algebra

3.1. Definition and basic properties

Throughout this section we fix a field F of characteristic p # 2, 3 and an even integer n = 2m > 2.

We are going to use all the notations about multi-indices introduced at the beginning of Section 2.1. We are going to use
often the following special n-tuples: 0 := (0,...,0),0 = (p—1,...,p—1Dando' =0 — (p — Ve — (p — Vey.

The vector space A(n) = F[xq, ..., xn]/(x‘l’, ..., xh), endowed with the grading defined by deg(x*) = |a| — 2, becomes a
graded Lie algebra by means of

[x*, x°] = Dy (x) (x"),
where Dy : A(n) — W (n) = DerrA(n) is defined by
2m m
Du(f) =Y o ()D(F)Dy = Y [Di(f)Dism — Digm(FIDi].
=1 i=1
We denote with H’ (n) the quotient of A(n) by the central element 1 = x2 so that there is an exact sequence of H' (n)-modules
0— (1)F = A(n) - H'(n) — 0, (3.1)
where (1) = F is the trivial H' (n)-module.
Definition 3.1. The Hamiltonian algebra is the derived subalgebra of H'(n):
H(m) == H' " = [H'(n), H' (n)].
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There is an exact sequence of H(n)-modules (see [8, Chap. 4, Prop. 4.4]):
0— H(n) — H'(n) —» x°)r — 0, (3.2)
where (x?)r = F is the trivial H(n)-module.
Note that the unique term of negative degree is H(n)_; = @[, (x;)r where x; acts, via the adjoint action, as Dy (x;)
o (i)Dy. The term of degree 0 is H(n)o = @1<ij<n (XiX;)r and its adjoint action on H(n)_; induces an isomorphism H(2m),
sp(2m, F).
The algebra H(n) admits a root space decomposition with respect to a canonical Cartan subalgebra.

11l

Proposition 3.2. (a) Ty := @, (xixy)r is a maximal torus of H(n) (called the canonical maximal torus).

(b) The centralizer of Ty inside H(n) is the subalgebra C; = {x® | ay = a;}, which is hence a Cartan subalgebra (called the
canonical Cartan subalgebra). The dimension of Cy is p™ — 2.
(c) Let &y = Hom]Fp(@?:](xixi/)[gp,IFp), where F, is the prime field of F. We have a Cartan decomposition H(n) =

CH @gedy—o H()g, where H(n)g = {x* | aipm — a; = ¢(x;xy) mod p}. The dimension of every H(n)y, with ¢ € @y — 0, is
p".
Proof. See [8, Chap. 4, Theo. 4.5 and 4.6]. O

3.2. Proof of the Main Theorem 1.2

In this section, assuming the results of the next two sections, we give a proof of Main Theorem 1.2. As a first step towards
the proof, we compute the cohomology group of the second cohomology group of the H(n)-module H'(n).

Proposition 3.3. The second cohomology group of H’'(n) is given by
n
H2(H(n), H'(n) = ED(Sa(x)r D (My)e (@),
i=1 i<j
where ITj; and @ are the cocycles appearing in Theorem 1.2.
Proof. From the exact sequence (3.1) and using Propositions 3.4 and 3.10, we get the exact sequence

0 — @ sa))r @) (@) — H*Hm). H' (m) —>
i=1

i<j
— H*(H(n), (1)p) = H>(H(n), A(n)).

We have to verify that the coboundary map 9 is equal to zero, or in other words that the cocycles which generate
H3(H(n), (1)f) (see Proposition 3.5) do not become zero in the group H3(H(n), A(n)).

The cocycle [ (for certaini < j,j # i’) cannot be the coboundary of an element h C%(H(n), A(n)). Indeed we have
that I (x?, x7, X~V m6=G) — 4 while the element dh(x?, x2, X~ P~V ) 7474 cannot contain the monomial 1
since the bracket of any two of the above elements vanish and all the three elements have degree greater than or equal to 0.

Assume now that n = —4 mod p and suppose, by absurd, that the cocycle Z is the coboundary of a cochain
f € C?(H(n), A(n)). For a multi-index 0 < a < o, call p(x*) = —¢p(x° %) the coefficient of 1 in the element f(x%, x° ~9).
Consider a triple of elements (x*, x*, x) € H(n) x H(n) x H(n) suchthata 4+ b + ¢ = o + € + € (for a certain k) and
deg(x?) = deg(x?) = deg(x‘) > 0. By taking the coefficient of 1 in the equality & (x¢, x, x°) = df (x*, x?, x°) and using the
relations ¢, = —a; — b, mod p and ¢y = —ay — by mod p, we get that

P(X) + P(x") = (XU U) + 1 if agby — apby # 0 mod p.
By considering triples as above with deg(x®) = deg(x’) = 0, we get the relations 20(xix) = qb(xiz) + ¢(xj2) and
2= ¢(xi2) +¢)(xi2,), from which we deduce that the restriction of ¢ to H(n)g is determined by the values ¢(x,?) forl1<i<m.

Analogously, by taking deg(x?) = 0 and deg(x®) = 1, one gets that the restriction of ¢ to H(n); is determined by the value
d)(x?) together with the restriction of ¢ to H(n)o. Finally, by taking deg(x®) = 1and 1 < deg(x’) =d < n(p — 1) — 5, one
gets that the values of ¢ on H(n)4,1 are determined by the values of ¢ on H(n); and on H(n)4. Therefore the values of ¢ on
the elements having degree 0 < d < n(p — 1) — 4 is determined by the values d)(x,-z) for1 <i < mand ¢(X?). Explicitly, for
an element x* € H(n) such that 0 < deg(x®) < n(p — 1) — 4, one gets the following formula

n 3 . m k — Qg 1
P = (;ai - 2) $03) + (—01 —2ay— ) % +3> P03 + k; & > Yoo+ Y an

J#1LT h=m+1
Imposing the antisymmetric relation ¢(x°~%) = —¢(x?), we get the relation
3(n+4 n
i+ g6+ 2 Vg0 - <o

which is impossible by the hypothesis n = —4 mod p (and p # 2).
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Finally, the cocycles belonging to H3(H (n), H(n)_1; (1)) are not in the image of the coboundary map 9 of above. Indeed,
consider a cohomology class of H3(H(n), (1)) coming from H2(H(n), H'(n)) and choose a representative f € Z3(H(n), (1))
such that f = dg where g € Z%(H(n), H'(n)). Since g takes values in H'(n) = A(n)>o, then the cocycle f vanish on the 3-
tuples of elements having non-negative degree. On the other hand, if f belongs to Z3(H (n), H(n)_1; (1)f), then by definition
it must vanish on the 3-tuples of elements such that at least one has negative degree. Putting together these two vanishings,
we deduce thatf = 0. O

Now, using the above Proposition, we can prove the Main Theorem 1.2.
Proof of Theorem 1.2. From the exact sequence (3.2) and using that H!(H(n), (x°)r) = 0, we get the exact sequence

0 — H*(H(n), H(n)) — H*(H(n), H'(n)) — H*(H(n), (x”)f),

so that we have to check which of the cocycles of the above Proposition 3.3 go to 0 under the projection onto H2(H(n), (x° )§).
Clearly the cocycles Sq(x;) take values in H(n) = [H'(n), H'(n)] by definition.

Consider the cocycles IT; € H%2(H(n), H'(n)). If j # i, i then the projection of IT; onto H2(H(n), (x°)F) is 0. Indeed
IT; (X, xP) C (x°)pifandonlyifa+b =0 — (p — e — (p — 1)¢j + €7 + € but, for these pairs of elements, it is easily
checked that D,-(x“)Dj(xb) — Dj(x“)Di(x”) = (a;b; — ajbi)x“Jf”*ei*ef = 0. On the other hand, if j = 7, then the only non-zero
values of IT;y are given by

Ty (X%, xpx°) = x0Tb+e=Da+0-Der - forq 4 p < o',

Therefore, if n = 2, the cocycle ITy; satisfy IT12(x1, X2) = X and hence it cannot be lifted to H?(H(n), H(n)). On the other
hand, for n > 4, if we define g; € C'(H(n), H'(n)) by g; (x°") = x°, then the only non-zero values of the coboundary dg; (for
1 <i<m)canbe

{dgi(xixa, xixX’) = —gi([xx*, xyx"]) = =x° ifa+b=0",

dgi(xi, X7) = [xe, &(x° )] = —o (k)x”~% forany 1 <k <n.

Therefore IT; = [Ty + dg; and clearly IT; € H?(H(n), H(n)) since it vanish on the galrs (xlx xyxP) such thata + b = o,
Consider now the cocycle @. We want to prove that its projection onto H*(H(n), (x°)r) vanish. From the explicit
description of @, it follows that its projection onto (x° ) is given by

o) = Y (;)(§>0(8)8!x“,

18|=3.6+3<a
8+8=a+b—35

where the above sum is set equal to 0 if there are no elements § verifying the hypothesis. Each element § verifying the above
hypothesis contributes to the summation with the coefficient

o () 8) o0 () (7) Bt

where in the first equality we substitute b = o — a + 8 + 8 and we use the relation (7)) = (= (Czd) which follows

from the congruence k!(p — 1 — k)! = (=1t mod p (for 0 < k < p — 1). Now note that if a certain § appears in the
above summation, then its conjugate also appears $and we have that § # S because of the oddness of the degree |5]. Using
the easy relations §! = $!and o(8) = (— 1)"”0(8) = —0o (8) it follows that the contributions of § and 3 are opposite and

therefore the sum vanish. 0O
3.3. Cohomology of the trivial module

In this section we compute the second and third cohomology group of H(n) with coefficients in the trivial module F.

Proposition 3.4. The second cohomology group of the trivial module is equal to

P2 Pz if n # —4 mod p,
H*(H(n),F) = { 7

@(Qi>F ®<2>F @(A)p otherwise,

i=1
where the only non-zero values of the above cocycles are
2 =aq ifa+b=0+¢—(p— ey,
XXk, X)) = o (k),
AR, xP) = deg(x®) ifa+b=o0.
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Proof. Note that the cochain A is antisymmetric if and only ifn = —4 mod p, because if a+b = o then deg(x®) +deg(x?) =
np—1) —4=—-n—-—4mod p.

The verification that the above cochains are cocycles and are independent in H2(H (n), F) is straightforward and is left to
the reader. We conclude by [18, Thm 2.4], which gives that

. 2 _In+1 ifns# —4modp,
dlpmH (H(n), F) = {n + 2 otherwise. O
In order to compute H3(H(n), F), we use the Hochschild-Serre spectral sequence (see [17]) relative to the subalgebra
H(n)_, < H(n):

Ey* = H'(H(n)_1, C"(H(n)/H(n) 1, F)) = H""(H(n), F). (33)
For the first line of the second page of the above spectral sequence, we have the equality
Ey® = H'(H(n), H(n) _y; F), (34)

where H*(H(n), H(n)_q; F) are the relative cohomology groups of H(n) with respect to the subalgebra H(n)_; with
coefficients in the trivial module F (as defined in [19]).

Moreover, as remarked in [11, Sec. 2.1], we can restrict ourselves to consider homogeneous cohomology with respect to
the maximal torus Ty C H(n) (see Proposition 3.2).

Proposition 3.5. The third cohomology group of the trivial module is equal to

H*(H(n), Hm)_1; F) €D (My)r if n# —4 mod p,
H>(H(n), F) = W .
H(H(n), Hm)_1: F) €D (hy)r @D(E)r  otherwise
i<j i
where, by definition, the only non-zero values of the above cocycles are (for j # i, 1i')
Fij(Xa, Xb, XC) = a,-bj — ajbi if a+b+c=0— (p — 1)6,'/ — (p — 1)Ej/ + €+ €j,
E(X X, %) = o (k)[akby — awby] if a+b+c =0 + e + ep for some k.

Proof. The verification that the above cochains are cocycles is straightforward and is left to the reader. In order to show
that they freely generate the third cohomology group, we divide the proof into four steps according to the spectral sequence
(3.3).

STEP 1: (E2"*)o = H3(H(n), F)o = 0 by homogeneity.

STEP 12 (E3%)o = @i iy (Ti)r-

With the notations of Lemma 3.7, consider a cochain ¢ = Zzzl dely € (Ell’z)g and suppose that it can be lifted to a global
cocycle in Z*(H(n), F )o (which we continue to call ¢ ). Consider the following cocycle condition

de (xi, xv, X2, x5) = —40 ()¢ (%, X¢, Xixy) = —4o ()[o (i)d; — o (i)dy] = 4[d; + dr],
from which we deduce the relation d; = —dy. It is easily checked that ¢ is the coboundary of the cocycle f € (E?’Z)g =
H?(H(n)_1, F)q defined by f (x;, x;) = —dy = d;, since we have (forj # i, i)
¢ (xixj, xv, ) = 0 ()dy — o (()dy = d(F) (xixj, xv, X7).
Suppose now that n > 4. The cocycles FU with j # i, i’ appearing in Lemma 3.7 are clearly lifted by the cocycles Ij.
On the other hand, the cocycles Ty cannot be lifted to Z3(H(n), F)o. Indeed, by absurd, suppose that we can find such a
lift and callit I € Z 3(Hin), F )o- We can suppose that I takes its non-zero values on the triples (x*, xP, x7) such that

a+B+y =0c'+¢+ey,whereo! = o — (p — 1)&; — (p — 1)¢y. Consider the following cocycle condition (where a, b, ¢
are multi-indices verifyinga + b 4+ c = o'):

0 = o () Iy (X%, Xy, Xp X", X°) = — 2T (X", x¢x”, x°) — 2T (xix* P, x¢, X°).

We deduce that the value of Iy (x;x“, xyx, x°) depends only on the multi-index ¢ and therefore, for every 0 < ¢ < o, we can
define w(c) = Iy (xx?, xyxP, x°) for every pair of indices a, b such that a+b-+c = o'. By the fact that =TI

Fij\H(n),l xH(n)_q ij»
we get

w(0") = Ty, xp, X7 = Tylxi, x0, 87 = 1,
o(€) = Tj(xix 9, xp, %) = Tj(xix” 9, %1, %)) = 0.
Finally consider the following cocycle condition where j # i, i’ and 0 < d < ¢ is a multi-index such that dy > 0:

0 = o () I (ki X7~ xy, %1, x) = dy [0(d) — w(d — )],
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where we used that w(¢j) = 0. We deduce that the value w(d) does not depend on the coefficient dy and, by repeating for
every index j # i, i, we conclude that @ must be constant. But this contradicts with w(e;) = 0 and w() = 1.

STEP Il : (E%))o = {<~>F ifn = ~4 mod p,

0 otherwise.
With the notations of Lemma 3.8, consider the cochain § = Zzzl er&x and suppose that it can be lifted to a global cocycle
of Z2(H(n), F)o (which, as usual, we continue to call §). From the following cocycle condition

0 = d& (xw, X, X, X% ) = o (K)E (x¢, Xp, X7 ~%7) + dey,
together with the analogous one obtained interchanging k with k', we get that e, = e;/.

If n = —4 mod p, then the cochain Z?:1 & is lifted by the global cocycle = € (Egél)g. We will show that under the

assumption that either n ¢ —4 mod p orn = —4 mod p and Z:L e; = 0, then £ belongs to the image of the differential
map

d:(E;ho — (XN,

coming from the spectral sequence (3.3).
Consider the cochains 7y, € (Ell‘])g = H'(H(n)_1, CY(H(n)/H(n)_;, F))o (for 1 < k < m), whose only non-zero values
are given by

0 —€fk

M, X77F) = mie(xpe, X7~ K) = —1.

Form the cochain n := Y\ (% + B)n;, where g € F is defined as
m
> e

i=1

B=1 n+4

m
0 ifn=—-4modp and Zei:O.
i=1

ifn% —4 modp

It is straightforward to check that the cocycle £ — dn € C'(H(n)_;, C2(H(n)/H(n)_1, F))g is the coboundary of the cochain
g € C2(H(n)/H(n)_1, F) defined by (and vanishing elsewhere)

m
.
g0 X = 3 (@ +a) s +deg)B iflal, lo —a| = 2.
i=1 2 H

This shows that [£] = [dn] € (E>"),.

Suppose next that the cocycle p;; (for certain i < j) can be lifted to a global cocycle of Z 3(H(n), F), which we continue to
call pg. Forl =2, ...,p— 1, we define f; := py(xi;, X7l xo~P=Der=(+1-Dgry consider the following cocycle condition
fori<i<p-1:

0= dpij(Xin/, Xj, xa—lej/ , Xo—(p—l)ei/—(p—l)ej/)
=1+ éy)
I
The above Eq. (%) with[ =1, ..., p — 2 gives that
f_ —( = 200)
(=1l

Substituting in the above Eq. (x) with [ = p — 1, we get
—(1+4 8 —(146i)(—3)o(
0= ( +ﬂ)+(7(]')(p—2) ( +1:)(P o (j)

p—1 P-2p-1
which is impossible since p # 2. Therefore the cocycles p; do not belong to (E2!),.

STEP IV : (E20)o = (E;*)o = H3(H(n), H(n) _1; F)y.
From Proposition 3.4, one can easily deduce that

+8u(1+8y) —o(NU+ Dfiyr + o (DU = Dfi. ()

forl=2,...,p—1.

=148 —3(1+ &),

(E%%)o = (E3%)o = (Z)F,
Pis2)r ® (A)r  ifn=—4mod p,
(ELDo = (Eyo=1{ 5!

@ ($2i)F otherwise.
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This implies that (%) = (E;°)o and the result follows from equality (3.4). 0

Remark 3.6. It can be proved that H3(H(n), H(n)_;; F) = @I (Y:)r where the cocycles 7; are defined by
T, %, %) = o (K)[agby — agbr] ifa+b-+c =0 +pe+ e +e¢ forsomek.

We omit the proof, since we do not need this result to prove Main Theorem 1.2.

Lemma 3.7. In the above spectral sequence (3.3), we have that

n

@@I()F
P T ifnza,
<Z U(k)§k> i<i
(Ef*)o = k:1n F

ﬁ_al(gk)F

<i o(k);k>
k=1 F

where the only non-zero values of the above cocycles are

T (x;, x5, X7~ @7 D= 0=y — q
e(Xey X, XeXw) =o(h) forh=1,...,n.

ifn=2,

Proof. Consider the exact sequence

0— C'(x°,F) - C'(H'(n)/H'(n)_1, F) = CY(Hn)/Hm)_1, F) — 0, (3.5)

where C!(x°, F) is a trivial H(n)__;-module. The coboundary map

5@
H'(H(n) 1, C'(H(m)/H() -1, F))g — H*(H()-1, C'(x", F))o
is surjective. Indeed consider the cocycles i, € H' (H(n)_1, C'(H(n)/H(n)_, F))o (with 1 < k < m), defined as

Mk (X, X7 7K) = (e, X7~ %) = —1.

It is easy to check that 3® sends #; into the cocycles {(xt,Xy,X°) + —2} which generate the last group
H?(H(n)_1, C'(x°, F))o.

Using the above surjectivity, together with the vanishing H3(H(n)_;, C'(x°, F))o = 0 which follows directly by
homogeneity considerations, we get that

(Ey*)o = H*(H(n) 1, C'(H'(n)/H'(n) _1, F))o.
Consider now the following exact sequence of H(1)_;-modules

0 — C'(H'(n)/H'(n)_1,F) — C'(A(n),F) - C'(A(n) o, F) > 0, (3.6)
obtained from the fact that H' (n)/H'(n)_; = A(n)/A(n) .o (see (3.1)). Using the following isomorphism of H(n)_;-modules

x 1 A(n) — C'(A(n), F)
a b 1 ifb=o0 —a, (3.7)
X fe (X)) = {O otherwise,
together with [11, Prop. 3.4], we get that
H'(H ()1, C'(H'(n)/H'(n) 1, F))o = H' (H(n) 1, C'(A(n), F))o = ®_, (2},

where the cocycles £2; are defined by (and vanish outside) £2;(x;, X" ~®~D¢') = 1. Therefore we get the exact sequence

1 1 9 1,2 2 1
0 — H (H(n)—1, C (A(M) <0, F))o —> (E;"")o = H*(H(n)_1, C (A(n), F))o.

The first group on the left is generated over F by the cocycles Ek (k=1,...,n)defined by 5<(Xk, xi) = 1and subject to the
relation ) ,_, o (k')¢x = 0 coming from the element (1 — 1)r € C'(A(n) o, F)o. It is easily checked that 3@ (&) = &

Moreover, using the isomorphism (3.7) of H(n)_;-modules A(n) = C!(A(n),F) and [11, Prop. 3.4], we get that
H*(H(n)_1, C*(A(n), F))o is freely generated over F by the cocycles ﬁ] for 1 < i < j < n. We conclude by observing
that I can be lifted to H?(H(n)_y, C'(H'(n)/H'(n)_1, F))o ifand only ifn > 4. O
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Lemma 3.8. In the above spectral sequence (3.3), we have that

P Ploy)r ifn >4

(Elz,l)g _ kil i<j
Do if n=2,
k=1

where the only non-zero values of the above cocycles are

Eeln, XX, X°~%) = o (W (1 +6w) ~  foreveryh=1,....n

,Oij(xi, Xoflej/ , XO'*(P*])G#*(P*])GJJ) —__-V fOr everyl =1,..., p— 1,

—(p—Der—(D—Te. o(i
iy, X010 X0~ @D = =Dy o (i) foreveryl=1.....p—1.

Proof. Consider the following exact sequence of H (1) _;-modules

res

0 — C2(H'(n)/H'(n)_1, F) — C*(A(n), F) —> C'(A(n)~o x A(n), F) — 0, (3.8)
It is easy to see that C1(A(n) .o x A(n), F)O( M1 g generated by the cocycle ¢ defined by ¢ (1,x%) = ¢ (x;, x° ) = 1 (for

everyi = 1,...,n)and that the image of ¢ under the first coboundary map is non-zero and equal to — ZZ:1 &. Therefore,
using Lemma 3.9, we get that

n
H'(H(n) 1, C*(H'(n)/H'(n) 1, F))o = <Z§k> : (3.9)
k=1 F
Consider finally the following exact sequence

CU(H (M) H()_1., F) <> CX(H'(n)/H'(n)_y, F) — C2(H(n)/H(n)_. F), (3.10)

where the map 6 sends the cocycle g into the cocycle 6(g) defined by 6(g)(x°, x*) = g(x®). By taking cohomology, we get
the exact sequence

HY(Hm)_, CLH () /H (1)1, F))g — (B2 2 (E1),.
We conclude by using (3.9), Lemma 3.7 and the facts that 3@ (p;j) = 2T and 9® (&) = o (k)&w. DO

Lemma 3.9. Consider A(n) as a H(n)_,-module. Then we have that
H'(H(n)_1, C*(A(n), F))o = .

Proof. During this proof, we use the generators D; := o (i')x; of H(n)_;. Moreover, if g € C2(A(n), 1), we set g(x, x) =

g("?l;’,‘b) where, as usual, for a multi-index a = (ay, ..., a,) we set a! := [, a;!. Analogously, if f € C'(H(n)_1, C(A(n), F)),
we sethl 2, xb) = I (ab where fp, € C?(A(n), F) denotes, as usual, the value of f on D; € H(n)_;.

Take a homogeneous cochain f € Z'(H(n)_;, C2(A(n), F))o The cocycle conditions for f are D; ofD = D; o fp, for every
1<i,j<n

STEP I: The cocycle f verifies the following condition

0= ﬁ: (—1)¥fp, (xHkei xP=ki)  for every (x*, xP) such that a; + B; < p — 1. (%)
k=—a;
For every pair (x*, %) as above (such that o;; + 8; < p — 1), define
¢, x") = ﬁZ (= 1)¥fp, (e Hei, 1P ),
k=—a;
We have to prove that ¢;(x*, x*) = 0. Using the cocycle conditions D; of;,. =D; of;j and a telescopic sum, it is easy to see
that (D; o ¢;) (x*, x#) = 0 for every j # i. From these conditions, we get that (for every index j # i)

o p 0 ifaj+ B < p— 1forsomej # i,
Gi(x“, X") = (_1)\ﬂ|*ﬁi¢i(XavLﬁ*(T‘HP*]*ﬂi)fi7XU*(P*1*ﬁi)Ei) otherwise.
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So assume that we are in the second case, thatis «j + ; > p — 1 for every j # i. Consider the same formula as above
for the couple (x#, x*). By using using the antisymmetry of ¢; and the property ¢;(x*4i xf=dé) = (—1)d¢;(x*, xP) for
—a;<d<p—1—owojand —f; <d <p—1— B;, we obtain

[(_1)\/3| 4 (_1)\0t\] ¢i(xa+ﬂ*0+(l’*1*ﬁi)5i’ XU*(Pflfﬁi)Ei) —0.

Now recall that f is homogeneous and therefore we have to consider only the pairs (x*, x?) such that the sum of the weights
of x*, x* and D; is 0. Using the conditions o; + 8; < p — 1 and aj + B = p — 1for every j # i, we find the equalities (and
not merely the congruences modulo p):

ar+pPr=ai+Bi+(P—1 and oy + By =a;j+ B foreveryj#i,i.

We deduce that || + | 8| is even and, substituting in the expression above, we get the required vanishing.
STEP 1I: The cocycle f is a coboundary.
We have to find an element g € C(A(n), F)o such that fp, = D; o g. For a homogeneous pair (x*, xP) (that is a pair such

that the sum of the weights of x* and x” is 0), we define

ai

Z(_«l)kf; (Xclfkfi7 Xb+(k+l)€,') if a; + bi <p-— 1’

g, x0) = 1 +=0 M=1g;
-1 sign(c, d) ~ .
Mfol(xc,xd) ifa+b>o,
9£IC(1,...,n} (c,d)eS (a,b) 2
where for a non-empty subset I of {1, ..., n} (of cardinality |I|), we define S;(a, b) to be the set of pairs (c, d) of multi-

indices verifying: ¢; + d; = a; + b; + 1 and min(a;, b)) + 1 < ¢;, d; < max(a;, by) ifi € I'and ¢; = a;,d; = b;ifj & I (in
particular S;(a, b) # @ if and only if a; # b; for i € I). Moreover, if (c, d) € S;(a, b), we put sign(c, d) = [, sign;(c, d) and
sign;(c, d) = d; — b; or ¢; — a; according, respectively, to the cases b; < a; and a; < b;. Finally, if I = {iy, ..., i}, we put
fo, = Dijo---0oDj_, ofp, which does not depend upon the order of the elements of I by the cocycle conditions verified by f.

The cochain g is well-defined because if i and j are two indices such that a; + b; < p — 1and g; + b; < p — 1, then the
following expression

a9

E(Xa» Xb) — Z Z(_l)k_‘—h(Di of;)(xa_kei_hej, xb+(k+l)ei+(h+l)6j)
k=0 h=0

is symmetric in i and j because of D; oij = Dj o fp, and reduces, via a telescopic sum, to the first expression occurring in the
definition of .

Moreover it is clear from the definition that g is antisymmetric in the case a + b > o, while in the casea; + b; < p — 1
(for a certain i) the antisymmetry follows from the condition (x) of above.

Finally we have to check that (D; o 8)(x¥, x#) = fo; (X%, xP) for every index i and every pair (x*, x#) such that the sum of
the weights of x*, x and of D; is 0. If ¢; = 8; = 0 then (D; 0 8)(x*, x#) = 0 andej (x*, xP) = 0 by condition (x) of above. If
a; = 0and B; < 0 then we get that (D; o 8)(x*, x#) = —g(x*, x~¢) is equal to fp, (x*, x#) by the first case of the definition
of g. The case o; > 0 and B; = 0 follows from the preceding one by the antisymmetry of g. Therefore we are left with the
case «j, Bi > 0.

Suppose first that o + B — €; # o. Take an index j (may be equal to i) such that (o« + 8 — €;); < p — 1. Using the first
case of the definition of g, we have

9
Di oD, x%) = Y (= D)M(D; o fir) (749, xP D)
k=0

qj
= Y (=DM Dy 0 fo) (e 7r XFTEDG) = fp (x, xF),
k=0

where in the last equality we used a telescopic summation.

On the other hand, suppose that @ + 8 — €¢; > o. We need two auxiliary facts before proving the required equality in this
case. First of all, observe that the hypothesis @ 4+ 8 — ¢; > o forces the equalities (and not merely the congruences modulo
plai+ fi—1 =0y + By and o + Bj = ay + By for every j # i, i'. Therefore the sum of the degrees of the multi-indices
|| + | 8] must be odd. Moreover, we can re-write the second expression occurring in the definition of g in a way that will
be more suitable for our purpose. Fix an index i, a homogeneous pair (x, x”) satisfying a + b > o and suppose that a; < b;.
By splitting the summation occurring in the definition of 2(x%, x”) according to the cases I = {i}, I = {i} UJ and I = J with
i € ] # ¥, and using a telescopic summation, we get

bi—a;
ZE(XG, Xb) — Z (_1)ka,' (XG<H(€1" Xb+(17k)€i) 4 Z Z (_1)U\+bi70i+lsign(c’ d)fD] (XC+(b,'70i)€i, Xd*(b,‘fa,')ei). (**)
k=1 ig]#9 (c,d)€S)(a,b)
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If a; = b; then the above expression is trivially true while if a; > b; then we get an analogous expression using the antisym-
metry of g. ~
Finally, in order to prove the required equality (D;og) (x*, x?) = Jo; (X%, x#), we have to distinguish two cases: o;; < i —1

and «; = B; (the case «; > B; follows by antisymmetry). In the first case «; < ;, consider

—2(D; 0 (X", ¥) = 28(x* 9, x¥) + 28 (x*, x7)
and apply formula () to the terms (x* <, x#) and (x*, x*~<i), which verify the required conditions in virtue of our hypoth-
esis. By summing the first terms in the corresponding expressions (xx*), we get

— oy &, xP) A (= 1), (0 kP, (% 1)

where we put §; := ;i — o; — 1 > 0. By summing the last terms in the corresponding expressions (x*) and using that
ifi ¢ J then a pair (c, d) belongs to S;(«, B) if and only if (¢ — €;,d) € Sj(e — €;, B) (and, analogously, if and only if
(c,d —€) € Sj(a, B — €;)), we obtain

(—1)**Vlsign(c, d)(D; o fp, ) (x“ i1, x=0), ( % % 2)
ig#0 (c.d)S) (o, B)

Using that D; o f;] =Djo f;i and iterated telescopic summations, the above expression (x * x2) reduces to
— (=)0, (O Py — ()P (o X, (5 %2')

Summing expressions (k1) and (x**2") and using the fact that | 8|+ |«| is odd, we end up with _f; (x*, xﬁ)—f—f;l. P, x%) =
—2fp,(x*,xF). O

The proof in the other case o; = f; is similar apart from the fact that one has to use both the expression () and the
analogous one with a; > b;. We leave the details to the reader. O

3.4. Cohomology of A(n)
In this section we compute the second cohomology group of the H(n)-module A(n).

Proposition 3.10. The second cohomology group of A(n) is given by
n n
PDisae)r @Ps2) P i) P(@)r if n # —4 mod p,

H(H(n)., Am) = { 77 SRS

Pisacr P2 P P (@) i) otherwise.

i=1 i=1 i<j

where §2; and A are the cocycles of Proposition 3.4, @ and IT;; (with j # i') are the cocycles of Theorem 1.2 and the remaining
cocycles IT;y are defined by (and vanish outside):

Hij(XiXa, X,'/Xb) — xa+b+(11—1)€i+(l’—1)61/ lf a+ b < (Ii.

Proof. It is straightforward to verify that the above cochains are cocycles and that they are independent in H?(H (n), A(n)).
Therefore it is enough to prove that

(n> +2n4+1 ifn=# —4 mod p,
diFm H2(H(n), A(n)) =

(;) +2n+2 otherwise.

It is easily seen that A(n) is the restricted H(n)-module induced from the restricted trivial H(n)-o-submodule F = (x?)r C
A(n). Moreover, it is also easy to see that the Lie algebra homomorphismo : H()>¢ — F givenby o (x) := tr(adym)/H(n)=oX)
for x € H(n)x (see [16, Pag. 155]) is trivial.

Moreover, using Lemma 3.12, it is straightforward to check that, in the notation of [ 16], we have the equality

[H(M) 20, H()xo] := HmM) = H(1)xo.
Therefore, using [ 16, Thm. 3.6(2)], we get that
2
H?(H(n), A(n)) = H*(H(n)=0, F) & /\ (H(n)/H(n)=0).

Since dimg /\*(H(n)/H(n)=0) = (}), we conclude using Proposition 3.11. O
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Proposition 3.11. The second cohomology group of H(n)>o with coefficients in the trivial module F is given by

P sat: Ps20r Pid)r if n# —4modp,
HA(H(m)=0. F) = { 13 !

P s P2 P (@) @A) otherwise.

i=1 i=1

where £2; and A are the cocycles of Proposition 3.4, @ and IT;; (with j # i') are the cocycles of Theorem 1.2 and Sq(x;) is the
projection of Sq(x;) onto (1) = F.

Proof. We prove first that

H*(H(n)=0, F) = H*(H(n)>1, F)™0,
where H(n)q acts on H(n)> via adjoint action. To this aim, consider the Hochschild-Serre spectral sequence with respect
to the ideal H(n)>1 < H(n)>o:

Ey* = H'(H(n)o, H (H(n)>1, F)) = H™™(H(n)x0, F). (3.11)
By Lemma 3.12 and homogeneity, it follows that

Ey' = H'(H(n)o, H'(H(n)21, F)) = H'(H(n)o, C' (H(n)1, F))o = 0.

Therefore we are left with showing that H?(H(n)so, F) = 0. First of all, we prove that Z'(H(n)o, F)o = 0. Indeed, a
homogeneous element g € C!'(H(n)o, 1)o can only take the following non-zero values g(x;xy) = o; - 1, with o; = oy € F.
The vanishing of g follows from the following cocycle condition

0 =dg(x}, x3) = —4o ()g(xixy) = —4o (Do (%)

Consider now a homogeneous cochain f € C2(H(n)o, F )o- By applying the cocycle condition to the elements of Ty and using
homogeneity, one gets that fi7, € Z 1(H(n)o, 1)o which vanishes as proved above. Moreover, by adding to f a coboundary,
we can suppose thatf(xiz, xiz/) = 0 (see Eq. (x) of above). Therefore the only non-zero values of f can be f (x;x;, xyxy) = ;- 1
(forj # i, i") with the obvious relations o; = j; and «jj = —ayy. We conclude by means of the following cocycle condition

0 = df (7, xuxj, xvrXy) = —20 (Do + 20 (i),

which gives aj = oy = ayy = —oyj and hence a; = 0.
In order to compute H?(H (n)>1, F)H™o we will use the same strategy of Proposition 2.6, that is to compute, step-by-step
as d increases, the truncated invariant cohomology groups

H(n)
JTe) (L)Zl,p) no.
H()>d11

By using the Hochschild-Serre spectral sequence associated to the ideal
H(1n)>q 5 H(n)>1
H(M)>g41  HM)zg41
we obtain the same diagram as in [11, Prop. 3.10] (the vanishing of Eg‘z and the injectivity of the map « are proved in
exactly the same way) and then we take the cohomology with respect to H(n)o. An easy inspection of their proof shows

that Lemmas 2.7, 2.9 and 2.10 of the preceding section (for the algebra K (2m + 1)) can be easily adapted to the present case
simply by ignoring the variable x,,,, 1. In particular we get that (ford > 1)

H(n)g =

(Pr)p ifd =1,

C'(H(m)1 x H(mg, "™ = {(%» ifd =n(p—1) =5,

C'(H(n)q, )™ =0,

H(H(n)o, C'(H(n)q, F)) = | DSA))r  ifd=p —2,
(H(m)o. C'(H(n)a, F)) {@def)r ifd—np 1) —p—2.
where @,, ¥; and w; are defined as in the case of K (n) but ignoring the part involving the variable x5, 11 = Xj,.

By definition Sq(x;) is the restriction of Sq(x;) and it is easy to see that w; is the restriction of £2;. Moreover if we extend
&, by 0 outside H(n); x H(n)1, then itis clear that ®, € H2(H(n)>o, F) C H*(H(n)>1, F)"™o and that &, is the restriction
of the cocycle @ (see also [11, Prop. 3.7]).
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Finally, suppose that there is a lifting of ¥, to a global H (1n)o-invariant cocycle of Z2(H (1)1, A(n)), which we will continue
to call ¥,. Then using the cocycle condition 0 = dWZ\H(nh together with Lemma 3.12 and proceeding by induction on the

degree, it is easy to see that ¥, must agree with A on the couples (x, x*) € H(n)>1 x H(n)>1 such thata + b = o and we
know from Proposition 3.4 that A is an antisymmetric cocycle if and only if n = —4 mod p. O

Lemma 3.12. Let d be an integer greater than or equal to —1. Then

[H(n)1, H)q] = H(M)g41.

Proof. The proof is the same as the first part of Lemma 2.5 (where we consider elements belonging to A(2m) C K(2m + 1))
except for the fact that we do not have to consider the elements x; because they have degree —1 and the element x° which
does not belong to H(n). O
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