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1 | INTRODUCTION

The moduli stack Bun;(C) of (principal) G-bundles, where G is a complex reductive group, over
a connected, smooth and projective complex curve C has been deeply studied because of its rela-
tion to the Wess-Zumino-Witten (WZW) model associated to G. Such models form a special class
of rational conformal field theories, see [7, 8, 64] for nice surveys. In the WZW-model associated
to a simply connected group G, the spaces of conformal blocks can be interpreted as spaces of
generalized theta functions, that is spaces of global sections of suitable line bundles (for example,
powers of determinant line bundles) on Bun(C), see [10, 30, 43, 45, 55]. This interpretation lead
to a rigorous mathematical proof of the Verlinde formula and the factorization rules [72] for the
WZW-model of a simply connected group G, see [30, 67, 71]. For some (partial, as far as we under-
stand) results on the Verlinde formula for the WZW-model of a non-simply connected group G,
see [1,9, 37, 41, 53, 54].

The above application to conformal field theory leads naturally to the study of the Picard group
of Bung(C) (and of the, closely related, good moduli space of semistable G-bundles), a question
which makes sense over an arbitrary (say algebraically closed) field k. Due to the effort of many
mathematicians, we have by now a complete understanding of the Picard group of every con-
nected component Bung(C) of Bun;(C) (where § € 7;(G)) over an arbitrary field k = k: the case
of SL, dates back to Drezet-Narasimhan in the late eighties [25], where they generalize earlier
work of Seshadri [58]; the case of a simply connected, almost-simple G is dealt with in [18, 31, 42,
45, 65] using the uniformization of G-bundles on a curve C in terms of the affine Grassmannian
Gr; of G; the case of a semisimple almost-simple G is dealt with in [11, 44, 68]; the case of an
arbitrary reductive group was finally established by Biswas-Hoffmann [14].

The aim of this paper is to determine, for an arbitrary connected and smooth linear algebraic
group G (not necessarily reductive) over an algebraically closed field k (of arbitrary characteris-
tics), the Picard group of the universal moduli stack of G-bundles Bung, , , over n-pointed curves
of genus g, which parameterizes G-bundles over families of (connected, smooth and projective) k-
curves of genus g > 0 endowed with n > 0 pairwise disjoint ordered sections. The stack Bung , ,
comes equipped with a forgetful morphism @ : Bung ,, — M, , onto the algebraic stack
M, ,, of n-pointed curves of genus g.

The stack Bung , , is an algebraic stack, locally of finite type and smooth over M, ,, (see The-
orem 3.1) and its connected components (which are integral and smooth over k) are in functorial
bijection with the fundamental group 7;(G) (see Theorem 3.1.1 and Corollary 3.1.2). We will

 Note that M, ,, is a Deligne-Mumford stack ifand only if 2g — 2 + n > 0, which, however, we do not assume in this paper.

g.n



THE PICARD GROUP OF THE UNIVERSAL MODULI STACK OF PRINCIPAL BUNDLES ON POINTED SMOOTH CURVES | 2067

denote the connected components and the restriction of the forgetful morphism by
qbg : Bun‘SG’g’n - M,,, foranys e m(G).

Note that the algebraic stack Bun Gogm is not, in general, of finite type over M, , (or, equivalently,
over k): in Proposition 3.1.7, we prove that this happens if and only if the reductive quotient
G™4 of G, that is, the quotient of G by its unipotent radical, is an algebraic torus. On the other
hand, if G is reductive but not a torus, Bun?,  admits an exhaustive chain of k-finite type open

G,g,n
substacks {Bunld;m}m>0 (called the instability exhaustion) of increasing codimension (see Propo-

sition 3.2.3). We also prove that every k-finite type open substack of Bung, , , is a quotient stack
with the notable exception of (¢, n) = (1, 0) (see Proposition 3.2.5).
Our first main result says that we can reduce the computation of Plc(Bun ) to the case of a

reductive group. More precisely, let G be a connected and smooth linear algebralc groupoverk = k
and let red : G - G™ be its reductive quotient, that is, the quotient of G by its unipotent radi-

cal. Since red induces an isomorphism 7,(red) : 7,(G) 5 ﬂl(Gred) at the level of fundamental
groups, we get a morphism

redy : Bung,g’n - BunGred forany § € 7,(G) = ﬂl(Gred)

which is smooth, surjective and of finite type (see Corollary 3.1.6).

Theorem A (see Theorem 6.1). Forany § € m;(G) = ﬂl(Gred), the pullback homomorphism

red”. : Pic(Bun’ ) = Pic(Bung’ on)

Grcd

is an isomorphism.

The above theorem also holds true for the stack Bun;(C/S), parameterizing G-bundles on a
family of curves C — S over an integral regular quotient stack (for example, algebraic space or
scheme) over k. In particular, if C is a (connected smooth and projective) curve over k, then we
have an isomorphism

red : Pic(Bun’ (C/k) = Pic(Bun®(C/k)) foranyd € m,(G) = m,(G™Y).

Gred
Combining this with the computation of Pic(Bungre .(C/k)) by Biswas-Hoffmann [14], we get a
description of the Picard group of the moduli stack of G-bundles over a fixed k-curve C, for any
connected smooth linear algebraic group G.

Hence, from now on, we will focus on the Picard group of Bung’g,n for areductive group G. Note
that the Picard group of M, , is well-known up to torsion. If char(k) # 2 is completely known (see
[35], and references therein). The pullback morphism

(®%)* : Pic(M,, ,) — Pic(Bung,g,n)
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is injective since @f; is fpqc and cohomologically flat in degree O (that we baptize Stein) by
Proposition 3.3.2. Therefore, we can focus our attention onto the relative Picard group

RPic(Bung, ) := Pic(Bung,  )/(®g) (Pic(M, ).

It turns out that the structure of RPic(Bun ) in genus ¢ > 1 is completely different from the
one in genus g = 0. Let us first consider the case g=1.

A first source of line bundles on Bung , ,, comes from the determinant of cohomology d . (—)
and the Deligne pairing (—, —) of line bundles on the universal curve  : Cg; , , — Bung , ,. To
be more precise, any character y : G — G, € A*(G) := Hom(G, G,,,) gives rise to a morphism of
stacks

Xu BunG,g,n - BunGm’g,n

and, by pulling back via y, the universal G,-bundle (that is, line bundle) on the universal curve
over Bung_, ,, we get a line bundle £, on Cg , ,,. Then, using these line bundles £, and the
sections o4, ..., 0, of 7, we define the following line bundles, that we call tautological line bundles,

. . 6
on Bung on (and hence, by restriction, also on BunG’g’n)

Z(x,$) = dr:(ﬁ)((gl "oyt et {n ’ Un))a
<(Xv g)’ (X/’gl» = <£;{(§1 % Sl gn : an)a ‘C)(’(g{ % Bl g,cl : Un))rra

for x,x" € Hom(G,G,) and ¢ =({3,...,$,),¢" =(],..,$,) € Z". See Subsection 3.5 for
more details.

Our next main result says that if G = T is a torus, then RPlc(Bun Ton ,) Is generated by tauto-
logical line bundles and the following theorem also clarifies the dependence relations among the
tautological line bundles.

Theorem B (see Theorem 4.1). Assume that g > 1. Let T be an algebraic torus and let d € 7,(T).
The relative Picard group RPlc(Bun T.an ,) is a free abelian group of finite rank generated by the
tautological line bundles and sitting in the following functorial exact sequence

0 — Sym? A*(T) ® (A*(T) ® Z") ——% RPic (BunT n) AT 50 ifgz2
0 — Sym® A"(T) @ (A*(T) ® ") —— RPic (BunT . n) 2, 2//\\*((?) -0 ifg=1,

where Tp(= 71, ,) (called transgression map) and o (= oy, ,) are defined by

((x,0),(x,0)), forany x,x" € AX(T),
((x,0),(0,8)),  forany y € A«(T)and¢{ € 7",

r(x - x")
or(x®¢)

and pr(= pr,, ) is the unique homomorphism such that

XENT) ifg>2

: forany y € A*(T)and ¢ € 7".
X esmg o=1

pr(Z(:$) = {
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The above theorem was proved in [47, Theorem A] (see also [47, Notation 1.5]) for T = G,
g > 2 and n = 0, under the assumption that char(k) = 0, and in [57, Theorem 2.9] for T = G,
g =1,n=0andd > 0, under the assumption that char(k) does not divide d.

The crucial ingredients in proving Theorem B are the study of the restriction homomorphism
from RPic(BundT,g,n) to the Picard group of the geometric fibers of fb% computed in [14] (which
we determine in Propositions 4.1.2 and 4.3.3) and the computation of the Picard group of the
rigidification Bun , [T of Bun T.on , by the torus T (which is an abelian stack over M , , ifn >
see Subsection 4. 2) Wthh uses the weak Franchetta conjecture for the universal famﬂy Cyn

. (see § 2.5). Note that the extra relations in genus one come from the relative Serre duahty
applied to the Deligne pairing (see Remark 3.5.1) and the fact that the relative dualizing sheaf is
trivial in genus one.

Now consider the case of an arbitrary reductive group G. Note that any character of G factors
through its maximal abelian quotient ab : G » G, that is, the quotient of G by its derived sub-
group. Hence, the tautological line bundles on Bun‘é,q,n are all pullbacks of line bundles via the
morphism (induced by ab)

. s 5
aby : Bung , — BunGdb

where 6% := = m,(ab)(d) € ﬂl(Gab) Moreover, Theorem B implies that the subgroup of
RPlc(Bun ) generated by the tautological line bundles coincides with the pullback of
RPlc(Bun ) via aby.

The next result says that, for an arbitrary reductive group G, the relative Picard group of Bun

g,n
is generated by the image of the pullback abj, together with the image of a functorial transgressmn

map 7; (which coincides with the transgressmn map 77 in Theorem B if G = T is a torus).

Theorem C (see Theorem 5.1). Assume that g > 1. Let G be a reductive group and letab : G — G2
be its maximal abelian quotient. Choose a maximal torust : T < G and let W ; be the Weyl group
of G. Fix § € m,(G) and denote by 5° its image in m,(G*®).

(1) There exists a unique injective homomorphism (called transgression map")
T6(= 16,40 ¢ (Sym® A*(T))”6 < RPic (BunG n) 1.1
such that, for any lift d € m,(T) of § € m,(G), the composition of T with

L RPic(Bun ) - RPlc(BunT o W)

)

is equal to the W g-invariant part of the homomorphism 7, Sym? A*(Tg) — RPic(BungG on
defined in Theorem B.

T This is the algebraic analogue of the topological transgression map H*(BG, Z) — H2(Bun5G o Z), see [70, Section 1].
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(2) There is a pushout diagram of injective homomorphisms of abelian groups

Sym® A*
Sym? A*(G) 0 (Sym? A*(Tg))" e
Tgab G 1.2)

RPic (BunGﬂh ><—> RPic (BunG 2 n)

ab
where Sym? A}, is the homomorphism induced by the morphism of tori T 565 G,

Furthermore, the transgression homomorphism (1.1) and the diagram (1.2) are contravariant with
respect to homomorphisms of reductive groups ¢ : H — G such that $(Ty) C Tg.

The above theorem was proved for G simply connected almost-simple and n > 0 in [31, Theo-
rem 17]" and for G = GL,, g > 2 and n = 0 in [32, Theorem A], under the assumption char(k) =
0.

Let us comment on the strategy of the proof of Theorem C. The uniqueness of the transgression
map 7 follows from the injectivity of the pullback homomorphism

RPlc(Bun ) S RPlc(Bun ’g,n)
induced by the morphism ¢y, : Bun?a’g’n - Bun[;] on for any d € 7,(T ;) (see Corollary 5.1.2). To
prove the existence of the transgression map 7, we proceed (roughly) as follows (see Subsection
5.2): we first define, using the known properties of Chow groups of flag bundles (see Subsection
2.4), a homomorphism

()" © (Sym? A (Tg)"e —» Al (Bun[Gd,]g;im)@ for any m > 0,

such that the composition with &, (for m > 0) is the % -invariant part of the rational first
Chern class of 7, (see Proposition 5.2.1), then we show that ¢, (7 )dm (for m > 0) is the rational
first Chern class of the restriction of a homomorphism 7 as in (1.1) by using a descent argu-
ment applied to the finite type, smooth and with geometrically integral fibers morphism (see
Theorem 3.4.1)

Ju - Bun¢ - Bun!¥

Bg,g.n G,g.n’

where j : B; & G is the Borel subgroup of G containing the torus T. Finally, the proof of
Theorem C(2) is based on a canonical identification of the pushout of the diagram (1.2) with
the subgroup of invariants RPic(BundG g n)W/G, for a suitable action of the Weyl group % on

RPlc(Bun ) (see Subsection 5.3).
Fmally, We Con51der the genus zero case, which is very different from the positive genus case.
To state the result, let us introduce some notation. Let ss : G - G be the semisimplification of

Indeed Faltings shows in [31, Theorem 17] that the Picard group of Bung(C/S) for any family of curves C — S over a
connected Noetherian base-scheme S and endowed with a section, with G simply connected almost-simple, is isomorphic
to (Sym? A*(TG))WG =~ 7 via a ‘central charge’ homomorphism, which coincides with the inverse of our transgression
map 7.
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G, that is, the quotient of G by its radical, and let sc : G5 » G be the universal cover. The choice
of a maximal torus T; C G determines maximal tori Tgss C G and Tgse C G*¢ in such a way that
ss(Tg) = Tgss and sc(Tgse) = Tgss. We get the following morphisms of tori

sC ss
C . TGsc g TG ad TGss. (13)

The following theorem says that, in the genus zero case, the relative Picard group is completely
determined by a suitable weight function.

Theorem D (see Theorems 4.2 and 5.2). Assume that g = 0. Let G be a reductive group and choose
a maximal torus t . Ty < G. Fix § € m,(G) and choose a lift d € w,(T) of &, that is, such that
[d] = 8. Consider the homomorphism (called the weight function with respect to the representative
d)

. d
I wT
: RPic (Bun, ) = Ric (Bunf. ) —> A"(To), (1.4)

Qs

where the function w?a (which is the weight function for the torus T) is defined by (using that

RPiC(BundTG ,O,n) is generated by tautological line bundles)

wiH(L0L0) = [(d 0 + 1§+ 1
Wi O $M = 10, 1) + 1811 + [, ) + SN0

(1) There exists a representative d € m,(T5) of 6 € m,(G) such that wg is injective.

(2) Let QZ(TG) C A*(T) be the subgroup of those characters, whose composition with A*(sc) :
AN*(Tg) = N*(Tgse) is equal to b(d*, —) for some element b € (Sym? A*(Tsc))”c, wheredss :=
m(ss)(d) € m(Tgss) = AT gss) € A(Tgse). Then the image of wg is

Im(w?) = %(T5) n>1
¢ xeQ(Ts) : (x,d)€2z} ifn=0

Furthermore, the homomorphism wg is functorial for all the homomorphisms of reductive groups
¢ : H— G suchthat $(Ty) C T

The above theorem is proved for T = G, and n = 0 in [57, Proposition 2.6]. As we will see, the
case G reductive and n = 3 is a direct consequence of a result in [14].
In a sequel [36] to this paper, we compute the Picard group of the rigidification BunG n Vi

Z(G) of Bun Goon by the center Z(G) of G and the divisor class group of the good moduli space
of semistable G-bundles (extending the work of [47] for G, and of [32] for GL,). This is closely
related to the computation of the subgroup associated to the Z(G)-gerbe Bun Ggn BunG n J
Z(G) in the Brauer group of the codomain (extending the work of [33] for GL,). Moreover we
also give alternative presentations of the Picard group of BunG and we study the restriction
homomorphism onto the Picard group of the moduli stack of pr1n01pa1 G-bundles over a fixed
smooth curve (as computed in [14]).
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Finally, let us now discuss some potential applications of the main results of this paper (and of
its sequel [36]), which we will come back to in the near future. First of all, taking a line bundle £
on Bun G (for a reductive group G) which is relatively positive in the sense of [69, (8.5)], and,
using the vanishing [69, Theorem 8.8] of the relative higher cohomology groups of L, it follows
that (<I>5 ).(L) is a vector bundle on M, ,. For G simply connected with Lie algebra g, the relative
Picard group of Bung , , = Bun on is freely generated by a line bundle WV, satisfying a suitable

positivity condition. In this case, (t1>5 ),.(L) is the (well-known) vector bundle of conformal blocks
attached to the triple (g, 1,0), Where L is the unique integer such that N'! = £ and 0 is the n-tuple
of dominant integral weights corresponding to (0, ..., 0). However, for G non simply connected,
the above vector bundles do not seem to have been studied in full generality, and, in particular,
it would be interesting to determine their ranks (that is, to establish a general Verlinde formula),
to compute their Chern classes and to extend them to the stack ﬂg,n of stable pointed curves.
Second, it would be natural to study a compactification of the universal stack of G-bundles over
ﬂg,n (see 6,52, 62, 63] for some recent progress), and to determine its Picard group as was done for
G, in [47] and for GL, in [32]. This could have potential applications to the study of the birational
geometry of Bung,g’n, asin [13, 20] for G = G,,.

Notations

1.1. We denote by k = k an algebraically closed field of arbitrary characteristic. All the schemes
and algebraic stacks that we will appear in this paper will be locally of finite type over k (hence
locally Noetherian).

1.2. A curve is a connected, smooth and projective scheme of dimension one over k. The genus of
acurve C is g(C) := dim H(C, w().

A family of curves w : C — S is a proper and flat morphism of stacks whose geometric fibers
are curves. If all the geometric fibers of 7 have the same genus ¢, then we say that 7 : C — Sisa
family of curves of genus ¢ (or a family of curves with relative genus g) and we set g(C/S) :=g.
Note that any family of curves 7 : C — S with S connected is a family of genus ¢ curves for some
g =0.

Remark1.3. A family of genus g curves 7 : C — S is projective (that is, 77 is a projective morphism)
if either ¢ = ¢(C/S) # 1 or 7 hasa sectiono : S — C.

Indeed, if g(C/S) # 1, then the relative dualizing line bundle w, is m-relatively ample if
g(C/S) = 2 or m-relatively antiample if g(C/S) = 0. On the other hand, if 7 has a section o, then
Im(o) is a relative Cartier divisor which is 7-relatively ample.

Note that the assumptions in the above remark are really needed since there are examples of
families of genus one curves (without sections) that are not projective, see [59, XIII, 3.2] and [75].

1.4. Given two integers g,n > 0, we will denote by M, the stack (over k) whose fiber over a
scheme S is the groupoid of families (7 : C — S,0 ={0y,...,0,}) of n-pointed curves of genus g
over S, thatis, 7 : C — S is a family of curves of genus ¢ and {o,, ..., 0,,} are (ordered) sections of
7 that are fiberwise disjoint.
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It is well-known that the stack M on is an irreducible algebraic stack, smooth and separated
over k, and of dimension 3g — 3 + n. Moreover, M, , is a DM (Deligne-Mumford) stack if and
onlyif3g —3+n > 0.

We will denote by (7, , =7 : C,,, > M, ,,0) the universal n-pointed curve over M, ,.

g
1.5. A linear algebraic group over k is a group scheme of finite type over k that can be realized as
a closed algebraic subgroup of GL,,, or equivalently it is an affine group scheme of finite type over
k. We will be dealing almost always with linear algebraic groups that are smooth (which is always
the case if char(k) = 0) and connected.

Given a linear algebraic group G, a principal G-bundle over an algebraic stack S is a G-torsor
over S, where G acts on the right.

2 | PRELIMINARIES
2.1 | Reductive groups

In this subsection, we will collect some result on the structure of reductive groups, that will be
used in what follows. An excellent introduction to reductive groups can be found in [49].

Let us first recall that a reductive group (over k) is a smooth and connected linear algebraic group
(over k) which does not contain non-trivial connected normal unipotent algebraic subgroups.
To any reductive group G, we can associate in a canonical way two semisimple groups and two
(algebraic) tori:

* the derived subgroup (G) := [G,G];

* the abelianization G** := G/2(G);

* the radical subgroup % (G), which is equal (since G is reductive) to the connected component
of identity of the center Z (G);

* the semisimplification G* := G/%(G).

The above four reductive groups associated to G fit in a cross-like diagram:

R(G)C G G* (211)

where the horizontal and vertical lines are short exact sequences of reductive groups, the upper
right diagonal arrow is a central isogeny of semisimple groups and the lower left diagonal arrow
is a central isogeny of tori.

Since the two semisimple groups & (G) and G*° are isogenous, they share the same simply con-
nected cover, that we will denote by G*¢, and the same adjoint quotient, that we will denote by
G2, Hence, we have the following tower of central isogenies of semisimple groups

G* » 2(G) » G* » G, (2.1.2)
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The Lie algebra g of G splits as
g=g¢" g%, (2.1.3)

where g2 is the abelian Lie algebra of the tori %(G) and G?°, whose dimension is called the
abelian rank of G, and ¢ is the semisimple Lie algebra of each of the semisimple groupsin (2.1.2),
whose rank is called the semisimple rank of G. The semisimple Lie algebra g% decomposes as a
direct sum of simple Lie algebras of classical type (that is, type A,, B,,, C,, D,,, E¢, E5, Eg, F,
or G,). If G is a semisimple group such that its Lie algebra g = g% is simple, then G is said to
be almost-simple.

Recall now that all maximal tori of G are conjugate and let us fix one such maximal torus, that
we call T;. We will denote by B; the Borel subgroup of G that contains T, and by 4/ (T) the
normalizer of T; in G, so that

Wy = N(T)/Tg (21.4)

is the Weyl group of G.

The maximal torus T; induces compatible maximal tori of every semisimple group appearing
in (2.1.2), that we will call, respectively, Tgse, T (), Tgss and Tgaa. These tori fit into the following
commutative diagram:

TGSC
Ty
f \ (2.1.5)
R(G)C T Tgs
G#® T gua

where the horizontal and vertical lines are short exact sequences of tori, and the diagonal arrows
are (central) isogenies of tori. Using the canonical realization (2.1.4) of the Weyl group (and the
similar ones for the semisimple groups in (2.1.2)), diagram (2.1.5) induces canonical isomorphisms
of Weyl groups

WGSC = W@(G) = WG = WGSS = WGad- (216)

Recall now that a torus T determines two canonical lattices (that is, free abelian groups) of rank
equal to the dimension of T

* the character lattice A*(T) := Hom(T, G,,),
* the cocharacter lattice A(T) := Hom(G,, T).

The above lattices are in canonical duality via the pairing given by composition

(-,-) : Hom(G,,,T) Xx Hom(T, G,,) — Hom(G,,,G,,) = Z. 2.1.7)
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By taking the cocharacter lattices of the tori in the diagram (2.1.5), we get the following %/;-
equivariant commutative diagram of lattices

A(Tge)

ATy@)

™

AR(G)—— A(T;) a7 ATgs)

l/\ab

A(G?) A(Tgua),

where the horizontal and vertical lines are short exact sequences and the diagonal arrows are
finite index inclusions. Note that there are natural identifications

A(TGSC) = Acoroots(gss) and A(TGad) = Acoweights(gss)’

where Acoroos(9%) (respectively, Aggyeights(8°°)) is the lattice of coroots (respectively, of coweights)
of the semisimple Lie algebra g*.

In a similar way, if we take the character lattices of the tori in the diagram (2.1.5), we get the
following % ;-equivariant commutative diagram of lattices

A*(Tgs)

N (Toyc))

i

N (R(G)) «— N (Tg) ‘A—;)A*(Tcss)

VRN

A (G?) AN (Tgu)

where the horizontal and vertical lines are short exact sequences and the diagonal arrows are
finite index inclusions. Note that there are natural identifications

A*(TGSC) = Aweights(gss) and A(TGad) = Aroots(gss)’

where Aycignis(9°) (respectively, Ap,q(g%)) is the lattice of weights (respectively, of roots) of the
semisimple Lie algebra g*s.

Note that the two diagrams (2.1.8) and (2.1.9), together with the root system of the semisimple
Lie algebra g%, are equivalent to the root data of the reductive group G (see [49, section 19]), and
hence it completely determines the reductive group G.
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The fundamental group 7, (G) of G is canonically isomorphic to A(T;)/A(Tgs) and it fits into
the following short exact sequence of finitely generated abelian groups

A(TE_Z(G))
A(TGSC)

o m(G) = ATg)

= > A(G™), 2.1.10
ATow) (G™) ( )

where the first term is the torsion subgroup of 77, (G) and the last term is the torsion-free quotient
of 7, (G).
We end this subsection with the following lemma that will be useful later on.

Lemma 2.1.1. Let G be a reductive group with maximal torus T C G and consider the natural
action of the Weyl group W on A*(T ;). Then we have an isomorphism

o~

A% T NG = A (T)7e.

Proof. By taking the %-invariants in the short exact %;-equivariant sequence in the central
column of (2.1.9) and using that %; = %, acts trivially on A* (G?b), we get an exact sequence

A*
0 = A*(G™) = A*(T)"0 = A (Tgyg) "7,

Hence, it is enough to show that A*(T@(G))WWG) = 0. With this aim, take an element
A€ A*(TQ(G))%J(G) C A*(Tgse) = Ayeighis(*) and write it as rational linear combination of fun-
damental weights of ¢%, thatis, 4 = ZLI b;e;, with b; € Q. For any i, using standard properties of
the reflection s, € %5, (respectively, s_, ) associated to the simple root a; (respectively, —a;)
and the invariance of 4 under the action of the Weyl group 7, ,, we have that

b= (La!) = (5o (@) = (A5, (@) = (A, —)) = =by,

which implies 1 = 0, as required. O

2.2 | Integral bilinear symmetric forms and integral quadratic forms

In this subsection, we review some facts on integral bilinear symmetric forms and integral
quadratic forms.

Let A be a lattice of rank r, that is, A = Z". We put integral bilinear (symmetric) forms and
quadratic forms on A (or A-integral)

BilA :={B : AXA — Z such thatB is bilinear},
Bil’A :={B: AXA — Z suchthatB is bilinear and symmetric}, (2.21)
QuadA :={Q : A - Z suchthatQ is quadratic},

where, by definition, a quadratic form Q satisfies: Q(a - x) = a?Q(x) for any a € Z, x € A and
(x,y) » Q(x +y) — Q(x) — Q(y) is a bilinear form on A.
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Integral symmetric bilinear forms and quadratic forms on A are related by the following maps

q

BilA7Z— T2 QuadA
———
B Qp(x) := B(x,x) (2.2.2)
Bo(x,y) :=Q(x +y) — Q(x) — Q(») 1Q

The maps q and b are injective with image given by even symmetric bilinear or quadratic forms

Im(b) = (Bil’ A)® :={B € Bil* A : B(x,x) iseven for any x € A},

Im(q) = (Quad A)® :={Q € Quad A : Q(x +y)—Q(x)— Q(y) iseven for any x,y € A}.
(2.2.3)
Note that both the compositions g o b and b o g are multiplication by 2.
Now we reinterpret the above constructions in terms of the dual lattice A* := Hom(A, Z). On
the tensor product A* ® A* there is an involution i defined by i(y ® u) = 4 ® x. Consider the
following lattices

A* @A) :=(A*@A)Y CA*®A* and Sym?A* := ANOA

X Qu—pu® ) (224

We will denote the elements of Sym? A* in the following way: y - u 1= [y ® u].
The lattices in (2.2.4) are isomorphic to the lattices of integral (symmetric) bilinear forms and
quadratic forms on A, respectively, via the following isomorphisms:
(A @ A" ——=—— Bil'A and  Sym? A* > QuadA,
X pe (e x) i= x (o).
A*® A* = BilA

X @ ur———(x @ u(x,y) := x(X)u®),

(2.2.5)
In terms of the isomorphisms (2.2.5), the maps in (2.2.2) take the following form
q
(A* Q@ A*)* T 7 Sym? A*
b
(2.2.6)

Dok GXie ® e > X WXk " M

XOUFUR Y 1)K



2078 | FRINGUELLI AND VIVIANI

If we fix a basis {x;}!_, of A", then a basis of (A* ® A*)*isgiven by {{; ® x; U{x;® x; + x; ®
Xi}i<j}» While a basis of Sym? A* is given by {¥; - x ii<j- Using the above basis, it follows that

coker(b) = (z/2z) and coker(q) = (z/22).

We end this subsection with some results (that we will need later on) on %/ s.-invariant
quadratic forms on the lattice of cocharacters A(Tgsc), where Tgse is a (fixed) maximal torus of
a simply connected semisimple group G°. As in § 2.1, we will denote by G - G the adjoint
quotient of G*¢, that is, the quotient of G*¢ by its finite center.

From what we said above, there are canonical isomorphisms

b : Sym? A*(Tgee) = Quad A(Tgse) — (Bil® A(T o). (22.7)

Note that this isomorphism is equivariant with respect to the natural action of the Weyl group
W ;s on both sides.

We are interested in the invariant subgroup (Sym? A*(Tgs))”6%, which therefore parame-
terizes % sc-invariant even symmetric bilinear forms (or, equivalently, % ;s -invariant quadratic
forms) on A(Tgsc) = Acoroots(6%)- Let us first compute its rank.

Lemma 2.2.1.

(i) IfG* is almost simple, then (Sym? A*(T zs))”c* is freely generated by an even symmetric bilin-
ear form Bgsc (called the basic inner product of G%¢), which is non-degenerate and it satisfies
Bgse(a¥,aV) = 2 for all short coroots .

(i) IfG* = GI° X ... X G{® is the decomposition of G*° into almost simple factors, then

(Sym? A*(Tgse))”o% = (Sym? A (Tgse N @ .. @ (Sym? A*(TGsc))WG?.

Proof. Part (i) is the content of [23, Lemma 1.7.5] and part (ii) can be proved as in [23, (1.8.3)]. [

Observe that we have a %/sc-equivariant inclusion of lattices A(Tgsc) C A(Tgad), see (2.1.8).
Hence, we can extend any (respectively, #sc-invariant) symmetric bilinear form B : A(Tgsc) X
A(Tgse) > Z to a unique rational (respectively, % s-invariant) symmetric bilinear form B’ :
A(Tgaa) X A(Tgaa) — Q, called its rational extension.

Lemma 2.2.2. If B € (Sym? A*(Tgs))”c*, then its rational extension B’ on A(Tgua) X A(Tgad)
is integral in A(Tgaa) X A(Tgsc) and A(Tgse) X A(T gaa), that is, B'(A(T gaa) X A(Tgsc) + (A(Tgsc) X
A(Tgua)) C Z.

Proof. See [14, Lemma 4.3.4]. Ll

The above lemma allows us to define the contraction homomorphism associated to any element
de A(TGad):

d,=): Sym*A*(Tge))"e - A*(Tgs)

(2.2.8)
B g B(d’_) :=B,(d’_)’

where B’ is the rational extension of B.
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We will need the following lemma, which tells us when the contraction homomorphism (d, —)
is injective.

Lemma 2.2.3. Let G* = G* x ... x G* be the decomposition of G*® into almost simple factors
(which are then automatically semisimple adjoint groups) and choose maximal tori in such a way
that TGad = TGad X ... X TGad-

1 s

(i) The contraction homomorphism (d, —) associated to an element d € A(T g ) is injective if and
only if d satisfies the following condition

d=d; + - +d; € M(Tgaa) = AT gaa) D ... ® A(Taa) with d; # 0 forevery1 <i<s. (%)
1 N

. ady _ A(Tcad)
(ii) Foreveryd € m,;(G*%) = ATeme)

that satisfies condition (*).

, there exists a representative d € A(Tgaa) of 6, that is, [d] = 6,

Proof. 1t follows easily from Lemma 2.2.1, see the proof of [14, Lemma 4.3.6]. O

2.3 | Picard groups of algebraic stacks

In this subsection, we will collect some facts about the Picard group of algebraic stacks (locally of
finite type over k).
The first result describes the behavior of the Picard group under restriction to open substacks.

Lemma 2.3.1. Let X be a regular algebraic stack and U C X be an open substack. Then the
restriction morphism

Pic(X) — Pic(V)
is surjective and it is an isomorphism if the codimension of the complement X\U" is at least two.

Proof. See [15, Lemma 7.3]. ]

The next result (which is a generalization of [5, Lemma 5.2]) will be used several times in what
follows in order to descend a line bundle along a flat morphism of finite type.

Proposition 2.3.2. Let X be a regular algebraic stack, flat and of finite type over a regular integral
stack S that is generically a scheme. Assume that the fibers of f : X — S are integral. Then we have
an exact sequence of Picard groups

f* reSy]
Pic(S) — Pic(X) — PiC(Xn) - 0,

where 7 := Spec(k(S)) is the generic point of S and res, is the restriction to the generic fiber X, :=
X Xgn.

Proof. It can be proven using the same arguments in the proof of [5, Lemma 5.2], which deals with
the special case S = Spec R with R a unique factorization domain (in which case Pic(S) = 0).
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The proof of the surjectivity of res, is the same as in [5, Lemma 5.2], using the fact that X
is regular.

The inclusion Im(f*) C ker(res, ) is obvious. Let us sketch a proof of the inclusion Im(f*) 2
ker(resn), adapting the argument of [5, Lemma 5.2]. Let L be a line bundle on X which is trivial
on the generic fiber &, . Choose a nowhere vanishing section of L| x5 this will extend to a section s
over some open substack U° C X containing the generic fiber. Let D be the Cartier divisor defined
by s. In particular, we have that O, (D) = L. Write D = Y, n;D; with n; € Z and D; prime divisors.
Since f is equidimensional and dominant (being flat over an integral base) and the image E; :=
f(D;) does not contain the generic point 7 (by construction), we conclude that E; is a prime divisor
of S. Since the fibers of f are integral, we must have that D; = f~1(E;). Each prime divisor E;
is Cartier because S is regular and, by what proved above, f*Os(},; mE;) = O»(},; n,D;) =L,
which concludes the proof. O

The following condition on a morphism of stacks will play an important role in what follows.
Recall that a morphism 7 : X — S of algebraic stacks is fpqc, if it is faithfully flat and, for any
point x € X, there exists an open neighborhood V" C & such that the image 7(U") C S is open
and the restriction 7y, @ U — 7(V") is quasi-compact (see [73, section 2.3.2]). For example, any
morphism 7 : X — S that is faithfully flat and locally of finite presentation (that is, it is fppf) is

fpqc.

Definition 2.3.3. Let 7 : X — S be a morphism of algebraic stacks. We will say that 7 is Stein
if it is fpqc and the natural homomorphism (7,)* : O — (7TT)*(9XT is an isomorphism for any
arbitrary base change 7 — S,where 7, : X = X Xg 7 — T isthebase change of 7 through the
morphism 7 — S.

For a Stein morphism 7 : X — S, we have that 7,(G,,) = G, and hence the pullback map
7% : Pic(S) - Pic(X) on Picard groups is injective. We will need the following lemma on the
pullback of the relative Picard group

RPic(X/S) := Pic(X)/7*(Pic(S)), (23.1)

along an fpqc morphism.

Lemma2.3.4. Letw : X — S bea Stein morphism of algebraic stacks. Then, for any fpqc morphism
S’ — S, the pullback homomorphism

RPic(X/S) — RPic(Xs/ /S")
of relative Picard groups is injective.

Proof. The Leray spectral sequences for the fppf sheaf G, with respect to the morphisms 7 and
7 ¢ give the following commutative diagram of groups:

H(S,R'n, Gy) —— H(S',R\(7s), Gy)

Pic(X)/ Pic(S) —— Pic(Xg)/ Pic(S’).



THE PICARD GROUP OF THE UNIVERSAL MODULI STACK OF PRINCIPAL BUNDLES ON POINTED SMOOTH CURVES | 2081

with injective vertical arrows. The top horizontal arrow is injective because S’ — S is fpqc and
R'7,G,, is a sheaf for the fpqc topology. From the above commutative diagram, the bottom
horizontal arrow is also injective. O

Finally, we need to recall some facts about the Picard group of a quotient stack over k, which
in this text will always mean an algebraic stack of finite type over k of the form [X /G] with X an
algebraic space of finite type over k and G a (smooth) linear algebraic group over k.

Recall that for a quotient stack X = [X /G] the Picard group Pic(X’) coincides with the equiv-
ariant Picard group Pic®(X) (that is, the group of G-linearized line bundles on X) while the
first operational Chow group A'(X) coincides with the first equivariant operational Chow group
A} (X) (as defined in [28, section 2.6]).

Proposition 2.3.5 (Edidin-Graham [28]). Let X = [X/G] be a quotient stack over k.

(i) If X is locally factorial (for example, if it is smooth), then there exists an algebraic space Y
of finite type over k (called an equivariant approximation of [X/G]) together with a smooth,
surjective, finite type morphism f : Y — X that induces an isomorphism

£* 1 Pic(X) = Pic(Y).

(ii) If X is smooth, the first Chern class
¢, : Pic(x) = AL(X)
is an isomorphism.
(iii) Assume p : C — X is either a representable morphism of locally factorial algebraic stacks or a

smooth morphism of regular stacks, we have the following commutative diagram of groups

Pic(X) % Pic(Y)

o]

Pic(C) —=— Pic(C X5 Y),
where f . Y — X is any equivariant approximation of X.
Proof. Part (ii) follows from [28, Corollary 1].
Part (i): Pick a representation V of G such that G acts freely on an open subset U of V whose

complement has codimension at least 2 and set Y := X X U/G, which is an algebraic space (of
finite type over k) since G acts freely on X x U. Consider the morphism

fY=XXU/GS[XxV/G] S [X/G] = %,

where i is induced by the inclusion U < V and h is induced by the first projection X X V' — X.
From [28, Lemma 2], we deduce that the pullback map f* induces an isomorphism

h* o
f* 1 Pic(X) = PicY(X) — Pic®(X X V) — PicY(X x U) = Pic(Y).
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Part (iii): Assume first that p is a representable morphism of locally factorial stacks. Then there
exists a morphism of G-schemes 7 : C — X, such that7 /G : [C/G] - [X/G]is exactly the mor-
phism p. Then the assertion follows by the construction of Y in the proof of part (i) and the
observation that C X, Y = C X U/G.

Assume now that p is smooth and C and X are regular. By construction f is the composition of
an open immersion i : Y & W of regular stacks whose complement has codimension at least 2
and a vector bundle h : W — X. So, the same happens to f: hoi:cC Xy Y — C. Observe that
h*, respectively, i*, is an isomorphism because h is a vector bundle, respectively, by Lemma 2.3.1.
Hence, the same holds for f*, concluding the proof. O

2.4 | Chow groups of flag bundles

In this section, we collect some facts about Chow groups of flags bundles (i.e bundles of flag vari-
eties). As usual, G is a reductive group, and we fix a Borel subgroup B = B; C G and a maximal
torusT =T, C B.

The flag variety G /B is a smooth projective variety of dimension N := dimG — dimB. The quo-
tient G/T is an affine bundle on G/B. Let E be a G-bundle over a scheme C. Since G acts on E,
by taking the quotient with respect to B and T, we obtain the flag bundle E/B — C and its affine
bundle E /T, respectively. They sit in the following cartesian diagram (on the left)

BT +——E/JT A*(BT) —— A*(E/T)
-1

BB+——E/B = A*(BB) —— A*(E/B) (2.41)
| =] T T

BG+——C A*(BG) —— A*(C)

which induces a commutative diagram (on the right) at the level of operational Chow rings A*(—).
The isomorphisms in the right diagram come from the fact that both the vertical maps in the upper
square of the left diagram are vector bundles. Furthermore, it is well-known (see, for example, [27,
Lemmas 2 and 3]) that

Sym* A*(T) = A*(BT) = A*(BB).

Hence, we have a well-defined commutative diagram of homomorphisms of graded rings:

G,B
Sym* A*(T) —~ s A*(E/B)

\ JE (2.4.2)

A*(E/T)

where the vertical arrow is the isomorphism given by the pullback along E/T — E/B. The next
result, due to Brion and Edidin-Graham, will be fundamental in the computation of the Picard
group of our main object.
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Proposition 2.4.1. Let E — C be a G-bundle over a scheme and let p : E/B — C be the associated
flag bundle. Then for any v € (Sym* A*(TG))WG,

(i) we have the equality in A*(E/B)q

p*p*cg’3<v 11 a) = W5 - 5P (v),

a>0

where {a > 0} C A*(T ) is the set of positive roots with respect to the Borel subgroup B;

(ii) if E — C islocally trivial for the Zariski topology (for example, if it admits a B-reduction), there
exists a unique integral class Fg(v) € A*(C), functorial with respect to base changes of E — C,
such that:

(a) we have the equality p*T% (v) = cg’B(v) in A*(E/B),
(b) we have the equality |%]| - Fg(v) = p*cg’B(v Naso @) in A*(C),

Proof. Point (i): See [19, Proposition 1.2]. Point (ii): The assertion (a) is exactly the content of [27,
Theorem 1]. Consider the (integral) class in A*(E/B):

m 1= || p*TE(v) - p*p*cg’B(v : Ha) = Wg] - 5P ) - p*p*c,if’3<v : Ha)

a>0 a>0

We claim that m = 0in A'(E/B). Indeed, by diagram (2.4.2), the class m is the pullback of a class
from A*(BBB) = Sym* A*(T) which is torsion-free. Furthermore, by applying (i) to the flag bundle
BB — BG (see Remark 2.4.2), we get that m must be a torsion class, hence is zero. By hypothesis,
the bundle p : E/B — C is a Chow envelope. In particular, the pullback p* of integral Chow
groups is injective. Hence, m = 0 which implies (b). O

Remark 2.4.2. The point (i) of the above proposition is still true if we assume that C is an algebraic
stack of finite type over k. It is essentially due to the fact that the computation in [19, Proposi-
tion 1.2] uses Grothendieck-Riemann-Roch theorem, which still holds in our setting because p
is representable, by diagram (2.4.1).

Using the diagram (2.4.2), we get the analogous result for the G/T-bundleq : E/T — C.

Corollary 2.4.3. With the assumptions of Proposition 2.4.1, we have

Wq p*cg’B<v- I I oc> = cg’T(v) € A*(E/T)q foranyv € (Sym™A (TG))WG.
G

a>0

Remark 2.4.4. Observe that, even if the class |%;| ™! [1.-0 « is not integral, its image in AN(G/B)
defines an integral class, which is indeed the Poincaré dual of the closed orbit [B/B] € G/B (see
[24]). The map cg’B : Sym™ A* (T;) — AN(G/B) = Z in degree N is not surjective for some reduc-
tive groups G. The order of the cokernel is the so-called torsion index. So, for an arbitrary reductive
group G, there may not exist an integral class in Sym” A*(T;) whose image in AN(G/B) is the
class [B/B] € G/B.



2084 | FRINGUELLI AND VIVIANI

2.5 | Weak Franchetta conjecture

The aim of this section is to recall the so-called ‘weak Franchetta Conjecture’, which is the com-
putation of the relative Picard of the universal curve 7 : C, ,, > M, , (over our fixed base field

k = k):
RelPic(C, ,) = Pic(C,,)/7" Pic(M,, ).

Theorem 2.5.1 (Weak Franchetta Conjecture). The group RelPic(C, ,,) is generated by the rela-
tive dualizing line bundle w, and the line bundles {O(o,), ..., O(c,)} associated to the universal
sections o, ... , 0, subject to the following relations:

s ifg=1thenw, =0;
* ifg =0, then O(c,) = - = O(0,) and w,, = O(—20,).

The above result was proved for g > 3 by Arbarello-Cornalba [2] if char(k) = 0 and by Schréer
[61] for an arbitrary field k. The extension to arbitrary pairs g, n > 0 can be found in [35].
Note also that the result for RelPic(C,, ,)q follows (under the assumption 2g — 2 + n > 0, that s,

when M, , is a DM stack) from the computation of Pic(ﬂg’n)@ performed by Arbarello-Cornalba
[3] in characteristic zero and by Moriwaki [51] in positive characteristic.

Remark 2.5.2. Note that the group RelPic(C, o) is trivial, which gives another proof of the fact that
7 . C; o = M, is not projective, see Remark 1.3.

The above theorem allows us to compute also the group of relative degree-0 line bundles on the
universal family 7 : C, , > M,

RelPic’(C gn) 1= {L € RelPic(C s.n)|L has 7-relative degree 0}.

Corollary 2.5.3. The group RelPic’(C 9n) 1S

(i) freely generated by w, ((2 —2g)o,) and O(c; — o) fori=1,..,n—1ifn>1and g > 2;
(i) freely generated by O(c; — o, ) fori=1,..,n—1lifn>1landg=1;
(iii) trivial if eithern = 0or g = 0.

3 | THE UNIVERSAL MODULI STACK Bung

In this section, G will be a connected (smooth) linear algebraic group over k = E, thatis, a connected
and smooth affine group scheme of finite type over k. Further restrictions on G, like reductiveness,
will be specified when needed.

We denote by Bung , , the universal moduli stack of G-bundles over n-pointed curves of genus
g. More precisely, for any scheme S, Bung , ,(S) is the groupoid of triples (C — S, g, E), where
(r: C—S,0 ={0y,...,0,}) is a family of n-pointed curves of genus g over S and E is a G-bundle
on C. We will denote by (7 : Cg ,,, = Bung , ,, 0, €) the universal family of G-bundles.
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By definition, we have a forgetful surjective morphism

cDG(: (I)G,g,n) : BunG,g,n M.(]Jl

3.1
(C—>S,0,E)~ (C—>S,0)

onto the moduli stack M , of n-pointed curves of genus g. Note that the universal n-pointed
curve(Cg , , = Bung , ,,0) over Bung , , is the pullback of the universal n-pointed curve (C,, ,, —
M, 5, 0) over M .

When n = 0, we will remove the reference to the points from the notation (for example, Bung ,
instead of Bung , o, M, instead of M s (C — S,E) instead of (C — S, 0, E), etc).

For any family of curves C — S, we denote by Bun;(C/S) the moduli stack of G-bundles on
C — S. More precisely, for any S-scheme T, Bun;(C/S)(T) is the groupoid of G-bundles on C :=
C X T. By definition, we have a forgetful surjective morphism

®;(C/S) : Bung(C/S) — S (3.2)

The relation between the universal stacks Bung , , and the relative stacks Bung(C/S) goes as
follows. First of all, we have that

BunG(Cg,n/Mg,n) = BunG’g’n. (33)

On the other hand, if the family C — S has constant relative genus g = g(C/S), then we have
that

BunG(C/S) = S XMg BunG’g, (34)

with respect to the modular morphism S — M, associated to the family C — S.
The geometric properties of the universal stack Bung , , and of the relative stack Bung(C/S)
are collected in the following theorem.

Theorem 3.1 (Behrend [12], Wang [74]). Let 7 : C — S be a family of curves.

(i) Bung(C/S) is an algebraic stack locally of finite presentation and smooth over S.
(ii) The relative diagonal of Bung;(C/S) — S is affine and finitely presented.

In particular, this is true for Bung , , over M, ..

Proof. Part (i): Bung(C/S) is an algebraic stack locally of finite presentation over S by [12,
Proposition 4.4.5] and smooth over S by [12, Proposition 4.5.1] (see also [74, Proposition 6.18]).

Part (ii): Since the properties of being affine and finitely presented are both étale local on the
target, we can assume, up to replacing S with an étale cover, that the family 7 has a section.
This implies that the family 7 is projective (since the image of a section defines a relatively ample
Cartier divisor), and hence the relative diagonal of Bun;(C/S) — S is affine and finitely presented
by [74, Corollary 3.2.2].

The corresponding statement for Bung, , , follows from the relative case applied to the universal
familyz : C,,, > M, ,. O
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Any morphism of connected linear algebraic groups ¢ : G - H determines a morphism of
stacks over M, ,

¢#(= ¢#,g,n) : BunG,g,n - BunH’.‘J’"

(C—S,0,E) — (C—S,0,(ExH)/G) G

where the (right) action of Gon E X H is (p, h).g := (p.g, $(g)~'h). And, similarly, given a family
of curves C — S, we can define the morphism of stacks

$u(=¢.(C/S)) : Bung(C/S) — Bungy(C/S)

E — (ExH)/G. (3.6)

Remark 3.2. Since & , , (respectively, ®;(C/S)) is locally of finite type over M, ,, (respectively,
S) by Theorem 3.1(i), we deduce from [66, Tag 06U9] that the morphisms (3.5) (respectively, (3.6))
are locally of finite type.

Lemma 3.3. Any commutative (respectively, cartesian) diagram of connected linear algebraic
groups,

G1L>H1

J(PG l#’n
)

induces a commutative (respectively, cartesian) diagram of moduli stacks

(¢4
BunGl an BunHl an

l@’u)# J(%)“
($2)s

Bung, ,, — Bung, g 4.
The analogue statement is true for the stack of principal bundles over a fixed family of curves C — S.
Proof. The proof is essentially the same as [14, Lemma 2.2.1]. O

Remark 3.4. Observe that if G is trivial, then Bung , , = M, ,,. In particular, we have the following
cartesian diagrams

GXH—H Bungypgn — Bung,,

G—1 Bung g, — Mgp.

Similarly, for any family of curves C — S, we have an isomorphism

Bung,;(C/S) = Bun;(C/S) Xg Bung(C/S).
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3.1 | The connected components of Bun;

In this subsection, we will recall the description of the connected components of Bung, 9> WE
determine their relative dimension over M , and we study when these connected components
are of finite type over M, , (and hence also over k). And similarly for the connected components
of Bung(C/S) — S.

Recall that to any connected (smooth) linear algebraic group G over k = kitis possible to asso-
ciate, in a functorial way, a finitely generated abelian group, denoted by 7,(G) and called the
fundamental group” of G. For more details on the topic, we refer the reader to [48, section 10], see
also [17, section 1.8; 21; 22]. Consider the exact sequence of connected linear algebraic groups

red red
1-G,-G— G*" -1, (311

where G, is the unipotent radical of G (that is, the largest connected normal subgroup of G that
is unipotent) and G™ := G/G,, is the reductive canonical quotient of G. From the definition of
fundamental group (see [438, section 10]), it follows immediately that the morphism red induces
an isomorphism*

~

m,(red) : 7,(G) = 7,(G™9), (3.1.2)

where nl(Gred) can be computed from the root data of G4 as explained in Subsection 2.1.

Theorem 3.1.1 (Hoffmann [39]). The connected components of Bung , ,, (and of Bung(C/S) for
any family of curves C — S with S connected) are in functorial bijection with the fundamental group
7,(G) of G.

Proof. Hoffmann proves in [39, Theorem 5.8] that, for a curve C over k = k, the connected compo-
nents of Bung;(C/k) are in functorial bijection with 7, (G). This implies our result using that @ :
Bung , , = M, , and @5(C/S) : Bung(C/S) — S are smooth (and surjective) by Theorem 3.1,
and that M , is connected. O

For any & € 7,(G), we denote with

d)g’g,n = (Dg : Bung’g,n - M,, (respectively, (DZ(C/S) : Bung(C/S) - 5) (3.1.3)

the corresponding connected component of Bung , , (respectively, of Bung(C/S) for a family of
curves C — S with S connected).

The functoriality in the above Theorem 3.1.1 means that for any morphism ¢ : G - H of
connected linear algebraic groups over k, the induced morphisms (3.5) and (3.6) respect the
decomposition into connected components, that s, for any § € 7;(G) and for any family of curves
C — S with S connected, we have that

qb#(Bung,g,n) Cc Bunfll,(gi)l(é) and ¢,(Bung(C/S)) C Bungl(@(é)(C/S),

where 7,(¢) : m,(G) - 7,;(H) is the map induced by the morphism ¢.

T The name is justified by the fact that if k = C, then 7,(G) coincides with the topological fundamental group of the
complex Lie group G(C).

#If k = C, this isomorphism follows from the well-known fact that the complex Lie group G,,(C) is simply connected.



2088 | FRINGUELLI AND VIVIANI

Corollary 3.1.2. For every g,n > 0 and § € 7,(G), the algebraic stack Bung on is smooth over k
(hence regular) and integral. '

Proof. The algebraic stack Bung on is smooth over k because it is smooth over M, by Theo-

rem 3.1(i) and M on is smooth over k. Moreover, being also connected by Theorem 3.1.1, Bung on
is integral.

We now determine the relative dimension of each connected component Bung gn OVET M,
To this aim, consider the morphism

7,(det o ad) : 7,(G) —s 7,(GL(g)) s 7,(Gpy) = (3.14)

where ad = ad; : G —» GL(g) is the adjoint representation of G and det : GL(g) —» G, is the
determinant morphism.

Theorem 3.1.3. The relative dimension of Bung on
family of curves C — S with S connected) is equal to

- M, , (and of Bung(C/S) — S for any

(9 —1)dim G — 7y(det o ad)(d).

If G is reductive, then Bung ,, is equidimensional over M, , (respectively, Buns(C/S) is
equidimensional over S) of relative dimension equal to

(9 —1)dimG.

Proof. Clearly, it is enough to prove the statement for Bung(C /k) where C is a curve over k = k.
Fix a G-bundle E on C. We denote by ad(E) := (E X g)/G the adjoint bundle of E, that is, the
vector bundle on C induced by E via the adjoint representation ad : G — GL(g).

It is well-known that the first-order infinitesimal deformations of a E — C are parameter-
ized by H'(C,ad(E)) while the infinitesimal automorphisms of E — C are parameterized by
H°(C,ad(E)). Hence, the dimension of Bung(C /k) at a point E — C is equal to

dim H'(C,ad(E)) — dim H%(C, ad(E)) = —y(ad(E)) = —m;(det o ad)(§) — (1 — g)dimG,

where in the last equality we have applied Riemann-Roch theorem to the vector bundle ad(E)
over C which has rank dim G and degree equal to 7r;(det o ad)(5). For another proof which does
not use deformation theory, see [12, section 8.1].

The last statement follows from the well-known fact that if G is reductive, then Im(ad;) C
SL(g). For another proof, see [12, Corollary 8.1.9]. O

We now determine which connected components Bun G.gm 2T€ of finite type over M, , (and
hence also over k) and, similarly, which connected components Bun(C/S) are of finite type over
S. The answer turns out to depend solely on the group G and not on the pair (g, n) nor on the
family C — S nor on the given connected component.

First of all, we show that unipotent groups give rise to finite type stacks of bundles. To achieve
this, we need the following lemma.
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Lemma 3.1.4. Let U be a smooth connected normal unipotent subgroup in G. Then, it admits a
linearly filtered filtration, that is, a filtration

{}cU,c..cU, cU,=U

of normal smooth connected unipotent subgroups of G such that the quotient V; := U, /U, isavec-
tor group, that is, it is isomorphic to G])' for some m > 1, and the action by conjugation of G restricted
to V; is linear, that is, factors through the natural action of GL,, on GJI".

Proof. Since k is algebraically closed, U is a smooth connected split unipotent group, see [16,
section 15]. By [46, Theorem B], there exists a filtration

{1}cU,c..cU,cU,=U

by G-invariant normal subgroups of U such that the quotient V; := U; /U, is a vector group and
the action by conjugation of G restricted to V; is linear. Observe that the G-invariance is equivalent
to say that U; is normal in G. The properties of being connected, smooth and unipotent are easy
to check. O

We are now ready to prove the following.
Proposition 3.1.5. Consider an exact sequence of smooth connected linear algebraic groups
®
1-U—->G—H-1,

with U unipotent. Then the morphism ¢, @ Bung , , — Bung , , (respectively, the
@y : Bung(C/S) - Bung(C/S) for any family of curves C — S) is smooth, surjective and of
finite type.

Proof. We present the proof just for the universal moduli stacks; the proof for the relative case
Bung;(C/S) follows immediately by pulling back ¢, along the morphism S — M, associated to
the family of curves C — S (up to restricting to the connected components of S). By Lemma 3.1.4,
the group U admits a linearly filtered filtration

{1}cU,c..cU, CcU,=U (3.1.5)

We proceed by induction on the length of the filtration.
+ Length(U,) = 0 By assumption, U = G and the action of G by conjugation on U is linear.
Let us first show the surjectivity of ;. Let (7 : C — T,0,F) € Buny , ,(T). Since U is abelian,
there is a conjugation action of H on U and we may form the quotient

Uf, :=(F xU)/H - C,

with respect to the diagonal action of H on F and U. By hypothesis G, and so H, acts linearly on
U. So, Uy, is a vector bundle on C, hence R*(7rg,),.(U};) = 0. We may now apply [12, Proposition
4.2.5] in order to infer that ¢, is surjective.

Consider now an object (7 : C — T,0,E) € Bung, gn (T). By [12, Proposition 4.2.4], the fiber of
oy over pu((w : C - T,0,E)) € Buny  ,(T) is isomorphic to the moduli stack BunUg (C/T) of
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torsors under the (non-constant) underlying additive group scheme of the vector bundle
Ug :=(ExU)/G—C,

where G acts on U by conjugation. By [12, Corollary 8.1.3], the stack BunUzG; (C/T) is smooth and
of finite type over T, which then implies the same property for ¢,.
« r :=Length(U,) > 1 By hypothesis, U sits in the middle of an exact sequence

1-U,-U->V->1,

where U, is a smooth connected unipotent normal subgroup of G and V is a vector group on
which G acts linearly. In particular, we have that ¢, factors through

Bung , , = Bungy, ,n = Bung g .

The second map is smooth, surjective and of finite type by the previous case. Observe that U,
admits a linearly filtered filtration of length » — 1 (restrict the filtration (3.1.5) to U, ). By inductive
hypothesis, the map Bung , , — Bung i, 4, is smooth, surjective and of finite type and so is the

map @. Ol

Corollary 3.1.6. Let G be a smooth connected linear algebraic group and let red : G — G4
be its reductive quotient. Then redy : Bung , , — Bungra , , (respectively, red, : Bung(C/S) —
Bungrea(C/S) for any family of curves C — S) is smooth, surjective and of finite type.

Proof. Apply Proposition 3.1.5 to the exact sequence (3.1.1). O
‘We are now ready to show the following.

Proposition 3.1.7. For a connected smooth linear algebraic group G over k, the following conditions
are equivalent.

(i) The reductive group G™4 is a torus.

(i) q% : Bung on = M, ,, is of finite type for any pair g,n > 0 and for any § € 7,(G).
s S . 6
(iii) 7, ¢ BunG’g

(iv) Bung’g,n is quasi-compact over k, for some pair g,n > 0 and for some § € m,(G).

W) ng(C/S) : Bung(C/S) — S is of finite type for any family of curves C — S with S connected
and for any 6 € 7,(G).

(vi) dbg(C/S) : Bun‘sG(C/S) — S is quasi-compact over S, for some family of curves C — S with S
connected and for some § € 7,(G).

n= M, ,, is quasi-compact for some pair g,n > 0 and for some & € 71(G).

The above proposition could be well-known to the experts, but we are not aware of any
reference, so that we include a complete proof.

Proof. Let us split the proof in several steps.

(i) = (ii) and (v) By Proposition 3.1.5, the morphisms Bunggn —>Bungredgn and

Bung(C /S) — Bungre ,(C/S) are of finite type. Hence, it is enough to show that if T is a torus,
then
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. CI>5T : BunaT’g’n — M, , is of finite type for any pair g,n > 0 and for any & € 7,(T);
. <I>5T(C /S) : Bun5T(C /S) — S is of finite type for any family C — S (with S connected) and for

any 6 € m;(T).

This follows from the fact that, fixing an isomorphism T = G) , the stack Bung - M,,
,g,n g,

(respectively, Bun5T(C /S) — S) is isomorphic to the fibered product of r connected components
of the Jacobian stack Bung_ , , — M, , (respectively, Bung_(C/S) — S) which is of finite type.

(ii) = (iii) and (v) = (vi): Obvious.

(iii) < (iv) Since M, , is quasi-compact and separated over k, then using [66, Tag 050Y] and
[66, Tag 050W], we deduce that Bung’g,,1 — M, , is quasi-compact if and only if Bung,g’n is quasi-
compact over k.

(iii) or (vi) = (i) Both conditions (iii) and (vi) imply that there exists a curve C over k and an
element § € 7,(G) such that Bung(C /k) is quasi-compact. Since the morphism Bung;(C/k) —
Bungra(C/k) is surjective by Corollary 3.1.6, we deduce that Bunf}re 4(C/k) is quasi-compact by
[66, Tag 050X]. Hence, the proof will follow from the following.

Claim. If G is a reductive group such that Bun‘SG (C/k) is quasi-compact, for some curve C over k
and some § € 7;(G), then G is a torus. D

To prove the claim, consider the upper semicontinuous function

h: Bung(C/k) - Z

E — dim H(C, ad(E)). (316)

Since Bung(C /k) is quasi-compact by assumption and A is upper semicontinuous, then # must
be bounded. We now deduce from the boundedness of & the fact that G must be a torus.

Fix a maximal torus and a Borel subgroup T; C B; C G. Let d € m,(T;) = A(Tg) be a lift
of § € m,(G) = A(Tg)/A(Tgsc). Consider a G-bundle E — C in the image of the morphism
Bun?G (C/k) — Bung (C/k). Then its adjoint bundle splits as direct sum of line bundles

dim T
ad(E) = 0."'° @P L,
a root

such that deg L, = (d, «). By direct computation, for any integer m there exists a lift d,,, of § such
that (d,,,, @) > m for any positive root a. In particular, for any m > max{2g — 2,0} where g is the
genus of C, there exists a G-bundle P,, — C in Bung(C /k) such that

h(P,) =dimTg+ Y ,.odimH(C,L,) =dimTg + Y. o((d,, ) +1—g) >
>dimT; + #{a > 0(m+1—g) =dimT; + (dimB; —dimTg)(m + 1 — g).

Since h is bounded (as observed above), we must have that dim B; = dim T, which then forces
T = B; = G, and the claim is proved. O
3.2 | Finite type open subsets of Bun; ,, and the instability exhaustion

In this subsection, we study k-finite type open substacks of the moduli stack Bung , , (and of
Bung(C/S)).
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First of all, assuming that G is reductive, we introduce the instability exhaustion of Bung o’

which provides a cover of Bung’g,n by open substacks of finite type over k.

Definition 3.2.1. Let G be a reductive group over k and let E — C be a G-bundle on a smooth
curve over k. The bundle has instability degree less than or equal to m if for any reduction F to any
parabolic subgroup P C G (that is, F — C is a principal P-bundle such that E = (F X G)/P) we
have

deg(ad(F)) < m

where ad(F) := (F x p)/P is the adjoint bundle of F, that is, the vector bundle on C induced by
F via the adjoint representation P — GL(p).

Remark 3.2.2. Note that if P = G in the above definition (so that F = E), then
deg(ad(E)) =0

since the adjoint representation ad; of a reductive group G is such that Im(ad;) C SL(g). Hence,
the instability degree of any G-bundle E — C is always non-negative.

For any m > 0, we denote by Bun®< ;m C Bun Gogm the locus of G-bundles (over n-pointed
smooth curves) whose geometric fibers having instability degree less than or equal to m. The
analogous locus in the relative situation Bun? (C /S) will be denoted by Bun®< <m(C /S). Note that
the locus BunG\0 is exactly the locus of semistable G-bundles. The properties of the above loci

g,n
are collected in the following Proposition, which is based on the results of [12, section 7].

Proposition 3.2.3. Let G be a reductive group over k. Then

(i) the loci {Bung’j':l tmso form an exhaustive chain of open substacks of Bung’g’” (called the
instability exhaustion of Bun5 on );

(ii) the stack Bun5 sm , is a smooth algebralc stack of finite type over M, ,

5<m

(iii) if G is a torus, then Bun; ' = BunG,g’n foranym > 0;

(iv) if G is not a torus, then the complement of Bung’i":l has codimension at least g + m.

The same holds true for the relative moduli stack Bun‘SG(C /S) for any family of curves C — S with
S connected.

Proof. We will show the proposition in the relative case Bung(C /S); the universal case follows
easily from the relative case.
Part (i): The openness of Bung’gm(c /S) C Bung(C /S) follows from [12, Theorem 7.2.4]. By

definition, it is clear that Bung’sm(C /S) C Bunffm“(c /S), so that {Bun5G’<m(C /S pso form a
chain of open substacks of Bung’g’n. The fact that the open substacks {Bung’sm(c /S)}mso cover

Bun? &(C/S) follows from [12, Lemma 6.1.3], which implies that for any G-bundle E over a curve
C there exists m > 0 such that the instability degree of E is less than or equal to m.
Part (ii): The fact that Bun5 (e /S) is a smooth algebraic stack locally of finite type over S

6,<m

follows from Theorem 3.1. The fact that Bun~"(C/S) is of finite type over S can be proved with
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the same arguments of [12, Theorem 8.2.6] (which treats the case S = Spec k). Indeed, as in [12,
Theorem 8.2.6], the moduli stack Bun‘s S"™(C/S) has a cover given by a finite number of connected
components of the moduli stack of BunBG (C/S), with B; C G Borel subgroup, which are of finite
type over S by Proposition 3.1.7.

Part (iii): If G = T is a torus, then its unique parabolic subgroup is T itself. Then Remark 3.2.2
implies that each T-bundle on C — Speck has instability degree less than or equal to O, or, in
other words, that Bun;(C /8)3<0 = = Bung(C /S)®. Then part (i) implies that Bung(C /S)esm =
BunG(C/S)‘S for any m > 0.

Part (iv): We follow the same strategy of [15, Lemma 2.1]. First of all, it is enough to prove
the statement for S = Spec k with k algebraically closed. Note that Buna’gm (C/k) € Bun? o(C/k),

§,<m

since Bun;~"(C/k) is of finite type over k by (ii) while Bun? &(C/k) is not of finite type over k

by Propos1t10n 3.1.7 because G is not a torus. Pick an 1rreduc1ble component V of BunG(C J)\
Bung’gm(C /k)andlet f : SpecK — Bung(C /k) be a geometric point mapping onto the generic
point of V. The morphism f is the classifying morphism of a G-bundle E — Cy := C X; K whose
degree of instability is greater of m. By definition of degree of instability, the G-bundle E — Cy
admits a reduction to a P-bundle F — Cy for some parabolic subgroup P C G such that

deg(ad(F)) > m + 1. (3.2.1)

Let Bun},(C/k) be the connected component of Bunp(C /k) containing F — Cy. By construction,
we have a morphism

Ly Bun(C/k) - Bund(C/k),
which is dominant onto V. Hence, using Theorem 3.1.3 and (3.2.1), we deduce that
dim Y < dim Bun},(C/k) = —deg(ad(F)) + (g — 1)dimP < —(m + 1) + (g — 1)dimP.
Then, using that dim Bun5G (C/k) = (g —1)dim G again by Theorem 3.1.3, we conclude that
codimV > (¢ — 1)(dimG —dimP)+m+1> g+ m,
where in the last inequality we used that P C G which follows from (3.2.1) and Remark 3.2.2. []
A useful corollary of the above result is the following.

Corollary 3.2.4. Assume that G is a non-abelian reductive group and let N € N. Any morphism f :
X - Bun‘5 » With X a quasi-compact algebraic stack (over k), factors through an open substack

(of finite type over k) Bun‘S sm
has codimension at least N . The same holds true for the relative moduli stack Bun‘SG c/s).

w C Bun , Jor some m > 0, such that the complementary substack

Proof. We present the proof only for the universal case, the proof for the relative case uses the
same argument.
Since & is quasi-compact and {Bung’j;}m;o form an exhaustive chain of open substacks of

)
G,g,n

is equivalent to say that f factors through Bun

Bun by Proposition 3.2.3, we get that f(X) is contained in Bung’j’r’l (for some m > 0), which

5<m
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Since the codimension of the complement Bun‘sG on \ Bung’f]”;l goes to infinity as m increases
by Proposition 3.2.3(iv), we can obtain, up to increasing m, that the complementary substack of
Bun‘é’i’ft has codimension at least N. O

Next, we prove that, for an arbitrary connected (smooth) linear algebraic group G, every k-finite
type open substack of Bung , , is a quotient stack over k (in the sense of Proposition 2.3.5), with
a notable exception.

Proposition 3.2.5. If(g,n) # (1,0) then any open substack of Bung , , which is of finite type over
k is a quotient stack over k.

The same holds true for the relative moduli stack Bung;(C/S), if the family of curves C — S has
relative genus g # 1 or if it has a section.

The above proposition is false for (¢g,n) = (1,0). For example, if G = {1} is trivial, then
Bung;; o = M, is of finite type over k but it is not a quotient stack since its geometric points
have non-affine automorphism groups.

Proof. Let us first prove the first statement. Fix V" C Bung , , an open substack of finite type over
k. By [29, Lemma 2.12], it is enough to show that there exists a vector bundle ¥ — U such that
the automorphism group of any geometric point x of V" acts faithfully on the fiber Vx.

Assume first G = GL,. Then we can identify Bung; , , with the moduli stack of objects (7 :
C — S,0,E), where (7 : C — S,0) is a family of n-pointed curves of genus g and E is a rank r
vector bundle over C. Since (g, n) # (1,0), there exists a relatively ample line bundle L on the
universal family C, , — M, , by Remark 1.3. Since V" is of finite type, by standard arguments
there exists an integer k > 0 such that for any object (7 : C — S,0,E) € U'(S), if we denote by
Lg the pullback of L along the modular morphism C — C,_,,, we have that

g,n’

L(lg is relatively very ampleon 7 : C — S,
E(k) :=E® L(lg is relatively globally generatedon 7 : C — S, (3.2.2)

n*L(’g and 7, E(k) are locally free sheaves on S and commute with base change.
Consider now the vector bundle ¥ — U defined, for any (7 : C — S,0,E) € U'(S), as
V((r : C > S,0,E)) :=m,Lf & m,E(k). (3.2.3)

We will now show that the automorphism group of any geometric point x of V" acts faithfully on
the fiber V¢, which will conclude the proof for GL,. Let (C, g, E) € U'(K) be a geometric point of
U'. An element in Aut(C, g, E) is a pair (¢, f), where ¢ : C — C is an automorphism of the curve
preserving the marked points and f : ¢*E = Eisan automorphism of vector bundles. Since the
line bundle L is the pullback of a line bundle on the universal family C, ,, there exists a canonical
isomorphism L(¢) : ¢*Lc = Lc. The action of (¢, f) on a global section (1,e) € V((C,0,E)) =
HO(C, LK) @ H(C,E(k)) is given by

(@, f) o () = (L(@)(9*n), (f ® L(p))(g*e)). (3.2.4)
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Assume that (¢, f) acts trivially on any global section of V((C, g, E)). Since ¢ fixes all the sec-
tions of H(C, L(’g) and Lé is very ample on C, ¢ must be the identity, that is, (¢, f) = (id, f). Since
(id, f) fixes all the sections of E(k) and E(k) is global generated, then f also is the identity. Hence,
we conclude that Aut(C, g, E) acts faithfully on V((C, g, E)) and we are done.

Let G be an arbitrary (smooth and connected) linear algebraic group, fix a faithful representa-
tion p : G — GL, and consider the morphism

py : Bung ,, — Bungy g ,.

Since U" C Bung , , is of finite type over k (hence quasi-compact), Corollary 3.2.4 implies there
exists a k-finite type open substack U" C Bung,, , , such that p, (V") C V. We choose ¥ — U as
the pullback, along the morphismpy, : U — VU, ofavectorbundle V — U asin the previous case.
We now conclude since, given a geometric point (C, g, E) € U'(K), the action of Aut((C, g, E)) on
V((C,0,E)) = V((C, o, ¢4(E))) is faithful because we have an injective homomorphism

and the group Aut(C, g, p4(E)) acts faithfully on ﬂ(C,g, @4(E))) by our choice of the vector
bundle V - V.

The second statement about Bung(C/S) is proved with a similar argument starting from a
relatively ample line bundle L on 7 : C — S, which exists by Remark 1.3. O

3.3 | On the forgetful morphism ®; : Bun; ,, - M, ,

The aim of this subsection is to prove that, for a reductive group G, the forgetful morphism @f; :
Bung on M, ,, is Stein (in the sense of Definition 2.3.3) for any § € 7;(G).

Before domg thls we need to introduce an auxiliary stack, which is a slight generalization of
the moduli stack of principal bundles. The first part of the subsection is a repetition of [14, section
4.2] in the context of non-trivial families of curves. However, we briefly recall the main points and
we refer the reader to [14, section 4.2]for more details.

Let G be a reductive group sitting in the middle of an exact sequence

~ dt
1-6G6-G—G, —1, (3.3.1)

with G semisimple and simply connected. In particular, 7,(G) = 7,(G,,) = Z
Let C — S be a family of smooth curves of genus g admitting a section o. We will sometimes
make the following assumption:

(%) there exists an isomorphism between the formal completion of C at o and Spf(Og[¢]).

We remark that such an isomorphism always exists Zariski-locally on S.
Consider the algebraic stack /s : Bung, (C/S) — S parameterizing twisted principal
G-bundles on C — S, that is, pairs (E @) such that

* E — Cisaprincipal G-bundle,
* @ is an isomorphism dt,(E) = O(do) of G,,-bundles.
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In particular, there is a forgetful morphism of algebraic stacks over S

Bung, (C/S) — Bun%(C/S) C Bung(C/S),
‘ ¢ (3.3.2)
(E,p) —» E.

For any linear algebraic k-group H, we define the following functors over an affine S-scheme
T = Spec(R).

(i) The loop group LH(T) := H(R(t)).
(ii) The positive loop group LTH(T) := H(R[t]).
(iii) The affine Grassmannian Gry(T), which is the sheafification on the fpqc topology of the
quotient LH(T)/L*TH(T).

Ifthe family C — S satisfies (%), the affine Grassmannian Gr; can be identified with the functor of
H-bundleson C — S with a trivialization on the complement U := C \ Im(c) of the section o (see
[31, section 6]). In particular, there is a well-defined morphism of categories fibered in groupoids
(over the category of schemes over S)

gluey , : Gry — Buny(C/S), (3.3.3)

which forgets the trivialization on U.

Fix now a cocharacter § : G, — G such that dt o6 =d € Hom(G,,,G,,) = Z = 7,(G,,).
Denote by t° € LG(S) the image of t € LG,,(S) via the morphism &, : LG,, — LG. We then have
a morphism of affine Grassmannians:

tf : Grg — Grg
~ (3.3.4)
f-LtG +— 5f.L*G.
The composition glueg . o t9 factors as
5. glueG,U,d d
glueGA’g ot : Grg —— Bungd’g(C/S) - Buné(C/S) C Bung(C/S) (3.3.5)

due to the fact thatdt, o % : Grg — Grg — Grg is constant with image equal to the line bundle
O(do), together with a trivialization on U. An important property of the morphism glue , 4 is
provided by the following result.

Lemma3.3.1. Let : C — S bea family of curves with a section c and a G-bundle E. Then, any triv-
ialization of the line bundle dt,(E) on U := C \ Im(0) can be lifted, after a suitable étale base change
S" — S, toatrivialization of E X5 S’ on U Xg S'. In particular, glue; , ; admits a section étale-locally

onsS.

Proof. 1tis a generalization of [26, Theorem 3]. One can modify the argument in the proof of [26,
Theorem 3] arguing as in lemma [14, Lemma 4.2.2]. O

We are now ready to show the following

Proposition 3.3.2. IfG is reductive, then <I>5G : Bung,g,n - M, , is Stein for any § € 7,(G).
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Proof. Theorem 3.1 gives that @Z is faithfully flat and locally of finite presentation, which
implies that CI>5 is fpqc. To conclude that @5 is Stein, it remains to show that the homomor-
phism (<I>5 ) (9 Mgy = (<I> )..(O ) isa unlversal isomorphism. For that purpose, it is also
enough to show that for any family of (smooth) curves C — S of genus g admitting a section o
satisfying the condition (%) and with S being a connected affine Noetherian scheme, the mor-
phism ®° (C/S) : Bung(C/S) — § is such that ®° (C/S)# D Og - P (C/S) (Opyns (C/S)) is an
isomorphism (or equivalently that ®° c(C/S)is a Stein morphlsm)
We divide the proof into the followmg steps:

Bun

(i) G =T atorus;
(ii) twisted bundles, that is, D, /s : Bung, c/S)—S;
(iii) product of twisted bundles and torus bundles, that is, P, (C/S) X ®L(C/S) :
Bungd’a(C/S) Xs Bunz.(C/S) — S with T a torus;
(iv) G an arbitrary reductive group.

Step (i) The morphism @?(C /S) : Bung(C /S) = S is a Stein morphism since it is the
composition of a T-gerbe Bung(C /S) — Bun‘ST(C /S) /T with an abelian algebraic space
Bun5T(C /S) /JT — S (see Subsection 4.1 for more details).

Step (ii) Consider the commutative diagram

Grg e, Bung, (C/S),

\ %C/S)

where glue; ;4 is the morphism (3.3.5). Since glue; , ; admits a section étale-locally on S by
Lemma 3.3.1, we have that the natural homomorphism

@, (C/S).(luel, )t @, (/) (Onuny, (c/5)) = f+O0r,

is injective. Hence, it is enough to show that f# : Oy — f, O, 1s an isomorphism.

The affine Grassmannian f : Grg; — S is an ind-scheme, which is the direct limit of flat and
projective morphisms f; : Y; — S with geometrically integral fibers (see [31]). By standard argu-
ments, each homomorphism fl# : Og = (), Oy, is an isomorphism. Since, by definition of
morphisms of ind-schemes, f* is the inverse limit of the homomorphisms f l.# , we deduce that
f* is an isomorphism, g.e.d.

Step (iii) Let G be a group sitting in the middle of (3.3.1). The natural map Bungl)fT)(C /S) —

Bundé(C /S) is Stein by Remark 3.4 and Step (i). Since the diagram

Bung, (C/S) Xs Buni(C/S) —— Buns2(C/S)

Jpr# O l (3.3.6)

Bung, (C/S) ——— Bun%(C/S)

is cartesian, then also the morphism pry must be Stein. We conclude using that CIDGM(C /S) :
Bungda(C /S) — S is Stein by Step (ii). ’
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Step (iv) Bylemma [14, Lemma 5.3.2], forany § € 7,(G), there exists a reductive group G sitting
in the middle of an exact sequence as in (3.3.1), equipped with a central isogeny G x %(G) -
G X G, inducing a faithfully flat map of moduli stacks

(1 0) (5 1
%(G)(C/S) Noxe,, (€/5). (3.3.7)

Consider the following cartesian diagram

Bung, (C/S)xs Buny,,(C/S) — Bun\’ 0;,»(@)(C /S)

J O J (3.3.8)

Bung(C/$) ——————— Bunl) (C/S)
Since, the map (3.3.7) is faithfully flat, also the left vertical map in (3.3.8) is faithfully flat; hence, in
particular, its structural morphism is injective. This fact, together with the fact that the morphism
Bungd,d (C/S) xg Bung}(c)(C/S) — S is Stein by Step (iii), implies that <1>g /s : Bun‘SG c/s) —
S is also Stein. O

3.4 | On the reductions to a Borel subgroup

The aim of this subsection is to study the morphism from the moduli stack of B;-bundles to the
moduli stack of G-bundles, where B; is a Borel subgroup of a reductive group G. The main The-
orem is the following one, which is based upon results of Drinfeld-Simpson [26] and Holla [40]
(which indeed relies on a result of Harder [38]).

Theorem 3.4.1. Let G be a reductive group over k and choose a maximal torus T with associated
Borel subgroup j : B < G.

(i) Foranyd € m(Tg) = ﬂl(Bg’d) = 7,(Bg), the morphism

. d
Ju : BungG,g,n — Bun[G’]g,n
is of finite type.
(ii) Forany d € m(G) there exists a representative d € 7,(T) = nl(BrGed) = m,(Bg), thatis, [d] =
d, such that the morphism of moduli stacks
Ju : Bungc,g,n — Bung’g,n
is smooth with geometrically integral fibers of dimension ), _,(a,d)+ (g —1)dim(G/Bg),
where {a < 0} C A*(T ) is the set of negative roots with respect to the Borel subgroup B;.

Proof. Part (i): first of all, the morphism j, is locally of finite type by Remark 3.2. Hence, it is
enough to show that j, is quasi-compact.

Theorem 3.1(ii) implies that the diagonal of fbé Bun[d] on = M, is affine, and hence

g,n

quasi-compact and quasi-separated, which by definition means that the morphism <I>[C§l] is quasi-
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separated. Using this and the fact that d)gG : Bun? — M, , is of finite type, and hence

Bg,g.n g,n
quasi-compact, by Proposition 3.1.7, we deduce that j, is quasi-compact by [66, Tag 050Y].

Part (ii): First of all, observe that the canonical diagram

Ju
Bunga,g,n _— Bung,g‘n

l o J (3.4.1)

dSS 5S.‘
Bung /g gn — BUlGs g

is cartesian by Lemma 3.3. So, without loss of generality, we can assume that G is semisimple.

By [26, section 4], the smoothness and the formula for the relative dimension of j, hold if
(a,d) < min{1, 2 — 2¢} for any positive root a.

The fiber over an S-point (C — S, 0, E) is canonically identified with the moduli space
Sec?(C, E/B) of sections of the flagbundle E/B; — C of type d, that is, the induced B;-reduction
is in the connected component Bungc’g’n. Holla proved in [40, Theorem 5.1 and Remark 5.14]
that there exists N € Z such that, if («,d) < N for any positive root «, then the morphism
Secd (C,E/Bg;) — Shas geometrically connected fibers. We remark that the statement in [40, The-
orem 5.1 and Remark 5.14] is presented when S is the spectrum of a field. However, in the proof
the author shows that the integer N exists for any family of curves over an integral affine scheme
of finite type over Z.

Hence, to conclude the proof, we need a representative d such that (&, d) < min{1, 2 — 2¢g, N}
for any positive root a. This can be shown either by direct computation or as direct consequence
of [26, Proposition 3]. O

3.5 | Tautological line bundles

In this subsection, we will introduce certain natural line bundles on Bung ,,, that we call
tautological line bundles.

With this in mind, let us recall two standard ways of producing line bundles on the base of a
family of curves (see [4, chapter XIII, section 4, 5], and the references therein). Let 7 : C — S
be a family of smooth curves over an algebraic stack S and let w, be the relative dualizing line
bundle. To any coherent sheaf 7 on C flat over S, we associate a line bundle d,.(F) over the base
S, called the determinant of cohomology of F with respect to 7 : C — S and defined as follows:
choose a complex of locally free sheaves of finite rank f : K, — K; such that ker(f) = 7. (F) and
coker(f) = R'z,(F) (this is always possible), and define

d,(F) :=detm (K, ® detm,(K;)™! € Pic(X). (3.5.1)

The determinant of cohomology is functorial with respect to base change, and it is multiplicative
in short exact sequences and compatible with Serre Duality, that is,

{dﬂ(g) ~d (F)®d,.(&) foranyshortexactsequence0 > F - G— & — 0,
(3.5.2)

d.(FQuw,)=d (FY) ifF islocally free.
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Moreover, if we have two line bundles 7 and G on C, we can produce a line bundle (F, G),, = (F, G)
over S, called the Deligne pairing of F and G with respect to 7 : C — X, which is related to the
determinant of cohomology via the following isomorphism:

(F.O)r2d,(FO®O®d(F)' ®d.(0)" ®d,(0). (35.3)

The Deligne pairing is symmetric, bilinear and compatible with sections, that is,

(F.G)n = (G, F)z
(731 ® 7327 g)ﬂ = <P17 g)n ® <P27 g)na (354)

(O(0), F), = c*(F), where o is a section of 7.

The first Chern class of the Deligne pairing is given by

¢ ((F,Q)z) = m.(ey(F) - ¢1(G)). (3.5.5)

In our setting, we will apply the above two constructions to the universal family of G-bundles (7 :
Cg,4n = Bung , ,, 0, €). To start with, we produce natural line bundles on C; , ,, via the following
procedure. Any character y : G — G, gives rise to a morphism of stacks (see (3.5))

Xy - Bung ,, = Bung .

By pulling back via y, the universal G_,-bundle (that is, line bundle) on the universal curve over
Bung ., we get a line bundle £, over the universal curve  : Cg , , — Bung g ,. Then, using
these natural line bundles on Cg , , and the sections 0y, ..., 0, of 77, we define the following line
bundles, that we call tautological line bundles:

3(}(a§) \= dn(ﬁx(gl oyt + gn : an)):

(0, (X,7§,)> L= (E)((gl “Op e+ gn : C’-71)7 £){’(§1 copt et g;,/, : Un))n:

(3.5.6)

for x, ¥’ € Hom(G, Gy,) and { = ({3, ...,$,), ¢ = ({], .., <)) € Z". From (3.5.3), we deduce that

(O =L+ X +HRZ(x, O @2, ¢ ® £(0,0). (3.5.7)

When n = 0, we will write Z(y) := Z(x,0) and (y, ¥') := ((x,0),(x’,0)). Note that £(0, &)
and ((0, £),(0,§")), for any §,&" € ", are pullback of line bundles on M, , = Bunggy , -

Remark 3.5.1. The reader may have noticed that we have not used the relative dualizing sheaf w,
(or powers of it) of the universal family C; , , — Bung , , in the definition of the tautological line
bundles. This is due to the following relations that hold for any family of curves 7 : C — S, for
any line bundle £ on C and for any n € Z:

<£9 wﬂ’)ﬂ’ = dﬂ(L)_l ® dn’(ﬁ_l) = <£! £>7r ® dﬂ’([:)_z ® dﬂ(O)Z:
(3.5.8)
d (@ ® L) = d (L) @ (L, L) ® d(O)°" ",



THE PICARD GROUP OF THE UNIVERSAL MODULI STACK OF PRINCIPAL BUNDLES ON POINTED SMOOTH CURVES | 2101

where the first formula is obtained by applying (3.5.3) twice, once to the pair (£, w,) and once to
the pair (£, £71), and the second formula is obtained by applying (3.5.3) to (L, w”), and using
Mumford’s formula d, () = d,.(©)"*~67+1 (see [4, chapter XIII, Theorem 7.6]).

4 | REDUCTIVE ABELIAN CASE

In this section, we will compute the relative Picard group of Bun‘; :
7g’n

RPic(Bunf ) :=Pic(Bung  ,)/(®4)"(Pic(M, ), (4.1)

where T is a torus, d € 7,(T) = A(T) and ®% : Bund on =~ Mg, is the natural forgetful mor-
phism. The three cases g > 2, g = 1 and g = 0 behave differently. The first two cases are similar
and they are collected in the following.

Theorem 4.1. Assume g > 1.

(1) Therelative Picard group RPic(BundT ’ ,) is generated by the tautological line bundles (3.5.6) and
there are exact sequences of abelian groups

0 — Sym? A*(T) @ (A*(T) ® Z") ——, RPic (BundT,g,n) AT =0 ifgz2  (42)
+ N (T
0 = Sym? A*(T) @ (A*(T) ® ") ~— RPic <Bun‘%’1’n> or 2A*( (T)) S0 ifg=1, (43)

where Tp(= 7 , ,) (called transgression map) and oy (= or , ,) are defined by

(x,0),(x",0)), forany x,x' € A*(T),
((x,0),(0,8)), forany y € A"(T)and{ € 7",

(X - x")
or(x®¢)

and pr(= pr,, ) is the unique homomorphism such that

e AN(T ifg>2,
f( e ,E*()T) _fg _1 forany y € A*(T)and ¢ € 7".
X ZA*(T) l(fg I

pr(Z(:$) = {

Furthermore, the exact sequences (4.2) and (4.3) are contravariant with respect to homomor-
phisms of tori.

(2) Fixanisomorphism T = G| which induces an isomorphism A*(T) = A*(G},) = Z". Denote by
{e;}!_, the canonical basis of Z" and by {f j};l:l the canonical basis of Z". The relative Picard
group of Bun%g,n is freely generated by

((e;,0), (0, fj)> = o;(ﬁei), fori=1,..,r,and j=1,...,n,

roifg=2,

1<ig<kg
1i<k<gr ifg=1,

<(ei90)a(ek90)> = <£ei’£ek>’ fOV

Z(e;,0) = d,r(ﬁei), fori=1,..,r.



2102 | FRINGUELLI AND VIVIANI

Note that the homomorphisms 7 and o are well-defined in the full Picard group of Bung ’
(and not just in its relative Picard group).
The case g = 0 is rather different from the other cases and we isolate it in the following

n

Theorem 4.2. Assume g = 0.

(1) The relative Picard group RPic(Bung o.n) 18 generated by the tautological line bundles (3.5.6)and
there is an injective homomorphism

d

wgzwr,o,n
RPic (Buni’o,n) AT, (4.4)

defined by

wh(Z (. 0) = [(d. ) + 1¢] + 11,

wi{L O (L) = [ x) + 1¢1x + [(d ) + 11

where (d, x),(d, x') € Z are obtained from the perfect pairing (2.1.7), |{| = Y., ¢{; € Z and
similarly for |¢'].
Moreover, the homomorphism (4.4) is contravariant with respect to homomorphisms of tori.

(2) Theimage of w? is equal to

Imwd) = J A0 ifn>1,
! {(x €A (T) : (d,x) €22} ifn=0.

In particular, w? is an isomorphism if either n > 1 orn = 0 and d € 2A(T), while it is an index
two inclusion in the remaining cases.

(3) Fix anisomorphism T = G| which induces isomorphisms A*(T) = A*(G,) = Z" and A(T)
A(G,) = 27". Writed = (d,, ...,d,) € Z" under the above isomorphism A(T) = Z". Denote by
{e;}!_, the canonical basis of Z", by {f ; ?:1 the canonical basis of Z" and by {¢;};_, a basis of the
subgroup

.
{X =X X)) EZ L (x,d) = Z)(idi € ZZ} cz.

i=1

d

The relative Picard group of Buny.

is freely generated by

ifn>1,

CORCYEEHENY

r
i=

r

) e
{dﬂ.(a)ﬂ 2 ® Esi) = g(ei)l—(d,ei) ® (e, €) 2 } ifn=0.

i=1

With the aim of proving the above theorems, we will study in the next subsection the restriction
of the line bundles on Buny , , to the geometric fibers over M ,.
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4.1 | The restriction of the Picard group to the fibers I

The aim of this subsection is to define a T-gerbe structure on Buny , , and to study the restriction
of the relative Picard group of Buny , , to a fiber over a geometric point of M, ,

The automorphism group of any S-point (C — S,0,...,0,, E) of Buny , , contains the torus
T, which is indeed isomorphic to the subgroup of automorphisms of (C - S, 0, ...,0,,E) that
induce the identity on the underlying family of pointed curves (C — S, 0y, ...,0,). Therefore, we
can consider the rigidification I : Buny , , = Jr ., :=Buny ,, /T of Buny , , by the torus T
(see [60, section 5]). By definition, Buny , , isa T-gerbe over J;  ,. This implies that the connected
components of I , , are exactly

3§, i=Tp@Bunf ) ford € my(T) = A(T)

and I restricts to a T-gerbe Hd Bun?

@ . (@
lpT JT n

d . .
Tom = J%g,n. The stack J(T,)g,n admits a forgetful morphism

— M, , over the moduli stack of curves and we set:

RPic(J4 ) :=Pic(J%  )/(¥L)* Pic(M,, ).

T,g,n T,g,n

The Leray spectral sequence for the étale sheaf G, with respect to the morphism Hg gives the
exact sequence of (relative) Picard groups:

( d)* wd
0 — Rel Pic(J4. ) — 5 Rel Pic(Bunf ) —5 Pic(BT) = A*(T). (4.1.1)

The homomorphism w% called the weight function, can be computed as follows. Let F be a line
bundle on Bun T.on and fix a k-point § := (C, x, ..., x,,, E) of Bun . The automorphism group
of £ acts on the fiber Fy of F over &. Since the torus T is contamed 1n the automorphism group of
&, this defines an action of T on F = k which is given by a character of T This character, which
is independent of the chosen k-point £ and on the chosen isomorphism F¢ = k, coincides with
w?(?).

We now describe the fiber of Il : Buny , , — Jr , ,, over a geometric point (C, py, ..., p,,) of
M, ,,- Consider the Jacobian stack J(C) parameterizing line bundles on C and its rigidification
J(C) :=J(C) [/G,,, which is the Jacobian variety of C. The connected components of .J(C) and
of J(C) are

Jo =[] -1 =]r©,

eeZ eeZ

where J¢(C) is the stack parameterizing line bundles on C of degree e and J¢(C) = J¢(C) [/Gp,-
Equivalently, there is a commutative diagram of sets

JC) —J(O)

\ / (4.1.2)
z

whose fiber over e € Z is the G,-gerbe J¢(C) — J¢(C).
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The fiber of T1; : Bung , ,, = Jr , , over a geometric point (C, py, ..., p,) of M, ,, is canonically
isomorphic to the T-gerbe

J2(C) = Hom(A*(T), 7(C)) =5 Hom(A*(T),J(C)) = J;(C). (4.13)

The connected components of (4.1.3) are exactly the fibers of the T-gerbe H% : Bun% - Jd
291 T,9.n
and they are given by

ng(C) ,
JA(C) = Homy(A*(T), J(C)) — Homy(A*(T),J(C)) =: J4(C), (4.1.4)

where Hom, denote the set of homomorphisms whose composition with the diagonal homomor-
phisms of (4.1.2) is the element d € X(T) = Hom(X*(T), Z).

We now recall the explicit description of the Picard group of JTd(C), where C is a smooth curve
defined over an algebraically closed field k, adapting the description of [14, section 3] from d = 0
to an arbitrary d € A(T).

First of all, the G,-gerbe J(C) — J(C) is trivial, that is, J(C) = J(C) X BG,,, since it admits
sections each of which correspond to a Poincaré line bundle on J(C) x C. This implies that also
the T-gerbe IT(C) (and hence also H%(C)) is trivial, that is, J;-(C) 2 J;(C) X BT. Hence, the Leray
spectral sequence for the étale sheaf G, with respect to the morphism H%(C) gives the following
split short exact sequence of Picard groups:

. mey . wi©) .
0 —— Pic(J7(C)) —— Pic(J; (C)) —— Pic(BT) = A*(T) —— 0,
. (4.1.5)

Sp

where the section s,, that depends on a chosen point p € C(k), sends an element y €
X*(T) = Hom(T, G,,) into the line bundle on JTd(C) naturally associated to the G,-bundle
)(#(Pc)l JACxipP where P, is the universal T-bundle on J;(C) X C.

T

The continuous part of the Picard groups of J%(C) and of Jj‘?(C) can be described as follows.
Any character y € A*(T) determines a morphism

Xy JHC) = Homy(A*(T), J(C)) = JE0(C)
¢ = 00

Denote by -, the pullback via y; X ide : JH(C) x C — J@1)(C) x C of the universal line bun-
dle £, on J @dX)(C) x C, and let p; and p, be the projections of ijl(C) X C onto the first and
second factor, respectively. There is an injective homomorphism

JAC) : Hom(A(T),J (k) = A*(T) ® Jo(k) < Pic(J2(C)), w16
XON = (Lo, i), - h

Using the analogue of formula (3.5.3) for the morphism p, and the functoriality of the determinant
of cohomology, we get

<3C’X,p;(N)>p1 = dpl(gc’)( ® p;(N)) ® dpl(gc,x)_l = t;\k](dpl(gc,)()) ® dpl(gc’)()_15
(4.1.7)
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where ty : JTd(C) - JTd (C) is the translation by N. Arguing as in [47, Lemma 6.2] and using that
theline bundles # , ® p;(N)and Z. , haveboth p; -relative degree equal to (d, x), we compute

WH(C)d,, (L, ® PLN) = [(dy 1) + 1= glx = wHC)d,, (Lc.,)-

This, together with formula (4.1.7), implies that the weight of the line bundles (Z ., p;(N)),,
are zero; hence the morphism j?(C) factors as

—d
Jr(© Iy (C)*

JAC) + AX(T) ® Jo(k)——— Pic(J4(C))————— Pic(JZ(C)). (4.1.8)
The quotients
d iy 4 m(ey d . i 7d d
NS(I7(C)) := Pic(J(C))/Im(j(C)—— NS(J(C)) := Pic(Jr (€))/Im(jz(C))

are called the Neron-Severi groups; they are discrete groups that admit the following description.
First of all, at the level of the Neron-Severi groups the splitting of the sequence (4.1.5) is
canonical (that is, independent of the point p € C), and hence we get a canonical isomorphism

NS(JE(C)) = A*(T) & NSUL(C)),
(4.1.9)

[L] = (WD), [L @ s,(wF L)

The Neron-Severi group of J?(C) admits the following explicit description. The Jacobian

Jo =J%(C) of C is endowed with a standard principal polarization ¢, : J = Jé induced by the
theta divisor. This determines an involution (called the Rosati involution) ¥ : End(J) — End(J)
on the endomorphism algebra of J- by sending « to ¢51 o a” o ¢g. Denote by Hom*(A(T) ®
A(T),End(J)) the abelian group of homomorphisms that are symmetric with respect to the
Rosati involution on End(J), that is, such that $(1; ® 1,) = $(4, ® 1,)7. As explained in [14,
Corollary 3.1.3], there is an isomorphism

112

¢ : NSU4(C)) = Hom*(A(T) ® A(T), End(J.)),

(d;,—)®id; ¢ ((dy,—)®id; )V ¢71
(L]~ {(dl,d» ~ (JC 5 10O JUCY ———— T T ) b

(4.1.10)

where ¢; is the homomorphism of abelian varieties sending a ng(C) into L‘Z(L)@L‘1 €
Pic’(J4(C)) = J2(C)V.

By putting everything together, we obtain the following description of the Picard groups of
JTd(C) and of]?(C).
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Proposition 4.1.1. Let C be a curve over an algebraically closed field k and let d € A(T). Then there
is a diagram with exact rows and columns

—d _d
j(C) +(C

AT ® IS picd(cy) — Hom*(A(T) ® A(T), End(Jc))
J7(©) wH(O)BrIC)

AT ® Jo(k)— Pic(JTd(C)) A*(T) @ Hom*(A(T) ® A(T), End(J))

A (T) AX(T),

where:

€) j?(C) and de(C) are the homomorphisms defined in (4.1.6) and (4.1.8), respectively;

2) 77;{(C) is the composition of the morphism Pic(];l(C)) > NS(J%(C)) and the isomorphism
(4.1.10);

3) yg(C) is the composition of the morphism Pic(JTd(C)) > NS(JTd(C)), the isomorphism (4.1.9)
and the isomorphism id - ) Dc, where c is the morphism (4.1.10).

Moreover, the above diagram is functorial with respect to homomorphism of tori.

Note that if C has genus zero (in which case J» = 0), the above diagram gives that Pic(]?(C)) =
0 and that the weight function w%(C) : Pic(JTd(C)) — A*(T) is an isomorphism.

Now, given a geometric point (C, py, ..., p,) of M ,, we are going to write down a formula for
the restriction homomorphism towards the Neron-Severi group

RPic(Bun? )ﬂ» Pic(J4(C)) » NS(T4(C))
T,g9,n T T

5

on the tautological classes. Note that the canonical map id jo 2L~ End(J) given by the addition
on the abelian variety J. induces a homomorphism

-®idy, : Bil’ A(T) » Hom*(A(T) ® A(T), End(J)), (4.1.11)

where the source is the group of integral bilinear symmetric forms on A(T), which has been intro-
duced in Subsection 2.2. Note that this homomorphism is injective if the genus of C is positive and
it is identically zero if the genus of C is zero.
Proposition 4.1.2. Let (C, py, ..., p,) be a geometric point of M, , and let d € A(T).
(1) The composition

d d

. d resT(C) . d wT(C) .
RPlc(BunT,g, 2) — Pic(Jp(C)) —— AX(T)

coincides with the weight function w% of (4.1.1) and it is given on the tautological classes of
RPiC(Bun‘% . 2 by
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wi(ZLO) = [d )+ 1E1+1-glx,
wiC6O, G EN = 1d X)) + 11 + [ 0 + €10
where (d, x),(d, x') € Z are obtained from the perfect pairing (2.1.7), |{| = Y;¢; € Z and

similarly for |{'|.
(2) The composition

— . p resi©) r3(©)
77(C) : RPic(Bung, ) — Pic(Jy (C)) —— Hom*(A(T) ® A(T), End(J()

is given on the tautological classes of RPic(Bun%g’n) by

7HONL () = (x ® x) ®idy,

72O UM =@ 1 + X ® V) ®id,_,

where Y @ y and y @ ¥’ + x' ® x are elements of (A*(T) ® A*(T))® which is canonically
identified with Bil® A(T) by (2.2.5).

Note that, once Theorems 4.1 and 4.2 are proved, we will know that RPic(BundT,g,n) is gen-
erated by tautological classes, and hence the above proposition gives a complete description of
the restriction homomorphism towards the Néron-Severi group on the entire RPic(Bun%g’n).
The full restriction morphism res‘%(C) : RPiC(BunCTl’(J’n) - Pic(JTd(C)) will be described in

Proposition 4.3.3.

Proof. The formulae for ((y, u), (x’, u’)) follow from the ones for #(y, u) and Equation (3.5.7).
Hence, it is enough to prove the formulae for £(y, w).

Let us first prove part (1). Clearly, the weight function wg is equal to the composition
w?(C) o res?(C). Arguing as in [47, Lemma 6.2] and using that Z(x, u) = d.(£,(X; §;p;)) and
that the 7-relative Euler-Poincaré characteristic of £, (}; {;p;) is equal to [(d, x) + [{| + 1 — g]
since E’)((Zi ¢;p;) has m-relative degree equal to (d, x) + ||, we deduce that

wi (L) = [(d, )+ 1¢1+1 = glx.
Let us now compute )7‘71,(C)($( X,¢)). To ease the notation, we set
L =2 € Pic(THO),
L =L ®s,iZ(.0)" € PiclO)).

By (4.1.9) and (4.1.10), we have

Yr(C(Z(x, ) = c([L]). (4.1.12)
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To compute c([L]), let us analyze the morphism ¢; : J2(C) — J2(C)V. The fiber over

(C, py, - » py) of the morphism y,, : BunT " Bun( X) , (respectively, of its rigidification y, :
A o Jg,ﬁ,n) is equal to the morphism

x : JHC) = Homy(AX(T), J(C)) = TEX(C)
(respectively, y : ]?(C) = J@d0CY).
¢ = o)

Consider the universal line bundle & on J (d.x)(C) x C and set

M :=d, (Lc(uipy + -+ + nPy)) € Pic(T@0(0)),

—wi (LX)

M :=d, (Zc(uypy + -+ + 1y Pp)) ® (Z ) 7@nCexipy € PicTHV(C)),

where p; : J@X(C)x C — J&X(C) is the first projection. It is well-known (see, for example,
[56, chapter 17]) that the morphism ¢, : Jo — Jg is equal to the standard principal polarization

$o 1 Jc— Y.
By definition of the tautological line bundle Z(y,¢) in § 3.5, it follows that

L=yx*(M) and L= y*(M).

Since the morphism y : J?(C) — J(&:20)(C) is equivariant with respect to the morphism of abelian
varieties y : J%(C) — J°(C) = J, we compute for any a € J2(C):

$r(@) = ;0 MD) @ (M)~ = (1, (M) ® (M) = x*(ppr(x(a)-
Thus, we conclude that the morphism ¢; is equal to the following composition

¢ TUC) S T Pu=to, 72 ). (4.1.13)

Using this, it follows from (4.1.10) that ¢([L]) sends (d;, d,) € A(T) ® A(T) to the endomorphism
of J- given by the following composition

(d;,-)®id; . 2V ((d,-)®id; )Y ¢!
LDy, dy) : Jo —— 12C) S 1o 25 0 2 00y ——— 1Y =

We conclude that ¢([L])(d;, d,) is equal to the multiplication on J- by (d;, ) - (d,, ), which is

equivalent to say that ¢([L]) = (y ® y) ® id e O
The results of this subsection are already sufficient to compute the relative Picard group of
Bung on in genus 0.

Proof of Theorem 4.2. First of all, since the Jacobian of a curve of genus 0 is trivial, it follows that
the morphism Wy : J; 4, = M, , is an isomorphism. Hence, from the exact sequence (4.1.1), we
deduce that the weight function

d
w,
RPic (Bund,, ) — A*(T),
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is an injective homomorphism. The weight function applied to the tautological classes in
Pic(Bun%O’n) has been computed in Proposition 4.1.2 and it coincides with the formula given
in Theorem 4.2(1). The functoriality of the homomorphism (4.4) will follow, once we will have
proved that RPic(Bun%o’n) is generated by tautological classes, from the functoriality properties
of the Deligne pairing and the determinant of cohomology. To prove the remaining statements in
Theorem 4.2, we will distinguish the two cases n > 1 and n = 0.

Casel: n > 0.

If we fix an isomorphism T =G, and use the same notation as in the statement of
Theorem 4.2(3), we get that

w%(((ei,o), O,f1))) =e¢foranyi=1,..,r.

We deduce that the weight function w? is an isomorphism and that the elements

{((e;,0), (0, f1))};_, form a basis of RPic(Bun‘%’O’n), which is therefore generated by tautologi-
cal classes.

Casell: n = 0.

First of all, with the notation of Theorem 4.2(3) and using (3.5.8), we get

(dej)

) (d.g;) d.
w%(d” (wn’ 't ® Eq)) = wy <g(€i)1_(d’€i) ® (€ €i>T) =1 -d)d; +1)g; + jZdiei =€

This implies that

{x € A*(T) : (d, ) € 22} C Imw}. (4.1.14)

@sp)
It remains to prove that equality holds, to which also implies that the elements {d (w,? &

L)Y, form a basis of RPic(Bunf , ).
Consider the morphism Fy : Bunle’O,1 - Bunle’O’0 forgetting the section , which is also the
universal curve over Bung 0.0- The pullback along F induces an inclusion of Picard groups

F:: Pic(Bun%O’ o) < Pic(BundT,O,l).

Using the explicit descriptions M, = BPGL, and M,; = B(G, X G,,)), it is easy to see
that Pic(M, ) = Hom(PGL,, G;)) = 0 and Pic(M, ;) = Hom(G, X G, G,,) = Hom(G,, G,;)) =

Z generated by ¢, = 0] (w,). Therefore, we conclude that RPic(Bunglw 00) = Pic(BunCTl o) and, using
the Case I proved above, that any line bundle on Bung 0.1 can be written as (¥, 0), (0, /1)) ® P =

o} (L, ® w}) for some unique y € A*(T) and some unique n € Z. Note also that w?(oik(ﬁ 4 ®
w’)) = x, as follows from the explicit formula for w?.

Consider now aline bundle A* € Pic(Bund. | ) = RPic(Bun{ , )andlet y := wi(N) € A*(T).
Since the pullback F; commutes with the weight functions for Bun‘]{ 0.0 and for Bun‘]{ 0.1 (Which

we have been denoting with the same symbol wg), we have that F, ;(N’ ) =0,(L, ® ) for some
n € Z. Now F;(N' ) is trivial on the geometric fibers of F; while aik(f,x ® ) has Fy-relative
degree equal to (d, y) — 2n. This is only possible if (d, y) = 2n, which implies that

¥ €{x e A'(T) : (d, y) €27}

Hence, equality holds in (4.1.14) and we are done. O
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. . d .
4.2 | The relative Picard group of BunT,g’n ingenerag > 1

The aim of this subsection is to prove Theorem 4.1. We will first exhibit explicit generators of
RPlc(Bun ,) for g > 1, thus proving Theorem 4.1 ,(2) and then deduce from it Theorem 4.1(1).

We fix an 1somorphlsm T = G/, which induces an isomorphism A*(T) & A*(G) ) = Z". Then
we can identify the objects in BunT, 4,n With the vector bundles of rank r which are direct sums of
line bundles. According to Theorem 3.1.1, the connected components of Buny , , correspond to
the r-uples d := (d,, ..., d,) of integers, which correspond to the degrees of each line bundle in
the splitting.

We will first focus on the case d = (0, ...,0) and n > 1, and then deal with the other cases.

Lemma 4.2.1. Assumen > 1and g > 1. The group RPlc(J n) is freely generated by

(Lol = Do, (@=20)0)) fori=1,..r, ifg>2

<£ei((g —1)oy), O(aj - aj+1)> fori=1,..,r,and j=1,..,n—1,
d. (L, ((g—1)oy) fori=1,..,r,

dﬂ<£ei ® L, ((9- 1)01)> fori<i<k<r.

Proof. Set{J, —» M} : {JT on = M, ,}, where r = dim T. We remark thatJ, — M is an abelian
stack over M, that is, a representable morphism of stacks such that every geometric fiber is an

abelian variety. The identity section is given by the trivial vector bundle Of, on the universal
g,n
curve of M ,. We recall the following facts.

(i) There exists an exact sequence of abstract groups:

)
0 = Hom, (M,J¥) = RPic(J,) 2= NS(IL), (4.2.1)

where J) is the dual abelian stack of J, and y,(C) is the restriction to the Neron-Severi group
of r copies of the Jacobian of some curve C. It can be proved using an argument similar to the
proof of [34, Proposition 3.6].

(ii) There exists a curve of genus g > 1 over the base field k such that the natural homomorphism
idJC : Z — End(J) is an isomorphism (see [50]).

If r = 1, then the line bundle d,T(ﬁe1 ((g — 1)oy) induces a principal polarization on J;. Since
J, 2 J; Xy -+ Xy Iy, it follows that the line bundle &);_, d. (L, ((g —1)o,) induces a principal
polarization on J,.. This implies that we have the following isomorphism of abelian stacks

<~
L

JV

r r

(C - S’ {Gj}7 @;=1 Fi) = (C - Sa{aj}7 @;=1 d7r (Fi ® [’el((g - 1)0'1)) ® dn([“ei((g - 1)01))71)'

Using the above isomorphism and the identification Hom (M, J;) = RelPic’(C .n)> We deduce
an isomorphism of abelian groups:
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L

RPic’(C, ,,)®" = Hom (M, J,) Hom,, (M, J]Y)
r

dr > @PdF ® L9 - 1)oy) ® do(£((g — Do)~
i=1

i=1

Using Corollary 2.5.3 of the weak Franchetta’s conjecture (see Theorem 2.5.1) and the above
isomorphism, we deduce that the group Hom (M, J) is freely generated by

-1

de(@:((2=29)10) @ £, (9~ Do) ) @ dr (L (9= Vo)) fori=1,,r, ifg>2

-1
de(000; = o)) ® L, (9= Do) ®dr (L (9= Dop))  fori=1..r,
and j=1,..,n—1.

Using (3.5.3), we see that the image of the homomorphism v in (4.2.1) is freely generated by

<wﬂ((2 —2g)oy), Eei((g - 1)01)> fori=1,..,r, ifg>2,

(4.2.2)
<(9(c:j - crj+1), Eei((g — 1)0'1)> fori=1,...,r,and j=1,..,n—1.
Consider now the following line bundles on Bung on’
dﬂ<£ei((g - 1)01)>, fori=1,..,r,
(4.2.3)

dr(Lo ® L, (9=1ay)), forl<i<ksr

By Proposition 4.1.2, the weights of the above line bundles are 0. Hence, by the exact sequence
(4.1.1), they descend to line bundles on J;. 9 T.gn . If we take a curve C as in (ii), the image of these line
bundles under the restriction homomorphism y,(C) of (4.2.1) freely generate NS(J[,) because of
Proposition 4.1.2(2) (see also Subsection 2.2).

Using the exact sequence (4.2.1), we deduce that RPic(J,.) is freely generated by the lines bundles
in (4.2.2) together with the ones in (4.2.3), which concludes our proof. O

Lemma 4.2.2. Assumen > 1and g > 1. The group RelPlc(Bun n) is freely generated by

(La(g=Doon(@=29)0) fori=1Li.r, ifg>2
<£ei((g —1)oy), O(oj - oj+1)> fori=1,..,r,andj=1,..,n—1,

dn(ﬁei((g - 1)01)> fori=1,..,r,
dr(Le, ® Lo, (9= D)) fori<i<ksr,
d, (Ee,-(g . ol)> fori=1,..,r.

Proof. Consider the exact sequence (4.1.1). By Proposition 4.1.2(1), the images via the weight
function wg of the line bundles

d,,(ﬁei(g . cl)) fori=1,..,r

freely generate A*(T). By combining this with Lemma 4.2.1, the proof follows. [l
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‘We are now ready to prove the second part of Theorem 4.1.

Proof of Theorem 4.1(2). We will distinguish three cases.

Casel:n > 1landd = 0.

By Lemma 4.2.2, for g > 2 (respectively, for g = 1), the relative Picard group RPic(Bun%g’n)
is free of rank rn + r(r + 1)/2 + r (respectively, rn + r(r + 1)/2), which is equal to the number
of line bundles appearing in Theorem 4.1(2). Then, to prove the theorem, it is enough to show
that the generators in Lemma 4.2.2 can be expressed as integral combinations of the line bundles
appearing in Theorem 4.1(2). This follows from the following formulae in RPic(Bun%g’n) (in addi-
tive notation), which are obtained using Properties (3.5.4) and (3.5.3) of the Deligne pairing and

Equation (3.5.8):

(€49 =101, 0:(2=29)9))) = (£, 7) + (2 = 20)((€,0), (0, 1)) =
(€1, 0), (€, 0)) — 2 - L(e;,0) + (2 — 29) - (&, 0). (0. f,)),
(Lo((g =106 =0D) = ((€,0),0,£)) = (€00, f1,0),
dﬂ(ﬁei(m : 01)> =m-{((e;,0),(0, f,)) + L(e;,0) foranym € Z,
dr(Le, ® Lo, (9= D)) = (L, ® L, O(g —1)5) +dn(L, ® L) =

=(9=1)-({(e,0),(0, f1)) + ((e, 0), (0, f1))) + ((e;, 0), (ex, 0)) + ZL(e;, 0) + Z (e, 0).

CaseIl: n > 1and d = (d,, ..., d,) arbitrary.
Consider the isomorphism over M, ,

(C d S’ {01}7 @iFi) = (C - S’{G]}7 ®iFi(_dio.1))

d

The induced morphism t : Cr on

- Cg gn 0N the universal families satisfies
T*(Eei) =L,(-djo;) foranyi=1,..,r. (4.2.4)

By Case I, the relative Picard group of Bun%g’n is freely generated by the line bundles appearing

in Theorem 4.1(2). Hence, the relative Picard group of Bun%g’n is freely generated by the pull-
backs of these line bundles along the isomorphism t. Using the functoriality of the determinant
of cohomology and of the Deligne pairing, together with Properties (3.5.3) and (3.5.4), and Relation
(4.2.4), we get the following relations in RPic(Bun%g’n) (in additive notation)

t°({(e;,0), (0, f))) = ((€;,0), (0, f))),
t*(((e;, 0), (e, 0))) = ((e;, 0), (e, 0)) — d{(ey, 0), (0, 1)) — di{(e;, 0), (0, f1)), (4.2.5)
t°Z(e;,0) = ZL(e;,0) — di{(e;, 0), (0, f1))-

From the above relations, it follows that RPic(Bun. ) is freely generated by the line bundles

appearing in Theorem 4.1(2).
Caselll: n =0and d = (d, ..., d,) arbitrary.
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We have to show that RPiC(BunCTl g) is freely generated by the line bundles

((e;,0),(er,0)), forlgi<gk<r,

(4.2.6)
Z(e;,0), fori=1,..,r

Consider the morphism F : BundT,g,1 - Bun%g forgetting the section. Since F is the pullback of

the universal family C, = M, ; — M, along the Stein morphism @% : Bun? .= M, (see Propo-
sition 3.3.2), Lemma 2.3.4 implies that the pullback along F; induces an inclusion of relative
Picard groups

F; . RPic(Bun ) S RPlc(BunT " -

By the definition of the tautological line bundles it follows that F7Z(x) = Z(x,0) and
F1({(x,0), &', 0))) = {(x,0),(x’,0)) for any y, ¥’ € A*(T). Using this and Case II, it follows that
the line bundles in (4.2.6) are linearly independent in RPlc(Bun ) and that RPlc(Bun T.ol ) is
freely generated by their pullback via F;. and the line bundles ((el, O) O, f)yfori=1,..,r. So,
in order to conclude the proof, it is enough to show that

.
Q) ((€;,0), (0, 1)) € F; RelPic(Bun{. ) => a; = 0 for any i.
i=1

Assume that there exists K := ®l.r:1((el-, 0), (0, f1))% descending to RelPic(BundT g). For i =
1,...,r,let L; be a line bundle of degree d; over a curve C. We have a cartesian diagram of stacks

§ d
C —— Bung,;

l lFT (4.2.7)

Speck 5, BundT,g

where g is the morphism corresponding to the k-object (C,L; @ --- @ L,). Then § corresponds to
the C-object

CxCLECALRO® L KO,

where A : C —» C x C is the diagonal embedding. By (3.5.4), we have the following equalities in

RPlc(BunT 1)

(.0, 0.11) = o (£,,).
In particular, we have the following equality of line bundles on C:
7°((e;,0), (0, f)) = A*(L; K Oc) = L,
which implies that §* K = @!_, L?". Now, if the coefficients a; are not all zero and the line bundles

L; are generic, then the line bundle §* K is non-trivial (using that the genus of C is non zero). This
implies that K is not the pullback of a line bundle on Bun; , as desired. O

We can finally show that the first part of Theorem 4.1 is implied by the second part.
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Proof of Theorem 4.1(1). First of all, because of the bilinearity and symmetry of the Deligne pairing
(see(3.5.4)), the maps t; and ch are well-defined homomorphisms of groups and the image of 7 +
oristhe subgroup of RPlc(Bun T.om ,) generated by all the line bundles of the form ((x, ), (x,¢")),
with y, ¥’ € X*(T) and ¢,{’ € Z". Theorem 4.1(2) shows that the map 7 + o is injective and
hence it gives rise to the short exact sequence of abelian groups

0 — Sym® A*(T) @ (A*(T) ® Z") ——L, RPic (BunT n) — coker(ty +07) = 0. (4.2.8)

Next, consider the map

7 1 N*(T) — coker(ty + op)
(4.2.9)
x e [Z(x,0)].

Equation (3.5.7) implies that the map 7 is a homomorphism of abelian groups. Moreover, the same
Equation (3.5.7) also implies that

(2,00, (0,0)) = (o 1) ® L(,0)™ mod (BL)*(Pic(M, ),

which gives that [Z(y, 0)] = [Z(x,¢)] for any ¢ € 7"
Since RPic(Bungf g ,) is generated by tautological line bundles by Theorem 4.1(2), we deduce
that the map 7 is surjective and hence it induces an isomorphism

LA = — coker(zy + oy)
ker(n) forany ¢ € 7". (4.2.10)

X1+ 201,

‘We now claim that

R ifg>2,
ker(n) = {ZA* T ifg=1. (4.211)

Indeed, Theorem 4.1(2) implies easily that ker(») is trivial if g > 2. On the other hand, if g = 1,
then the first relation in (3.5.8) gives that (using that w,, is trivial)

ZL(x, 00 = d(£,)* = ((x,0),(x,0)) = (£, L) mod & (Pic(M, ),

which implies that 2A*(T) C ker(n). And, moreover, equality holds by Theorem 4.1(2).

By putting together (4.2.8), (4.2.10) and (4.2.11), we get the exact sequences (4.2) and (4.3), where
the map p; is the composition of the surjection RPlc(Bun ) > coker(zr + o) with the inverse
of the isomorphism of (4.2.10).

Finally, the functoriality of the exact sequences (4.2) and (4.3) follows from the functoriality
properties of the Deligne pairing and of the determinant of cohomology. 1

4.3 | The restriction of the Picard group to the fibers II

In this subsection, we complete the results of Subsection 4.1 on the restriction map resdT(C) :
RPic(Bun? o) ™ Pic(J2(C)) to the fiber over a geometric point (C, p; ..., p,) of M,
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With this aim, we now study for g > 1 the image and the kernel of the direct sum of the weight
function wg and of the following map

e RPic(BunCTl’g’n) — Bil* A(T),

LN x® X, (4.3.1)

GOU NP x X +X ® 1,

which is a well-defined homomorphism by Proposition 4.1.2, since the composition of yg with
the injective homomorphism id o L L End(J) (for ¢ > 1) gives the homomorphism y7(C) :
RPic(BundT . W)~ NS(J?(C)) over any geometric point (C, p; ..., p,) of M .

Proposition 4.3.1. Assume that g > 1. Consider the following group

g.n

{mezdz" . 29-2)m+|{|=0} ifg=>2,
ez [|=0} ifg=1.

There is an exact sequence

id d d

" Jr . d wr®yr .S
0 - A*(T)® H, , — RPic(Bun% )——— A*(T) @ Bil* A(T), (4.3.2)
g,n T,g,n

where the morphism jg is defined as

B ®m, ) = <£X,w,”,“ <Z§i0i>> ifg>2,
i=1

J?(X@{)z <£X,(9<Z§i0i>> ifg=1.

Moreover, the image of w% @ yg is equal to

AX(T) @ Bil* A(T) ifn>1,

d @ yd) = (29 = 2)I(x, x) — b(d, x) + (g — Db(x, x)
Im(wy ®77) {(;(, bye A @BIEAT): K S } ifn = 0.
forany x € A(T)

(4.3.3)

Note that H, , = 0 (or, equivalently, the map wﬁ &) y? is injective) if and only if either n = O or
g=n=1.

Proof. Let us first compute the kernel of w? @ y?. Using Theorem 4.1(2) (and the notation of
Theorem 4.1(2)), an element of RPic(Bun? g ,) can be written uniquely as

M= Y a0, 0)+ Y ((€n0,0,5)+ Y, bZe,0  (434)

1<igj<r 1<kgr 1<Igr
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for some a;;,b; € Z, ¢k € zn, with the property that a; = 0 if g = 1. Using the definition (4.3.1)

of yg and the formula for w? contained in Proposition 4.1.2(1), we compute

wiM)= Y (diej+die)+ Y, 1¢Kle + Y bi(di+1- ey,
I<igjsr 1<ksr IIgr

(4.3.5)
riM = ) a;e®e+e;®e)+ ) be®e,

1<igj<r 1<Igr

where d = (dy, ..., d,) under the isomorphism A(T) = Z". From the above formulae, it follows
that

a;; =0 fori < j, a;; =0 fori <},

M € ker(w] @ 7{) & {2a; +b; =0, ©4b = —2a

ii>

2a,d; + 1S + bi(d; +1-9) =0, [(@;.¢) €H, .

In other words, M belongs to the kernel of w‘% (=) y‘;, if and only if M has the following form

M= ¥ [aixﬁei,ﬁe)_Zaiidﬂ<ﬁei)+<£ei,@<;@i)k%>>]

1<isr
(a;;.$")€H,

= Z <£ei’w7iii<z(§i)kak>>’
1<igr k

(a;.¢HeH, ,

where the second equality follows from the first formula in (3.5.8). This shows that j? is an
injective homomorphism whose image is equal to the kernel of w% ® y%.

Now, it is straightforward from (4.3.5) that w% (a5} y% issurjectiveifn > 1. It remains to determine
the image of w% ) y% for n = 0. Let {€y, ..., €,} be the basis of A(T) dual to the canonical basis
{e1,...,e,} of A*(T) = Z". From (4.3.5), it follows that an element (y,b) € A*(T) @ Bil’ A(T) is
equal to the image via w% ® y% of an element M € RPic(Bung q’n) as in (4.3.4) if and only if

5!

b(ei,ej):aij f0ri<j,

b(Ei, €l-) = 2aii + Ci’

X(ei) = z d]al] + Zdja]l + Ci(di +1- g)

i<j Jsi

(4.3.6)

Using the first two conditions in (4.3.6), we can rewrite the third condition as
)((61-) = 2 d]alj + Z dja]l + Ci(di + 1 - g) = Z djb(Ei,ej) + (Zaii + ci)di + Ci(l - g)
i<j j<i J#i
= Z djb(ei,(—:j) + (b(ej, €) — 2a;))(1 — g) = b(e;, d) — (g — Db(e;, €;) + (29 — 2)ay;.
J
(4.3.7)
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Therefore, we deduce that the element (y, b) belongs to the image of w? (a5} yg if and only if
(29 —2)|x(&;) — b(d,€;) + (g — 1)b(e;,¢;) foranyl<i<r. (4.3.8)
Now if x = Y,/_, A;¢; we have that
x(x) = b(d, x) + (g — Db(x, x)

= ZA [x(e) — bd, )] + Z<g — DAZb(e;, ) + 2(g = 1) Y A4;b(e €5)

i<j

= ) Ailx(e) — b(d,€)(g — Db(e;, )] mod 29 — 2.
i=1

Hence, condition (4.3.8) is equivalent to the condition
29 —2)|x(x)—b(d,x) + (g — 1)b(x,x) foranyx € A(T),

appearing in the statement. [l

Remark 4.3.2. For n = 0, the invariant factors of Im(wg @ ysl,) C A*(T) @ Bil® A(T) are

1,..,1,2g—2,..,29 — 2|,

(diszJrl) dimT

as can be shown easily using (4.3.8).

We can finally describe the full restriction morphism resT(C) Plc(BunT g n) - Pic(J} d(C)) for

any geometric point (C, py, ..., p,,) of M ,and g > 1 (for g = 0 we have that resT(C) w?, with

the identification w?(C) : Pic(Jﬂ(C)) — A*(T), see Proposition 4.1.1). We will use the notation
of Propositions 4.1.1 and 4.3.1.

Proposition 4.3.3. Assume that g > 1 and let (C, p, ..., p,) be a geometric point of M, , defined
over an algebraically closed field K. Then the restriction morphism resg{(C) : Pic(Bunggn) -

Pic(Jj‘?(C)) fits into the following commutative diagram with exact rows

d$ d
0— S A(T)QH *> RPic(Buny, ,) U AX(T) @ Bil' A(T)

Jid ®tc lres# ©) ide(-®id,.)
J4(©) wi (C)Dy4(C)

0 —— A*(T) ® Jo(K) ——— Pic(JH(C)) ——— A*(T) & Hom*(A(T) ® A(T), End(J)) — 0
(4.3.9)
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where — ® id; . is the inclusion (4.1.11) and the left vertical morphism is induced by the morphism

lc = 4C,pynpy) - Hon = Jc(K)

m,$) = Z(Y b)) g2,
i=1

n
¢ OC(Z $ip)  ifg=1
i=1
In particular, the kernel of the restriction morphism resg(C) is equal to A*(T) ® ker (i)

Proof. The top horizontal row is exact by Proposition 4.3.1 while the bottom left horizontal arrow is
injective by Proposition 4.1.1. It remains therefore to prove the commutativity of the diagram. The
right square is commutative by Proposition 4.1.2. The commutativity of the left square follows
straightforwardly by comparing the definition of jg (see Proposition 4.3.1) with the definition
(4.1.6) of j4(C). O

5 | REDUCTIVE NON-ABELIAN CASE

The aim of the section is to describe the relative Picard group of Bungﬂg "
. d . d d\s#/ps
RPlc(Buan,L’n) = Plc(Buné}q’n)/(dJlG J) (Pic(M,, ), 5.1)

for a reductive group G and any [d] € 7;(G). Throughout this section, we fix a maximal torus
t : T < G and we denote by 7, the Weyl group of G that we identify with 4 (T;)/T;. We will
denote by B the unique Borel subgroup of G containing T;.

As for the reductive abelian case in Section 4, we need to distinguish the genus zero and non-
zero cases. Below are the main theorems of this section.

Theorem 5.1. Assume g > 0. Letd € A(T;). Wedenote by [d] itsimage in 7,(G) = A(Tq)/A(Tgsc)
and by [d]*® := [d?®] := [A,,(d)] its image in 7r,(G?®) = A(G™).

(1) There exists a unique homomorphism (called transgression map)

T6(= TG gn) (Sym? A*(TG))WG — RPic <Bun[cd]g n), (5.2)

such that the composition (j, o T is equal to the Wg-invariant part of the homomorphism

T, * Sym? A*(Tg) — RPic(BungG g ,) defined in Theorem 4.1(1).
In particular, T is injective.
(2) The commutative diagram of abelian groups

Sym? A*
Sym? A*(G) " T (Sym? AX(Tg))" e
Tgab G (5.3)

RPic (Bun[d]ab )CL RPic (Bun[d] )

Ged,g.n Ggn
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is formed by injective morphisms and it is a pushout, that is,

X d]ab N ab* [[ 74 .
RPic (Bun[ ] ) g2 p+ gy (Sym? A*(T))7e —— RPic <BundG’g’n).

G?,g,n

Furthermore, the homomorphism (5.2) and the diagram (5.3) are functorial for all the homomor-
phisms of reductive groups ¢ : H — G such that (Ty;) C Tg.

The case g = 0 is completely different. In particular, the description of the Picard group may
vary depending on the connected component of Bung g ,.

Theorem 5.2. Assume g = 0. Letd € A(T;) and set d* := A (d) € A(G*) C A(G2D).

(1) Ifdss satisfies condition (*) of Lemma 2.2.3(i), then the homomorphism

d

. . d L;; . Yrg
wg : RPic (Buné})’» — RPic (BungG’O’n) — A (Tg) (54)

is injective. Moreover, given [d] € 7,(G), it is always possible to choose a representative d €
N(T ;) such that d** satisfies condition (*) of Lemma 2.2.3(i).
Furthermore, the homomorphism wg is functorial for all the homomorphisms of reductive
groups ¢ : H — G such that ¢(Ty;) C T
(2) Let Q:; (Tg) € A*(T) be the subgroup of characters whose image in A*(T gsc) is equal to b(d™, —)
for some element b € (Sym? A*(Tgs))”¢. The image of wg is equal to

maty= {00 >
{x € Qd(TG) (x,d) €2z} ifn=0.

The theorem has been proved in [14] under the assumption n = 3 (in which case Bung 3 =
BunG([P’Il{) since Cy ; = [P’Il{), and this result is a fundamental ingredient of our proof.
5.1 | The pullback to the maximal torus bundles

The aim of this subsection is to study the injectivity of the pullback of the (relative) Picard groups
along the morphism

Ly © Bun%c - Bun¥

,gn G,g.n’

The results of this subsection are also true for the pullback of the (relative) Picard groups along
the morphism

14(C/S) : Bunf_(C/S) < Bunl'(C/s),

for any family C — S of curves, when S is an integral and regular quotient stack over k.
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Proposition 5.1.1. Assume that (g, n) # (1,0). The restriction of CIDE? Bun[ - M, , over the

g,n
geometric generic point 1) of M g.n 8ives rise to an injective homomorphism

: [d] ; [d]
RPic (BunG’g’n) —> Pic (BunG (C,—])>,

where C;; is the curve corresponding to 7.

The same holds true for the relative moduli stack Bun[Gd](C /S) for any family of curves C — S,
provided that S is an integral and regular quotient stack over k.

Proof. Note that M, , is an integral and regular algebraic stack over the base field k = k and it
is a quotient stack over k if (g, n) # (1,0) (see, for example, Proposition 3.2.5 with G equal to the
trivial group). Then, up to replacing it with an equivariant approximation as in Proposition 2.3.5,
we can assume that M , is (generically) an integral regular k-scheme for any g and n and we
denote its generic point by 7.

Now, if G is a torus, then Bun[c‘i]gﬁ is of finite type over M, , by Proposition 3.1.7. If G is not
a torus, then consider the open substack Buné] C Bun[d] , of the instability exhaustion (as in

§3.2), which is of finite type over M, , by Proposition 3.2. 3(11) Since the complement of Bun ] <2

[d] La] . Bun[d - M, d

g,n

in Bun  has codimension at least two on each geometric fiber of @

Bun gﬂq — M, ,, is smooth by Theorem 3.1(i), Lemma 2.3.1 implies that the restriction maps

induce 1somorphlsms

; d] = ; ldl.<2 ; d] = <2
RPic (BunG’g’n) — RPic <BunG " ) and Pic (BunG (Cﬁ)> — P <Bun (C—))

Hence, up to replacing Bun[Gd]qn

d d . ..
CI:'[GJ Bunl I n - M, , is of finite type.

Note that (I)G 4lis flat with integral fibers since it is smooth by Theorem 3.1(i) and with (geometri-
cally) connected fibers by Theorem 3.1.1. Hence, we can apply Proposition 2.3.2 to the morphism
ol Bun[d] — M, ,, and deduce that the restriction to the generic fiber of qa[G‘” induces an

G G.g
1s0morph1sm

[<2

G if G is not a torus, we can assume that

with Bun

: [d] ~ Di [d]
RPic (BunG’g’n> = Pic <BunG (C,))). (5.11)

Consider now the geometric generic pointn = Spec k(). Since Bun[c‘;i] (C,) — nis Stein (as follows
from Proposition 3.3.2 by base change along  — M, ,) and 7 — 7 is fpqc, then Lemma 2.3.4
implies that we have an injective base change morphism

Pic <Bungﬂ(Cn)) < Pic <Bungﬂ(Cﬁ)). (512)

We conclude by putting together (5.1.1) and (5.1.2).
The proof for Bun dJ(C /S) is the same, using the given assumptions on S. O



THE PICARD GROUP OF THE UNIVERSAL MODULI STACK OF PRINCIPAL BUNDLES ON POINTED SMOOTH CURVES 2121

Corollary 5.1.2.
(@) Ifg = 1, then for any d € A(T) the pullback map

4, : RPic (Bungﬂg n) — RPic (BunCTlG ’ n)
is injective.
(ii) Ifg = 0and d € A(T;) is such that d*° := A (d) € A(G*) C A(G*) satisfies condition (*) of
Lemma 2.2.3(i), then the pullback map
0 RPic(Bun[d] ) — RPic(Bun? )
H# G,g,0 Tg,9,0
is injective.
The same holds true for the relative moduli stack BuandJ(C /S) for any family of curves C — S,
provided that S is an integral and regular quotient stack over k.

Note that Lemma 2.2.3(ii) guarantees that any § € 7;(G) admits a representative d € A(T;),
thatis, [d] = § € 7,(G), satisfying condition (*).

[d]
G,g,

(g9,n) = (1,0); the proof for Bung”(C /S) follows the same argument of the first case.
Case I: (g,n) # (1,0). For a given d € A(T;) = m,(T;), consider the following commutative
diagram

Proof. We will give the proof for Bun , by distinguishing the case (g,n) # (1,0) from the case

RPic(Bungg ,) — Pic (Bun[Gd](C,—,)>

in J#(Cnf‘ (5.1.3)

. d . d
RPic(Buny,,,,) — Pic <BunTG (Cﬁ))

where the horizontal arrows are induced by the restriction to geometric generic fibers over M, ,

and the vertical arrows are the pullbacks induced by the maps ¢ : Bungfa on Bungﬂg 0

and
L#(Cﬁ) : Bungc (Cﬁ) - Bun[(?](C,—]). The top horizontal arrow (and also the bottom horizontal one)
is injective by Proposition 5.1.1. Therefore, the injectivity of ¢}, will follow from the above diagram
(5.1.3) if we show that the map 1, (Cﬁ)* is injective.

According to [14, Theorem 5.3.1(iv)], the map L#(Cﬁ)* fits into the following commutative

diagram of abelian groups with exact arrows

0 —— Hom(my(G),J, )(k(1)) —— Pic (Bung”(C,—))) — NS (Bungﬂ(cﬁ)) 0

Jﬂl (O} J{lu & l(l@ NS

0 —— Hom(r,(T¢), . )(k(1)) —— Pic (BundTG (cﬁ)) — NS (BundTG(Cﬁ)> — 0

(5.1.4)
where the map 7;(¢)* is induced by the natural homomorphism 7,(t) : 7;(T;) - m,(G) and
the map (1;)N%¢ is defined in [14, Definition 5.2.5]. Now, the map 7;(1)* is injective since the
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ATg)
A(Tgsc)

homomorphism 7,(t) : 7,(Tg) = A(Tg) —» m,(G) =
from [14, Definition 5.2.5] it follows that:

is surjective. On the other hand,

« if g > 1, then (¢5)NS is injective for any d € A(T;), using that natural homomorphism Z —
End(J, Cg) is injective;

« if g = 0, then (15)NS is injective precisely when d*° satisfies condition (*) of Lemma 2.2.3(i)
(see also the proof of [14, Lemma 4.3.6]).

Case II: (g,n) = (1,0). Consider the cartesian diagram of families of genus one curves

d] P11

BunT 11*>B nG11—>M1,1

FT(;J a JFG | J/F (5.1.5)

d [d]
Bun — Bun _
T6,1.0 T, 1, G.1,0 Pors Mg

By pullback, we obtain the following commutative diagram of relative Picard groups

L* 1,1 .
RPic (BundTG’Ll) + ORPic (BunG 1 1)

F%JA EFZ (5.1.6)

RPic (BunT 10) +— RPic (Bun[g]1 0) ,
o ”
where F(; (respectively, F;G) isinjective by Lemma 2.3.4, which can be applied since @ ; , (respec-
tively, ®g 1 © 1410 = Pr,,1,0) is Stein by Proposition 3.3.2 and F is fpqc (being a family of curves),

and ¢} %11 is injective by Case I. From (5.1.6) we get that ¢ %10 is injective, and we are done. O

5.2 | The transgression map

In this subsection, we will construct the transgression map (5.2) and prove Theorem 5.1(1).

We first show that the map (5.2) exists for the rational first operational Chow group of the
moduli stack Bung 1<m o£ G-bundles with instability degree less than or equal to m (see Subsection
3.2).

Proposition 5.2.1. For any [d] € ,(G) and for any m > 0, there exists a unique homomorphism
of groups
el 1 (Sym® A (T)"e — Al (Bun[d] <’”) , (5.2.1)
o

such that, for any object (C 5 S,0,E)and Y, x; - 4; € (Sym? A*(T))”c, it satisfies the following
properties.

(i) We have the equality

(cl(rG)ém(Z Xi -/,ti)>(C 5 S,0,E) = Z W(ﬂ P)*< (Xz I H“)) € A (S

a>0
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(i) If(C N S, 0, E) admits a reduction to a T-bundle Q, we have the equality

<c1<rc>@’"<2 Xi b ) (C€>S.0E)=Y cl<®<m<o),um<o)>n>

= 2, 7 (@) 1 (1(Q)) € AN(S)o

Proof. We remove the n-sections ¢ from the notation. For any family (C Z S, E) of G-bundles, let

E/B L ¢ L Sbetheassociated flag bundle. Following the notations of Subsection 2.4, we define

6@SC S S,E) 0 (Sym* AT - AUS),
v > %(n’ o p). (cg’B(v . Ha>0a)>.

It is compatible with base change and, so, it defines a homomorphism to the first rational opera-
tional Chow group of the moduli stack Bund sm ,» satisfying the equality (i). We need to check the
equality (ii). Assume that (C - S,E) hasa reductlon to a T-bundle Q. A reduction to T is equiv-
alent to the existence of a section ¢ : C — E/T for the natural morphism q : P/T — C. In other
words, we have a commutative diagram as follows

(5.2.2)

Q E > Spec(k)
o] = |
c—25E/T BT (5.2.3)

Nl

C—BG

where all the squares are cartesian. Using the notations of Subsection 2.4, we have the following
equalities

e1(p(Q) - 1 (y(Q) = ¢ (x - ) = 0"y (x - w) € ANC)  forany x, u € A(T).
Hence, the cycle in the second row of (ii) is equal to

27 (@) @) = D707 Gt ) Torany Y- 4 € (Sym? AT

(5.2.4)
Ifvo:= Y, x; - 4 € (Sym? A*(T))”c, we have the following equalities in A(S),
< i G,B | Y
Cl(TG)@m(U)(C — S,E) (77: o p)*< (U . |W>GO| ))
= GB (. Maxo (5.2.5)
= morap (e (v 5r))

*U*CE’ T(v).
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The first equality follows because o is a section of g : P/T — C and the second one by applying
the functor 7,0* to the equality in Corollary 2.4.3. Putting (5.2.4) and (5.2.5) together, we have the
assertion. ]

We are now ready for the proof of Theorem 5.1(1), distinguishing the case (g, n) # (1, 0) from
the special case (g,n) = (1,0).

Proof of Theorem 5.1(1) in the case (g, n) # (1,0). First of all, the uniqueness follows from the
injectivity of t;, see Corollary 5.1.2(i) (recall that we are assuming that g > 1).

The remainlng part of the proof is devoted to the existence of the map 7. Observe that we can
assume that G is not a torus, for otherwise the statement is a tautology.

Consider the factorization of the morphism ¢, as

l J
. d # d # [d]
ly - BunTc,g’n — BunBG,g’n — BunG’g’n,

induced by the inclusions | : Tz < B and j : B; < G, where we have used that 7,(B;) =
m,(Tg) since Bgd =Tg.

According to Theorem 3.4.1, up to choosing a different representative of [d] € 7;(G), we can
assume that the morphism j, is smooth, of finite type and with geometrically integral fibers.

Since Bun oo is quasi-compact by Proposition 3.1.7 and G is non-abelian, Corollary 3.2.4
implies that there exists m > 0 (which we fix from now on) such that we have a factorization

[d]

[d ]
G,g g.n

Ju - Bungcyg ]—> BunS " ¢ Bun,,
d]

G,g.,n’
Clearly the morphism J,, is still smooth (hence ﬂat) of finite type and with geometrically inte-
]

and such the complementary substack of Bun <€ has codimension at least two in Bun

gral fibers. Moreover, the algebraic stacks Bund o and Bun ™ are regular and integral by

Corollary 3.1.2. Furthermore, the algebraic stacks Bun and Bun[g] S

on are both of finite
type over M, ,, (and hence over k) by, respectively, Propos1t1ons 3.1.7 and 3.2.3(ii); hence, since
(g,n) # (1, 0), they are both quotient stacks over k by Proposition 3.2.5.

Observe that we have the following chain of homomorphisms

d] <m

P1c(Bun ") —) Pic(Bung ") T A'BunlF=") ——» Al(Bunls® <m)tf(—> AlBun!th=my,

G.g.n G,g,n G,g,n
where the map res is given by restriction and it is an isomorphism by Lemma 2.3.1, the map c; is

an isomorphism by Proposition 2.3.5(ii) (using that Bun[d] S is a regular quotient k-stack) and
ld],< <m)

Al(Bun[d lsm )it is the torsion-free quotient of A'(Bun; o
The proof of the theorem will follow from the followmg

Claim I. The homomorphism cl(rG)<m of (5.2.1) factors set-theoretically through

Plc(Bun[d <m) that is, there exists a map of sets

: (Sym? A*(T))”¢ — Pic(Buny; Ld], \m) such that ¢! o 75" = ¢;(z5)5". (5.2.6)
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Let us first show that Claim I allows us to conclude the proof of the theorem. Indeed, the Claim
implies that ¢, (TG)S’" factors through a homomorphism

e1(ze)™™ ¢ (Sym? A*(T())”e — A'(Bunlh Sy (5.2.7)

Since RPlc(Bun ) is torsion-free by Corollary 5.1.2(i) and Theorem 4.1(2), the composition

_1061

res
A'(Bun ld].< <m) —> P1c(Bun o) ™ RPlc(Bun ] "
factors through a homomorphism
™ A'Bunly 'S > RPic(Buny ). (5.2.8)

Now we define the transgression map as

¢y (76)¥"
LN

¢ & (Sym? A*(Tg))”e Al(Bun )tf 2, RPlc(Bun d] )

Proposition 5.2.1(ii) implies that the composition ¢, o 7 is equal to the 7%;-invariant part of the
homomorphism 7, defined in Theorem 4.1(1), and we are done.
It remains to prove Claim I. To this aim, consider the following commutative diagram induced

by the morphism E:

-

[d],<m

[d € d]
P1C(Bun b —m) — Al(Bun[G gi’") — Al(Bunng Do
T T T (5.2.9)

. d G d d
Pic(Bung,,,) —— A'(Bung_,,) — A'(Bung_,,)q

Q

G

[d] <m

where both the maps c; are isomorphisms by Proposmon 2.3.5(ii) (using that Bung and

Bun?

B.gn AT regular quotient k-stacks) and the maps ]# are injective since the composmon

_y *

Plc(Bun ) —> Plc(Bun ) 2, Plc(Bun ) = Plc(BunT " W)

is injective by Corollary 5.1.2(i).
Fix v € (Sym? A*(T))”¢ and set | := ¢,(r5)5"(v) € A (Bunls"S™),. The pullback j; (1) €
Al(BungG’g,H)@ is an integral class by Proposition 2.4.1(ii), that is

E*(l) = c?(M) for some M € Pic(Bun? (5.2.10)

Bg gn)

Claim II. The line bundle M is trivial along the fibers of j,,.
Indeed, let x : SpecK — Bun[d <m pe g point (with K some field) corresponding to a G-bundle

E->C = Spec(K), together with n ordered pairwise fiberwise disjoint sections of 7z (that we omit
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from the notation, as usual). The fiber of j, above the point x can be identified with the K-stack

Sect?(C, E/B) of sections of the flag bundle E/B L, € such that the associated reduction to a Bs-
bundle is a K-rational point of Bungc o By Proposition 2.4.1(ii), the first Chern class of M is such

that for any morphism S ER Sectd(C, E/B) we have that
e (M) = (7 x ids). (TS, s0)) € AX(S),

where ng s(v) € A?(C xg S) is the class appearing in Proposition 2.4.1(ii). By the functoriality

of the class I'Y(—), we have that
G
E>< s(V) = prTE(v),

where pry : C Xg S — C is the projection onto the first factor. The class Fg(v) belongs to A%(C)
which is zero since C is a curve over K. Hence, ng s(v) = 0 which implies that ¢;,(M) = 0 and
proves Claim II.

We already observed that j# BunB . — Bung is a smooth morphism of finite type
between regular integral stacks with geometr1cally 1ntegral fibers. Up to replacing the quotient
stack Bun[ ]Sm with an equivariant approximation as in Proposition 2.3.5(iii), we may assume

[d],xm

that Bun[G J . isaregular integral algebraic space over k (in particular, it is generically a scheme
by [66, Tag 06NH]). By Proposition 2.3.2, we have an exact sequence of Picard groups

Plc(Bun )—> Plc(Bun )——> Plc(Sectd(C E, /B) = 0, (5.2.11)

where the group on the right-hand side is the Picard group of the generic fiber of E. By (5.2.11)
and Claim II, we have that

—* : [d],.<sm
Jjy L)=M forsome L € Pic(Bung on ). (5.2.12)

From (5.2.10) and (5.2.12) and using the injectivity of the maps j_;k,;k in the diagram (5.2.9), we infer
that c? (L) = 1, which concludes the proof of Claim I. O

Proof of Theorem 5.1(1) in the case (g, n) = (1,0). Consider the commutative diagram

Sym?® A*(Tg) +——(Sym’ A*(T)) "¢

//
Trg.1.1 T

Trg.10 RPlc(BunT 1,1) <—3RP1C(BunG 11 (5213)

E

RPlc(BunT 1.0) <—>RP1c(BunG 10
where the bottom square is (5.1.6), the commutativity of the top square follows from Theo-
rem 5.1(1) applied to (g,n) = (1,1) and the equality Tro 11 = F;G °Tr, 10 follows from the fact
that the transgression maps for tori do not involve the marked sections (see Theorem 4.1(1)).
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Now, since F; (respectively, FTG) is a family of curves, by the seesaw principle the image of the

G. 1 1 (respectively,

) that are trivial on the fibers of F (respectively, of Fr, ). Moreover, since Fr, is the

pullback of F; via the morphism ¢ ; , (see (5.1.5)), a line bundle L on Bun[Gd]1 | Is trivial on the

fibers of F; if and only if ¢} 1 1(L) is trivial on the fibers of Fr,.In other words, the bottom square
in (5.2.13) is cartesian. Usmg this and the fact that 7, ; factors through the inclusion F;G (via
the homomorphism 77, ; o, see (5.2.13)), we deduce that 75 ; ; must factor through the inclusion
F;G giving rise to a homomorphism

pullback F7, (respectively, F;G) consists of the classes of line bundles on Bun!¢

on BunT 11

Tgao ¢ Sym? A*(T)”e — RPlc(BunGIO)

that, by construction, satisfies the property stated in Theorem 5.1(1). O

Remark 5.2.2. The transgression map 7 : Sym? A*(T;)”7c — RPlc(Bun ) admits a canon-
ical lift to Plc(Bun ) This follows from Theorem 5.1(1) using that ‘L'T admlts a lifting to
Plc(Bun ) (as we observed after Theorem 4.1) and Corollary 5.1.2(i).

5.3 | W ;- Invariant line bundles on the moduli stack of G-bundles

The aim of this subsection is to prove Theorem 5.1(2). Hence, we will assume that g > 1 throughout
this subsection.

The morphisms of linear algebraic groups Ty, : T Bye’ a—b> G2 induce the following diagram
relating the three (injective) transgression maps 7, 7 and Tga:

Sym’(A*(T¢))

Tgab

RPic (Bungjh o

RPic (Bun )<—> RPic (BunT gn)

(5.3.1)
where we have used that the injective homomorphism Sym? A;"b factors through the invariant
subgroup B : (Sym? A*(T;))”¢ < Sym? A*(T;) and where we have also inserted the pushout

G.gn

*
aby

PO :=RPic (Bunltl" ) gy,e pegany (Sym? A*(Tg)) ™

Observe that

(a) (Tab); =0 ab’;er is injective (and hence also ab;’; is injective) by Theorem 4.1(1);
(b) ¢, is injective by Corollary 5.1.2(1).
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(c) Tp, © B =}, o 75 by Theorem 5.1(1);
(d) 77, 0 foa =17, 0 Sym? A’ = (Ty,)} 0 T =t
for tori is functorial by Theorem 4.1(1).

k

4 © aby, o T since the transgression map

Combining (b), (c) and (d), we get 75 o a = abj; o Tgab, Which implies, by the universal property
of the pushout, that there exists a morphism (indicated by a dotted arrow in the above diagram)

ab* [ J 7 := 11 : PO — RPic <Bun[d] )

G,g,n

To prove Theorem 5.1(2), it is enough to show that:

(i) the homomorphism IT is an inclusion of finite index;
(i) theinclusion ¢y o IT : PO & RPic(Bung{G g ,) is a primitive sub-lattice, that is,

PO = PO, N RPic(Bun?ﬂG’g’n) C RPiC(Bun‘Ii“G,g,n)@'

Indeed, property (i) implies POy = RPic(Bun[Gd] )o- Combining with (ii), we have

g,n
: d . d . .
RPlc(Buné’]g’n) C RPlc(Buné’]g’n)Q N RPlc(Bun%G,g,n) =POg N RPlc(Bun?G,g,n) = PO.

Hence, the homomorphism IT is an isomorphism and Theorem 5.1(2) follows.
The remaining of this subsection is devoted to proving (i) and (ii). Before doing this, we need
to identify the pushout with a certain subgroup of RPic(Bun?G ’ W)

Definition 5.3.1. We call the algebraic action of the Weyl group %; on the group RPic(Bungc . )
the unique action such that, on the tautological bundles, it is defined as follows ‘

w.Z(x, %) =ZWw.x,9),

(5.3.2)
wA(x,$), (', ¢y = (w.x, ), w.x",¢N),

where w.y is the natural action of 7 on the character lattice A*(T;). We will denote by
RPic(Bun?G . n)WG the subgroup in RPic(Bun%G . ,) of the invariant elements.

Observe that the algebraic action is well-defined on RPic(BundTG g ,) because of Theorem 4.1.

Moreover, the exact sequences (4.2) and (4.3) for RPic(Bun%G . ,) are equivariant with respect to
the natural action of % on A*(T;). Furthermore, we can extend the algebraic action of 7; to an
action on Pic(BundTG . ) by letting 7; act trivially on the pullbacks of the line bundles on M .

Remark 5.3.2. The Weyl group 7; acts naturally on the universal moduli stack Buny_ , , of T-
bundles. Indeed, for to w € #(T;) and to any T;-bundle E on a family (C — S, o) of n-pointed
curves of genus g, we can associate a new T;-bundle w.E on (C — S, 0), whose total space is the
same as E, but the action of the torus is twisted by w, that is, the action o,y : W.E X T — w.E is
defined as o, p(p, t) := op(p, w(t)), where oy is the action of T; on E. In general, E and w.E are
not isomorphic as T;-bundles. However, if w € T;, the morphism E — w.E sending p into w.p is
an isomorphism of T;-bundles. In particular, the group %; has a natural action on Pic(Buny,, , ).
In general, 7;; does not preserve the connected components of Buny_ , ,. Indeed, the action by
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W € Wy defines an isomorphism

w.d

N - d ~
og(w,—) : BunTG,g,n ~ BunTG’g’n,

where w.d is the natural action of %; on the cocharacter lattice A(T;) = 7(T). It is easy to
check that the algebraic action of Definition 5.3.1 coincides with the natural action restricted to
Pic(Bun‘%G’g’n) C Pic(BunTG’g’n) if (and only if) w.d = d.

Lemma 5.3.3. The commutative diagram of abelian groups

Sym’ A,
Sym? A*(G) " (Sym” A*(T;)) e

Tgab /e (5.3.3)

TG

a (Tan)}
RPic (Bunﬂfgﬂ)% RPiC(Bung{G,g,n)WU

G

is a pushout, where T, 18 the W g-invariant part of the transgression map tr, and (Typ)y; is the

pullback map (which lands in the W -invariant subgroup) induced by the morphism of tori T, :

L ab
Tg— G — G,

Proof. We have already observed that the exact sequences in Theorem 4.1(1) for RPic(BunCT’G’g’n)
are 7/;-equivariant with the action defined in Definition 5.3.1. Moreover, since the exact
sequences in Theorem 4.1(1) are functorial with respect to morphisms of tori, we can pull back
the exact sequences for G® along the morphism T, : T; — G* and we will land in the %;-
invariant parts of the exact sequences for T since A;‘b(A* (G?)) c A* (TG)WG. In other words, we
have a morphism of exact sequences

2 A b « b Tgab+0gab . [d]’db Pgab A* (Gah)
Sym” A*(G*) & (A (G ® Zn)<—> RPic (BunGah’g’n) At G

ESymZA;hea(A:h@ndzn) [(Tab); f[A:b] (5.3.4)

W W sy \ Ve
(Sym’ A"(Te)) " & (A" (Te) ® 27 ) S RPic (Bunf,en)  — ()
o 1,

g ; mA*(Tg
o o o)

where m = 0if g > 2 and m = 2 if ¢ = 1, and the injectivity of [AZb] for m = 2 follows from the
equality (A:b)_1 (2A*(T)) = 2A*(G®)) which is easily deduced from the fact that the embedding
A:b i A*(G?) o A*(Ty) is primitive (see (2.1.9)). Note that the morphism ,oZi ¢ in the above dia-
gram (5.3.4) could be non-surjective since taking invariants with respect to the %;-action is not
an exact functor (only left exact). We now make the following

Claim. Im(pZ/GG) = Im([A%, ]).

Indeed, if m = 0, then the claim follows from the fact that A:b(A*(Gab)) = A*(T;)”c by
Lemma 2.1.1, which implies that [A}, ] is surjective and hence that also pZ “ is surjective. If m = 2,

Wwe argue as 1ollows. € 1mclusion 1mf(p O lm ollows from the surjectivity of pzab. TO
follows. The inclusion Im(p;.®) > Im([ A, ) follows from the surjectivity of pg. T
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A (T6)
. gy O
Taking the long exact sequence of cohomology groups H'(%;, —) attached to the above sequence
and using again Lemma 2.1.1, we get a new exact sequence:

2.
prove the reverse inclusion, consider the exact sequence 0 - A*(Tg) — A*(Tg) —

A*(G2) (A5 <A*(Tc)

W
G 3 1 .
T 20 (G) 2A*(TG)> — H (W, A(Tg))- (53.5)

Hence, the claim is equivalent to 7 o pZ/; = 0. We recall here the basic properties of the map
d, the details are left to the reader. A crossed homomorphism is a function f : #; - A*(T;)
such that f(w; - w,) = f(w,) + w;.f(w,). A crossed homomorphism f is called principal if there
exists m € A*(T;;) such that f(w) = w.m — m. The group H (%, A*(T)) is the quotient of the
group of crossed homomorphisms by the subgroup of the principal ones. For any character [ y] €
(A*(T5)/20%(T;))”e, the element ([ x]) is the class of the crossed homomorphisms

We — H W5 N (Tg)

5.3.6
w e %(w.){ - X)- ( )

Let L be a #g-invariant line bundle of RPic(BundTG 1)+ Using the %;-equivariance of the
homomorphism pr,,, we have that

@ o pr_(L)(W) = %(w o1 (L) = pr (L)) = %(pTG(w.L _L)=0 foranywe ¥,

thus concluding the proof of claim.
Now, applying the snake lemma to the diagram (5.3.4) and using the above claim together with
the fact that A* (A*(G*")) = A*(T)”¢ by Lemma 2.1.1, we get that

(Sym? A*(Tg))”c 2 Ak . = .
Sy A G coker (Sym* A’ @ (A, @ idyn)) — coker((Ty,)y,)-
The above isomorphism implies that the commutative diagram (5.3.3) is a pushout. O

We are now ready to prove the following.
Part (i). From the commutative diagram (5.3.1) it follows that the canonical isomorphism
PO = RPic(Bund )WG provided by Lemma 5.3.3 identifies the homomorphism ¢, o IT with the

inclusion RPlc(Bun Tgg )WG C RPlc(Bun - ,)- In particular, IT must be injective.

To show that IT is a flnlte index 1nclu510n 1t remains to show that the rank of the codomain
of TT is at most the rank of the domain of IT (hence they must have the same rank). This will be
shown in the next two lemmas.

Lemma 5.3.4. We have the following inequality
; d] : [
rk Pic (BunG,y’n) < rk Pic (BunGab,g,n> +s, (5.3.7)

where s is the number of simple factors in the adjoint quotient G,
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Proof. For any geometric point7 — M, , corresponding to an n-pointed curve (C, o) of genus g,
we have a commutative diagram

Pic(Bunt.{L’n) ¢ [t,] Pic(Bun#‘Ggﬂ)
Pic(Bungﬂ:};ﬂ) Pic(Bun[iJE :vn)
[resg”(c,?)]l J[res‘,ﬂ @3] (53.8)
Pic(Buny'(C5) ) ¢l Pic(Bunf, (C;))
Pic (BUHE;JS " (Cﬁ)) Pic (Bungﬁs " (Cﬁ))

where the vertical arrows are given by restriction to the fibers over 7 - M, , and the two

horizontal maps are injective by Corollary 5.1.2(i).

g.n

Claim. Ifn - M g.n 1s the geometric generic point, then [res[TdG](Cﬁ)] (and hence also [res[;](Cﬁ)])
is injective.

Indeed, the claim is equivalent to the assertion that, under the assumption thatn — M, , is
the geometric generic point, we have

(resdTG () (Pic (Bun[d]ab (Cﬁ))) = RPic <Bun[d]ab ) (5.3.9)

Gab Gab,g,n
This follows from Proposition 4.3.3 applied to the curve C; and to the tori T; and G2, More pre-
cisely, using the notation of Proposition 4.3.3, we first observe that, if 7 — M, ,, is the geometric
generic point, then the weak Franchetta conjecture (see Theorem 2.5.1) implies that morphism
e, - H,,— Jcﬁ(ﬁ) is injective. Then, using the exact sequence (4.3.9), the equality (5.3.9) is a
consequence of the following two easily checked equalities

(idA*(Tc) ®‘Cﬁ>_l (A*(Gab) ® Jci(ﬁ)> = NG ®H,,,

-1
(ide) (- ® idfc)) (A*(G™) ® Hom'(A(G™) ® AG™), End(U,;) )
= A*(G*) @ Bil*(A(G™).

Finally, the rank of the abelian group on the bottom left corner of (5.3.8) can be computed
using the results of Biswas-Hoffmann [14]. Indeed, using that 77, (G%°) = A(G®") is the torsion-free
quotient of 7, (G) (see (2.1.10)), we get from [14, Theorem 5.3.1] an isomorphism

Pic <Bungﬂ(cﬁ)> . | NS (Bungﬂ(cﬁ))
_)

o (5.3.10)
Pic (BunGab (Cg))

NS <Bun[Gda];l ’ (C,—])>
Q

Q

where NS(—) is the group of [14, Definition 5.2.1]. Moreover, from the discussion at the end of [14,
section 5.2], we deduce that
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NS <Bun[Gd](Cﬁ)>
rk =s. (5.3.11)

[d]ab
NS (BunGab (Cﬁ)>

By putting together (5.3.10) and (5.3.11) and using the injectivity of the map [res[C‘f](C,—])] (see the
Claim), the inequality (5.3.7) follows. O

Lemma 5.3.5. We have the following inequality

7, a
rk PO = rk Pic (BungG . n) ¢ = rk Pic (Bungia]bb n) +5, (5.3.12)
29 .95

where s is the number of simple factors in the adjoint quotient of G,

Proof. From Lemma 5.3.3 and the fact that the maps that appear in the pushout diagram are all
injective, it follows that

rk PO = rk Pic (Bunga’g’H)WG = rk Pic (Bun[c‘jj;bg n> + rk(Sym? A*(T5))”e — rk Sym? A*(G2).

h (5.3.13)
Recall that G*¢ is the universal cover of the derived subgroup 2(G) of G and Z(G) is the radical
subgroup of G (see § 2.1). We then have isogenies of linear algebraic groups

G¥X %(G)»G and R(G)—» G®

which identify their character lattices after tensoring with Q:

A(Tg)g — A (R(G) X Tgw)g = A(R(G))g ® A (Tgs )y

. (5.3.14)
A*(G™)y = A (R(G))q.
From the above isomorphisms, we deduce that
rk(Sym? A*(T5))”¢ = rk(Sym? A*(Tgse X R(G)))”0,
(5.3.15)

rk Sym? A*(G?) = rk Sym? A*(%(G)).

Using that the first isomorphism in (5.3.14) commutes with the action of the Weyl group 7, =
W a6)xcse = Wise and that Wi acts trivially on A*(Z(G)), we compute

(Sym? A*(Tgse X R(G)))”e
= (Sym? A*(Tgs))70% @ [A"(Tgse)”0* @ A*(R(G))| @ Sym? A*(%(G)) (5.3.16)
= (Sym® A*(Tx))”6* @ Sym?® A*(%(G)),

where we have used that A*(Tgs)”6 = A*((G°)2P) by Lemma 2.1.1 and the latter group is
zero because the abelianization of a semi-simple group is always trivial. Finally, Lemma 2.2.1
implies that

rk(Sym? A*(Tgse))”0% = s. (5.3.17)

We conclude by putting together (5.3.13), (5.3.15), (5.3.16) and (5.3.17). O
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Part (ii). By what we said at the beginning of the proof of part (i), we need to show that the
sublattice RPic(Bun‘Ti,G ’ n)WG C RPic(Bun%G ’ ,) is primitive. This follows from

Lemma 5.3.6. Let W be a group acting Z-linearly on a torsion-free abelian group A. Then the
subgroup AV of W-invariants is a primitive subgroup of A, that is, if m - a is W-invariant for some
a € Aand m € Z, then a is W-invariant.

Proof. Let€ Aand m € Z such that m - a € AY. Then, using the Z-linearity of the action, we get
foranyw e W

O=w-m-a)—(m-a)=m(w-a—a).

Since A is torsion-free, we deduce w.a = a for any w € W, thatis, a € AV, O

5.4 | Genus zero case
Here, we show Theorem 5.2. The first part is easy.

Proof of Theorem 5.2(1). The injectivity of wg follows from the injectivity of w?c (see Theo-

rem 4.2(1)) and the injectivity of (#, which holds by Corollary 5.1.2(ii) provided that d* satisfies
condition (*) of Lemma 2.2.3(i). The existence of a representative d of a given class [d] € 7;(G)
with the property that d* satisfies condition (*) follows from Lemma 2.2.3(ii).

The functoriality of wg follows from the functoriality of w?G (see Theorem 4.2(1)) and the
functoriality of t;; which is clear from the definition. O

The second part of Theorem 5.2 will be deduced from the following alternative description of
: d]
RPlc(BunG 0 n) as a pullback.

Proposition 5.4.1. Forany d € A(T), there exists a homomorphism

fd
RPic (Bungﬁm) =5 (Sym? A*(Tgse )70,

such that the diagram

L*
RPic <Bun[cﬂm) — RPic (Bun#a,o’n>
Jféﬂ Jw (5.4.1)
d‘“,—
(Syl’l’l2 A*(TGsc )OWG ( ) A* (TGSC)

is cartesian (that is, it is a pullback diagram), where (d, —) is the contraction homomorphism (2.2.8)
and wgss is the composition

d ‘
. Wr sc*
wgss : RPlc(Bun‘%G’g’n) — N (Tg) — AN (Tgse)

where the last homomorphism is induced by the morphism sc : G5 — G (see Subsection 2.1).

Let us first show how, using the above Proposition, we can prove Theorem 5.2.
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Proofof Theorem 5.2(2). From the cartesian diagram (5.4.1), it follows that an element y € A*(T)
belongs to the image of wg if and only if it belongs to the image of w?c and its image in A*(Tgsc)
belongs to the image of (d*, —). The second condition is equivalent to requiring that y € QZ(TG).
We now conclude using the description of Im(wga) from Theorem 4.2(2). O

The remainder of this subsection is devoted to the proof of the above proposition.

Proposition 5.4.1. We will distinguish three cases.
CaseI: n = 3. Observe that, since M, ; = Spec(k), we have canonical isomorphisms of stacks

d d
Bun[;’])’3 =~ Bun//(P'/k) and BungG,O,S = BundTG (P /K).

By [14, Theorem 5.3.1], we have a commutative diagram

Pic <Bung”([lj’1/k)) At Pic (Bunga(ﬂl’l/k)>
c{; ;Jcm (5.4.2)
NS(Bunld!(P! /k)) —— = NS(Bund, (P1/k))

where, by [14, Definition 5.2.1], NS(BundTG (P1/k)) = A*(T;) and

NS <Bun[GdJ([P’1 /k)) C A (Z(G)) ® (Sym? A(Tgs))"c

is the subgroup of pairs (I, b) such that the induced character [ + b(d*, —) € A*(%(G) X Tsc)
belongs to the subgroup A*(T;) € A*(%(G) X Tse). From the discussion in § 4.1, it follows that

the above homomorphism cr, coincides with the weight function w?a of (4.1.1). Moreover, from

[14, Definition 5.2.5] it follows that the above homomorphism (N5¢ coincide with the restriction
to NS(Bun[GdJ([P>1 /k)) of the homomorphism

(d®

A*(R(G)) ® (Sym? A(Tgs))”c o), A*(R(G) X Tgse)

which lands in the subgroup A*(T;) by the definition of NS(Bun[;](IP’1 /k)). By putting everything
together, we obtain the following cartesian diagram

Pl
Pic <Bun[;]([P’1/k)> “ Pic (Bungc(ﬂml/k))
CG\LE o EJW'I‘{G
NS(Bunld(p1 /k)) — ) A*(Tg) (5.4.3)

pry sc*

. (d*,-) .
(Sym® A(Tgi )"« A*(Tgs)
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where the square on the bottom is cartesian by the definition of NS(Bun[C".i]([P’1 /k)). The outer
cartesian diagram in (5.4.3) gives the desired cartesian diagram (5.4.1) for n = 3 with f g 1=

p}’z o CG.
Case II: n > 0. Consider the commutative diagram

[d]
Bung g, A BunT O+l

Fu,nl lFTGﬁ (5.4.4)

d]
Bun Ngon S0 — BunT on
where the morphisms Fg, and Fp_, forget the last marked section. We get an induced
commutative diagram between the relative Picard groups

. [d] Uy . d
RPic (BunG’O’nH) — RPic (BunTG,o,nH)

JTT %f’ . (5.4.5)

RPic Bun[d] L)RPic Bun?
G,0,n Ts,0,n

Claim. If n > 0, then F" , and F" , are isomorphisms.

The above Claim implies the statement for n > 0. Indeed, using also that the weight morphism

‘Ti is compatible with the forgetful morphism F* , we deduce that we have a cartesian diagram

(5.4.1) for RPlc(Bun ) if and only if we have a 51m11ar cartesian diagram for RPlc(BunG% +1)
Hence, we conclude usmg Case L.
It remains to prove the claim. First of all, the stack Bun?

w

is of finite type by Proposition 3.1.7,

Tg,0,n
hence it is a quotlent stack by Proposition 3.2.5. Then, using Proposition 2.3.5, we can assume
that Fr , : BunT ont1 = Bun“TlG’O’n is a morphism of smooth integral algebraic spaces of finite

type over k. The same holds for F; , after restricting to a suitable open subset of the instability
exhaustion , see Proposition 3.2.3.
We will prove the claim for F G > the proof for F Fr , is analogous. To this aim, consider the

cartesian diagram

d DG0,n41
Bung,](),n+l MO n+1
O
FG,{ k (5.4.6)
d @G0,
Bung}] Mo

where the morphism F, : M, ,,; = M,, forgets the last marked section. The above diagram
induces the following commutative diagram

Lo
0 — Pic(My,) —— PiC(BunG o) — RPlc(BunG o) —0

JFZ lFé,n JF;M (5.4.7)

) — s RPic(Bun¥ Yy 0

G,0,nt1 d
0 —— Pic(Mg 41) —— PIC(BUH[G ]O,n+1 G,0n+1
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with exact rows. By the snake lemma, the fact that F F* , 1s an isomorphism is a consequence of
the following two facts:

(a) F, * , and F, are surjective;
(b) ker(F * ) C Im(Cb )

Indeed, (a) is a consequence of Proposition 2.3.2 applied (after a suitable equivariant approx-
imation, see Proposition 2.3.5) to the smooth morphisms F ,, and F, with integral fibers, using
the fact that the generic fiber of F; , and of F, is the projective line with n > 0 points removed,
and hence it has trivial Picard group.

To prove (b), let L € ker(F ("; n). Since F;,, : Bu g% w1l Bun[Gd]0 o 18 obtained from the univer-
] [d]

G 0. Y removing the n universal sections o; ;, we have that L belongs to the

o, +1) C PIC(C ,) generated by the line bundles (O(Im(o ;) — Im(og ;)))-
[d] [d]

Since the universal curve Coon™ Bun , together with the n universal sections o ; is a pull-
back of the universal curve C,, — MO.n together with the n universal sections o; along the
morphism @, ,, we deduce that O(Im(o ;) — Im(og, j)) = @Z,O’n(O(Im(oi) —Im(o j))). Hence,
we conclude that L € Im(CIJz,,O’n).

Case III: n = 0. Arguing as in Case II, we observe that the diagram (5.4.4) with n = 0 is carte-
sian with the vertical morphisms Fg ; and Fr,, ; being smooth and proper with geometric fibers
isomorphic to P!, or, in other words, they are families of curves of genus zero. This implies that
the pullback morphism F7, | (respectively, F. ) is injective with image equal to the subgroup of

sal curve Cld — Bun

subgroup of P1c(Bun

line bundles in RPiC(BunG 0 ) (respectlvely, in RPlc(BunT 0, 1)) that have degree 0 on the geo-
metric fibers of the family F; , (respectively, Fr_,). We deduce that the diagram (5.4.5) forn = 0
is cartesian (and with injective vertical homomorphisms). Therefore, using also that the weight

morphism w% is compatible with the forgetful morphism F} , we deduce that the existence of

a cartesian dlagram (5.4.1) for RPlc(Bun

Tg,0’

G0, ,) implies the existence of the same cartesian diagram

for RPlc(BunG 00" ]

6 | NON-REDUCTIVE CASE

The aim of the section is to show that the Picard group of Bung , , for an arbitrary connected
smooth linear algebraic group G is isomorphic to the Picard group of Bungra , , Where G™d is the
reductive quotient of G.

More precisely, consider the smooth, surjective, finite type morphism (see Corollary 3.1.6)

redy(=redy ) : Bung,g,n - BunGred for any 6 € 7,(G) = 7,(G™Y),

induced by the reductive quotient morphism red(=red;) : G » G4 of (3.1.1), where we have

used the canonical isomorphism 7,(red) : 7,(G) = 71(G™9) of (3.1.2). The main result of this
section is the following.

Theorem 6.1. Forany § € n,(G) = 7,(G™?), we have

red* PlC(Bun ) i) PiC(Bung’g,n)

G red
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is an isomorphism. The same holds true for the homomorphism red,(C/S)* for any family of curves
C — S, provided that S is an integral and regular quotient stack over k.

Proof. We will present the proof just for the universal case, the proof for the relative one uses the
same argument.

First of all, it is enough to prove the theorem for n > 0. Indeed, consider the following cartesian
diagrams of universal curves

S
5 redy g, (D(;rcd ol c
Bung ol BunGm, 21 on

FGJ( O lFGwd O FJ (6.1)

P
s 5 Gred.go
Bun, —— Bun,
u G,g,0 redy gy u Gred g 0 Mg,n

which, by pullback, induces the following diagram of relative Picard groups

. 5 redye, s
Pic(Bungz;) «—— Plc(BunGmd,gyl)

Féj JAFZM (6.2)

Plc(Bung N o) <— Plc(Bunf;M 2 0)-
red #go

By the seesaw principle, F; is injective and its image consists of the line bundles on Bun Gogl , that

are trivial on each geometnc fiber of the family F;, and similarly for F* _,.Since the family F; isa

pullback of the family F;ra by (6.1), we get that the diagram (6.2) is cartesian (with injective verti-

cal homomorphisms). Hence, if red* | is an isomorphism, then red},  is also an isomorphism.

Therefore, for the rest of the proof, we may assume n > 0 and, in partlcular (g,n) # (1,0).
Surjectivity of red}, This will follow from the more general

® . .
Claim. Let1 - U — G — H — 1 be an exact sequence of connected smooth linear algebraic

groups with U unipotent. For any § € 7,(G) & 7, (H), the pullback homomorphism

qo Plc(Bun ) - Plc(Bun . n)

is surjective.
We now prove the claim. By Lemma 3.1.4, the group U admits a linearly filtered filtration

{1}cU,c..cU, cU,=U. (6.3)

We proceed by induction on the length r : = Length(U.,) of the filtration.
Assume first that r = 0, that is, that U is vector group and the action of G by conjugation is
linear. For any connected smooth linear algebraic group N, we denote by Bun the open sub-

stack in BunN on Nred g

or equal to m. Observe that these open substacks are of finite type over k by Proposition 3.2.3 and
Corollary 3.1.6. Since the case (g, n) = (1, 0) is excluded by the assumption, Bun‘s’gm is a quotient
stack over k by Proposition 3.2.5.

of those N-bundles whose image in Bun® has 1nstab111ty degree less than
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Consider the following cartesian diagrams of stacks

. <2
§<2 . _ §,<2  Instg 5
X xBuan;n BunG, an = Y —— BunG,g’nC—> Bung, ,
l@ | kﬁ;z ] l@# (6.4)
f 5,<2 ¢ insti’ 5
X Bunng,n(—> Buny, , ,

where insté2 and instlfl2 are open embeddings, f is an equivariant approximation of the (smooth)
k-quotient stack Bunffgzn (as in Proposition 2.3.5(i)), the square on the left is cartesian by defini-
tion and the square on the right is cartesian since there is a canonical isomorphism H™¢ =~ G

compatibile with the morphism ¢, that is, red; = redy o ¢. Observe that:

* the horizontal arrows in the right square in (6.4) induce isomorphisms of Picard groups by
Proposition 3.2.3, Corollary 3.1.6 and Lemma 2.3.1;

* the horizontal arrows in the left square in (6.4) induce isomorphisms of Picard groups by
Proposition 2.3.5(iii).

It follows that ¢j, is surjective if and only if @ is surjective, that s,
RPic(p) : = Pic(Y)/p" Pic(X) = 0.

The morphism ¢, is surjective, smooth and of finite type between integral k-smooth stacks by
Corollary 3.1.2 and Proposition 3.1.5, which then implies that ¢ is a surjective, smooth and of
finite type morphism between k-smooth integral algebraic spaces. By [12, Proposition 4.2.4], the
fiber of 4 over a point (C — SpecK,o,F) € Bung,g,n (K) is the stack BunUg (C/K) of torsors over

the curve C — Spec(K) with respect to the vector bundle Ug :=(F xU)/H — C. Moreover, by
[12, Corollary 8.1.2], we have an isomorphism of stacks

Bunyr (C/K) = [H'(C,UE)/H(C, U],

where the underlying additive group of the vector space H’(C, Ufl) acts trivially on the affine
space H'(C, Ufl). In particular, the map ¢, (and hence also @) has integral fibers. Hence, ¢
satisfies the hypothesis of Proposition 2.3.2, which then gives

RPic(p) = Pic(Y,),
with Y, being the fiber of ¢ over the generic point 7 of X. By the above discussion,
Y, = Bunyy(C/n) = [H'(C, W)/H"(C, W)],

for some vector bundle W over a curve C — 7. Since any line bundle over an affine space is trivial,
we have

Pic(Y,) = Hom(H(C, W),G,,) = 0,

where the latter equality follows because H(C, W) = @?}m HOCw)

concludes the proof for r = 0.

as algebraic group over 7. This
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The case r > 0 follows by splitting ¢, as a composition of morphism of stacks
$y  Bung ., — BunG/Ul,g’n - Buny , ,,

where U, is a proper subgroup of U in the filtration (6.3) and using the inductive hypothesis. This
concludes the proof of the claim.

Injectivity of 1'edjqt Let T be a maximal torus of the reductive quotient G™. Then, the exact
sequencel - G, - G — G™4 — 1 restricted to the torus gives an exact sequence as follows

1-G, - P->T->1 (6.5)

Since being solvable is preserved by extensions, P is a connected smooth solvable group. By [16,
Theorem 10.6], P admits a Levi decomposition, thatis, P = P,, X Tp, where P,, is the unipotent rad-
ical of P and Tp C P is a maximal torus. By (6.5), we must have P,, = G, and Tp = T. In particular,
the torus ¢ : T < G™4 lifts to a (maximal) torus in G. Hence, the homomorphism

U RPic(Bun‘émd , Do RPic(Bun%g’n), forany d € 7,(T) s.t. § = [d] € 7,(G) = 7,(G™?),

factors through red, : RPic(Bunf;re ’g’n) - RPic(BunaG’g’n). By Corollary 5.1.2, we can choose d €

d
7, (T) in such a way that ¢}, is injective, which then implies that red;, is also injective. O

As a special case of Theorem 6.1, we get the following.

Corollary 6.2. Let C be a (smooth, projective and connected) curve over k = k. Then, foranyé €
m,(G) = ﬂl(Gred), the homomorphism

red, : Pic(Bun’ (C/k)) — Pic(Bun%(C/k))

Gred

is an isomorphism.

Remark 6.3. It is challenging to extend to the non-reductive case the presentations for the relative
Picard group RPic(Bung , ,) given in Sections 4 and 5. Since any linear algebraic group contains
a maximal torus, the lattices A(—) and A*(—) are well-defined in this setting. From this, it follows
immediately that if G is a solvable group, the Picard group admits a presentation as in the case
of the tori in § 4. When G is not solvable, we need a definition of Weil group. For a general linear
algebraic group, the Weil group is defined as the quotient

Wy = N(T)/E(T)

of the normalizer of the a maximal torus T C G by the centralizer of T. This definition should be
the right candidate for the generalizations of the results in Section 5.
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