
 

Geom ofenriqussufacs

FEftit swf wiee.be a smooth proj
connected 2 dim alg var

Castelnuover'sguestion11895 S algebraic surf
with q s L 5 Os 0 and

Pg
S li S Ws o

Then is 5 rational i e birational top

E.IE f1
11896 No we wie soon

example which gave rise to

what was later called an Enriques surface

EEImples of Enviques surfaces also appeared

in earlier work of Reye 1882

b The correctrationality criterion is the following
Thm Castelnnovo 1896 17 q s o and

Pa s li 5 Wat 0 then S is rational

c In fact as we will see an Enriques surface

satisfies Pz 1 o

Goalofthis.com
Introduce Enriques surfaces discuss examples

and basic techniques to study them

Projective realizations of Enriques surfaces

and the non degeneracy invariant



Moduli of Enriques surfaces andcompactificationsfrom the points of view of Hodge theory
and the minimal model program



EEFF.IE iques counterexample to
Castelnuovo's question Along the way we discus

some of the fundamental tools for the study
of algebraic surfaces
Consider IP with coordinates X X

Det Let 5 P be the surface given by the

vanishingof
flxotaia B Xix X βXIXIX XXIII dXIX X

4 1 2 39 Xo 1 2 3

where q is
a quadric and the coefficients are

generic This is called an Enviquessetic

EF

oll.IEingThailgeff Io L'Etf 1

TX

1 58 i

2 NE I

3 NE I
and rescaling the equation by apf
so we will work with Enriques sextics in the form

flxota.at Xix X XIXIX XXXI XIXIX
4 1 2 39 Xo 1 2 3



Lemme Let li be the line i Xj o Then

5 is singular precisely
at Yglij Moreover

Vity along lij the surface 5 has 2 triple

pts non 4 pinch pts m nto 0 and

away from these double crossing points un

triple pts
Pinch pts

Prof By studying the partial
derivatives off

one can see that the singular locus is

precisely Eglig We leave this as an

exercise and instead we focus
on identifying

these singularities
By the symmetries

it is enough to consider

the line los which has parametric form

0
0 1 0 2 1 p

To study the sing's

of 5 along lo
we fix 1in E IP and look

at the lowest degree part of 7 a 1,1
where the variables are Xo 1

XXIXXIMX.IM xIFm2 X.X1ngko xs 7n



The lowest degree part is a b c are appropriate
coefficients of

q.AMI An aF b1n cm2 Xoxs 22m2X

If the discriminant of this degree 2 homogenous

polynomial in Xo a is nonzero then we

have a double crossing singularity atto
O In

Now consider the points where the discriminant

vanishes

Fifa 2761172 41414 o

142 ai bantan2 422m o

1 0 yields the triple point
o O O 1 the lowest

degree part of f
Xo Xs 2,1 is Xoxaxa

Similarly µ o yelds the triple point o O 1 O

The 4 Solutions to 77611 42 41212 0

yield the 4 pinch pts because the lowest

degree part is a square and has degree 2

Inxitu attban cm Xoxs 22m

IN 2
2

0 1 242 2

11 0 11 1



As all the singularities of 5
can be resolved

via normalization we have the followingcorollary

Ellary The normalization w 5 5

is a smooth surface

S is Enriques example
we show it satisfies

q Pyo
and that it is not rational For

this purpose we need a few preliminaries



IIII's triple point u t 3

b pe 5 pinch point IN 1
p 1

c des double crossing point In d 1 2

d Let L Eglij Then E W 1 L is a

configuration of 6 genus
1 curves E Eyeing

with Cig lij as shown below

2 1
L

Proof a b C can be checked locally by
computing explicitly the

normalizations in each

case left as exercise Qualitatively the following
gives an intuition of what is happening
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