
ÉFLet Y be an Enriques surface and letti X
Y

be the double cover corresponding to the 2 torsion

sheaf Wy Then is a K 3 surface it is

the universal cover and TI 4 E22

b Conversely the quotient X i Y of a K 3

surface by a fixed point free involution I is an

Enriques surface

EFwe need to show that Kino and q x o

W E I WY Ox Kx no

caotica E Feed
sheaf for an
étale cover to Wy

top X 2 top Y 24
Noether's

Ox eextaplIIII ZII 2

1 gag
g X 0 So is a K3 surface



b We need to show that ZKY no and Pg Y q Y
0

Let T X Y be the quotientmap
Twy Wx IT is the étale cover

associated to Wy and
Confaffian since it has degree 2 we

étale cover
have that W E Oy hence
2Ky no

Atop Y EXtop X 12 Oy 1 Pg Y 9
Y

To prove
that q Y 0 we use the theory of

Albanese varieties see Beauville Chapter V

Y Functoriality
2 Rmk V1412

Alby AlbCY
RMKV.IQ 1

dimAlbk q X
0

dim Alb Y q Y
Rmk V1413

IT surjective
bit surjective

So Alb Y pt hence q Y 0

Prof Let Y be an Enriques surface Then

a Pic Y INS Y E HEY Z

b Num Y Pic Y

Proof Consider the long exact sequence in



cohomology associated to the exponential short
exact sequence

2 0 O o

444.0 HEY 0 HY 2 H2 Y G
PICCY FLY 2 0

CINSCY

from which a follows
b Num Y is torsion free while Pic Y

has the 2 torsion element Ws

Thy Let Y be an Enriques surface Then the

torsion part T of H2 Y 2 is isomorphic to

2122 The quotient HEY 2 f H2LY 2 T

endowed with the cup product is a lattice

isometric to V0 Es which is called the

Enriques lattice

Proof By the universal coefficient theorem for

cohomology
we have that torsion mayonly
torsion free come from here

HEY 2 E Home Ha Y Z 2 ExtECH.KZ 2

HILY 2 E Ab Te Y Ab 2 22 2 22

Extz Hs Y Z 2 1 2 22

Since be Y 10 Home Ha Y Z 2 1271º



Hence H2 Y 2 E 2 2 22

H Y 2 endowed with the cup product is a

non degenerate lattice of
rank 10 Let us show it is

even Let C EH Y 2 H2 Y 2 T

Since H Y 2 EPIC Y then up to changing the

representative of C we can assume that C is

algebraic So we can apply the Riemann Rock

formula and obtain that

0 6 ELIA
C2 2 Oy C which is even

If P g is the Signature of H2 Y 2 7 than

the Hodge Riemann bilinear relations give
that

p q E ehi 1 14 17 1941212

even
1 0 10 o 1 8

since p 2 10 we argue
that Pg 1,9

Then Milnor's theorem gives HEY 2 EVOES

Remak Extz
2 22,2 can be computed as follows

Consider the left exact contravariant functor Homf
2

Consider the proj res given by o 272 2122 0

where ma is multiplication by 2 Then we remove

2122 and apply the functor
Ham 2 2 7 Ham 2 2

ExtLZ 22,2 Ham 2,211m me E 2122



ElIIIIIIIneriessufaes
Def On an alg surf Y an ellipticfibratione is a

morphism 7 Y DI whose general fiber is a smooth

elliptic curve This is equivalent to the data

of an ellipticpencf on Y that is a base point

free linear system DI of
dim 1 hence a pencil

whose generic member is an elliptic curve

Rmf By saying elliptic fibration
we do not

assume that f Y IP has a section i e

a morphism T P Y sit for id ps

It turns out that an Enriques surface always
admits an elliptic pencil proving it is

non trivial Moreover elliptic pencils have a

specific geometric structure we will describe

We start by discussing
an example

E Consider the example of Enriques surface

5 given by the normaliz v S 5 of an

Enriques sextic SEI

Consider two skew lines

lor lo P of the
coordinate tetrahedron
Consider the quadrics that

pass through the remaining 4 lives laz lo3,112,13



E aijxiX.jo general quadric
i j

Containing lor Xo X2 is equivalent to

11 1 a
13 a 33

0

So the quadrics are

aosto 1 923 2 3
0

which form a pencil Let Quin 14 17 2 3

The scheme theoretic intersection 5mQiang can be

described as follows
5m QQ p 242 2112 2103 2113 fan

elliptic curve

eq.my
Ei

itartestionof if an

223 if 2 0

4 lor if µ 0

So gang
describes an elliptic pencil on 5

Cain if Into

Can Cain 2823 if 1 0

2 Cos if µ 0

So Ce p is an elliptic pencil on the Enriques

surface S this explainswhy Poi 0 as 281 is

the fiber of a fibration
Also we note two multiple fibers of multiplicity
2 Namely 2001 and 2023


