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The main reference for what follows is Polishchuck-Zaslow’s paper [PZ98]. Recall the
following general setup:

e 7€C, Im(r) >0.
o £.:=C/Z&TZ.

e E7 := R*/Z? with complexified Kéhler class w such that 7 = [, w. This is the
mirror of F,.

2miT

e g:=¢

e E,:=C*/x ~ qx. Notice that we have the following commutative diagram:

where the bottom isomorphism is given by [z] — [e*™Z].

o If p: C* — C* is a holomorphic function, .Z,(¢) = C* x C/(x,y) ~ (qz, p(x)y) is a
line bundle on E,. Sometimes, we simply denote it by Z ().

o Let ¢o(z) = e ™™ 2™= Recall £ (yyp) is our chosen degree 1 line bundle.

e Every line bundle on F, is isomorphic to .2 (t5p - ¢f ') for an appropriate choice of
reFE andneZ
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Figure 1: The special Lagrangians Ly (in red), Ly (in green), and Ly (in blue).

e Finally, recall the following special case of the addition formula for theta functions:
O(t,2)0(7,z + x) = 0(21,2)0(21,22 + x) + 0[1/2,0](27, 2)0[1/2, 0] (27, 22 + x).

In the previous lecture, we defined ®: D*(E,) — F°(E™) on the subcategory of line
bundles. Recall that ® is bijective on Hom-sets and that

DL spo A8) = ((a-+t, (1 — D+ nt), —2mi ).
Today, we check that ® is compatible with composition of morphisms in a simple nontrivial
example.
1 The simplest example

Let 7 =iA, A € Rog. Let £ = 0,4 = ZL(po), L2 = L (p)*. We have that
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These special Lagrangians with the trivial connection are pictured in Figure [Il What we
want to check is that the following diagram commutes:

|

Let us describe the Hom-sets involved. We have that:
e Hom(%, 4) = H(ZL(po)) = CO(T, 2);

m
Hom(Ly, L) —— Hom(Lo, L)

|=

Hom(.%4, %) —— Hom(%, %).

HOIH(L(), Ll)

HOIH(D%, .i/ﬂl)

2



IIZ

gl; 9%2)

om( H(Z (o)) = CH(7, 2);
° m(g%,fg)

(

(

HO(Z(p0)?) = Spanc{0(27,22),0[1/2,0](27,22)};

IIZ

[ om Lo,Ll) = C@l;

Hom(Lq, Ls) = Cey;

HOHI(L(), Lg) = C@l ©® C@Q.

Let us describe the maps between Hom-sets:

HOHI(L(), Ll) — Hom(iﬂo, .,E/ﬂl)
ey — (T, 2),

Hom(Ll, Lg) — Hom(.ﬁfl,ﬁQ)
€1t 0<7_7 2)7

HOIH(L()7 Lg) — Hom(,fo, gg)
ep — 0(271,22)
ey — 0[1/2,0](27,22).
Next, we need to describe my, which is completely determined if we compute ms(eq, e1).
my(er,e1) = Cler, er;er)er + Cler, er;ez)es,
where the coefficients are computed as follows:
elaelael 2627r7,f¢*
(4]

where the sum run over all possible classes homolorphic maps from the closed unit disc to
triangles bounded by Lg, L1, Ly with vertices given by the arguments of C. C(ey,eq;e3)
is computed analogously. Note that [ ¢*w equals the area of the corresponding triangle
multiplied by iA. We obtain that

Cler,erser) = Zef%fw =0(27,0), Cle1, e1;e2) = 2672”1(”“/2 = 0[1/2,0](27,0).

nez neL

Summarizing, the above diagram commutes provided the following equality of theta func-
tions holds:

0(r, 2)? = 0(27,0)0(27, 22) + 0[1/2, 0](27, 0)0[1/2, 0] (2, 22).

But this follows from the addition formula with z = 0.



2 Extending the definition of ¢

So far we defined the functor ®: D*(E,) — F°(E7) on line bundles. We now extend
it to a special class of vector bundles. We start by observing first of all that all vector
bundles on E, are obtained in the following way.

Definition 2.1. Let V' be an r-dimensional complex vector space and let A: C* — GL(V)
be a holomorphic function. Define the following rank r vector bundle on Ej:

Fy(V,A) == C" x V/(z,y) ~ (qz, A(z)y).

In the special case where V = C and A = ¢: C* — C*, the above vector bundle recovers
the line bundle £ ().

Definition 2.2. Let .Z(FE,) be the full subcategory of D°(E,) consisting of vector bundles
in the form

3(90) ® Fl](‘/ﬂ eN)7

where V' is a finite dimensional complex vector space, N € End(V') a nilpotent endomor-
phism, and ¢: C* — C* a holomorphic map.

Proposition 2.3 ([PZ98| Proposition 2]). Let V' be a finite dimensional complex vector
space, N € End(V') a nilpotent endomorphism, and p: C* — C* a holomorphic map. Then

H(Z(p) @ Fy(V,e")) = H(ZL(p) @ V.
The next definition extends ® to Z(E;).
Definition 2.4. On objects,

d: L(E) — FUE)
$<t2T+B(700 : 908_1) ® FQ(V7 €N> = <A> A)a

where:
e A= (a+t,(n—1)a+nt)is aline parametrized by t, and
o A= (—2mifidy +N)dz is a flat connection of the line.
On morphisms, consider
Oby = Z(t5, 145,00 05" ) @ Fy(Vi,e™) = L(th, 15,00 - 057 1) @ Fy(Va, e™?) = Oby.

Let ®(Ob;) = (A4, A;), i = 1,2. We want to define a morphism (Ay, A1) — (Ag, A2) in a
functorial way. We have that

Hom(Oby, Obg) XH(L (15, 5,00 - 6 ) © L (thy o0 e )" © By (Ve ™) @ Fy(Vi, eM)Y)
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SH (L (100100 ™) © Fy(Vy © Vo, 1OV N1
SHO (L (100 ™) © VY © Vs

= Spanc{fr = 0[k/(n2 —n1),0]((n2 — n1)7, (ne — 1) (2 +ar)B) | k € Z/(ny —n1)Z}
@ VY @ Vs,

where o = @2z g — 52281 \[oreover
no—mny’ ne—ni )

HOHI((Al, A1)> (AQv AQ)) = @ VY1V ®Vy- €k,

er€A1NA2

where

k + o — nlk + nig — Nay
€ =
Mo — N ’ No — Ny

) , k€Z/(ny —mny)Z.

So at the level of morphisms, we define
(D(fk & T) — 677”;7'012(712*Tll)ea(N27N1V727ri(n2—n1)/B)Tek'

The next step is to extend @ to all vector bundles.
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